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Properly Colored Paths and Cycles in Complete Graphs*
Wang Guanghui'®  ZHOU Shan?

Abstract Let K, denote a complete graph on n vertices whose edges are colored
in an arbitrary way. Let A™°"(K};) denote the maximum number of edges of the same
color incident with a vertex of K. A properly colored cycle (path) in K is a cycle
(path) in which adjacent edges have distinct colors. B. Bollobds and P. Erdés (1976)
proposed the following conjecture: If A™°"(K}) < |4, then K} contains a properly
colored Hamiltonian cycle. This conjecture is still open. In this paper, we study properly
colored paths and cycles under the condition mentioned in the above conjecture.
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0 Introduction and notation

We use [5] for terminology and notations not defined here. Let G = (V, E) be a graph.
An edge coloring of G is a function ¢ : E — N (N is the set of nonnegative integers). If G
is assigned such a coloring ¢, then we say that G is an edge colored graph. Let c(e) denote
the color of the edge e. A properly colored cycle (path) in an edge colored graph is a cycle

ks H . 2011 £ 8 A 13 H.

* Supported by National Natural Science Foundation of China (61070230, 11026184, 11101243), In-
dependent Innovation Foundation of Shandong University (2009hw001), Research Fund for the Doctoral
Program of Higher Education of China (20100131120017) and the Scientific Research Foundation for the
Returned Overseas Chinese Scholars.

1. School of Mathematics, Shandong University, Jinan 250100, China; IJ &R K ¥¥FE, FFE 250100

2. School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, China; 2 M K% 5
GeitBg, =JH 730000

t HAE#E Corresponding author



52 Wang Guanghui, ZHOU Shan 15 %&

(path) in which adjacent edges have distinct colors. A good resource on properly colored
paths and cycles is the survey paper [2] by Bang-Jensen and Gutin. The the color degree
of a vertex v in an edge colored graph is defined as the maximum number of edges adjacent
to v, that have distinct colors. For study of properly colored paths and cycles under color
degree conditions, we refer to [7, 14, 12].

Let K¢ be an edge colored complete graph. Bollobds and Erdds [4] proposed the fol-
lowing interesting conjecture.

Conjecture 1 [4] If A™"(K\) < | 5], then K}, contains a properly colored Hamiltonian
cycle.

Bollobas and Erdés [4] managed to prove that A™°"(K;) < g5 implies the existence of
a properly colored Hamiltonian cycle in K. This result was improved by Chen and Daykin
[6] to A™°"(K;) < 1% and by Shearer [13] to A™"(K}) < 2. So far the best asymptotic
estimate was obtained by Alon and Gutin [1]. They proved that: For every e > 0 there
exists an n, = ng(€) so that for every n > n,, K¢ satisfying A™"(K¢) < (1— % —€)n has
a properly colored Hamiltonian cycle; furthermore, there exist all properly colored cycles of
length from 3 to n.

First, we show that, under the condition mentioned in the conjecture K is not pan-
cyclic. Note that there exist edge colored complete graphs with A™"(K;) < [§] such
that K¢ contains no tricolored triangle. Consider the red-blue coloring of K5 where both
color classes form pentagons. Each vertex in this base graph is substituted by green
complete graphs, then we can get a edge colored K¢ with no rainbow triangle. Clearly
A™M(KE) < 22 < [2], when n > 10. Nevertheless, we prove the following results.

Theorem 2 Let K, be an edge colored complete graph with A™"(K) < [5|. Then

(i) K¢ contains either a properly colored triangle or properly colored Cy with two
colors;

(ii) if n > 5, then each vertex of K¢ is contained in a properly colored cycle of length
at least b5;

(iii) there is a properly colored path of length at least 2 between any two vertices of
K¢.

1 Proof of Theorem 2 (i)

We will use a lemma for Gallai colorings. Note that edge colorings of complete graphs
in which no triangle is colored with three distinct colors are called Gallai colorings.

Lemma A [8, 9] Every Gallai coloring with at least three colors has a color which
spans a disconnected graph.

Let K, be a edge colored complete graph with A™"(K ) < |5 ]. Clearly, each vertex
is incident with three edges with distinct colors. If K has no tricolored triangles, then
this edge coloring is a Gallai coloring. By Lemma A, we have a color with at least two
components. Then the edges between any two components are colored with the same color,
otherwise we can find a tricolored triangle easily. Thus we can get a properly colored Cy
with two colors. This completes the proof.
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2 Proof of Theorem 2 (ii)

Firstly, we give a notation which has been used in [7]. In an edge colored complete
graph, a set of vertices A(|A| > 2) is said to have the dependence property with respect to
a vertex v ¢ A (denoted by DP,) if c(aa’) € {c(va),c(va’)} for all a,a’ € A. For a vertex
a € A, let d%(a) denote the number of the edges incident to a and with color ¢(va) (in the
subgraph induced by A). For simplicity, let V = V(K¢).

Lemma B If a set A has DP,, then there exists a vertex a € A with d%(a) > |A|2+1.
Proof of the Lemma We prove it by induction on |A|. When |A| = 2, it is easy

to check. So assume it is true, when |A| < p — 1 and suppose |A| = p. By the induction
hypothesis, there is a vertex a such that
p—1+1 p
d(a) > s Ty
If there is an edge with color ¢(va) incident with v, then we are done. So assume that there
is no such edge. By induction, there exists a vertex a’ in A\a such that

v @) P,
A\a(a) 2

By the assumption of a, we know that

c(aa’) # c(va)

which implies that c(aa’) = c(va’). Therefore a’ is the desired vertex. This completes the
proof of Lemma B.

In [11], Li, Wang and Zhou [11] studied long properly cycles in K¢ and they proved that
if Amen(K¢) < | %], then K, contains a properly colored cycle of length at least [%2] + 1.
Recently, this bound was improved by Wang, Wang and Liu [15], we remark it as a lemma
as follows.

Lemma C [15] If A™°"(K;;) < |%], then K contains a properly colored cycle of
length at least [5] + 2.

Next we will prove Theorem 2(ii). Let K¢ be an edge colored graph with A™°"(K¢) <
| 5] and v be an arbitrary vertex in K. If n = 5, then

amen (i) < | 2] =2

which means that K5 is properly colored. Then there is a properly colored Hamiltonian
cycle. Hence our conclusion holds clearly. So we assume that n > 6. By Lemma C, there
exists a longest properly colored cycle C' of length

n

=
mb

|+225.

If v € C, then we are done. So assume that v ¢ C. In the following, all indices will be
modulo m. We say a vertex x € V\C follows the color of C increasing if c(xv;) = c(vivit1)
(or symmetrically we say that « follows the colors of C' decreasing if ¢(zv;) = c¢(v;v;—1)) for
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each i. Since m > [§] 4 2, v has at least two colors on all edges to C. We distinguish the
following two cases.

Case 1 v does not follow the colors of C.

Note that v has at least two colors to C, so we assume that v has color ¢; to vy
and color ¢y to va. If ¢; # c(vmvr) and co # c(vavs), then C' = vivveCvy is a proper
colored cycle containing v of length m + 1. So without loss of generality, we suppose that
ca = c(vauz). If c(vvz) & {c2,c(vsvg)}, then C' = vavwvsCus is a properly colored cycle of
length m + 1 containing v. Generally, it implies that whenever c¢(vv;) = ¢(v;v;41), then
c(vvizr) € {c(vv;), c(vig1vis2)} for ¢ > 3. Since v does not follow the colors of C, there
exists a vertex v; such that c(vvj41) = c¢(vv;). Suppose j is the smallest such index. If j > 3,
then c(vvj_1) = c(vj—1v;) and c(v;vj41) = c(vvy) = c(vvjp1, thus C' = vj_1vv;41Cvj—q
is a properly colored cycle containing v of length m. Hence we assume that j = 2, then
c(vvg) = e(vvz) = c(vavs).

We claim that c¢(vvy) = ¢(vg,v1). Otherwise, C' = vyvv3Cu; is a properly colored
cycle containing v of length m. From another point of view, if c¢(vvy,) € {c¢(vmvm—1}, then
C'" = vy vv1Cu,y, is a properly colored cycle containing v of length m. Similarly, there exists
a largest index j such that c(vv;) # c(vj—1v;), which means that c(vv;) = c(vvjq1). If
j < m, then C' = vjvvj;1Cv; is a properly colored cycle containing v of length m. So we
can deduce that 7 = m. Now c(vvy,) = c¢(vv1) = ¢(vmv1). Hence C' = vyvv3Cop, is a
properly colored cycle. Moreover, if m > 6, then |C'| > 5. So now assume that m = 5.
Since 5 =m > [§] + 2, then n = 6.

Recall that c(vv1) = c(vvs) = c(vsv1) = ¢1 and c(vva) = ¢(vvz) = ¢(vavz) = co. Since
v is incident with at most two edges having the same color, c¢(vvy) ¢ {c1,c2}. Suppose
c(vvy) = c3. Then we claim that c(vsvy) = c¢3, otherwise vvivevsvgv forms a properly
colored cycle of length 5 containing v. Since each vertex is incident with at most two edges
with the same color, ¢(vavyg) € {co,c3} and c¢(v1v3) # {c1, c2}. Then vvyv3v2v4v is a properly
colored cycle of length 5 containing v. This complete the proof of Case 1.

Case 2 v follows the colors of C.

By symmetry, we suppose v follows the color of C increasing. First, we show that C
has DP,. Otherwise, there exists a chord v;v; of C' for which

c(viv;) ¢ {c(vvi), c(v;)} = {c(vivigr), c(vjvip)}

Hence either
¢ = vvvvj41Cvi—1v  or c’ = vU;0;41Cv; v
is a properly colored cycle of length at least 5 (since |C| > 5), which is a contradiction.
Let U denote the set of vertices in V\C which do not follow C increasing. Note that
v ¢ U. Then for each u € U, there exists an edge uv; with c(uv;) # c(v;vi+1). We conclude
that c(uv;) = e(vu), since otherwise either

"
C' = vuvv;1Cv; v or O = vuv;v;11Cv;_o2v

is a properly colored cycle of length at least m + 1 containing v.
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Next, we claim that if |U| > 2, then U also has DP,. Suppose to the contrary, c¢(ujus) ¢
{c(vu1,vus}), where u,us € U. Then either

1"

!
C" = vuuzv;v;41Cvi—1v or C = vuiusv;v;+1CV;—2v

is a properly colored cycle containing v of length at least m 4+ 2. So U has DP, if |U| > 2.
Recall that for each u € U, if c(uv;) # c(vviy1), then c(uv;) = c(uv). It follows that
CUU has DP,. By Lemma B, there exists a vertex

[CuU|+1

weCUU with d¢g py(w) > 5

So w must have a neighbor v' € V\(C UU U {v}), such that c(wv’) # ¢(wv), otherwise this
contradicts A™°™(Ky;) < |§]. By the definition of U, v’ follows the color of C' increasing,
so if w € C, c(wv) = c(wv'), which is a contradiction. So now we can assume that w € U.
It follows that there exists a vertex v; € C such that c¢(wv;) # ¢(v;v;+1). Now either

O = v'wv;Cv;_1v' or C = v'wu;Cv;_ov'
is a properly colored cycle of length at least m + 1, which contradicts that C' is the longest
properly cycle. This completes the whole proof of Theorem 2 (ii).

3 Proof of Theorem 2 (iii)

If n < 5, it is trivial. So we assume that n > 6. We prove it by contradiction. Let
u,v be two vertices such that there is no properly colored path of length at least 2. Let
G be the induced subgraph by V(K:)\{u,v}. Then for each vertex w € V(G), c(uw) =
c(vw). Now assume that wi,wy are any two vertices in V(G). If c(wiu) = e(wau), then
c(wiws) # c(wiu), otherwise, uwiwyv is a properly colored path of length 2 from u to
v, a contradiction. If c(wiu) # c(wau), then c(wiws) € {e(uw;), c(uws)}, otherwise, we
will get a contradiction too. Now we construct a directed graph as follows: For any two
wi, wj € V(Q), if c(w;w;) = c(uw;), then we orient the edge w;w; from w; to w,; otherwise,
we orient w;w; from w; to w;. Then we obtain a directed graph D of order n — 2. So there
must be a vertex, say w such that

V(&) -1

d+ >
(w) :

Recall that if w; is an outneighbor of w, then c¢(ww;) = c¢(uw). Hence in K¢, there are at

least
V(G)|—-1+2 ~n—1

2 2

edges incident with w, which have the same color ¢(uw). This contradicts with

Am(K) < |5,

which completes the proof.
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