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The Stability of the Solutions of Optimization

Problem for Set-Valued Maps with Upper

Semi-continuity Under Graphic Approximate

XIA Shunyou1,2† XU Deping3

Abstract In this paper, we first introduce the essential efficient solutions and the
weakly essential efficient solutions of the optimization problem for upper semi-continuity
maps with set-value under the approximate condition of graphic topology. Second, by
using the usco researching approach of generic stability, the upper semi-continuity and
compact properties of the weakly efficient solutions maps of this optimization problem
are proved with the trembles of domain and map. Under the approximate condition of
graphic topology, then it is generic lower semi-continuous. That is to say, in the sense
of Baire Category, weakly efficient solutions maps of “most” this optimization problems
are generic stability(i.e. essential) under the approximate condition of graphic topology.
Last, we prove a necessary and sufficient condition of upper semi-continuity of the efficient
solutions maps of this optimization problem.
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 [1] +�,F���+dCq�yF�	?[>}F(%"�8F�	?[��vjY�(%> (�
 ([2] k& 2.1). 
 [2] a,,F���+Cq�yF�	?[Y�(%>4_(X�0{���^��iIjW4g�A79�>�PIjfKF��!�Y>�+7dlo>Cq�y�
1 ,}0�&℄ X = [−1, 1], W X YE9xd?[T��
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.9 n → ∞ 
�fK4gK+
ρX(F, G) = sup

x∈X

Hd(F (x), G(x)),

Fn  �<m*; F .ieY F m Fn  Æ <Æ4gK+ ρX ���(qC��2j <2w>�;
W x = 0 .� Fn(0) = 0, P F (0) = [−1, 1]. 8j� Fn fK F �F8lm*"�V1��Y��49,N�^l��F��C�79�TY�(%xd?[>��(%'Y�f�a6F^lJ!>��(%'Y�P �<���(%?[:/�FK+ ρX 79�>��(%'Y�LKY�(%xdCq?[xd%>xo�<U��m*"y
Z!�>�A�d��P+�?[NE9P�
�q
>ÆE"�℄ 2X j�K+!� X >xFW!�txd%>xx� 2X kYM, Hausdorff K+I:>�A� Y j�gK+�"!��K j Y k;"W!>���s�K0(Y ) j Y>xFW!�txd%>xx� P0(Y ) j Y >xFW!txd%>xx��' 1.1
[3] $xd?[ F : X → P0(Y ) WC x0 ∈ X .Y�(% (u.s.c.), VL Y k�k F (x0) >4_�x U , { F (x0) ⊂ U , 3W x0 >/P V , g=

F (x) ⊂ U, ∀x ∈ V (tF (V ) ⊂ U).V F WR74C x0 ∈ X . u.s.c., Z$ F W X YY�(% (u.s.c.).$xd?[ F : X → P0(Y ) WC x0 ∈ X .��(% (l.s.c.), VL Y kN F (x0) �W!>4_�x U , { F (x0) ∩ U 6= φ, 3W x0 >/P V , g=
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F (x) ∩ U 6= φ, ∀x ∈ VV F WR74C x0 ∈ X . l.s.c., Z$ F W X Y��(% (l.s.c.).V F WR74C x0 ∈ X . u.s.c. I l.s.c., Z$ F W X Y(%�~ M jY�(%xd?[ F : A → K0(B),B ∈ P0(Y ) d%>xo�Fk A ∈ 2X . ZLR7 F �0fKs K >4_Cq�y� min
x∈A

F (x)E9 M Y>K+

ρ(F1, F2) = Hd(Gr(F1), Gr(F2)), ∀(F1, F2) ∈ MFk d 
 Y Y>K+� Gr(F1), Gr(F2) X��h F1, F2 >��� Hd jE d I:>

Hausdorff K+� M k>�AEK+ ρ #_��' 1.2
[5] Ti3W y0 ∈ F (x0), g=

(F (x) − y0) ∩ (−K\{0}) = φ, ∀x ∈ A.Z$ x0 ∈ A j F >F�	� F >xFF�	d%>xo~
 S(F ). Fk y0 $
 F Wxo F (A) =
⋃

x∈A

F (x) Y>F�C�xo F (A) >xFF�Cd%>xo~
 E0(F (A)).Ti3W y0 ∈ F (x0), g= (F (x) − y0) ∩ (−intK) = φ, ∀x ∈ A, Z$ x0 ∈ A j F >WF�	� F >xFWF�	d%>xo~
 SW (F ). Fk y0 $
 F Wxo F (A) =
⋃

x∈A

F (x) Y>WF�C�xo F (A) >xFWF�Cd%>xo~
 WE0(F (A)).4 S(F ) ⊂ SW (F ), E0(F (A)) ⊂ WE0(F (A)).�' 1.3 $ x ∈ S(F ) j F ∈ M >4_�hF�	�TiL x >R7/P U , 3W
M k4_/P V , g= U ∩ S(F ′) 6= φ, ∀F ′ ∈ V . V F >xFF�	Ij�h>�Z$ Fj E− �h>t E− ÆE>�$ x ∈ SW (F ) j F ∈ M >4_�hWF�	�TiL x >R7/P U , 3W M k>4_/P V , g= U ∩ SW (F ′) 6= φ, ∀F ′ ∈ V . V F >xFWF�	Ij�h>�Z$
F j WE− �h>t WE− ÆE>�A E(F ) � EW (F ) X��h F >�hF�	x��hWF�	x�4 E(F ) ⊂ S(F ), EW (F ) ⊂ SW (F ), E(F ) ⊂ EW (F ).)� 1.4

[4] K+!� (Y, d) 	�9IÆ9F�xx!� (K0(Y ), Hd) 	�
�xx 2YW!� (K0(Y ), Hd) k
�xx�e	��)� 1.5
[5] xd?[ F : A → K0(Y ) jY�(%>�9IÆ9 F ��{ Gr(F ) 
�x�1P S(F ), SW (F ) IW!�)� 1.6
[6] X j Hausdorff �A!�� Y jK+!��Z1 X ; Y >�dY�(%xd?[ F >(%Cd% X >aLx Q. �4!�V X 
	�K+!�t Baire !��Z Q sj*5>�0
$ F j}F(%>�
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[1] S (SW ) W M Yj��(%>�9IÆ9L44_ F ∈ M , F Ij

E − (WE−) �h>�V S(SW ) W M YjY�(%>�Z S(SW ) W M Yj(%>9IÆ9L44_ F ∈ M , F j E−(WE−) �h>�)� 1.8
[1] ℄ An ∈ 2X(n = 1, 2, ...), A ∈ 2X , An → A, Z�V�x G ⊃ A, Z ∃N , g= ∀n > N, G ⊃ An;�V xn ∈ An(n = 1, 2, ...), xn → x, Z x ∈ A;�V x′ ∈ A, ZL x′ >R7�/P G′, 3W N ′, g= ∀n > N ′, G′ ∩ An 6= φ;� ∞

⋃

n=1
An ∪ A ∈ 2X .

2 3%��)� 2.1 (M, ρ) j	�>K+!��/� ℄ {Fn}, n = 1, 2, ... j M k>��.�Fk Fn : An → 2Bn ,{An}, {Bn} X�j X k�tx.�E {Fn} 
 M k>��.�=
F�� Gr(Fn) %
 2X×Y k4��.�E<" 1.4 =
�3W�x D2 ∈ 2X×Y g=
Gr(Fn)

Hd−→ D2.℄ A 
 D2 W X Y>�>xo� B j D2 W Y Y>�>xo�T�E9?[
F : A → 2B:

F (x) = {y ∈ B|(x, y) ∈ D2}, ∀x ∈ AZ Gr(F ) = D2 I Fn

ρ
→F . EK Gr(F ) = D2 ��=
 Gr(F ) = D2 ��E<" 1.5 = FjY�(%Ij�d>�{ F ∈ M , 1P (M, ρ) j	�>�)� 2.2 F ∈ M ,SW W F .j�dY�(%>�/� �a SW j�d>�LR7 F ∈ M ,{xn}, n = 1, 2, ... j SW (F ) kR7C.�EK A j�x�ZF A kt.m*� V℄ xn → x ∈ A, EWF�	E9��L yn ∈ f(xn) 2w

(F (A) − yn) ∩ (−intK) = φ. (2.1)EK F (A) j�x�1P {yn} WFkFm*t.� V℄ yn → y. EK F W x .jY�(%>�1P y ∈ F (x). V x /∈ SW (F ), ZF
(F (A) − y) ∩ (−intK) 6= φ,Kj3W y′ ∈ F (A), g=

y′ − y ∈ −intK,{
y − y′ ∈ intK,{
y ∈ y′ + intK.
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�
yn ∈ y′ + intK,{

y′ − yn ∈ −intK,N (2.1) 3M�x6 x ∈ SW (F ). 1P SW (F ) ��JEK A j�>�e SW (F ) ��Va SW jY�(%>��℄ SW  jY�(%>�Z3W F ∈ M z�x U ⊃ SW (F ),LR7 M k> Fn → F , I3W xn ∈ SW (Fn) g= xn /∈ U , 1P xn ∈ SW (F ).EK xn ∈ SW (Fn), e3W yn ∈ Fn(xn), g=
(Fn(An) − yn) ∩ (−intK) = φ.1P (xn, yn) ∈ Gr(Fn). VE Fn

ρ
→F 
�Gr(Fn)

Hd→Gr(F ). E<" 1.8
�{(xn, yn)}3W�C (x, y) ∈ Gr(F ), Kj x ∈ SW (F ). 8jE xn /∈ U, n = 1, 2, ... = x /∈ U . #_3M�;0 SW jY�(%>��� 2.3 SW (F ), ∀F ∈ M Ij�>�/� E<" 2.2 a6j''=��� 2.4 3W M >4_*5aLx Q, g= SW W Q Y��(%�{ SW j}F(%>�t[tL44_ F ∈ Q Ij WE− �h>�{W Baire \79��4NoY�(%xdCq�y>WF�	j WE− ÆE>�2{W Baire \79��4NoY�(%xdCq�y>WF�	Ij WE− �h>�/� E<" 2.1 �<" 2.2 �<" 1.6 �<" 1.7 '=��� 2.5 S W F ∈ M .Y�(%�9IÆ9 S(F ) = SW (F )./� �0"��℄ S(F ) 6= SW (F ), EK S(F ) ⊂ SW (F ), Z3W x∗ ∈ SW (F ), 8
x∗ /∈ S(F ). y∗ ∈ F (x∗), y∗ ∈ WE0(F (X)), ZLR7 y′ ∈ F (x∗), y′ ∈ E0(F (X)).℄ β(y) = 1

1+d(y,y∗) , ∀y ∈ Y , Z β W Y Y(%�I9 y = y∗ 
� β(y) = β(y∗) = 1,9 y 6= y∗ 
� β(y) < 1. LE8_�+ ∈ intK, L4_ n ∈ N E9 Fn ∈ M 

Fn(x) =

{

yn ∈ Y : yn = y −
1

n
β(y), y ∈ F (x)

}

, ∀x ∈ X.�a x∗ ∈ S(Fn).ieY�V x∗ /∈ S(Fn), Z ∀y∗
n ∈ Fn(x∗), ∃x0 ∈ X z y0 ∈ Fn(x0), g=
y0 − y∗

n ∈ (−K/{0}),I
y0 = y −

1

n
β(y), y ∈ F (x0) m y∗

n = y ∗ −
1

n
β(y∗).J;
 1

n
β(y∗) − 1

n
β(y) ∈ intK, eF
y0 − y∗ =

(

y −
1

n
β(y)

)

−
(

y∗ −
1

n
β(y∗)

)
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= (y0 − y∗) +

( 1

n
β(y∗) −

1

n
β(y)

)

∈ (−intK),{
(y0 − y∗) ∈ (−intK).^N y∗ ∈ WE0(F (X)), { x∗ ∈ SW (F ) 3M�E x∗ /∈ S(F ), F�/P U ⊃ S(F ), 1P x∗ /∈ U , J x∗ ∈ S(Fn) z Fn → F , ^N SW F .Y�(%3M�(X"�E S(F ) = SW (F ), ∀F ∈ M z SW W M YY�(%'{= S W M YY�(%��� 2.6 LR7 F ∈ M ,S W F .Y�(%�Z S(F ) ��/� EE" 2.5, z S W M YY�(%F

S(F ) = SW (F ), ∀F ∈ M,VE�1 2.3 
 S(F ) ���4 �
=,Cq�yW����79�WF�	?[>ÆE"� $0�4g�A��:/0K4_Cq�y?[IE9W�4!�Y�^$f0E9W�4!�>�txY{��_`S=?[mE9PrmPG�>ÆE"�i�F�	?[Y�(%>(0{�j_p^ >�i�2jF�	ÆE>m0{��8j;
���AWK4g�A�x6LCq?[0KY�(%MHKsY�(%�� Æ � �
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