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Vertex Vulnerability Parameters of Kronecker

Products of Complete Multipartite Graphs

and Complete Graphs∗

TANG Dan1 WANG Hechao1 SHAN Erfang1†

Abstract Let G1 and G2 be two graphs. The Kronecker product G1 ×G2 is defined
as V (G1 × G2) = V (G1) × V (G2) and E(G1 × G2) = {(u1, v1)(u2, v2) : u1u2 ∈ E(G1)
and v1v2 ∈ E(G2)}. In this paper we compute several vertex vulnerability parameters of
Kronecker product of a complete p-partite graph Km1,m2,...,mp and a complete graph Kn

on n vertices, where m1 6 m2 6 . . . 6 mp, 2 6 p 6 n, and n > 3. This result generalizes
the previous result by Mamut and Vumar.
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Given two graphs and the cartesian product of their vertex sets we can define several

graph products. Four standard products defined this way are: the cartesian product, the

Kronecker product, the strong product, and the lexicographic product. Here we consider the

Kronecker product of two graphs G1 and G2 which defined as: V (G1×G2) = V (G1)×V (G2)

and E(G1 × G2) = {(u1, v1)(u2, v2) : u1u2 ∈ E(G1) and v1v2 ∈ E(G2)} (see [?]). The

Kronecker product of graphs has been extensively investigated concerning graph colorings,

graph recognition and decomposition, graph embed-dings, matching theory and stability

in graphs (see, for example, [3-4]). This product has many interesting applications, for

instance, Leskovec et al. used Kronecker product to give an approach to modeling networks

in [?].

Many graph theoretical parameters such as connectivity, toughness, scattering num-

ber, integrity, tenacity and their edge-analogues (see, for example, [6-8]) have been defined

to measuring the stability of networks. For most of these parameters, the corresponding

computing problems have been proved to be NP-hard. So it is interesting to determine

vulnerability parameters for some particular graphs. This paper gives the values on several

vulnerability parameters for the Kronecker product of a complete multipartite graph and a

complete graph.

We first recall the definitions of some graph parameters. Let G = (V, E) is a graph. A

set S ⊆ V is a cut set of G, if either G−S is disconnected or has only one vertex. For S ⊆ V ,

let ω(G − S) and τ(G − S) denote the number of components and the order of a largest

component of G − S, respectively. The independent number α(G) of a graph G is defined

to be the maximum number of mutually nonadjacent vertices in G. The covering number

β(G) of the graph G is defined to be the minimum number of subset of V (G), such that

every edge of V (G) has at least one endpoint in this subset. The vulnerability parameters

are defined as follows:

(a) Vertex connectivity κ(G)

κ(G) = min {|S| : S ⊆ V is a cut set of G} ;

(b) Vertex toughness t(G) (Chvátal, 1973, [?])

t(G) = min

{

|S|

ω(G − S)
: S ⊆ V is a cut set of G

}

;

(c) Scattering number s(G) (Jung, 1978, [?])

s(G) = max {ω(G − S) − |S| : S ⊆ V is a cut set of G} ;

(d) Vertex integrity I(G) (Barefoot, et al., 1987, [?])

I(G) = min {|S| + τ(G − S) : S ⊆ V is a cut set of G} ;

(e) Vertex Tenacity T (G) (Cozzens, et al., 1995, [?])

T (G) = min

{

|S| + τ(G − S)

ω(G − S)
: S ⊆ V is a cut set of G

}

.

Edge analogues of these parameters can be defined similarly (see, [9-12]).
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Kirlangic[13] gave some results on rupture degree of gear graphs and the relationships

between the rupture degree and some vulnerability parameters. Choudum and Priya[14] stud-

ied the tenacity of Cartesian products of complete graphs. Recently, Mamut and Vumar[15]

computed some vulnerability parameters of Kronecker product of two complete graphs as

follows.

Theorem 1 [15] Let m, n be integers with n > m > 2 and n > 3. Then

(a) κ(Km × Kn) = (m − 1)(n − 1).

(b) t(Km × Kn) = m − 1.

(c) s(Km × Kn)=

{

2 − (m − 1)(n − 1), if m=n;

2n − mn, otherwise.

(d) I(Km × Kn) = mn − n + 1.

(e) T (Km × Kn) = m + 1/n− 1.

In this paper we consider the vulnerability parameters of G = Km1,m2,...,mp
× Kn

(2 6 p 6 n, m1 6 m2 6 . . . 6 mp, n > 3) and get the following results.

Theorem 2 Let m1, m2, . . . , mp, n be integers with m1 6 m2 6 . . . 6 mp, 2 6 p 6 n,

and n > 3. Then

(a) κ(Km1,m2,...,mp
× Kn) = (n − 1)

p−1
∑

j=1

mj.

(b) t(Km1,m2,...,mp
× Kn) =

p−1
∑

j=1

mj

/

mp.

(c) s(Km1,m2,...,mp
× Kn)=



















1 + mp − (n − 1)
p−1
∑

j=1

mj , if p = n, m1 = mp;

2n · mp − n
p
∑

j=1

mj , otherwise.

(d) I(Km1,m2,...,mp
× Kn) = n ·

p−1
∑

j=1

mj + 1.

(e) T (Km1,m2,...,mp
× Kn) = n ·

p−1
∑

j=1

mj + 1
/

n · mp.

Obviously, if m1 = m2 = · · · = mp = 1 in Theorem ??, then we can obtain Theorem ??.

Thus Theorem ?? is a special case of Theorem ??.

1 Proof of the main result

To show Theorem ??, we first introduce more notations. When consider the Kronecker

product of Km1,...,mp
and Kn (m1 6 m2 6 . . . 6 mp, 2 6 p 6 n, n > 3), we shall always let

V1 = V (Km1,m2,...,mp
) = {u11, u12, . . . , u1m1

, . . . , ui1, . . . , uimi
, . . . , up1, . . . , upmp

},

V2 = V (Kn) = {1, 2, . . . , n},

Sk = V1 × {k}, k = 1, 2, . . . , n,

Ti = {ui1, ui2, . . . , uimi
} × V2, i = 1, 2, . . . , p.
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Then Sk, Ti are independent sets in G = Km1,m2,...,mp

×Kn, and V (Km1,m2,...,mp
×Kn) has

partitions V1×V2 = S1∪S2∪· · ·∪Sn = T1∪T2∪· · ·∪Tp. Moreover, for notational convenience,

we abbreviate the partition of {ui1, ui2, . . . , uil, . . . , uimi
} × {vk} as Aik, i = 1, 2, . . . , p,

k = 1, 2, . . . , n, l = 1, 2, . . . , mi. For two vertices u and v in a graph G, we write u ∼ v if

uv ∈ E(G) and u ≁ v otherwise. See Fig 1.
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Fig. 1: G × Kn

Proposition 1 Let m1, m2, . . . , mp, n be integers with m1 6 m2 6 . . . 6 mp , 2 6 p 6

n, and n > 3, Then α(Km1,m2,...,mp
× Kn) = n · mp, β(Km1,m2,...,mp

× Kn) = n ·
p−1
∑

j=1

mj.

Next we give a lemma on the components after removing a cut set from Km1,m2,...,mp
×

Kn, which plays a key role in the proof of our main result.

Lemma 1 Let m1, m2, . . . , mp, n be integers with m1 6 m2 6 . . . 6 mp, 2 6 p 6 n,

and n > 3, and let S be a cut set of G = Km1,m2,...,mp
× Kn.

(a) When ω(G − S) = 2, and let G1, G2 be the components of G − S.

(1) If min{|G1|, |G2|} = 1, then

τ(G − S) 6 (n − 1)mp +

p−1
∑

j=1

mj , |S| > (n − 1) ·

p−1
∑

j=1

mj + mp − 1.

(2) If min{|G1|, |G2|} > 2, then

τ(G − S) 6 mp−1 + mp, |S| > n ·

p
∑

j=1

mj − 2(mp−1 + mp).

(b) When ω(G − S) > 3,

(1) if τ(G − S) = 1, then

ω(G − S) 6 n · mp, |S| > n ·

p−1
∑

j=1

mj .

(2) if τ(G − S) > 2, then there is only one component with vertices greater than 2,

and ω(G) 6 mp + 1,

τ(G − S) 6

p−1
∑

j=1

mj + (n − 1)mp, |S| > (n − 1)

p−1
∑

j=1

mj.
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Proof (a) Suppose that ω(G − S) = 2 and G1, G2 be the two components of G − S.

(1) If |G1| = |G2| = 1, we are done. Without loss of generality, we suppose |G1| = 1,

|G2| > 2 and (ui1l1 , k1) ∈ V (G1), i1 ∈ {1, 2, . . . , p}, l1 ∈ {1, 2, . . . , i1}, k1 ∈ {1, 2, . . . , n}.

By the definition of Kronecker product, (ui1l1 , k1) is adjacent to all the vertices of G except

Ti1 ∪Sk1
. Since G2 is a component, G2 contains at most all the vertices in (Ti1 ∪Sk1

)\Ai1k1
,

hence

|G1| + |G2| 6 1 + (n − 1)mi1 +
∑

j 6=i1

mj 6 1 + (n − 1)mp +

p−1
∑

j=1

mj ,

Thus,

|S| > n ·

p
∑

j=1

mj − (n − 1)mp −

p−1
∑

j=1

mj − 1 = (n − 1) ·

p−1
∑

j=1

mj + mp − 1,

Therefore,

τ(G − S) 6 (n − 1)mp +

p−1
∑

j=1

mj .

(2) If min{|G1|, |G2|} > 2, we suppose (ui1l1 , k1), (ui2l2 , k2) ∈ V (G1), i1, i2 ∈ {1, 2, . . . , p},

l1 ∈ {1, 2, . . . , i1}, l2 ∈ {1, 2, . . . , i2}, k1, k2 ∈ {1, 2, . . . , n}. By the definition of Kro-

necker product, (ui1l1 , k1), (ui2l2 , k2) are adjacent to all the vertices of G except for Ai1k2
∪

Ai2k1
. Since |G2| > 2, there must exist two vertices (ui1l3 , k2), (ui2l4 , k1) ∈ V (G2), l3 ∈

{1, 2, . . . , i1}, l4 ∈ {1, 2, . . . , i2}. Obviously, G1, G2 have at most all the vertices in Ai1k1
, Ai1k2

,

Ai2k1
, Ai2k2

, so we have

τ(G − S) 6 mp−1 + mp

and

|G1| + |G2| 6 2(mj1 + mj2) 6 2(mp−1 + mp).

This implies that

|S| > n ·

p
∑

j=1

mj − 2(mp−1 + mp).

(b) When ω(G − S) > 3, we consider τ(G − S).

(1) If τ(G − S) = 1, then α = n · mp > ω(G − S) = n ·
p
∑

j=1

mj − |S|, we get

|S| > n ·

p
∑

j=1

mj − n · mp = n ·

p−1
∑

j=1

mj , ω(G − S) 6 n · mp.

(2) If τ(G − S) > 2. Suppose |G1| > 2, (ui1l1 , k1), (ui2l2 , k2) ∈ V (G1), i1, i2 ∈

{1, 2, . . . , p}, l1 ∈ {1, 2, . . . , i1}, l2 ∈ {1, 2, . . . , i2}, k1, k2 ∈ {1, 2, . . . , n}. By the defini-

tion of Kronecker product, the vertices (ui1l1 , k1), (ui2l2 , k2) are adjacent to all the vertices

except some in Ai1k2
, Ai2k1

. The left components must contain in one partition. So there
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is only one component with vertices greater than 2. If we choose the vertices in Ai1k2

, then

G1 at most contain the vertices of (Ti1 ∪ Sk2
) \ Ai1k2

. Hence

|S| > n ·

p
∑

j=1

mj −
∑

j 6=i1

mj − n · mi1

> n ·

p
∑

j=1

mj −

p−1
∑

j=1

mj − n · mp

= (n − 1)

p−1
∑

j=1

mj ,

τ(G − S) 6

p−1
∑

j=1

mj + (n − 1)mp

and ω(G) 6 mp + 1. If choose the vertices in Ai2k1
, we can obtain the desired formulae by

similar reason.

Now we are ready to give the proof of Theorem ??.

Proof of Theorem ?? For convenience, we use the abbreviation G = Km1,m2,...,mp
×

Kn and the abbreviation mentioned above are still in use.

(a) Vertex connectivity κ(G). Obviously W1 =
p−1
⋃

i=1

n−1
⋃

k=1

Aik is a cut set of G , and

|W1| = (n − 1) ·
p−1
∑

j=1

mj . Let S′ be a cut set of G with vertices fewer than (n − 1) ·
p−1
∑

j=1

mj .

We shall prove that S′ does not exist. Pick two arbitrary nonadjacent vertices in G − S′,

there exist three conditions.

(1) (ui1l1 , k1), (ui1l2 , k1),

(2) (ui1l1 , k1), (ui1l2 , k2),

(3) (ui1l1 , k1), (ui2l3 , k1). i1, i2 ∈ {1, 2, . . . , p}, l1, l2 ∈ {1, 2, . . . , i1}, l3 ∈ {1, 2, . . . , i2},

k1, k2 ∈ {1, 2, . . . , n}.

In the first condition, (ui1l1 , k1) and (ui1l2 , k1) are adjacent to all the vertices except Ti1∪Sk1
,

then we need to get rid of at least

n ·

p
∑

j=1

mj − n · mp −

p−1
∑

j=1

mj = |T1| = (n − 1) ·

p−1
∑

j=1

mj ,

so we can not find a cut set S′ with |S′| < (n− 1) ·
p−1
∑

j=1

mj to disconnected this two vertices.

It is also verified under the condition (2), (3). Hence (a) holds.

In the following, the cut set W2 =
p−1
⋃

i=1

n
⋃

k=1

Aik of G will be used in (c) to get a lower

bound, and in (b), (d), (e) to get an upper bound. Note that |W2| = n ·
p−1
∑

j=1

mj , ω(G−W2) =

n · mp = α(G), τ(G − W2) = 1.
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(b) Vertex toughness t(G). For ω(G − S) = 2, by Theorem ?? (a), we have

|S|

ω(G − S)
>

(n − 1) ·
p−1
∑

j=1

mj

2
>

p−1
∑

j=1

mj

mp

.

For ω(G − S) > 3, by Lemma ??(b), we have

t(G) =
|S|

ω(G − S)

=

n ·
p
∑

j=1

mj − τ(G − S) − ω(G − S) + 1

ω(G − S)

=

n ·
p
∑

j=1

mj − τ(G − S) + 1

ω(G − S)
− 1

>



































n ·
p
∑

j=1

mj −
[ p−1

∑

j=1

mj + (n − 1) · mp

]

+ 1

mp + 1
− 1, τ(G − S) > 2;

p−1
∑

j=1

mj

mp

, τ(G − S) = 1.

>

p−1
∑

j=1

mj

mp

.

On the other hand, we have

t(G) 6
|W2|

ω(G − W2)
= n ·

p−1
∑

j=1

mj

/

n · mp =

p−1
∑

j=1

mj

/

mp.

Hence t(G) =
p−1
∑

j=1

mj/mp.

(c) Scatting number s(G). If ω(G − S) = 2, then we have

ω(G − S) − |S| = 2 − |S| 6























3 − (n − 1)

p−1
∑

j=1

mj − mp, min{|G1|, |G2|} = 1;

2(mp + mp−1 + 1) − n ·

p
∑

j=1

mj , min{|G1|, |G2|} > 2.
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If ω(G − S) > 3, then

ω(G − S) − |S| = ω(G − S) −

[

n ·

p
∑

j=1

mj − τ(G − S) − ω(G − S) + 1

]

= 2ω(G − S) + τ(G − S) − n ·

p
∑

j=1

mj − 1

6























1 + mp − (n − 1)

p−1
∑

j=1

mj , τ(G − S) > 2;

2n · mp − n ·

p
∑

j=1

mj , τ(G − S) = 1.

First, note that

1 + mp − (n − 1)

p−1
∑

j=1

mj > 3 − (n − 1)

p−1
∑

j=1

mj − mp

and

1 + mp − (n − 1)

p−1
∑

j=1

mj > 3 − (n − 1)

p−1
∑

j=1

mj − mp.

This implied that we do not need to consider the condition ω(G − S) = 2.

If p = n, mp = m1, then

1 + mp − (n − 1)

p−1
∑

j=1

mj > 2n · mp − n ·

p
∑

j=1

mj.

On the other hand, let W3 =
p−1
⋃

i=1

n−1
⋃

k=1

Aik, we have

ω(G − W3) = mp + 1, |W3| = (n − 1)

p−1
∑

j=1

mj .

Hence,

s(G) > ω(G − W3) − |W3| = 1 + mp − (n − 1)

p−1
∑

j=1

mj ,

Therefore,

s(G) = 1 + mp − (n − 1)

p−1
∑

j=1

mj .

Otherwise, we have

1 + mp − (n − 1)

p−1
∑

j=1

mj 6 2n · mp − n ·

p
∑

j=1

mj



1 ( Vertex Vulnerability Parameters of Kronecker Product of Graphs 39

and

s(G) > ω(G − W2) − |W2| = 2n · mp − n ·

p
∑

j=1

mj .

Hence,

s(G) = 2n · mp − n ·

p
∑

j=1

mj.

(d) Vertex integrity I(G). If ω(G−S) = 2, by Lemma ??(a), without loss of generality,

we may assume that τ(G − S) = |G2|. Then

|S| + τ(G − S) = n ·

p
∑

j=1

mj − |G1| > n ·

p
∑

j=1

mj − (mp + mp−1).

If ω(G − S) > 3, then

|S| + τ(G − S) = n ·

p
∑

j=1

−ω(G − S) + 1 > n

p
∑

j=1

mj − n · mp + 1 = n ·

p−1
∑

j=1

mj + 1.

Since

n ·

p−1
∑

j=1

mj + 1 6 n ·

p
∑

j=1

mj − (mp + mp−1), I(G) > n ·

p−1
∑

j=1

mj + 1.

On the other hand, we have

I(G) 6 |W2| + τ(G − W2) = 1 + n ·

p−1
∑

j=1

mj .

Thus I(G) = n ·
p−1
∑

j=1

mj + 1.

(e) Vertex tenacity T (G). If ω(G − S) = 2, then

|S| + τ(G − S)

ω(G − S)
=

|S| + τ(G − S)

2
>

n ·
p
∑

j=1

mj − (mp + mp−1)

2
.

If ω(G − S) > 3, then

|S| + τ(G − S)

ω(G − S)
=

n ·
p
∑

j=1

mj − ω(G − S) + 1

ω(G − S)
=

n ·
p
∑

j=1

mj + 1

ω(G − S)
− 1 >

n ·
p−1
∑

j=1

mj + 1

n · mp

.

From

n ·
p−1
∑

j=1

mj + 1

n · mp

6

n ·
p
∑

j=1

mj − (mp + mp−1)

2
, it follows that

T (G) >

(

n ·

p−1
∑

j=1

mj + 1

)

/

n · mp.
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On the other hand,

T (G) 6 (|T2| + τ(G − T2))
/

ω(G − T2) =

(

n ·

p−1
∑

j=1

mj + 1

)

/

n · mp.

Thus

T (G) =

(

n ·

p−1
∑

j=1

mj + 1

)

/

n · mp.

2 Conclusion

In this paper we compute several vertex vulnerability parameters of Kronecker products

of complete multipartite graph and complete graph which are very important to measure

the stability of networks. This result generalizes the main result in [?].

References

[1] West D B. Introduction to Graph Theorey [M]. New Jersey: Prentice hall, 2001.

[2] Weichsel P M. The Kronecker product of graphs [C]. Proc Amer Math Soc, 1962, 8: 47-52.

[3] Bresal B, Imrich W, Klavzar S, et al. Hypercubes as direct products [J]. SIAM J Discrete

Math, 2005, 18: 778-786.

[4] Alon N, Lubetzky E. Independent sets in tensor powers [J]. J Graph Theory, 2007, 54: 73-87.

[5] Leskovec J, Charkrabarti D, Kleinberg J, et al. Kronecker graphs: an approach to modeling

networks [J]. JMLR, 2010, 11: 985-1042.

[6] Bagga K, Beineke L, Goddard W, et al. A survey of integrity [J]. Discrete Appl Math, 2010,

37: 13-28.

[7] Bagga K, Beineke L, Lipman M, et al. Edge–integrity a survey [J]. Discrete Math, 1994, 124:

3-12.

[8] Cozzens M, Moazzami D, Stueckle S. Seventh International Conference on the Theory and

Applications of Graphs [C]. Wiley, New York, 1995.
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