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Vertex Vulnerability Parameters of Kronecker
Products of Complete Multipartite Graphs
and Complete Graphs*

TANG Dan!  WANG Hechao!  SHAN Erfang!f

Abstract Let G; and G2 be two graphs. The Kronecker product G1 x G2 is defined
as V(Gl X Gz) = V(Gl) X V(Gz) and E(G1 X GQ) = {(U17v1)(u271}2) D ULU2 € E(G1)
and viv2 € E(G2)}. In this paper we compute several vertex vulnerability parameters of
Kronecker product of a complete p-partite graph menz,“,,mp and a complete graph K,
on n vertices, where m; < ma2 < ... < mp, 2 < p < n, and n > 3. This result generalizes
the previous result by Mamut and Vumar.

Keywords Kronecker product, vertex vulnerability parameter, cut set, complete
p-partite graph, complete graph

Chinese Library Classification 0223

2010 Mathematics Subject Classification 05C20; 05C69

T2 E 55 £ S 8RB Kronecker AR RIESHESH
E AT EHEE Emy

W™E  WAE GiL M G2 B Kronecker Fl G1 x G EH: H&E V(G1 x Ga) =
V(G1)XV(G2), _E_ijl% E(G1 XGQ) = {(Ul,vl)(UQ,’UQ) T uULU2 € E(Gl) and vive € E(Gz)}
HHT S p- WE Kmyma....m, 5 n B5E2E K. # Kronecker I JLZ S MEF51ESHL
BIME, HF mi <mae <...<mp, 2<p<n, Hn>3 XEERHETT Mamut Al Vumar
REI AL L.

X#i8): Kronecker f1, &SMEFHESE, HE, 7x p- T, T2E

hE 4525 0223

#HFHFES 05C20; 05C69

0 Introduction

All graphs considered in this paper are finite and simple. For notation and terminology
not defined here we refer to West[!l.,
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Given two graphs and the cartesian product of their vertex sets we can define several
graph products. Four standard products defined this way are: the cartesian product, the
Kronecker product, the strong product, and the lexicographic product. Here we consider the
Kronecker product of two graphs G; and G2 which defined as: V(G1 x G3) = V(G1) xV(Gs)
and E(Gl X GQ) = {(ul,vl)(u2,vg) D ULUY € E(Gl) and vivs € E(Gz)} (see [?]) The
Kronecker product of graphs has been extensively investigated concerning graph colorings,
graph recognition and decomposition, graph embed-dings, matching theory and stability
in graphs (see, for example, [3-4]). This product has many interesting applications, for
instance, Leskovec et al. used Kronecker product to give an approach to modeling networks
in [7].

Many graph theoretical parameters such as connectivity, toughness, scattering num-
ber, integrity, tenacity and their edge-analogues (see, for example, [6-8]) have been defined
to measuring the stability of networks. For most of these parameters, the corresponding
computing problems have been proved to be NP-hard. So it is interesting to determine
vulnerability parameters for some particular graphs. This paper gives the values on several
vulnerability parameters for the Kronecker product of a complete multipartite graph and a
complete graph.

We first recall the definitions of some graph parameters. Let G = (V, E) is a graph. A
set S C Vis a cut set of G, if either G— 5 is disconnected or has only one vertex. For S C V|
let w(G — S) and 7(G — S) denote the number of components and the order of a largest
component of G — S, respectively. The independent number o(G) of a graph G is defined
to be the maximum number of mutually nonadjacent vertices in G. The covering number
B(G) of the graph G is defined to be the minimum number of subset of V(G), such that
every edge of V(G) has at least one endpoint in this subset. The vulnerability parameters
are defined as follows:

(a) Vertex connectivity x(G)

K(G) =min {|S]: S CV isa cut set of G};
(b) Vertex toughness ¢(G) (Chvétal, 1973, [?])

. S| .
— : .
t(G) mm{ G-9) S CV isacutsetof Gp;

(¢) Scattering number s(G) (Jung, 1978, [?])

$(G) = max{w(G —S5) —|S|: S CV isa cut set of G};
(d) Vertex integrity I(G) (Barefoot, et al., 1987, [?])

I(G) =min{|S|+7(G - 5): SCV isacut set of G};
(e) Vertex Tenacity T(G) (Cozzens, et al., 1995, [?])

. IS+ 7(G=295) .
= _— C .
T(G) mm{ S(G=9) S CVisacutsetof G

Edge analogues of these parameters can be defined similarly (see, [9-12]).
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Kirlangic*¥ gave some results on rupture degree of gear graphs and the relationships
between the rupture degree and some vulnerability parameters. Choudum and Priyal*¥ stud-
ied the tenacity of Cartesian products of complete graphs. Recently, Mamut and Vumar!*®!
computed some vulnerability parameters of Kronecker product of two complete graphs as
follows.

Theorem 1 "] Let m,n be integers with n > m > 2 and n > 3. Then
a) k(K xK)*( 1)(n—1).

(

(b) (K x Kp) =

(©) (K x Ko)= {ﬁn__(m; =g
(d) I(Kp x Kp)=mn—n+1.

(e) T(Kn ><K) m+1/n—1.

In this paper we consider the vulnerability parameters of G = Ky, m,,...m, X Kn
2<p<n,m <me<...<my, n>3) and get the following results.

Theorem 2 Let my,ma,...,mp,n be integers with m; <ma < ... <My, 2< p <N,
and n = 3. Then

p—1
(a) K(Kmhmz,...,mp x Ky)=(n—1) Z mj.

j=1
p—1

(0) H(Komymasm, X Kn) = Y m; [y
j=1

—
1+mp—(n—1)> mj, ifp=n,m =mp;
i=1

P
2n-my —n 3y my, otherwise.
J=1

p—1
(d) I(Kmymo,..om, X Kn) =n- m; + 1.
1

j=

p—1
(e) T(Km1,m2,...,mp X Kn) =n-: ij =+ 1/7’L “Mp.

Obviously, if m; = mg = -+ = mp = 1 in Theorem 77?, then we can obtain Theorem 77.
Thus Theorem ?7 is a special case of Theorem 77.

1 Proof of the main result

To show Theorem 77, we first introduce more notations. When consider the Kronecker

product of Ky, ... m, and K, (m1 <ma < ... <myp,2 < p <n,n > 3), we shall always let

.....

Vi= V(Kmyma,im,) = {011,812, -+ o, ULy s oo s Uils oy Uimgs - -5 Uply - -+ Upmy, |
Vo = V(K. =1{1,2,...,n},
Sy = Vix{k}, k=1,2,...,n

n = {uilaui27"'auimi}x‘/2;7;:1527"'1])
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Then S, T; are independent sets in G = Ky, mo,....m, X Kn, and V(K mo. ..., m, % Ky) has
partitions V3 x Vo = S1USU- - -US, = T1UThU- - UTp. Moreover, for notational convenience,
we abbreviate the partition of {uil,uig, ey Wil ey Wim, b X {uk} as A, @ = 1,2,...,p,
k=1,2,...,n, 1 =1,2,. . For two vertices u and v in a graph G, we write u ~ v if
uwv € E(G and U v 0therw1se See Fig 1.

600 0 ¢
VAV

Fig. 1: G x K,
Proposition 1 Let mi,ma, ..., my,n be integers with m; <mo < ... <my , 2 < p <

.....

p—1
n, and n = 3, Then a(Kp, mo,...m, X Kn) =1 -mp, B(Km) my,...m, X Kn) =n- 3> mj.
=1

Next we give a lemma on the components after removing a cut set from Ky, ms,....m, X
K, which plays a key role in the proof of our main result.
Lemma 1 Let my,ma,...,mp,n be integers with my < may < ... <My, 2 < p < n,

and n > 3, and let S be a cut set of G = Ky m,,...;m, X Kn.
(a) When w(G —S) =2, and let Gy, G2 be the components of G — S.
(1) If min{|G1],|G2|} =1, then

p—1 p—1

T(G=8S)<(n—1mp+> my, [S]>n—1)-Y mj+m,—1.
Jj=1 Jj=1
(2) If min{|G1],|G2|} = 2, then
p
(G —S) < mp_1 + my, |S|>n-2mj—2(mp,1+mp).

(b) When w(G—S)>3
(1) if 7(G—=S8) =1, then

w(G—95)<n-my, |S|>n~2mj.

(2) if (G —S) = 2, then there is only one component with vertices greater than 2,
and w(G) < my + 1,

p—1
ij—l— (n—1Lmyp, |S]= (n—l)ZmJ—.
j=1
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Proof (a) Suppose that w(G — S) =2 and G, G2 be the two components of G — S.

(1) If |G1| = |G2| = 1, we are done. Without loss of generality, we suppose |G| = 1,
|G2| > 2 and (uilll, kl) € V(Gl), 11 € {1, 2,... ,p}, I, € {1, 2,.. .,il}, ki € {1,2, .. .,TL}.
By the definition of Kronecker product, (u;,i,, k1) is adjacent to all the vertices of G except
T;, USk, . Since G5 is a component, G5 contains at most all the vertices in (T;; USk, )\ Ai ks

hence
p—1
|G1] +|G2| <1 n—lmzl—kZmJ\ n—lmp—l—ZmJ,
;é’Ll J 1
Thus,
|S| = Zm] (n—1)m Zm]—l— (n—1) Zm]—i—mp :
Therefore,

T(G-95)< (n— l)mp—l—ZmJ—.

(2) Ifmln{|G1|a |G2|} 2 2, we suppose (uill15 kl)v (ui2l2a k2) € V(Gl)v 11,12 € {15 2,... 7p}a
I, € {1, 2,.. .,il}, ly € {1, 2,.. .,ig}, kl, ko € {1,2, .. .,TL}. By the definition of Kro-
necker product, (wi,i,, k1), (Wiy1,, k2) are adjacent to all the vertices of G except for A;, 1, U
Ak, Since |Ga| > 2, there must exist two vertices (i i,, k2), (Wiyiy, k1) € V(G2), I3 €
{1,2,...,i1}, s €{1,2,...,i2}. Obviously, G1, G2 have at most all the vertices in A;, k, , Aj, ks,
Ai2k1 ) Aizkzv so we have

(G = 5) <Smp-1+my
and
|G| + (G2l < 2(my, +my,) < 2(mp—1 +my).
This implies that
P
13 ne 3" m; — 2mps + ).
j=1
(b) When w(G — S) > 3, we consider 7(G — 5).
O Ir(G—-8S)=1,thena=n-m,>w({G@-5)=n- Emj |S], we get

|S| > ij n-my=n-: ij, w(G@—85) < n-my.

(2) If T(G — S) > 2. Suppose |G1| > 2, (uilll,kl), (uizlz, kz) S V(Gl), 11,19 €
{1,2,...,p}, 11 € {1,2,...,d1}, lo € {1,2,...,ia}, ki,ko € {1,2,...,n}. By the defini-
tion of Kronecker product, the vertices (wi,1,, k1), (1., k2) are adjacent to all the vertices
except some in A; k,, Ai,k,. The left components must contain in one partition. So there
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is only one component with vertices greater than 2. If we choose the vertices in A;,,, then
G1 at most contain the vertices of (T;, U Sk,) \ Ai,x,. Hence

P
|S|>n-ij—Zrnj—n-rm1
j=1

J#i

P p—1
>n-ij—ij—n-mp
j=1 j=1
p—1
= (n—l)ij,
j=1
p—1
7(G-5) < ij—l—(n—l)mp
j=1

and w(G) < my + 1. If choose the vertices in A;,x,, we can obtain the desired formulae by
similar reason.

Now we are ready to give the proof of Theorem 77.

Proof of Theorem 7?7 For convenience, we use the abbreviation G = K, m,,....m, ¥

K,, and the abbreviation mentioned above are still in use.
p—1ln—1
(a) Vertex connectivity x(G). Obviously Wi = |J U Aix is a cut set of G , and
i=1 k=1

p—1 p—1
Wil = (n—1)- > m;. Let S’ be a cut set of G with vertices fewer than (n —1)- > m;.
Jj=1 j=1

We shall prove that S’ does not exist. Pick two arbitrary nonadjacent vertices in G — 5,
there exist three conditions.

(1) (uilll Y kl)? (uillzu kl)u

(2) (uilll Y kl)? (uillzu k?)u

(3) (uilll) kl)a (uizlsa kl) il; 19 € {15 27 s 7p}5 lla 12 € {15 27 . '7i1}a l3 S {15 27 o '7i2}7

ki, ko € {1,2,...,n}.

In the first condition, (u;,;,, k1) and (u;,,, k1) are adjacent to all the vertices except T;, USy,,
then we need to get rid of at least

P p—1 p—1
n~ij—n-mp—ij =T = (n—1)~ZmJ—,
j=1 j=1 j=1

p—1
so we can not find a cut set S” with |S’| < (n—1)- > m,; to disconnected this two vertices.

It is also verified under the condition (2),(3). Hence (a) holds.
p—1 n
In the following, the cut set Wo = |J U Air of G will be used in (c) to get a lower
i=1 k=1

p—1

bound, and in (b), (d), (e) to get an upper bound. Note that |[Ws|=n- > m;, w(G—Ws) =
j=1

n-mp =a(G), 7(G—Ws) =1.
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(b) Vertex toughness ¢(G). For w(G — S) = 2, by Theorem ?? (a), we have

p—1 p—1
(n—=1)- > m; > m;
5| R

w(G@—-S8) "~ 2 ~omy

For w(G — S) > 3, by Lemma ?7?(b), we have

5]
t [ ol
(@) w(G-19)
P
n-y. (G-95)—w(G-29)
j=1
N w(G-29)
P
n-y (G-95)+1
= =1 -1
w(G = 19)
p p—1
ne Yl mj— ‘ m; + (n—1) p}"'l
= =1 —1, 7(G—S8)>2;
S mp + 1
= p—1
o
j=
p— (G-15)
p—1
2 m;
5 I
My
On the other hand, we have
1 ~1
_ W S
t(GQ) < 2G- ) =n- 7ij/n my, = mj/mp
p—1
Hence t(G) = > m;/m,.
j=1

(¢) Scatting number s(G). If w(G — S) = 2, then we have

p
3—(n—1)ij—mp, mln{|G1|a|G2|}:17
w(G =8~ IS|=2-s] < ' )
2(mp +mp-1+1) —n- Y my, min{|Gy|,|Gal} >2

Jj=1
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If w(G —S) > 3, then

w(@—-8)—19] = w(G—S)—{n-ZmJ——T(G—S)—w(G—S)—Fl
= 2w(G—S)+T(G—S)—n-imJ~—1

p—1
1+mp—(n—1)2mj, (G -15)>2
j=1

N

P
2n~mp—n~ZmJ—, 7(G-95)=1.
j=1

First, note that

p—1 p—1
1+mp—(n—1)ij23—(n—1)ij—mp
j=1 j=1

and
p—1 p—1
1+mp—(n—1)2mj 23—(n—1)2mj—mp.
j=1 j=1

This implied that we do not need to consider the condition w(G — S) = 2.
If p=n,my, = mq, then

p—1 p
1+mp—(n—1)2mj>2n-mp—n-2mj.
Jj=1 j=1

p—1n—1
On the other hand, let W3 = |J U A, we have
i=1 k=1

p—1
w(G@=Ws3)=mp+1, |[Wi|=(n-— 1)ij.
j=1
Hence,

p—1
$(G) 2 w(G—W3) — |Ws|=1+m, — (n—l)ij,
j=1
Therefore,
p—1
s(G)=1+mp — (n—l)ij.
j=1

Otherwise, we have

p—1 P
1+mp—(n—1)ij <2n-mp—n-ij
j=1 j=1



1 3

Vertex Vulnerability Parameters of Kronecker Product of Graphs
and

39

3(G) 2w

P
(G — Wy) — |Wa| =2n-mp—n-ZmJ
Hence,

j=1
P
s(G) =2n-m, —n-Zm‘j.

(d) Vertex integrity I(G). If w(G — S) = 2, by Lemma ?7?(a), without loss of generality,
we may assume that 7(G — S)

= |G2| Then
P
|S|+T(G—S):7’L'Z —|Gy| = ij (myp + mp_1).
j=1
If w(G —S) > 3, then

p
S|+ 7(G=8)=n-Y_ —w(

Jj=1
Since

—1
>nimj—n-mp+1:n-p2mj+l.

j=1 =
n- ij—l—l Z

p—1
— (mp +myp_1), >n-ij+1.
J=1 J=1
On the other hand, we have
p—1
I(G) < [Wa| +7(G=Wa) =1+n-> m;
j=1
p—1
Thus I(G)=n- ). m; +1

j=1
(e) Vertex tenacity

T(G). If w(G — S) =2, then

p
n- m; — (my +m
S|+ 7(G-95) _IS|+7(G=S) J; 3~y 4 1p1)
wG@-8) 2 - 2
If w(G = S) > 3, then

S| +7(G-S) _ ne 2 my—wl@ = 8)

p—1
n-y mj+1 n-y m;+1
_ = ) =1
w(G - S) w(G - 5) (G-25) - n-mp
p—1 P
n-y mp+1 ne Y my—(my+mpo1)
From =1 < =1
n-my

5 , it follows that

p—1
G) > (n-ij—l—1>/n-mp.
Jj=1



40 TANG Dan, WANG Hechao, SHAN Erfang 16 #

On the other hand,

p—1
T(G) < (o] +7(G — Ty)) fw(G —Ty) = (nzm ; 1) [y,

Thus

T(G) = (n-imj+l>/n-mp.

2 Conclusion

In this paper we compute several vertex vulnerability parameters of Kronecker products
of complete multipartite graph and complete graph which are very important to measure
the stability of networks. This result generalizes the main result in [?].
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