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Abstract By using the Lagrangian function of the complementarity problem, a
mathematical program with complementarity constraints (MPCC) is reformulated as a
constrained optimization problem with the multiplier parameter. The simple modified
strategy of the multiplier parameter is provided. Based on this, a multiplier sequential
partial penalization algorithm for MPCC is proposed. Without requiring the second-
order necessary condition, we show the limited point of the sequence (generated from the
algorithm) is an M-stationary point if it is the feasible to MPCC and the MPCC linear
independence constraint qualification (LICQ) holds. Moreover, it is B-stationary point if
the upper lever strict complementarity(ULSC) holds.

Keywords mathematical programs with complementarity constraints, Lagrangian
function, upper lever strict complementarity, B-stationary point

Chinese Library Classification O221.2

2010 Mathematics Subject Classification 90C33�k�u� 2009 o 4  1 ��
* �8Si�jdv3$��`jC<7��8
1. jdv:j$jCjj	�
��.� 010021; School of Mathematical Sciences, Inner Mongolia Uni-

versity, Hohhot 010021, China

† 5k;� Corresponding author



56 ℄&I�#}| 15 �
0 y uB^JX��
 ~�B0 (MPCC):

min f(x)

s.t. g(x) 6 0, h(x) = 0,

G(x) > 0, H(x) > 0,

G(x)T H(x) = 0,

(1)v% x ∈ IRn, f : IRn → IR, g : IRn → IRp, h : IRn → IRq, G, H : IRn → IRm =RfD<�"�
g(x) 6 0, h(x) = 0 (2)=u�
 2)�

G(x) > 0, H(x) > 0, G(x)TH(x) = 0 (3)=��
 2)��= NCP(G, H).��
 ~�B0 (MPCC)�uI(rFr	
 ~�B0 (MPEC),�s)
��<�r	�Yh�A �"h{ÆÆ�HdeR�0zF{|�w;�mH�Yh����
 ~�B0FK_n=�"�4_de:W9VFs:�D�( [1-2].����
 2)% G(x)TH(x) = 0 F8��w�/FeO\{ÆF Mangasarian-

Fromoritz 
 {a�%O [3], �4B!�.%�F�<MFeO\{ÆF*_�k�/{|�}4��
 ~�B0�Fukushima � Pang[4] p/W}4��
 ~�B0FRfy_����
 ~�B0FO\SO
 {a (MPCC-LICQ) �+:e8�!
F2)J�;(B0F`5[0�r2)F KKT KXF��>KR��B0F B- �PK� Scholtes[5], Lin[6] f�p/W}4��
 ~�B0F���d_�v^�d
�� MPCC-LICQ ��%rll�� (ULSC) F2)J�)+B0F�PK�`5[0�r2)��v>K��B0F B- �PK�Fukushima� Pang[7] L| ε- ���*_}4��
 ~�B0�� ε- DZ�`5u!O\SO
 {aF!
2)J�*_t�SC�B0F B- �PK���uI(rF}4��
 ~�B0Fd_ - ℄�"_� Hu� Ralph[8] p/W[5℄�"_� Huang[9] � Yang[10] p/WdX℄�"_�I0℄�"_� Z9� Yang[11] � Huang[12] f�p/W}4��
 ~�B0F�z Lagrange_��f�z Lagrange _�w�o&℄d_?�Q(F�S\#�� MPCC-LICQ �
ULSCF2)J�℄B0F`5[0�r2)F�PKKX�SC�B0F B-�PK�Æ?L|��B0NCP(G, H)F Lagrange�" [13−14],,��
 ~�B0MPCC(1),�=��"F
 ~�B0�

min f(x)

s.t. g(x) 6 0, h(x) = 0,

G(x) > 0, H(x) > 0,

L(x, λ) = 0, λ ∈ [0, 1]m.

(4)����B0F Lagrange �"FO\\#� (4) �`5O\SO
 {a�=WFi4�K�D���
 F Lagrange�":=*℄R Ch��"���qECunXF
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 ~�B0 P (x, λ, ρ):

min f(x) +
ρ

2
‖L(x, λ)‖2

s.t. g(x) 6 0, h(x) = 0,

G(x) > 0, H(x) > 0,

λ ∈ [0, 1]m.

(5)� MPCC-LICQ%OF2)J� P (x, λ, ρ) `5O\SO
 {a��4�2��p/}4��
 ~�B0F'1dX�f℄�"*_�fHv�S\#��wwF�S\2_Q��DECr�F�S\#�Fa!
[0�r2)%O��r*_!FN=KXF�MK`5 MPCC-LICQ, y�MK��B0FDZK��*_�SC�B0F M-�PK�Z9�� ULSC %OF2)J�*_�SC�B0F B- �PK�Æ?,|CFh�����
F �� MPCC FDZ��
 f : IRn → IR, � ∇f(x) = f � x ∈ IRn 3F/U��yPzwJ���

α(x) := {i ∈ {1, · · · , m} | Gi(x) < Hi(x)},

β(x) := {i ∈ {1, · · · , m} | Gi(x) = Hi(x)},

γ(x) := {i ∈ {1, · · · , m} | Gi(x) > Hi(x)}.

If (x) := {i | fi(x) = 0},

Ic
f (x) := {i | fi(x) 6= 0}.

1 U<N`Ex 1.1 
TV��" L : IRn × IRm → IRm,

Li(x, λ) := λiGi(x) + (1 − λi)Hi(x), i = 1, · · · , m, (6)� L(x, λ) $=��B0 NCP(G, H) F Lagrange �"�v% λ ='1TV�V�yF x ∈ IRn, �
λi =











1, Gi(x) < Hi(x),

0, Gi(x) > Hi(x),�y�", Gi(x) = Hi(x),

(7)�$ λ = NCP(G, H) � x 3F Lagrange '1�_j 1.2 L(x, λ) = 0, λ�NCP(G, H)� x3F Lagrange'1Ay9A x�NCP(G, H)F4�x��A G(x) > 0, H(x) > 0 ��
L(x, λ) = 0, λ ∈ [0, 1]m ⇔ G(x)T H(x) = 0, λ � NCP(G, H) � x 3F Lagrange '1.�4DE���
 ~�B0 MPCC(1) H#���"F
 ~�B0 (4).Je7	uV�x��
 ~�B0 (MPCC) F�Æjp [15−16].
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 x ∈ F , �TV8
∇gj(x), j ∈ Ig(x),∇hl(x), l = 1, · · · , q,

∇Gi(x), i ∈ IG(x),∇Hi(x), i ∈ IH(x)O\Fx��$� x 3��
 ~�B0FO\SO
 {a (MPCC-LICQ) %O�
 x ∈ F , � F � x 3Fx.Pz=
T (x) :=

{

d ∈ IRn
∣

∣ ∃{xk} ⊂ F , tk ↓ 0 : xk → x,
xk − x

tk
→ d

}

.Ex 1.4 
 x̄ ∈ F , � ∇f(x̄)Td > 0, ∀d ∈ T (x̄), �$ x̄ � MPCC F B- �PK�Ex 1.5 
 x̄ ∈ F , �8�'1TV λ̄ ∈ IRp, µ̄ ∈ IRq, ū, v̄ ∈ IRm, �E
∇f(x̄) + ∇g(x̄)λ̄ + ∇h(x̄)µ̄ −∇G(x̄)ū −∇H(x̄)v̄ = 0, (8)

λ̄ > 0, λ̄T g(x̄) = 0, (9)

ūi = 0, i /∈ IG(x̄), (10)

v̄i = 0, i /∈ IH(x̄), (11)�$ x̄ � MPCC F W- �PK	�
ūiv̄i = 0, � ūi > 0, v̄i > 0, ∀i ∈ IG(x̄) ∩ IH(x̄),�$ x̄ � MPCC F M- �PK	�

ūi > 0, v̄i > 0, ∀i ∈ IG(x̄) ∩ IH(x̄),�$ x̄ � MPCC F S- �PK�),*���� x̄ 3 MPCC-LICQ %O�� B- �PK� S- �PKH#�Ex 1.6 
 x̄ � MPCC F W- �PK��V� ∀i ∈ IG(x̄) ∩ IH(x̄), ūiv̄i 6= 0, �$�
x̄ 3`5�%rll�� (ULSC).

2 B�s℄?MGQfiJ�g0 1.2E�� x̄� NCP(G, H) F4� λ̄ � NCP(G, H) � x̄3F Lagrange'1��
λ̄i =











1, i ∈ α(x̄),

0, i ∈ γ(x̄),�y�", i ∈ β(x̄).

(12)� G, H FRf\� α, β, γ FPz�� xk → x̄, �A k ,f9���
α(x̄) ⊂ α(xk), γ(x̄) ⊂ γ(xk), β(xk) ⊂ β(x̄).
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λk

i =

{

1, i ∈ α(xk) ∪ β(xk),

0, i ∈ γ(xk).
(13)Dw�fA xk → x̄ �� λk → λ̄.gH 2.1 ('1dX�f℄�"*_):� 0 �yg�.�K x0 ∈ IRn, � (13) �EC λ0. g� ρ0 > 0, ε > 0, c > 1. "

k := 0;� 1 �
max{ |Gi(x

k)Hi(x
k)|, G−

i (xk), H−
i (xk), i = 1, · · · , m,

g+
j (xk), j = 1, · · · , p, |Hl(x

k)|, l = 1, · · · , q} < ε,�4�N=	� 2 }4eO\{Æ P (x, λk, ρk), EC4 xk+1;� 3 � (13) �EC λk+1. \ ρk+1 = c × ρk, " k := k + 1, ,� 1._j 2.2 
 xk+1 � P (x, λk, ρk) FDZK�� x̄ � {xk} F�MK�� x̄ 3 MPCC-

LICQ %O�� P (x, λk, ρk) � xk+1 3`5O\SO
 {a�}^ �� x̄ 3 MPCC-LICQ %O��
∇Gi(x̄), i ∈ IG(x̄),∇Hi(x̄), i ∈ IH(x̄),

∇gj(x̄), j ∈ Ig(x̄),∇hl(x̄), l = 1, · · · , qO\Fx�� xk → x̄ E�A k ,f9��
∇Gi(x

k+1), i ∈ IG(x̄),∇Hi(x
k+1), i ∈ IH(x̄),

∇gj(x
k+1), j ∈ Ig(x̄),∇hl(x

k+1), l = 1, · · · , qO\Fx�y
IG(xk+1) ⊂ IG(x̄), IH(xk+1) ⊂ IH(x̄), Ig(xk+1) ⊂ Ig(x̄).w
∇Gi(x

k+1), i ∈ IG(xk+1),∇Hi(x
k+1), i ∈ IH(xk+1),

∇gj(x
k+1), j ∈ Ig(xk+1),∇hl(x

k+1), l = 1, · · · , qO\Fx�� P (x, λk, ρk) � xk+1 3`5O\SO
 {a�
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3 b[qMoEY 3.1 
 ρk → +∞, x̄ ∈ IRn �*_ 2.1 !FN=KX {xk} F�MK�!
8��" M > 0 �E�

f(xk+1) +
ρk

2
‖L(xk+1, λk)‖2

6 M, ∀k, (14)� x̄ � MPCC(1) FDZK�}^ ��u�\�!
 lim
k→∞

xk = x̄, �eDwg�1X�� λk F^�t� (13) DE� λk → λ̄ ∈ [0, 1]m.

(14) �FU�6�1w ρk E�
f(xk+1)

ρk

+
1

2
‖L(xk+1, λk)‖2

6
M

ρk

.+yC f FRfD<\��\ k → ∞ E�
‖L(x̄, λ̄)‖ = 0. (15)y� G(xk+1) > 0, H(xk+1) > 0, g(xk+1) 6 0, h(xk+1) = 0 E�

G(x̄) > 0, H(x̄) > 0, g(x̄) 6 0, h(x̄) = 0.w x̄ � MPCC(1) FDZK�y λ̄ � NCP(G, H) � x̄ 3F Lagrange '1�EY 3.2 
PK 3.1 %F2)%O� xk+1 � P (x, λk, ρk) FDZK�y� xk+1 3`5u0�r2)� x̄ � {xk} F�MK�� x̄ 3 MPCC-LICQ %O�� x̄ � MPCC(1)F M-�PK�:Z��� x̄ 3 ULSC %O�� x̄ � MPCC(1) F B-�PK�}^ �PK 3.1 E�A lim
k→∞

xk = x̄ ��
lim

k→∞
λk = λ̄,y x̄ ∈ F , λ̄ � NCP(G, H) � x̄ 3F Lagrange '1�� xk+1 3 P (x, λk, ρk) Fu0�r2)%O��8� uk+1 ∈ IRm, vk+1 ∈ IRm, µk+1 ∈

IRp, τk+1 ∈ IRq, �E
∇f(xk+1) + ρk

m
∑

i=1

Li(x
k+1, λk)∇xLi(x

k+1, λk) −
m

∑

i=1

uk+1
i ∇Gi(x

k+1)

−

m
∑

i=1

vk+1
i ∇Hi(x

k+1) +

p
∑

j=1

µk+1
j ∇gj(x

k+1) +

q
∑

l=1

τk+1
l ∇hl(x

k+1) = 0,

(16)

uk+1
> 0, G(xk+1) > 0, (uk+1)T G(xk+1) = 0, (17)

vk+1
> 0, H(xk+1) > 0, (vk+1)T H(xk+1) = 0, (18)

µk+1
> 0, g(xk+1) 6 0, (µk+1)T g(xk+1) = 0, (19)

h(xk+1) = 0. (20)
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∇xLi(x

k+1, λk) = λk
i ∇Gi(x

k+1) + (1 − λk
i )∇Hi(x

k+1), i = 1, · · · , m,��
ũk+1

i = uk+1
i − λk

i ρkLi(x
k+1, λk),

ṽk+1
i = vk+1

i − (1 − λk
i )ρkLi(x

k+1, λk), i = 1, · · · , m,
(21)� (16) �DW%

∇f(xk+1) +

p
∑

j=1

µk+1
j ∇gj(x

k+1) +

q
∑

l=1

τk+1
l ∇hl(x

k+1)

−

m
∑

i=1

ũk+1
i ∇Gi(x

k+1) −

m
∑

i=1

ṽk+1
i ∇Hi(x

k+1) = 0.

(22)Je�f {ũk+1
i }, i = 1, · · · , m, {ṽk+1

i }, i = 1, · · · , m, {µk+1
j }, j = 1, · · · , p, {τk+1

l }, l =

1, · · · , q R��6"X��e�!

σk+1 =

p
∑

j=1

|µk+1
j | +

q
∑

l=1

|τk+1
l | +

m
∑

i=1

|ũk+1
i | +

m
∑

i=1

|ṽk+1
i | → +∞.��u�\�!


lim
k→∞

µk+1
j

σk+1
= µ̄j , j = 1, · · · , p,

lim
k→∞

τk+1
l

σk+1
= τ̄l, l = 1, · · · , q,

lim
k→∞

ũk+1
i

σk+1
= ūi, i = 1, · · · , m,

lim
k→∞

ṽk+1
i

σk+1
= v̄i, i = 1, · · · , m.

(22) �U�6�1w σk+1, �\ k → ∞ E�
p

∑

j=1

µ̄j∇gj(x̄) +

q
∑

l=1

τ̄l∇hl(x̄) −
m

∑

i=1

ūi∇Gi(x̄) −
m

∑

i=1

v̄i∇Hi(x̄) = 0, (23)y
p

∑

j=1

|µ̄j | +

q
∑

l=1

|τ̄l| +

m
∑

i=1

|ūi| +

m
∑

i=1

|v̄i| = 1. (24)A j ∈ Ic
g(x̄)��� xk → x̄,�V,f9F k � gj(x

k+1) < 0. � (19)�E�µk+1
j = 0,w µ̄j = 0.A i ∈ γ(x̄) �� Gi(x̄) > 0 = Hi(x̄), λ̄i = 0. � xk → x̄, �V,f9F k �

Gi(x
k+1) > 0, Gi(x

k+1) > Hi(x
k+1), λk

i = 0.



62 ℄&I�#}| 15 �� (21) �� (17) �E ũk+1
i = 0, w ūi = 0.6KDE�A i ∈ α(x̄) �� ṽk+1

i = 0, w v̄i = 0.��eF-_� (23) �� (24) �E�
∑

j∈Ig(x̄)

µ̄j∇gj(x̄) +

q
∑

l=1

τ̄l∇hl(x̄) −
∑

i∈IG(x̄)

ūi∇Gi(x̄) −
∑

i∈IH (x̄)

v̄i∇Hi(x̄) = 0, (25)

∑

j∈Ig(x̄)

|µ̄j | +

q
∑

l=1

|τ̄l| +
∑

i∈IG(x̄)

|ūi| +
∑

i∈IH (x̄)

|v̄i| = 1. (26)��� x̄ 3 MPCC-LICQ %OF!
2)QbX�wE {µk+1
j }, j = 1, · · · , p, {τk+1

l }, l =

1, · · · , q, {ũk+1
i }, i = 1, · · · , m, {ṽk+1

i }, i = 1, · · · , m R��6"X���u�\�!

µk+1

j → µ̄j , j = 1, · · · , p,

τk+1
l → τ̄l, l = 1, · · · , q,

ũk+1
i → ūi, i = 1, · · · , m,

ṽk+1
i → v̄i, i = 1, · · · , m.

(27)��eF-_;�I(DE�̄
µj = 0, j ∈ Ic

g(x̄),

ūi = 0, i ∈ γ(x̄),

v̄i = 0, i ∈ α(x̄).

(28)\ k → ∞, � (22) �E�
∇f(x̄) +

∑

j∈Ig(x̄)

µ̄j∇gj(x̄) +

q
∑

l=1

τ̄l∇hl(x̄)

−
∑

i∈IG(x̄)

ūi∇Gi(x̄) −
∑

i∈IH (x̄)

v̄i∇Hi(x̄) = 0.
(29)w x̄ � MPCC F W-�PK�A i ∈ IG(x̄) ∩ IH(x̄) ��JefU&{G-_�

(1) � λ̄i = 0, �A k ,f9�� λk
i = 0. � λ Fg�d� (13) �E� i ∈ γ(xk+1),� Gi(x

k+1) > Hi(x
k+1) > 0. � (21) �� (17) �E ũk+1

i = 0, w ūi = 0.

(2) � λ̄i = 1, �A k ,f9�� λk
i = 1. � λ Fg�d� (13) �E� i ∈ α(xk+1) �

i ∈ β(xk+1).

(i) A i ∈ α(xk+1) ��� 0 6 Gi(x
k+1) < Hi(x

k+1). � (21) �� (18) �E ṽk+1
i = 0,w v̄i = 0.

(ii) A i ∈ β(xk+1) ��� 0 6 Gi(x
k+1) = Hi(x

k+1).� Gi(x
k+1) = Hi(x

k+1) = 0, � Li(x
k+1, λk) = 0. � (21) �E� ũk+1

i = uk+1
i >

0, ṽk+1
i = vk+1

i > 0, 7ZDE ūi > 0, v̄i > 0;� Gi(x
k+1) = Hi(x

k+1) > 0, � (21) �� (18) �E� ṽk+1
i = 0, w v̄i = 0.4�DE�V� ∀i ∈ IG(x̄) ∩ IH(x̄), ūiv̄i = 0, � ūi > 0, v̄i > 0, w x̄ � MPCC F M-�PK�:Z��� x̄3 ULSC%O�� x̄� MPCC(1)F S-�PK�7ZDE x̄� MPCC(1)F B-�PK�
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4 f~av=W'f*_FDZ\�DL| Matlab )d�L*_ 2.1. )d% ρ0 = 1, c = 4,

ε = 10−6, �L| fmincon �"}4eO\{Æ P (x, λk, ρk).Z 1

min f(x) = (x1 − 1)2 + x2
2

s.t. 2x1 − x2 > 0, x4 > 0, x4(2x1 − x2) = 0,

x1 6 2, x2 + x3 = 4, 4x3 − 2x4 − 3x5 = 0.Z 2

min f(x) = −x1 − 3x2 + 2x3

s.t. x1 6 8, x2 + x3 = 0,

x3 − x4 + x5 = 0, x4 − 2x5 − 3x6 = 0,

G(x) =

(

x4

x5

)

> 0, H(x) =

(

2x1 − x2 − 4x3

x2

)

> 0,

G(x)TH(x) = 0.N 1−2 G#��p3~N O>6# 9�5 x∗ Æ[�% (s) f(x∗)

1 3 (1, 0, 4, 0, 5.3333)T 0.2030 0

2 3 (8, 0, 0, 0, 0, 0)T 0.2314 −8"��o�f*_DZ��U�� W m p
[1] Luo Z Q, Pang J S, Ralph D. Mathetatical programs with equilibrium contraints [M]. Cambridge:

Cambridge University Press, 1996.

[2] Scheel H, Scholtes S. Mathematical programs with complementarity constraints [J]. Math Oper

Res, 2000, 25: 1-22.

[3] Chen Y, Florian M. The nonlinear bilevel programming problem: formulations, regularity and
optimality conditions [J]. Optim, 1995, 32: 193-209.

[4] Fukushima M, Pang J S. Convergence of a smoothing continuation method for mathematical
programs with complementarity constraints, Ill-posed variational problems and regularition
techniques [J]. Lecture Notes in Economics and Mathematical Systems, 1999, 477: 105-116.

[5] Scholtes S. Convergence properties of a regularization scheme for mathematical programs with
complementarity constraints [J]. SIAM J Optim, 2001, 11: 918-936.

[6] Lin G H, Fukushima M. A modified relaxation scheme for mathematical programs with comple-
mentarity constraints [J]. Annals Oper Res, 2005, 133: 63-84.

[7] Fukushima M, Tseng P. An implementable active-set algorithm for computing a B-stationary
point of the mathematical program with linear complementarity constraints [J]. SIAM J Optim,
2002, 12: 724-739.



64 ℄&I�#}| 15 �
[8] Hu X M, Ralph D. Convergence of a penalty method for mathematical programs with comple-

mentarity constraints [J]. J Optim Theory Appl, 2004, 123: 365-390.

[9] Huang X X, Yang X Q, Zhu D L. A sequential smooth penalization approach to mathematical
programs with complementarity constraints [J]. Numer Funct Anal Optim, 2006, 27: 71-98.

[10] Yang X Q, Huang X X. Lower-order penalty methods for mathematical programs with com-
plementarity constraints [J]. Optim Meth Software , 2004, 19: 693-720.

[11] Yang X Q, Huang X X. Convergence analysis of an augmented Lagrangian method for mathe-
matical programs with complementarity constraints [J]. Nonlinear Anal, 2005, 63: e2247
-e2256.

[12] Huang X X, Yang X Q, Teo K L. Partial augmented Lagrangian method and mathematical
programs with complementarity constraints [J]. J Global Optim, 2006, 35: 235-254.

[13] EQ��#}|�P℄��C1Gv'Y Lagrange (2` [J]. ��	����		�, 2004, 26:
162-171.

[14] EQ��#}|�P℄��C1GvJYG;�#$��#G7lqW` [J]. 
��	, 2005, 18:
33-39.

[15] Pang J S, Fukushima M. Complementarity constraint qualifications and simplified B-stationary
conditions for mathematical programs with equilibrium constraints [J]. Comput Optim Appl,
1999, 13: 111-136.

[16] Scheel H, Scholtes S. Mathematical programs with complementarity constraints: stationarity,
optimality and sensitivity [J]. Math Oper Res, 2000, 25: 1-22.


