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On the Spectral Radii of m-Starlike Tree*
WU Tingzeng't  HU Shengbiao®

Abstract A tree is said to be starlike if exactly one of its vertices has degree larger
than 2. A m-starlike tree is obtained by appending a starlike tree to every one terminus
of a starlike tree So = S(mo1,mo2, ..., Moa,). Gutman and L. Shi give a bound of the
spectral radii of starlike tree. In this paper, we give an another short proof and further
discussions about this result. Sometime, we give a new upper bound of the spectral radii
of m-starlike tree.
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0 Introduction

Let G = (V,E) be a graph with vertex set V = {v1,vs,...,v,} and edge set E. All
graphs considered here are simple and undirected. For v € V(G), we use N(v) to denote
the neighbors of v. Let d(v;) denote the vertex degree of v; and let A denote the maximum
vertex degree of G. Let A(G) be the adjacency matrix of G. Since A(G) is a real symmetric
matrix, its eigenvalues must be real, and may be ordered as A1 (G) = \2(G) = ... = M\ (G).
The sequence of n eigenvalues is called the spectrum of G, the largest eigenvalue A\ (G) is
often called the spectral radius of G. The characteristic polynomial of A(G) is called the
characteristic polynomial of the graph G and is denoted by ¢(G, \).
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A tree is said to be starlike if exactly one of its vertices has degree larger than two.
Let P, denote the path on n vertices. By S = S(n1,no,...,na) we denote the starlike tree
which has a vertex v of degree A >3 and which has the property

S(n1,na,....,na) —v =Py, UP,, U...UP,,,

where n1 +no + ...+ na + 1 = n. The starlike tree with maximal degree A = 3 is called
T-shape.

A m-starlike tree is obtained by appending a starlike tree to every terminus of a starlike
tree So = S(mo1, Moz, ..., Moa,) (see Fig.1). We will denoted by G(Sp, S1,52,...,54,), &
m-starlike tree such that

Ao
G(So,Sl, ...,mvo) —Uu— Z’Ui = ngl U... UPmAOAA071,
=1
where

w+ S50 Ui+ Moy + Moz + o Ma 1+ L F AL e MAAL, =1
and

Ay
Si —V; = E mij.
j=1

If AO = Al = AQ = ... = AAD = A 2 3, mol(l = 1,2,...,A0) and mi; = m(z =
1,2,..,80,7 =1,2,..., Ap, ), then we will denoted by G(Am, (A — 1)m,...,(A — 1)m) the
m-starlike tree.

S
- .
Sa,

. e U
Sy ; _

Fig. 1 m-starlike tree

In this paper, we give a new upper bound of the spectral radius of m-starlike tree.
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1 Some lemmas

In the section, we will present some lemmas which are required in the proof of the
main results.
Lemma 1.1 Let G be a connected graph, and let H be a proper subgraph G. Then

A1 (H) < /\1(G)

Lemma 1.2 Let u be a vertex of G, and let C(u) be the set of all cycles containing
u. Then

QG N =G —uN)— Y dG-u-v,X)=2 > GG-V(Z),N.

vEN (u) ZeC(u)

In particular, if G is a tree, then

B(G,N) =A(G —u,N) = > ¢(G—u—v,N).

vEN (u)

Lemma 1.3 The characteristic polynomial of a graph satisfies the following identities:
(a) ¢(G UH, )‘) = (b(Ga /\)Qb(Hv )‘)a
(b) ¢(G,A) = ¢(G — e, A) — ¢(G — v1 — va, A) if e = vy is a cut-edge of G,
where G — e denotes the graph obtained from G by deleting the edge e and G — v1v5 denotes
the graph obtained from G by deleting the vertices v, vo and the edges incident to it.
Lemma 1.4 Let C,,, P, denote the cycle and the path on n vertices respectively.
Then

9
()\ — 2cos ﬂ) = 2cos(narccos A/2) — 2,

n

L mj \ _ sin((n +1)arccos\/2)
A(Pn, \) = H (A — 2cos n + 1) - sin(arccos A\/2)

Let A\ = 2cos#, set t'/2 = ¢ it is useful to write the characteristic polynomial of C),,
P, in the following form:

(b(cna t1/2 + t71/2) _ tn/Q + tfn/Q —2, (1)
G(Po 12 44712 =472 1) /(¢ - 1). (2)

)

such that the vertices vy, va, ..., v} are distinct (vg, vx need not be distinct), d(vg) > 2,d(vy) >
2 and d(v;) = 2 for 0 < i < k.
Lemma 1.5 Let G be a connected graph that is not isomorphic to W,,, where W, is

[\

Hoffman and Smith!®! define an internal path of a graph G as a walk vg, v1, ..., v vg (k

WV
[

a graph obtained from the path P, _» (indexed in natural order 1,2, ...,n —2) by adding two
pendant edges at vertices 2 and n—3. Let G, be the graph obtained from G by subdividing
the edge uv of G. If uv lies on internal path of G, then A\ (Guy) < M1 (G).

We now give some known bounds for the spectral radius A;(G) in terms of the largest
vertex degree A.
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It is well-known that
Lemma 1.6[! For a connected graph G

VA <M (G) A (3)

The lower bound in (3) follows from the fact that the star K a is a subgraph (not necessarily
induced) of any graph G with d; = A and therefore A\;(G) = A\ (K1 A) = VA,

The upper bound in [3] is also well-known (see [1]).

Lemma 1.7 Let T be a tree. Then

M(T) < 2VA—1. (4)

2 Main results

The following well-known result was proposed by Gutman[4] and L. Shi[7]. We will
give a short proof and further discussions.
Theorem 2.1 Let S = S(n1,na,...,na) be a starlike tree with maximum vertex degree

A. Then A
A(S) < —— VA -1 5
(8) < 5 )
A
Proof Let m be a positive integer. Denote S(Am) = S(m,m,...,m). Using Lemma 1.3
(b), we have

B(S(AM), A) = (P, A2 (AG(Prns A) = Ap(Prr—1, ).
By (2) we have

1/2 4 4—1/2 —(m+1)/2
¢(S(§,Z3’tA>A+—f Do (a4 (A - Dt - 1) = 00)

Let ¢; be the largest root of 1(t), then t; < A — 1 since ¥(t) > 0 for t > A — 1.
Letf(t) = t'/2 +¢=1/2 then f'(t) = t=3/2(t —1)/2 > 0 for t > 1, so f(t) strictly increases in
[1,00). Thus

MSAm) =67+ < (A-1)2+(A-1)2=——VA_1

A
Since m is an any positive integer, hence S(ni,na, ...,na) can be embedded in S(m, m, ..., m)
as a proper subgraph, by Lemma 1.1 we have

A
— A
A1(S(n1,ng,...,na)) < A (S(m,m,...,m)) < A-—1.

A—-1

This proof is complete.
Corollary 2.1[% Let \; be the spectral radius of T-shape trees, then \; < %
Specially, if we think the path is also a starlike tree with A = 2, then the proof of
theorem is also right. So we have
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Corollary 2.2 \(P,) < 2.
By (3) we have
Corollary 2.3

A

\/Z < Al(S(ﬂl,”Q,...,nA)) < A—1

AL (6)

The equality holds if and only if ny =ny = ... =na = 1.
Corollary 2.4
A1 (S(n1,ng,...,na)) ~ (\/Z),A — 0.
VA

Proof Since Aliﬂm(xj Y= =1land Aliinoo " Véil = 1, hence by (6) we have
lim Al(S(nl,ng,...,nA)) -1
A—oo \/Z

So
A (S(n1,ng,...,na)) ~ (\/Z),A — 0.

Since z27VA =1 < 2/A—1 < A for A > 3. Clearly, the upper bound (5) is better
than the upper bound (4) and the upper bound (3).

Theorem 2.2 Let G(Sy, S1, 59, ...,54,) be a m-starlike tree with maximum vertex
degree A(A > 3). Then

(2A —1)V2A =2
2A — 2 ' ™

)\1 (G(SOu 517 527 ceey SAO)) <

Proof Let Sy is a star, that is, mo1, mo2, ..., moa, = 1. Let m be a positive integer
such that m;; <m (i =1,2,...,80,5 = 1,2,...,Ap,). Now we calculate the characteristic
polynomial of G(Sp, (A —1)m, ..., (A —1)m), where A = max{Ag, Ay, ..., Aa, }. By Lemma
1.2 we know,

A—1
$(S(mrm, ), A) = 6% 2(Pr, AYAG(Pn, A) = (A = 1)p(Prn1, A).

By Lemma 1.2, we have

o(G(Am, (A —1)m,...,(A —=1)m),\)
=¢27H(S)ND(S) — A (Pr)]
=02 71(8)6 2 (Pn)[$(Pr) (A — A) = XA = 1)¢(Pr—1)].

By (2) we have

H(G(Am, (A = D)m, ..., (A — 1)ym), /2 + 7 1/2) /¢2=1($)$22(P,,)

=¢(Pr)(A* = A) = MA = 1)¢(Pr—1)
:_(fj) (™ D)+t 42— A) = (A —t+ A — 1) — 1))
- (;_%1) "2+ (B —2A0™ M + 2 - A"+ (A -2)t+2A -3t
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A(G(Am, (A = 1)m, ..., (A = Dym), 112 41727 (1 = 1) /6271 (8)9™ % (Pn)
=t 4 (3= 2A)" T (2 — AN 4+ (A = 2)t+2A -3 — 71 = 4(t).
Since
P(2A —2) = (2A — 2)™ T2 4 (3 - 2A)(2A — 2)™ T 4 (2 = A)(2A — 2)™ + (A — 2)(2A - 2)
=2A-3-(2A-2)"'>0.

Because A > 3, let t; be the largest root of 1(t), then ¢; < 2A — 2 since ¥(t) > 0 for
t>2A —2. Let f(t) = t/2 4 ¢=1/2 since f'(t) = t=3/2(t —1)/2 > 0 for t > 1, hence f(t)
strictly increases in [1,00). Thus
2A -1
2A -2

Since m is an any positive integer, hence G(Sp, 51,52, ...,5a,) can be embedded in
G(Am, (A —1)m,...,(A — 1)m) as a proper subgraph. Let u and v;(i = 1,2,...,A) be the
maximum degree vertices of G(Am, (A — 1)m, ..., (A — 1)m), we subdivide the edge uv; of
G(Am, (A—1)m,...,(A—1)m) for many times, to obtain the graph G((Sp, (A—1)m, ..., (A—
1)m). By Lemma 1.1 and Lemma .5, we have

)\1(G(S0, S17 SQ) cey SAO)) < )‘I(G(SOa (A - 1)ma ey (A - 1)m))
< M (G(Am, (A =1)m,..., (A =1)m))

_(2A-1)VIA -7
2A — 2 '

=

V2A - 2.

A (G(Am, (A=1)m, ..., (A—1)m)) = t1/ 2+, 1/ < (2A-2)7 +(2A-2)~

This proof is complete.

Since

(2A—22)v22A—2 <2VA-1<A
for A > 3. Clearly, the upper bound (7) is better than the upper bounds (4) and (3).
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