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Contingent >0d (<V m ^MLd). Li[9] �[O}0d � .0�^da>b^d�y^
W�nQ2h}oD4Mf*6Æ�6�G�$qy�Wang[10] �0O}>naunG�<��D^ - hu.Q6uSqy��42 -Z+�8\>b6nQ2h}oD4 Benson J6Æ�6O} Fritz John �f2�qy�y MO6Æ:6N9�Kwl [11−12] n"&X�66Æ:—— �6Æ:6N9�k	6�`6�T�q+S�6Æ:>50�RME^���h��|� �`>b9W<n6nQ2h}oD4�f*6Æ�6O}�$qy�<& �D4�f*6Æ�6O}�Gqy�
1 xjq�z�t~�(�duS X, Y yYIC���w�C ^ Y V6�u:^�� intC 6= ∅. S M y
Y 6I&an��,0 clM ,intM a coneM G��℄M 6�
�4�aT�^�&Suan B ⊂ C y^ C 6l�K℄ 0 /∈ clB, � C = coneB =

⋃

λ>0

λB = {λx : x ∈ B, λ > 0}�o� 1.1[11] S M ^ Y 6F�an� B ^ C 6l� y0 ∈ M �yY9l B 6�6Æ:�sy y0 ∈ FE (M, B) , L)D&S$:6#< U [4
cl (cone (M − y0)) ∩ (U − B) = ∅. (1.1)� 1.1

[11] Y9l B 6�6Æ:<+� (1.1) \8v9
cone (M − y0) ∩ (U − B) = ∅, (1.2)�V��$�$:6#< U �Dyk�k�kuk�e6�o� 1.2 S M ^ Y 6F�an� B ^ C 6l� y0 ∈ M �yY9l B 6�f*6Æ:�sy y0 ∈ FE max (M, B) , L)D&S$:6#< U [4

cl (cone (y0 − M)) ∩ (U − B) = ∅. (1.3)� 1.2 Y9l B 6�f*6Æ:<+� (1.3) \8v9
cone (y0 − M) ∩ (U − B) = ∅, (1.4)�V��$�$:6#< U �Dyk�k�kuk�e6��,0 FE (M, B) �℄ M Y9l B 6j6�6Æ:n�0 FE max (M, B) �℄

M Y9l B 6j6�f*6Æ:n�S A ^ X 6F�an� F : X → 2Y ,F 66Æ<�℄K��
Dom(F ) = {x ∈ X :F (x) 6= ∅} .

A D F h0�6�nsy
F (A) = ∪

x∈A
F (x) .
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'�-6nQ2h}o
(VP) max

x∈A
F (x) .S x0 ∈ A, K℄ y0 ∈ F (x0) ∩ FE max (F (A) , B), F� x0 ^ (VP) D y0 %6&S�f*6Æ��S x0 ∈ A, K℄ y0 ∈ F (x0)∩FE (F (A) , B), F� x0 ^ (VP) D y0 %6&S�6Æ���-0&S�a�g.�f*6Æ�;�6Æ�^6C�6�� 1SX = Y = R2, C = {(a, b) : 0 6 a 6 b} , B =

{

(a, b) : a + b − 1 = 0, 0 6 a 6
1
2

}

.
'�-6nQ2h}o6�f*6Æ�;�6Æ��
max
x∈A

F (x) ,<V A =
{

(a, b) : b 6

√
3

3 a, b > −
√

3
3 a + 3, a 6 2

√
3
}

, F (x) =
{

x,
(

3
√

3
2 , 3

2

)}

, x ∈ A. B4
F (A) =

{

(a, b) : b 6

√
3

3
a, b > −

√
3

3
a + 3, a 6 2

√
3

}

.�-�B" F (A) 6Y9l B 6j6�f*6Æ:np�6Æ:n�
FE max (F (A) , B) =

{

(a, b) : b =

√
3

3
a,

3
√

3

2
6 a 6 2

√
3

}

,

FE (F (A) , B) =

{

(a, b) : b = −
√

3

3
a + 3,

3
√

3

2
6 a 6 2

√
3

}

.5�6Æ�;�f*6Æ�6<+4��f*6Æ�ny {

(a, b) : b =
√

3
3 a, 3

√
3

2 6 a 6 2
√

3
}

,�6Æ�ny {

(a, b) : b = −
√

3
3 a + 3, 3

√
3

2 6 a 6 2
√

3
}

.o� 1.3
[9] S F : X → 2Y ^&SnQ.Q�� F D X P C- 
�L?I)6

x1, x2 ∈ X a λ ∈ (0, 1), 6
λF (x1) + (1 − λ)F (x2) ⊂ F (λx1 + (1 − λ)x2) − C.o� 1.4

[9] S x ∈ K ⊂ X , � v1, · · · , vm−1 ∈ X , �,�n

T

(m)
K (x, v1, · · · , vm−1) = lim sup

h→0+

K − x − hv1 − · · · − hm−1vm−1

hm

=

{

y ∈ X : lim inf
h→0+

d

(

y,
K − x − hv1 − · · · − hm−1vm−1

hm

)

= 0

}^ K D (x, v1, · · · , vm−1) %6 m- } Contingent >^ (mth-order contingent cone).



4 ! "��,f��{O 15 
o� 1.5
[9] S x ∈ K ⊂ X , � v1, . . . , vm−1 ∈ X , �,�n


T
b(m)
K (x, v1, · · · , vm−1) = lim inf

h→0+

K − x − hv1 − · · · − hm−1vm−1

hm

=

{

y ∈ X : lim
h→0+

d

(

y,
K − x − hv1 − · · · − hm−1vm−1

hm

)

= 0

}^ K D (x, v1, · · · , vm−1) %6 m- }	'>^ (mth-order adjacent tangent cone).o� 1.6
[9] S X, Y ^IC���w� F : X → 2Y ^&SnQ.Q� F D

(x, y) ∈ Graph(F ) Y9�� (u1, v1), · · · , (um−1, vm−1) 6 m- } Contingent >0d (mth-

order contingent derivative) D(m)F (x, y, u1, v1, · · · , um−1, vm−1) ^&S( X 2 Y 6nQ.Q�<+K�
Graph

(

D(m)F (x, y, u1, v1, · · · , um−1, vm−1)
)

= T
(m)
Graph(F )(x, y, u1, v1, · · · , um−1, vm−1),q

vm ∈ D(m)F (x, y, u1, v1, · · · , um−1, vm−1)(um)

⇐⇒(um, vm) ∈ T
(m)
Graph(F )(x, y, u1, v1, · · · , um−1, vm−1).<V Graph (F ) = {(x, y) :y ∈ F (x) , x ∈ Dom(F )}.o� 1.7

[9] S X, Y ^IC���w�F : X → 2Y ^&SnQ.Q�F D (x, y) ∈
Graph(F ) Y9�� (u1, v1), · · · , (um−1, vm−1) 6 m- }	'0d (mth-order adjacent

derivative) Db(m)F (x, y, u1, v1, · · · , um−1, vm−1) ^&S( X 2 Y 6nQ.Q�<+K�
Graph

(

Db(m)F (x, y, u1, v1, · · · , um−1, vm−1)
)

= T
b(m)
Graph(F )(x, y, u1, v1, · · · , um−1, vm−1),q

vm ∈ Db(m)F (x, y, u1, v1, · · · , um−1, vm−1)(um)

⇐⇒(um, vm) ∈ T
b(m)
Graph(F )(x, y, u1, v1, · · · , um−1, vm−1).<V Graph(F ) = {(x, y : y ∈ F (x), x ∈ Dom(F )}.o� 1.8

[9] F D (x, y) %Y9�� (u1, v1) , . . . , (um−1, vm−1) 65 C 806 m- }
Contingent >0d D

(m)
C F (x, y, u1, v1, . . . , um−1, vm−1) ^nQ.Q

F (x) − C = {y − c : y ∈ F (x) , c ∈ C}D (x, y)%Y9�� (u1, v1) , . . . , (um−1, vm−1)6m-} Contingent>0d�F D (x, y)%Y9�� (u1, v1) , . . . , (um−1, vm−1)65 C 806m-}	'0dD
b(m)
C F (x, y, u1, v1, · · · ,

um−1, vm−1) ��h<+�
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2 ���
|s FA y F D A P6�S�S x0 ^nQ2h}o (VP) D y0 %6&S�f*6Æ��F)D$:6�u#<
U0 [4

cone (y0 − F (A)) ∩ (U0 − B) = ∅. (2.1)o� 2.1 L x0 ^nQ2h}o (VP) D y0 %6&S�f*6Æ��F?I)
(ui, vi) ∈ X × (B − U0) , i = 1, · · · , m − 1, 6

D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x) ∩ cone (B − U0) ⊂ {0} , ∀x ∈ A.�� (i) L D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x) ∩ cone (B − U0) = ∅, F�)���
(ii)L)D x∗ ∈ A,[ D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x∗)∩cone (B − U0) 6= ∅.ID y∗ ∈ D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x∗), )D λ0 > 0, [4

y∗ ∈ λ0(B − U0). (2.2)�N λ0 = 0. L λ0 > 0, 5 y∗ ∈ D(m)FA (x0, y0, u1, v1, · · · , um−1, vm−1) (x∗) 4�)DM�" hn → 0+, (xn, yn) ∈ Graph (F ) p {xn} ⊂ A, [4
(xn, yn) − (x0, y0) − hn (u1, v1) − · · · − hm−1

n (um−1, vm−1)

hm
n

→ (x∗, y∗) .5 (2.2) p λ0 (B − U0) y�n�42. n �G*W�6
yn − y0 − hnv1 − · · · − hm−1

n vm−1

hm
n

∈ λ0(B − U0).9^)D v0 ∈ B − U0, [4
yn − y0 =λ0h

m
n v0 + hnv1 + · · · + hm−1

n vm−1

=t0

(

λ0h
m
n

t0
v0 +

hn

t0
v1 + · · · + hm−1

n

t0
vm−1

)

,<V t0 = λ0h
m
n + hn + · · · + hm−1

n > 0. 5 B − U0 ^un� v0, v1, · · · , vm−1 ∈ B − U0 4
λ0h

m
n

t0
v0 +

hn

t0
v1 + · · · + hm−1

n

t0
vm−1 ∈ B − U0,q

yn − y0

t0
∈ B − U0.
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5 yn ∈ F (xn) , xn ∈ A 4
cone (F (A) − y0) ∩ (B − U0) 6= ∅.I; (2.1)*��9^ λ0 = 0,5 (2.2)4 y∗ = 0. 5 y∗ 6I)�p 0 ∈ cone (B − U0)P

D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x∗) ∩ cone (B − U0) = {0} .

 (i)(ii) 4
D(m)FA (x0, y0, u1, v1, . . . , um−1, vm−1) (x) ∩ cone (B − U0) ⊂ {0} , ∀x ∈ A.�� 2.1

[7] S F Dun A ⊂ Dom(F ) P C- 
�F?I)6 x1, x2 ∈ A pI)6
y1 ∈ F (x1), 6

F (x2) − y1 ⊂ D
b(m)
C F (x1, y1, u1 − x1, v1 − y1, . . . , um−1 − x1, vm−1 − y1) (x2 − x1),<V u1, · · · , um−1 ∈ A,v1 ∈ F (u1) − C, · · · , vm−1 ∈ F (um−1) − C.o� 2.2 S Û ^$6u#<�B ∩ Û = ∅, F D A ⊂ Dom(F ) P cone(B − Û)-
�

u1, · · · , um−1 ∈ A,v1 ∈ F (u1) − cone(B − Û), · · · , vm−1 ∈ F (um−1) − cone(B − Û).L
D

b(m)

cone(B−Û)
F (x0, y0, u1−x0, v1−y0, · · · , um−1−x0, vm−1−y0)(x−x0)∩cone(B− Û) = {0},

∀x ∈ A. F x0 ^nQ2h}o (VP) D y0 %6�f*6Æ���� 5 y0 ∈ F (x0) 4
0 ∈ (F (x0) − y0) ∩ cone(B − Û),9^
0 ∈ (F (A) − y0) ∩ cone(B − Û). (2.3)5-� 2.1 P� ∀x ∈ A 6

(F (x) − y0) ∩ cone(B − Û)

⊂D
b(m)

cone(B−Û)
F (x0, y0, u1 − x0, v1 − y0, · · · ,

um−1 − x0, vm−1 − y0)(x − x0) ∩ cone(B − Û)

={0}.C5 (2.3) 4
(F (A) − y0) ∩ cone(B − Û) = {0} . (2.4)�N
cone (y0 − F (A)) ∩

(

Û − B
)

= ∅. (2.5)



2 : oR3i~p�g+7��7P~�g 7BNA�L)D u0 ∈ Û , b0 ∈ B, x1 ∈ A, y1 ∈ F
(

x1
)

, λ0 > 0, [4
u0 − b0 = λ0

(

y0 − y1
)

.59 B ∩ Û = ∅, �P λ0 6= 0, � y0 − y1 6= 0.

y1 − y0 =
b0 − u0

λ0
∈ cone

(

B − Û
)

.

y1 − y0 ∈ F
(

x1
)

− y0 ⊂ F (A) − y0.I; (2.4) *��5 (2.5) P x0 ^nQ2h}o (VP) D y0 %6�f*6Æ��� 2.1 �-g.<� 2.2 V6#< Û ^)D6�5 0 /∈ clB 4)D t0 > 0 p Y P6����E^ f [4 f (b) > t0 � ∀b ∈ B. % Û = {y ∈ Y : |f (y)| < t0} �F Û ^$6#<� B ∩
∧
U = ∅.k � � Æ
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