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Abstract This paper deals with the stochastic volatility option pricing model in the viewpoint of Knigh-

tian uncertainty. First, we prove that the stochastic volatility model is in fact a Knightian uncertainty

model; and we use the discounted relative entropy to measure the Knighitan uncertainty. Then, having

balanced the Knightian uncertainty and Knightian premium through a utility function, we get the opti-

mum probability measure, and we get the price formula of European call option with Knightian aversion

degree γ. We find that γ and expiration date have important effect on the price of option by Monte Carlo

simulation, and we give an example to show how to estimate the values of γ.

Keywords stochastic volatility; Knightian uncertainty; Knightian premium; relative entropy; option

pricing

1 hi

������������������������. 	� [1] 	�
������ (�	)����
���� (������, ���

�	
��	����). 
	, �	 (risk) ����	�
�
�

����������; 	���� (Knightian uncertainty) ����������, Æ��������
��. ���
��, �	�����	�������. 	������
����. ������, 	�
��������������: ������	������, ������������������
����. ��, ���	�
����, ������
����; ��, ������,  ������
��	����. �������	����, ����, �����: �����, Bewley[2] ��, ���
(inertia) ������������; ���, Epstein � Wang[3] ��!������, �"������
��	�����
�. � ���, Gilboa[4], Schmeidler[5], �� Gilboa � Schmeidler[6] �������
��� Choquet �
. !�, Hansen " [7] ������##���	�����$ ; Kogan � Wang[8]

$�
��%������, ��
��	!�, &��
�	����!� (Æ"�
	�!�). Æ"�
������'��, 
���#� ���	�����	�!�, �� !���	�$(�, )&�
�	������%%&&.

j'k(: 2010-04-22

lmn): !"* "'## (70671005, 70831001)

op+,: $$( (1955–), %, *&!, %", +#$,%; -' (1980–), %, .&!, +#)($.
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�+���,��)Æ-��, Æ���)�

�*,, ) ��	�+., ,,.-(���	�
����/.. /�+����0�/, Black � Scholes[9] �,�-.�������,���). ���
,���
�������,0����/0)�����1�-1�102. /�����1�����,
/!, 0���0��/�	�
�����, 20)-1�*
�. ����,��,  ��	, 2�	�
���. +� Merton[10] "1�, 3, Black � Scholes ,�����. ���"1�, 21 B-S ,���3
-�� (232�) ��+4�.1� �. Æ"�"��2���Æ�44� Merton[10] ,���5, )�
3��4�, 0���0��/�	�
������. /!, ��,�32�/��	����, 
���
�32�15, ��
����01�63. ���)Æ�5532� (local volatility) ,��, 32��0
����/�7. ��, 46�� Cox� Ross[11] � CEV (constant elasticity of variance),�. ����,
��, 32�#����/6��78�1�. �5532�,��, /�2����+44, 12����
��5��#9; ����4�, 0���0���/�6��:.0)-1�*
�. � Merton[12] �,

��, ��0�����/��0);,���37; /!, 0���0��/�	�
��5737��
��8
�, &��0)8����-1�*
�. <4"��6�, ��,�=�
	����. Hull �
White[13], Heston[14] "5)Æ��63�+432� (SV) ,�. ����,��, 32�0)98���
+4��. �
7��, 9�����32�:�#8�����0���0��/�	�
�; /!, �+
432�,��, 0���0��/�	�
��9������. :�;�6, +432�>:
	�

��0�, 2
�	����. )8�96�4, ��,��9�����	����.

/!, #�/��	�����+���,�, Æ���)��:�7;, 2	�����;���:


. ��"�8, �	������;?!� !	�����	�!�. 9��, ��"����/��
	�����,��, ;<<<
	�!����. � Merton[12] �"1�, ����372=�����
����	,/!���@��AB. �Æ"�:=�6, Merton��	�!��>. Hull�White[13] >�

Merton[12] ��:, ��+432��;���������	, /!	�!�3<����>. Heston[14]

��
����32��7���, ?; Breeden[15] ��?=�,�, ��
+432���/, 2��

	�!�. ��, ��4�, ���,��, 	�!��&&�����=9�; 32���
�<���#
	�!��&&��; 6�, ���,�32�>�?C	����#�����@A. #���D@	�
������
��6, )	�����;��

��,�, ���>.
A���;?��, 3���
���96.

Æ"��	�����AE+432��B@4<+�,�. Æ"�����?B: ��, $�
+4
32�,���=:�	����,�. AC, Æ��:>�+432�,�, FD���GC�+4��
@�4��:�+4��. �H, Æ�������IJB���:���, ��DE	����. %�, Æ
�6�, 	�����������������	��	���, �&AC��	����,�. � �
?B, ������	����$(��'��, Æ"2C���� “	�!� - 	����” �#� �
���	����. �#� ��,����DE	�����	�!�,5���%%&&. �Æ"�#�
 ��, ���	�$(� γ FF.@A���;?. �3���
	����#��+����@A.

Æ"�G���: ��5
�2E, !�HGÆ"�

KI�

�:. � 5
, ���$Æ���
:: 
�F+432�,�=5�	����,�, �H� “	�!� - 	����” �#� ��A	�
���,�, %?��B@4<+����B@. �I5
, 
� Monte Carlo ,J� L@A+�	�!
��/J. �K5
, H�C��$����@D�EL	�$(����FG. �F5
�G�.

2 Aq

�
HM��:, Æ"��,������	���
�. �"1�������	���M��	�
��	���. ��0���0)����:

dS (t)/S (t) = rdt + σ (t) dB (t) (1)

dσ (t)/σ (t) = αdt + βdW (t) (2)

Æ��� r ��8��	��	��� P �, H��1�G�	K�. α, β �	�. Æ�<.��HL
�� dB (t) � dW (t) �GC�.
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(1)�(2) @�4
���:�+432�,�. �� Hull � White[13], Æ"H�K��:�@�+43
2�,�, ��LRS>�MT, �K�SKUK.ÆVÆ��=:��; <., 3�����. 7�+43
2�,�, 45;<5
$���/. ���$5
MB)�D��:: 
�LWB@���� PDE, 2�
�A�� PDE ��+���/. Æ"H����<�FG. AC, Æ�@����+4��, ����:�
��; 2�, Æ�N6���:���T�
	�����; %�, Æ�H���	�����F@X�A.

��� (2), ����Y.32��UV@:

σ (t) = σ (0) exp
[(

α − β2

2

)
t + βW (t)

]
(3)

Y.32�D;�WZ�32� σ (0), �� α, β �HL�� W (t). F (3) @�C (1) @, O h (t) ∆=
exp

[(
α − β2

2

)
t
]
, X (t) ∆= exp [βW (t)], ������:���:

dS (t)/S (t) = rdt + σ (0)h (t)X (t) dB (t) (4)

 !��������.132���: 232����+4�����+.O15���,

dS (t)/S (t) = rdt + σ (0)h (t) dB (t) (5)

��4�, [��O�XM��NY�� O: � (5) @�, ���	��	��� P ���0C��
102 dB (t); � (4) @UV����, D� X (t) dB (t). \P��, X (t) �0)#��*
�, dB (t) 0)
0C�*
�. ��Æ�PP�� X (t) dB (t) �	�
�. Æ��UZ (4) @UV�+4�������.

/� X (t) � dB (t) �GC�, �=9.F t, Æ���
�[��� X (t) dB (t): ��, QQ X (t) �

�, ����+4\D8� x (t). D� x (t) �, R����� (5) @���, �����.132��+
4��,

dS (t)/S (t) = rdt + σ (0)h (t)x (t) dB (t) (6)

� , �0
�G������ x (t) DE. &D�<� x (t), �����<����.132��+4
��. ��#8�/� X (t) �+4�2)�. ]��D#�� (4) ., �9��D#�8�< (6) @�+4
��. :��;�6, �D#�8� S (t) ���	�
�. ������������
��7� S (t) �
	���. �D#F�8��	��	���. /!, ���9�DE��	������.

Æ"B)���RD�AC��A	����,�: (a) QQ Bewley[2], ��Wang[3] "����, ��
���� “��”�“��”�“�G” �&&��� ,�: �Æ"�, Æ����&&
����S�ES�
�#7]�� 	��� P ; (b) ������&&�� ,�����; 
�#	��� P �^2, ��
�	����P; (c) ��
�#� � V (P̃ ) &&��%%��� P̃ ∗; Æ�N��"�M���#� �.
�H9��, ���� P ����	���M��	��	���.

Æ�&D�����I� x (t) /�� ,�:

D [x (t) dB (t)] = D [X (t) dB (t)] .

����: x (t) = eβ2t. 2���� 	��� P ��� ��:

dS (t)/S (t) = rdt + σ (0)h (t) eβ2tdB (t) (7)

&& (7) @/�� ����
T�78 (4) @���. �=9.F t, (4) @� (7) @�, dS (t)/S (t)
���<��E�FX. /!, Æ���_� (7) @� (4) @��K>�S�ES. !�, � (7) @�, UQ�
�� r; �9RF�� ,��, �2� !+432�E��!�; /! (7) @<.3���7]�ES.
����TS��� ,�����, _�������	��� P̃ . �6 z (t) ∆= dP̃ /dP , z (t) � P̃ # P

� Radon-Nikodym >�. � Girsanov ��Æ����� z (t) �UV@,

z (t) = exp
[∫ t

0

θ (τ) dB (τ) − 1
2

∫ t

0

θ2 (τ) dτ

]
(8)

�� θ (t) �@J Novikov ��:

E

[
exp

[∫ t

0

θ2 (τ) dτ

]]
< ∞ (9)

�
���:, Æ"�� θ (t) ���� (�+4) ��. � Girsanov ��, Æ�� dB (t) = θ (t) dt +
dB̃ (t). �� dB̃ (t) ������	��� P̃ ��0C�102. F��7��C (7) @, Æ����	�
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�� P̃ ����:

dS (t)/S (t) =
(
r + σ (0)h (t) θ (t) eβ2t

)
dt + σ (0)h (t) eβ2tdB̃ (t) (10)

�@UV�8�����.1UQ���3-���LW��, �<� θ (t) UV��<��	��	
��� P̃ ��<�LW��. )	�����;��4, (10) @#� ,� (7) @�VW��,��	��
��; Æ������#� ,��VW��������^`�	����. ) (10) @�3��4�, �
<�	��� P̃ , ���<�G�	K�

(
r + σ (0)h (t) θ (t) eβ2t

)
. ��, !� π (t) ∆= σ (0)h (t) θ (t) eβ2t �

��#� 	��� P �VW2)�, 2	�!�. )�D�
7�3��4�, 	�!� π (t) �$ �
���&&� P̃ ;��. ��&&^`8����	����, �8���8�	�!�.

Æ�2C���� “	�!� - 	����” �#� � V (P̃ ) ��A	����,�1 . #���$
(	�������, V (P̃ ) ���-�/J;�: (a) ��&&	��� P̃ ., ��VW� �� P �^

`�	����; (b) ���8���	�!�; (c) ��#	�����$(�, ��"�Æ��
��	
�$(�. Æ�H����:�#� �:

V (P̃ ) = K̃(P̃ ) − γR̃(P̃ ) (11)

��, K̃(P̃ ) UV�	��� P̃ ��	�!�; R̃(P̃ ) UV	����; γ > 0 UV	�$(�; 	����
_�	�$(��	����##� ��;�K#8. P�, � (11) @�, K̃(P̃ ) H� V (P̃ ) E1$, &
R̃(P̃ ) 0H� V (P̃ ) E1 . #���T>	�!�, ��$(	�������, ��&&8�@a��	
��	��� P̃ , H�#� � V (P̃ ) %$. ������UV4 max

P̃
V (P̃ ).

��"��, �	��� P̃ �, 	�!�� π (t). ��L�/@� e−δt, Æ��6 K̃(P̃ ) �X�L�	
�!�:

K̃(P̃ ) =
∫ ∞

0

e−δtπ (t) dt =
∫ ∞

0

e−δtσ (0)h (t) θ (t) eβ2tdt (12)

Æ�H��##���	���� R̃(P̃ ). QQ"B [16], Æ��6X�L��##�:

R̃(P̃ ) = δ

∫ ∞

0

e−δt

[∫
ln

(
dP̃

dP

)
dP̃

]
dt (13)

��[., (13) @��U42

R̃(P̃ ) =
1
2
Ẽ

[∫ ∞

0

e−δtθ2 (t) dt

]
(14)

N (12), (14) @�C (11) @, Æ���,

V (P̃ ) = Ẽ

[∫ ∞

0

[
e−δtσ (0)h (t) θ (t) eβ2t − 1

2
γe−δtθ2 (t)

]
dt

]
(15)

Æ����<� θ (t) ;�
�<�	��� P̃ ; /!, &%%� P̃ �9�R"<�&&��%%�
θ (t). Æ�����Y0 �:

max
θ

Ẽ

[∫ ∞

0

[
e−δtσ (0)h (t) θ (t) eβ2t − 1

2
γe−δτθ2 (t)

]
dt

]
(16)

Ẽ UV�	��� P̃ ��+V. )
7���, P̃ � θ (t) ;�; �! θ (t) ;� Ẽ. �4"�, Æ���
θ (t) ���������, &�+4��. /!Æ���F (16) @U4:

max
θ

[∫ ∞

0

[
e−δtσ (0)h (t) θ (t) eβ2τ − 1

2
γe−δtθ2 (t)

]
dt

]
(17)

�BZ"@, Æ�����:

d
[
e−δtσ (0)h (t) θ (t) eβ2t − 1

2γe−δtθ2 (t)
]

dθ (t)
= 0 (18)

1. `�a “MNWJ - MNOOP” [XObI “\M - Ub” [X. “\M - Ub” [XcNOPa\M, Yd]ZP[Ub
aQV; WR\^])_c, OPUb (X^), YSQVed\M (_X^`N + X^WJ) Pe. fN`�a “MNWJ - M
NOOP” [X�, YSgfa`e[a “MNOOP”, Ydhaba “MNWJ”. ci, `�a[X'Zg�hN “bR -

de” [X�, YS`[Pfa “bRi\”(N`�a[X�, cYSgfPfa “MNOOP”, \YYSjajkjalc
[Xade-m).

2. Tf]-^^ Hansen, Sargent, Turmuhambetova Na�� [16], P81–83, Claim B.2, B.3. _kgah*U`hnm P̃ g
Ydh`�a (14) l.
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�C h (t), ����:

θ∗ (t) =
σ (0)

γ
e(α+ 1

2 β2)t (19)

\Ph$ θ∗ (t) @J Novikov ��. D#�	��	�������.a, ��&& θ∗ (t), 2&&%%
��	��	��� P̃ ∗. �8�, Æ�3���%%�	���� P̃ ∗ .�	�!�. � (19) @, Æ���
��	�!� π∗ (t) �:

σ (0)h (t) θ∗ (t) eβ2t =
σ2 (0)

γ
e(2α+β2)t (20)

) (20) @����, dπ∗ (t)/dt > 0. ��/�, D#�o+�;?., ��DEF�$�	����; /
!���b�	�!��AB. ���, �c��ii�5��2+�;?, Æ���4� π∗ (0) �>. �
U��Æ��,��, !.2�	�����, 3/!2�	�!�. ) (10) @�(20) @�� h (t) �UV
@, Æ������	��� P̃ ∗ �0���0)��/��:

dS (t)/S (t) =
(

r +
σ2 (0)

γ
e(2α+β2)t

)
dt + σ (0) e(α+ 1

2β2)tdB̃∗ (t) (21)

� (10) @�<��, (21) @UV��
��%%���. �
��0���0) (21) @�B@+��
�/, Æ�C2C��2�:

rV [10,17] ������	���
�, 0����/ S (t) 0)����.1���+4�K��
32����:

dS (t) = r̃ (t)S (t) dt + σ̃ (t) S (t) dB̃ (t) (22)

�j, log {S (T )/S (t)} �
���*
�, �E�
∫ T

t

[
r̃ (τ) − 1

2 σ̃2 (τ)
]
dτ , FX�

∫ T

t σ̃2 (τ) dτ ; �[�
0�B@4<+� t .F��/�:

C (T, S (t)) = BSM

⎛
⎝T − t, S (t) ; K,

1
T − t

∫ T

t

r̃ (τ) dτ,

√
1

T − t

∫ T

t

σ̃2 (τ) dτ

⎞
⎠ (23)

��, BSM (t̄, S; K, r̄, σ̄) � Black-Scholes-Merton �0CB@4<+���/, W�+� t̄, WZ0���
�/� S, W��/� K; r̄ � σ̄ 
���1�K���1�32�3 .

sX �dk.

QQ��2�, Æ�����0���0) (21) @�B@4<+����B@:

C∗ (T, S (t)) = BSM (T − t, S (t) ; K, r̄∗, σ̄∗) (24)

��,

r̄∗ = r +
σ2 (0)

(T − t) γ (2α + β2)

[
e(2α+β2)T − e(2α+β2)t

]
(25)

σ̄∗ =

√
σ2 (0)

(T − t) (2α + β2)
[
e(2α+β2)T − e(2α+β2)t

]
(26)

���B@+��/B@�,  ����� γ, RP\P��+���/. γ 57�<���; �<��
���<��%, ��3��<� γ. ���5
, Æ�
� Monte Carlo ,J� L@A+��/�/J.

3 AY

Æ5
Æ�
� Monte Carlo,J L�<� γ ��<��+m#B@4<+��/�@A. AC, Æ
�QQ (1) @� (2) @AC Monte Carlo,�. \P��, � Monte Carlo,J�, ���+��/����
	�$(�G7, 2� !	�!�, Æ�F���/44�8� “	���” �+��/; ��"�, Æ�
�
�� “Monte Carlo�/”. �H, D� γ, Æ�<Æ"B@SL+��/; ��"�, �
�� “:�/”.
Æ�
�SK����/,  L�<�	�$(� γ #+��/�@A.

3. Merton[10] PZn*l]Ziploapm; Hulle White[13] Z+`�ahai); \^]N Shrevea[\ [17], nj 5.4

oh�hapq.
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�
,��:, Æ�SL+W�+��/, 2 T − t = T . � Hull � White[13] "1��, ��� Monte
Carlo ,J�.a, Æ�F T 
4 n ��"�@	O. ��	���
�, 
�;4�]1� ui (1 ≤ i ≤ n)
� vi (1 ≤ i ≤ n), �; t + iT /n .F0����/ Si ��32� σi. Si � σi 
�0)���W-��:

Si = Si−1 exp
[(

r − 1
2
σ2

i−1

)
� t + σi−1

√
� tui

]
,

σi = σi−1 exp
[(

α − 1
2
β2

)
� t + β

√
� tvi

]
,

��, � t = T /n. #�9��,J�:�, Æ�����+��/� “�ÆE” e−rT max {Sn − K, 0}. Æ�
H�#q1�G (antithetic variates technique) ��b Monto Carlo ,J�#� [18]. ��� ui � vi ��,
,J���]]@: (ui, vi), (ui,−vi), (−ui, vi) � (−ui,−vi). 9�]@M���� “�ÆE”, �8���
K� “�ÆE”: p1, p2, p3 � p4. #���]]@, Æ�����S�E p = (p1 + p2 + p3 + p4)/4, [��
44���]�” ]�ÆE”. 
� 1000 ]�,J, Æ���+�� Monte Carlo �/. ,J������
�U 1.

^ 1 Monte Carlo _`taubvc
lorq lorP

dkJf K 80, 90, 100, 110, 120

(T (s), n) (30, 90), (60, 180), (90, 270), (120, 360), (150, 450), (180, 540)

r, α, β, S0, σ0 r = 0.1, α = 0.1, β = 0.3; S0 = 100, σ0 = 0.2

� Monte Carlo ,J�, #��<�+m�+�, Æ�&��<� n, ��
H��+��,J�.a,
@	O�$ �<. �<Æ">��B@SL:�/., Æ�
�&&�� γ = 0.5, 1.5,∞. ] γ = ∞ .,
P� r̄∗ = r; �UV����^`=1#� ,��VW��;�	����, �8�����	�!�.

,JGc, ] γ = 0.5, γ = 1.5 ., :�/S Monte Carlo �/�$; � γ = ∞ �.a, ����/S
KgÆ. /�� γ = ∞ .��3s���	�!�, /!, ��:�/���. �t 1�t 2 �, Æ���
UZ.4�, γ �El , ��m9^r���	����, +���/Rlb. �U�, �:�/�s<

	�!��/J, hn
	�����#+��/�@A. (��0Æ�iD��+m� 60 u� 180 u�t
�. ����<�+m��3�����Gc).

w 1 Monte Carlo efgxef: T = 60 y w 2 Monte Carlo efgxef: T = 180 y

SKt 1 �t 2, 3\P)�, �+m#:�/� Monte Carlo �/�VW���FP�o�/�. �
t 3�t 4 �V, � γ 78�1����, �op��+m9RF# Monte Carlo �/�$�VW. ��G
��Æ��ht��:�: ]D#���opN����, R9RFDEF�$����, 3���b�	
�!��AB.


�,J, Æ�4� γ ���#+��EE�=
7i�/�. γ UV��#	�����$(�, 3
@A
+��	�!�. �Æ"�+���B@�,[FF.@A
+�%?��/. �Æ��B@�,12
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w 3 Monte Carlo efgxef: K = 80 w 4 Monte Carlo efgxef: K = 120

γ ���!��, ����jtB@����. Æ���
�<h�Q�k� γ E, 6���<h� γ EX
�+���. �H9��, /� γ ���!��, /!�<�������l��<� γ E; ���[, <�
�������<����%, 3��T��<� γ E. /!, #�<���5v, �<�%� γ E�ES
�q�, ���	�����+����, ��OP����/. <., Æ�3��4�, 	�����0�
�.Oo��uw�7�. 0�9��0�, FF.@A
�����.

4 zi: γ jk{

)�"���"@ (25)�(26) ��, �EL	�$(� γ, AC��ES� (1)�(2) @]4�+432
�,����; 6QQÆ"�B@ (24), 
�J@����$�Q�ES�� γ �E. Æ5
>F���:,
�rm_n�$ (rm JTB1, 580001) ��#	�$(� γ ��EL.

AC, Æ"u� Gallant � Tauchen[19−20] ����#vES (EMM) FG�EL+432�,���
�. EMM ��44� GMM �3Æ. ��wv, H����G�,�Æ��o;,���%$�2ES; �
 wv, �;G�,��,J�Q, �o;,��F�s��v����,JvES. Æ"��+432�
,���=5���G�,�4 : {

yt = c′ + σtεt,

σ2
t = a′ + b′y2

t−1 + s′σ2
t−1.

QQrm_n�$���m���=Zm, &D�8pPm (2005 x 11 l 23 mm 2006 x 11 l 16
m) 0�$x (G rm, 600005) �yy��� EMM ES. ) EMM ES�Gc��4�, b �EPgÆ 1,
SKq@,���� (b = 1). ESGc�U 2�U 3.

^ 2 nm_Æauopqr
lo rsM zh�sb t P

a′ 0.00000719 0.00000418 1.72 0.0855

b′ 0.1932 0.0462 4.18 <.0001

s′ 0.8343 0.0323 25.84 <.0001

2�, Æ�H�%  _GJ@rm_n�$ (rm JTB1, 580001) 8�	O�yy�, )&EL�	
�$(� γ. �$����/� 2.90 t, ��S�� 1, &&J@�	O� 2006x 10 l 12 mm 2006x 11
l 15 m, t 25 �pPm; D#8.O	O� SHIBOR �x+K�S�E�G�	K�, � r = 0.0296; �
�xpPm� 250 m; QQo;,���WZ32�� σ (0) = 0.3875; QQ EMM ES�����E, D 3

4. N{k GARCH(1,1) rsi, uu|}v c′ N 90% atwmgOx[, fzMvw[. ci, N'Z{k EMM rsai
w, Æxlhx[Xeyu[Xa|}v. y 2 ey 3 arsM, N 90% atwmgzx[.

5. EMM {y GARCH(1,1) \zyu[Xiw, Nlors]-�z|${Ub}v. ciYd�`[UbM, �{|~U,

Y^]dh}{aQRN.
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| �, ���� β = 0.102, α = −0.0283. F�����CB@ (24), H�%  _GJ@�$�Q, EL
�	�$(� γ �E� 0.0481.

^ 3 EMM auopqr
lo rsM zh�sb t P

a −0.06738 0.000412 −163.53 <.0001

b 0.990395 0.000053 18536.7 <.0001

s 0.203679 0.000343 593.24 <.0001

5 wx

	�	

�	�	����. 	������\LP���; Æ"���	�������� ��
�������	�
����. �������, ���,}�, |m�<��hg��~9>, ��PP
��9����	�
�. �	�����, ����D#��	���8; �����	�����5�
;?.

Æ"$�
+432��	�������U��@. Æ�ÆV
+432�,�=:�	����
,����; 3)	�����;�#E+432��B@4<+�����. AC, Æ�F+432�,
�=:5�	������, ��
�����80����/���+���. 2�, Æ���8,�&
&��� ,�, ��!�'�^2. ����#� ,��VW&^`	����, <.���8�	�
!�.

Æ"u���:������	������. �����$(	������'��, Æ"2C��
�� “	�!� - 	����” �#� �, �hn���	�!��	�����O���DE. 
��
�#� �, Æ"�A
	������, ��
	�!�UV@.

Æ"��	������, >�
E+432��B@+��/B@. �Æ">��B@�, 	�$(
� γ ��	����#�������@A. Æ"
� Monte Carlo ,J6�
�� γ #+��/��

���@A; � Monte Carlo ,J�, Æ�H�
#q1�G (antithetic variates technique) ��b Monte
Carlo ,J�#�. Æ"3)��+m�	�����
��~}��;}. ���op��+m9RF+
���$	�!�. ���IU�, Æ"�B@Pq@	�����ht��.

Æ"<.3��D���ES�� γ �FG. ��~�, �<�����, ��<����%, ���
�<� γ E; �!+���/���6
�. �~~��	�����P�����Gc. #�� γ ���

[�ES�q��Æ��FC��/.
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sX � (22) �LWB@, Æ�����

d [log S (t)] = r̃ (t) dt + σ̃ (t) dB̃ (t) − 1
2
σ̃2 (t) dt =

[
r̃ (t) − 1

2
σ̃2 (t)

]
dt + σ̃ (t) dB̃ (t) ,

/� r̃ (t) � σ̃ (t) �������, Æ���5����
:∫ T

t

d (log S (τ)) =
∫ T

t

(
r̃ (τ) − 1

2
σ̃2 (τ)

)
dτ +

∫ T

t

σ̃ (τ) dB̃ (τ).

Æ�P\P��:

S (T ) = S (t) exp

{∫ T

t

(
r̃ (τ) − 1

2
σ̃2 (τ)

)
dτ +

∫ T

t

σ̃ (τ) dB̃ (τ)

}
.

�6

Ỹ =
∫ T

t

(
r̃ (τ) − 1

2
σ̃2 (τ)

)
dτ +

∫ T

t

σ̃ (τ) dB̃ (τ),

Æ��: S (T ) = S (t) eỸ , ��,

Ỹ ∼ N

(∫ T

t

(
r̃ (τ) − 1

2
σ̃2 (τ)

)
dτ ,

∫ T

t

σ̃2 (τ) dτ

)
.

2�,  !���132� σ̄ �K� r̄ �0C BSM ,�. ��	��	����, Æ��: S (T ) =
S (t) eỸ , ��, Ỹ ∼ N

((
r̄ − 1

2 σ̄2
)
(T − t) , σ̄2 (T − t)

)
; Æ�����B@4<+���/�:

BSM (T − t, S (t) ; K, r̄, σ̄) = S (t)N (d1) − e−r̄(T−t)KN (d2) ,

��,

d1 =
log (S (t)/K) +

(
r̄ + 1

2 σ̄2
)
(T − t)

σ̄
√

T − t
, d2 = d1 − σ̄

√
T − t.

O r̄ = 1
T−t

∫ T

t
r̃ (t) dt, σ̄2 = 1

T−t

∫ T

t
σ̃2 (t) dt, Æ���G�:

C (T, S (t)) = BSM

(
T − t, S (t) ; K,

1
T − t

∫ T

t

r̃ (τ) dτ,
1

T − t

∫ T

t

σ̃2 (τ) dτ

)
.


