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Risk performance of two-stage dynamic supply chain under
multi-uncertainty

MA Jian-hua, AI Xing-zheng, TANG Xiao-wo

(School of Management and Economics, University of Electronic Science and Technology of China, Chengdu 610054, China)

Abstract Focusing on capacity decision and order decision of supply chain under multi-risk environment,

this paper constructs a two-stage dynamic model under which the manufacturer and the retailer should

make decision under different cost risks and demand risk environment. We reveal the relation of the

supply chain operational performance and the multi-risk, the conditions under which the risks will impact

the operational performance as well as the intensity of the impact. At last, the intuitionistic conclusions

and managerial enlightenment are obtained by numerical analysis.
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���!�	��&�A8H�����I@������BF�. !�J+C	��8<��DE
&�!: Gerchak� [4] A�$+�>@��%K	!BCF;<, ��*�GAG
�H<��	+�D�
�H. Agrawal � [5] $�$+� %?����*(	���	?����
�"#	?����@	I
A	JE. Gurnani� [6] BF$B��	����	HL�	�K. Iyer� [7] %G$��HL�K;<. �
�LM ("#���) ÆC�, Nagurney� [8] '����8�$��JEDH+����HMEF�, $�
$NA>;��=NA	%N. Corbett � Rajaram[9] %G$O&GH������	���K. Takezawa
� [10] ��$ Spin-off ���PII�IJ��:C�O<K!	IIL
�!I	��. Üklü � [1]
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���NL	��KO��O;<. OFO�LMN [11] P�T�I	J��:
��$��. Awi �
Nan[12] %G$������
����	���, �9(2QR���	M:.

�(����F�	��, �Q'������$��ORS'����, �Q'
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���
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HL�K	
.. Chod � Rudi[14] ' Van Mieghem � Data 	J
ESRH$BC
�	TU, ��$L�S��
ÆHL	
.. �C��&�*S(�����	, �*
!����=#������	�Z��;<. Cho � Tang[15] ��$���������
����	
���B��		
., '
����1�����, 
�'BZ�	�1�B���"*!��

	�
�. ��-��	*������������ Q

���
�	
B���	I@��;<, �VW
��$���#������	01��, BF$���9�������.

��T�FM���������
���������TU�

��	B��I@��JE,UV
 %$

��, 	
�����X#�������I@B�����	��, ���01�� (�/(
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#; QW[$=*������	���������
	��, �BF$
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/+�����+�����M�+�YX���, ���� Stackelberg Z�A, 	
VX�
��
T�����������'�, '�L��'�L, I/1
Æ:C. ���	
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��, 	
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S(�[]S���, �&��
Æ(,^��\$
p = a − Q,

<� a ∼ N(a0, σa
2)(a0 > 0) ���Y^_���]J,  H�[TU�Z�������	��. Q *�

��	�	!, p �
���
Æ, K UF���	

, ���	�	!�
-����	

, w UF�
����$���	/1
. c1 ∼ N(c10, σc1

2)(c10 > 0) UF���\��+�
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�. c2 ∈ (0, uc2) UF���'

[D�a^
�	�b	
��, !)�	
��, ��� c20, F4�
σ2

c2
, g2(x), G2(x) %[UF<`bc#�%K\$, T (x) =

∫ x

0
G2(x)dx UF c2 	%K\$	�\$, (,

T (0) = 0, T (uc2) ≤ uc2, T ′(x) = G2(x) > 0. c1 + c2 �\+
�	Y	G#��, !)���. �$Uc)
	!+, ��2 uc2 ^�!B$'A�, '��E��dI( uc2 � +∞ 	TU. �( a, c1 � c2 %d<e

.�O, Y>;�(O@%K��dI, )*TU���Æ�&e	F4���, !"�<e.�a	
`bbc� 0. �& a0 ≥ c10 + c20, )*�$_\\�
�	T�G#[W�O.

���A8H	�!D�X!N`f, �!	XW�d
XW. �������%*����	. �M
c UF+^D�	NA, �M d UF%gD�	NA. IF4'UFV������	��, � σ2

c1
, σ2

c2
, σ2

a

%[UF

����, 	
����, ����.

3 :;<=>

UV��+^D	�&��G!+��f��A�	�����. ��A��J+�������


, �������N���; JY��, ��A�W!

	S\)��
!���	
, ������
'��[���. ��A���ÆQ$D��"#�LM, +^D�	a]gh�i 1 �F.

�b6B: -cch

jiak

ede c1, c2 fjfck Q

� �

(ji@:A)

jfcl K

�^6B: _gcl
(hÆgjii@:A)

�

�

hÆ c1, c2 :A

�

? 1 @ABC`aDEF

I^ZJmN, V��JY��	��, �'��	E�nlHJ+��, Q��NAE�. �J
Y��, 

���	
��%W��, ���	G*��	Y^_���, �ÆJY��P��A	T�
"#���

max
Q≤K

{Eaπ} = max
Q≤K

{(a0 − Q − c2)Q − c1K} (1)

��A	QR
!��

Qc = min
{

(a0 − c2)+

2
, K

}
(2)

B$H�J+��P, �����N���, ��')Q�(
!	��RWH (1) Q�, �������,
�H��A�J+��P	��"#

Eπ = Ec1,c2(Eaπ) =
∫ a0

a0−2K

(a0 − x)2

4
g2(x)dx +

∫ a0−2K

0

(a0 − K − x)Kg2(x)dx − c10K (3)

GH 1 +^D�	

��, 
!��, ����"#(,
1) ^ c10 + c20 > uc2 �,

Kc =
a0 − c10 − c20

2
, Qc =

a0 − c10 − c20

2
, Eπc =

(a0 − c10 − c20)2

4
;

2) ^ a0 > uc2 ≥ c10 + c20 �,

Kc =
a0 − T−1(c10)

2
, Qc =

a0 − max{c2, T
−1(c10)}

2
,

Eπc =
(a0 − c20)2 + σ2

c2
− 2a0c10

4
− 1

2

∫ T−1(c10)

0

T (x)dx +
1
2
c10T

−1(c10);

3) ^ uc2 ≥ a0 > T−1(c10) �,

Kc =
a0 − T−1(c10)

2
, Qc =

(a0 − max{c2, T
−1(c10)})+

2
, Eπc =

1
2

∫ a0

T−1(c10)

T (x)dx− 1
2
(a0 − T−1(c10))c10;
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4) ^ a0 ≤ T−1(c10) �, Kc = 0, �����a!01�.
IJ hio.

4 KL<=>

%gD	TU��J 2 j�pcJE, �jUV�=NA�	��, �����01��, �%G�
�01��
V���	YW��#, QW[�����=F��
	��	���, ��+jBF
	
��	>;���	E�.

�$F+ %��	01��, UV��+�mnTU, ��������N����������
����, ����
	�������, ���&�01��, )*TU���	��"#�

Eπd
0 =

3(a0 − c10 − c20)2 + 3σ2
a + 3σ2

c1
+ 3σ2

c2

16
(4)

(4) Q'��S�' %��	01��.
4.1 MNÆObPQRS

%gD�	a]gh�i 2.

�b6B: -cch

jiak

ede c1, c2 f, ;cqjf w, kk w

g K odlrpq, rpqjflmk Q

� �

(ji@:A)

;cqjfcl K

�^6B: _gcl
(hÆgjii@:A)

�

�

hÆ c1, c2 :A

�

? 2 TUBC`aDEF

4.1.1 eVWfbPQRS
�JY��P, 

���	
��%W��, ���	G*��	Y^_���. �X���	



�/1
�, ���	T�"#���:

max
Q≤K

{EaπR} = max
Q≤K

{(a0 − Q)Q − wQ},
���	QR�	!��

Qd = min
{

(a0 − w)+

2
, K

}
(5)

[H���	��, ���	"#�

πM = wQd − c2Qd − c1K =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−c1K,
a0 − w

2
≤ 0

(w − c2)(a0 − w)
2

− c1K, 0 <
a0 − w

2
< K

(w − c1 − c2)K,
a0 − w

2
≥ K

���(2<"#Q$	

�/1
.
GH 2 %gD�, ����

� K 	���, NA	/1
��	!%[�

wd =
a0 + δd

2
, Qd =

(a0 − δd)+

4
,

<� δd = max{c2, a0 − 4K}.
δd �Æ�=�*qO		
��, e.$(�(PÆ	
�� c2. δd = c2 > a0 �, /(���	

	
��r�s�-�$T���, ����	T�G#[W'�a, ��������	, 

,.�
!; δd = c2 < a0 �, /(���		
��t���'n*!-�T���, E�G*�'/1
Æ�
�, T���'!o�, �(��Y����	T�'! (�

), ��.%

�!; δd > c2 �, /(��
		
���m, �'/1
Æ�m, T���'!�����$, -�$���Y����	T�'!
(�

), ���	!� H

	B�, ��

�,.
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4.1.2 eXWfbPQRS
�����J+��P, 

��, 	
��, ��N���	TU���

. 's< 2	E�RWH

(5) �, ������J+��P	��"#�

EπM = Ec1,c2πM =
∫ uc2

a0−4K

(a0 − x)2

8
g2(x)dx +

∫ a0−4K

0

(a0 − 2K − x)Kg2(x)dx − c10K.

���(2

 K ÆQ$D<��"#. I�s< 1 ),Cu	S����Æ�Hs< 3.
GH 3 %gD�NA	

�/1
��	!������"#������"#���01��%

[�

1) ^ c10 + c20 > uc2 �,

Kd =
a0 − c10 − c20

4
, wd =

a0 + c10 + c20

2
, Qd =

a0 − c10 − c20

4
,

EπdM =
(a0 − c10 − c20)2

8
, EπdR =

(a0 − c10 − c20)2

16
, ∆Eπd =

3σa
2 + 3σc1

2 + 3σc2
2

16
;

2) ^ a0 > uc2 ≥ c10 + c20 �,

Kd =
a0 − T−1(c10)

4
, wd =

a0 + δd

2
, Qd =

a0 − δd

4
,

EπdM =
(a0 − c20)2 + σ2

c2
− 2a0c10

8
− 1

4

∫ T−1(c10)

0

T (x)dx +
1
4
c10T

−1(c10),

EπdR =
(a0 − c20)2 + σ2

c2
− 2a0c10

16
− 1

8

∫ T−1(c10)

0

T (x)dx +
1
8
c10T

−1(c10),

∆Eπd =
3σ2

c1
+ 6c10c20 + 3c2

10 + 3σ2
a

16
+

3
8

∫ T−1(c10)

0

T (x)dx − 3
8
c10T

−1(c10);

3) ^ uc2 ≥ a0 > T−1(c10) �,

Kd =
a0 − T−1(c10)

4
, wd =

a0 + δd

2
, Qd =

(a0 − δd)+

4

EπdM =
1
4

∫ a0

T−1(c10)

T (x)dx − 1
4
(a0 − T−1(c10))c10, EπdR =

1
8

∫ a0

T−1(c10)

T (x)dx − 1
8
(a0 − T−1(c10))c10,

∆Eπd =
3(a0 − c10 − c20)2 + 3σa

2 + 3σc1
2 + 3σc2

2 + 6a0c10

16
− 3

8

∫ a0

T−1(c10)

T (x)dx − 3
8
c10T

−1(c10);

4) ^ a0 ≤ T−1(c10) �, Kd = 0,
<� δd = max{c2, T−1(c10)}, ∆Eπd = Eπ0

d − Eπd, Eπd = EπdM + EπdR UF%gD�����"#.
	
��	Q$�
. uc2 	e.nv�t*�#)o�$	
����	$�. >; c10 + c20 > uc2

wu	
��	Q$�
e.�(��Y��, 	
�������, 	
������
	

�!	
TU, �����	QR��*(2��	!��	

, �v*

��	!��	����p

�m
p

	+�IA, � Kd = a0−c10−c20

4 . >; a0 > uc2 ≥ c10 + c20 wu	
��	Q$�
e.�(��
Y��'*!-�����,	
�����d�,��	
��	.������
	

�!,�m-
�
	

�,, ���QR	

��*

�,�

�!	+�IA, � Kd = a0−T−1(c10)

4 , ����
��$(	
��	Q$�
., �Æ��		
����-�����, ���	�	!Y�O. >;
uc2 ≥ a0 > T−1(c10) wu	
��	Q$�
e.-�����, 	
��	��qp�, 

��	(2
�*

�,�

�!	+�IA, /(�����(	
��	Q$�
., ^��		
��-��
����,���'�
��	��G#[W�a,�	!'��. a0 ≤ T−1(c10)�! uc2 ≥ T−1(c10) ≥ a0,
wu����rm, 	
��	����, ���'(2�	
.
4.2 gYhZi[\b]^M_

)+�j#q�r

����, 	
����, ��������b���01������

�
��/1
�������	���=F��"#	��.

jW���H:
RK = Kd/Kc, RQ = Qd/Qc, RP = 1 − Eπd/Eπc,
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RK UF


��, !

	r#A!%gD��	x�b�#; RQ UF
!
��, !
!	r#A!
%gD��	x�b�#; RP UFskst (Cachon, Zipkin[16]), RP = 0 wu%gD��*),yu	,
<"#
�fD�+l, RP = 1 -wu%gD��),x�b.

GH 4 RK = 0.5, RQ = 0.5, RP = 0.25.

G!������/1
:C�	����, ��
��Y� 0.5, �b�Y� 0.25. s< 4 wu��
��*!v$"z�/1
:C	=G��.

GH 5 ��01���V�������	��	YW��#(,
1) ^ c10 + c20 > uc2 �,

∂(∆Eπd)
∂σc2

2
=

∂(∆Eπd)
∂σa

2
=

∂(∆Eπd)
∂σc1

2
=

3
16

;

2) ^ a0 > uc2 ≥ c10 + c20 �, �� ∂(
∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2 > (≤)1

2 , -!
∂(∆Eπd)

∂σc2
2

> (≤)
∂(∆Eπd)

∂σa
2

=
∂(∆Eπd)

∂σc1
2

=
3
16

;

3) ^ uc2 ≥ a0 > T−1(c10) �, ��
∂(

∫ a0
T−1(c10)

T (x)dx+T−1(c10)c10)

∂σc2
2 < (≥)0, -!

∂(∆Eπd)
∂σc2

2
> (≤)

∂(∆Eπd)
∂σa

2
=

∂(∆Eπd)
∂σc1

2
=

3
16

.

s< 5 Uu%gD���01��Y*D"

����"����	m$"m$, �vwm	�#
��. ^ c10 + c20 > uc2 �, ��01��D"	
����	m$"m$, �v��01���(V�
������	��	YW��#��. ^ a0 > uc2 ≥ c10 + c20 (uc2 ≥ a0 > T−1(c10)) �f�, ��
∂(

∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2 > 0.5 (

∂(
∫ a0

T−1(c10)
T (x)dx+T−1(c10)c10)

∂σc2
2 < 0), -��01��D"	
���

�	m$"m$, �vD	
����	wm�#$(<D

����"����	wm�#; �� 0 <
∂(

∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2 < 0.5 (0.5 >

∂(
∫ a0

T−1(c10)
T (x)dx+T−1(c10)c10)

∂σc2
2 > 0), -��01��D"	
�

���	m$"m$, �vD	
����	wm�#�(<D

����"����	wm�#; ��
∂(

∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2 < 0 (

∂(
∫ a0

T−1(c10)
T (x)dx+T−1(c10)c10)

∂σc2
2 > 0.5), -��01��D"	
����

	m$"o�.
/s< 3�Æw�, 

���������*!�

�/1
��	!�=F��"#����. �

(	
����������	��, !��s<:
GH 6 %gD�	
����������	���
1) ^ c10 + c20 > uc2 �, 	
��������=F��*!��;
2) ^ a0 > uc2 ≥ c10 + c20 �, �� ∂T−1(c10)

∂σc2
2 > (<)0, - Kd, Qd �( σc2

2 %*�u�m (o) 	, wd

�( σc2
2 *�u�o (m) 	; �� ∂(

∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2 < (>)1

2 , -�����"#, �����
"#Æ8����"#�( σc2

2 %*�uwm (o) 	;
3) ^ uc2 ≥ a0 > T−1(c10) �, �� ∂T−1(c10)

∂σc2
2 > (< 0), - Kd, Qd �( σ2

c2
%*�u�m (o) 	, wd

�( σ2
c2
*�u�o (m) 	, ��

∂(
∫ a0

T−1(c10)
T (x)dx+T−1(c10)c10)

∂σc2
2 > (<)0, -�����"#, �����"

#Æ8����"#�( σc2
2 %*�uwm (o) 	.

s< 4–6�ÆSP/s< 3S�. ��B$	*s< 5� 6�� ∂T−1(c10)
∂σc2

2 ,
∂(

∫ T−1(c10)
0 T (x)dx−c10T−1(c10))

∂σc2
2

�
∂(

∫ a0
T−1(c10)

T (x)dx+T−1(c10)c10)

∂σc2
2 	e., Gx�$��!�	TU, t+x	*<e.D" σc2

2 e.nv	
�
"XD, )�G�uve	wx, � σc2

2 %y@A���.
4.3 `abc

�jT�$�a^	E$.�	
��	%K'#qBF%gD�	
�����

��,=F��
���01��	��, �����01���(V��	YW��#.

& g2(x) = kxk−1

(uc2 )k , x ∈ (0, uc2), G2(x) = ( x
uc2

)k, x ∈ (0, uc2), �	
��y!y@ (0, uc2) )	z

n%K, �ÆS� T (x) = xk+1

(k+1)(uc2 )k , x ∈ (0, uc2), c20 = kuc2
k+1 , σc2

2 = (c20)2

k(k+2) . d uc2 = (k+1)c20
k , -�
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Æ_\^ k 1	XD�, 	
����_y�X, F4 (��) �zo�. ��	! T (x) = kkxk+1

(c20)k(k+1)k+1 ,

T−1(x) = ( c20
k )

k
k+1 (k + 1)x

1
k+1 , T−1(c10) = ( c20

k )
k

k+1 (k + 1)(c10)
1

k+1 . �{S���s< 7.

GH 7 ^ k > c20
c10
�! c10 + c20 > uc2 �f; ^ c20

a0−c20
< k ≤ c20

c10
�! a0 > uc2 ≥ c10 + c20 �f; ^

k ≤ c20
a0−c20

�! uc2 ≥ a0 > T−1(c10) �f.

d a0 = 1, c10 = 0.1, c20 = 0.2, σa
2 = 0.05, σc1

2 = 0.02, uc2 = (k+1)c20
k ��$. %�Æ�H��E

��i 3–6 �F:
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∂
∂

? 5 nop3qr ? 6 nop3qrqsorstt`@uvu

B$H σ2
c2

= (c20)
2

k(k+2) = 0.04
k(k+2) , ^ k � (0, +∞) )/�H$XDe.�, c20 _y�X� 0.2, σ2

c2
	.

-�zo�, �v(, σ2
c2

∈ (0, +∞). �+j, ^ k ∈ (0, 0.25) �, σ2
c2

∈ (0.711, +∞); ^ k ∈ (0.25, 2) �,
σ2

c2
∈ (0.005, 0.711); ^ k ∈ (2, +∞) �, σ2

c2
∈ (0, 0.005). zri 3–6 �E:s< 3 �s< 5–7, �Æ�HE

� 1)–3).

1) /i 3 �i 4 �Æw�, ^ k ≤ 2 �, 

������"#������"#�����"#%[
�( k vÆ�uwo, wu^ σ2

c2
≥ 0.005 �, 

������"#������"#�����"#%[

�(	
��F4vÆ�uwm. "^ k > 2 �, 

������"#������"#�����"#
%_y�X, wu^ σ2

c2
< 0.005 �, 	
��F4	XD�)?����
	��. �Æ

������

"#������"#�����"#%[�(	
�����y@ (0, +∞) )V�X�vÆ�uwm.

2) /i 5 �Æw�, ��01���( k vÆ�uwo, wu��01��Y*D"	
���� (F
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4) 	m$"m$.

3) /i 6 �Æw�^ k ≤ 0.25 �, ��01��D	
��F4	wm�#�( k vÆ�uwo, w
u^ σ2

c2
≥ 0.711 �, ��01��D	
��F4	wm�#�(	
��F4vÆ�uwm; ^ 0.25 <

k ≤ 2 �, ��01��D	
��F4	wm�#�( k vÆ�uwm, wu^ 0.005 ≤ σ2
c2

< 0.711 �,
��01��D	
��F4	wm�#�(	
��F4vÆ�uwo;^ k > 2���01��D	

��F4	wm�#�( k _y�X, wu^ σ2

c2
< 0.005 �, ��01��D	
��F4	wm�#�

 	
��F4	��. �v^ k ≤ 2 � σ2
c2

≥ 0.005 �, ��01��D	
��F4	wm�#Y�(
<D

��F4"��F4	wm�#; ^ k > 2 � σ2

c2
< 0.005 �, ��01��D	
��F4	w

m�#�(<D

��F4"��F4	wm�#�p$ 3/16. �Æ,��01��D	
����	w
m�#�(	
�����y@ (0, +∞))V�X�vÆ�uwoQvÆ�uwm,�vvÆ�uXD
	���,��01��D	
����	wm�#vÆ�(��01��D

����"����	w
m�#.

5 wxy
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01���(	
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GH 1 bIJ
IJ V�� a0 ≥ uc2 	TU, ��/ (3) Q��

Eπ =
∫ uc2

a0−2K

(a0 − x)2

4
g2(x)dx +

∫ a0−2K

0

(a0 − K − x)Kg2(x)dx − c10K.

)Q�ÆUF��( K 	%�\$, PQ�

Eπ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∫ uc2

0

(a0 − x)2

4
g2(x)dx − c10K, K ≥ a0

2
,∫ uc2

a0−2K

(a0 − x)2

4
g2(x)dx +

∫ a0−2K

0

(a0 − K − x)Kg2(x)dx − c10K,
a0 − uc2

2
≤ K <

a0

2
,∫ uc2

0

(a0 − K − x)Kg2(x)dx − c10K, 0 ≤ K <
a0 − uc2

2
.

Eπ �( K 	+��Y��$%[�

d(Eπ)
dK

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−c10, K ≥ a0
2 ,∫ a0−2K

0

G2(x)dx − c10,
a0 − uc2

2
≤ K <

a0

2
,

a0 − 2K − c10 − c20, 0 ≤ K <
a0 − uc2

2
,

d2(Eπ)
dK2

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, K ≥ a0

2
,

−2G2(a0 − 2K),
a0 − uc2

2
≤ K <

a0

2
,

−2, 0 ≤ K <
a0 − uc2

2
.

T�)Q�ÆS� Eπ�(K 	+��$� (0, +∞))&�v}}�,�v Eπ�y@ (0, a0
2 ))vÆ},�

y@ (a0
2 , +∞))vÆ�uwo. �B$H d(Eπ)

dK |K=0 = a0−c10−c20 > 0," d(Eπ)
dK |K=

a0
2

= −c10 < 0,~�
Eπ 	+��$� 0 	q��Q$.q�v~�y@ (0, a0

2 ) ). �� uc2 < c10 + c20, - d(Eπ)
dK |

K=
a0−uc2

2
=∫ uc2

0
G2(x)dx − c10 = uc2 − c10 − c20 < 0, �� Eπ 	+��$� 0 	q~�y@ (0,

a0−uc2
2 ) ), �v

(, a0 − 2K − c10 − c20 = 0, � Kc = (a0 − c10 − c20)/2; �� uc2 ≥ c10 + c20 -
��ÆS� Eπ 	

+��$��	q~�y@ [a0−uc2
2 , a0

2 ) ), �v(,
∫ a0−2K

0
G2(x)dx − c10 = T (a0 − 2K) − c10 = 0, �

Kc = (a0 − T−1(c10))/2.

�'�� a0 < uc2 	TU, 
l����"#��ÆUF�%�\$, PQ�

Eπ =

⎧⎪⎪⎨
⎪⎪⎩

∫ a0

0

(a0 − x)2

4
g2(x)dx − c10K, K ≥ a0

2
,∫ a0

a0−2K

(a0 − x)2

4
g2(x)dx +

∫ a0−2K

0

(a0 − K − x)Kg2(x)dx − c10K, 0 ≤ K <
a0

2
,

Eπ �( K 	+��Y��$%[�

d(Eπ)
dK

=

⎧⎪⎨
⎪⎩

−c10, K ≥ a0

2
,∫ a0−2K

0

G2(x)dx − c10, 0 ≤ K <
a0

2
,

d2(Eπ)
dK2

=

⎧⎨
⎩

0, K ≥ a0

2
,

−2G2(a0 − 2K), 0 ≤ K <
a0

2
.
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l Eπ�(K 	+��$� (0, +∞))&�v}}�,�v Eπ�y@ (0, a0
2 ))vÆ},�y@ (a0

2 , +∞)
)vÆ�uwo. B$H d(Eπ)

dK |K=0 =
∫ a0

0
G2(x)dx − c10 = T (a0) − c10, "

d(Eπ)
dK |K=

a0
2

= −c10 < 0, �

� a0 ≥ T−1(c10), - Eπ 	Q$.q~�y@ (0, a0
2 ) )v(,+�>;

∫ a0−2K

0
G2(x)dx − c10 = T (a0 −

2K) − c10 = 0, � Kc = (a0 − T−1(c10))/2; �� a0 < T−1(c10), - Kc = 0.
~:)G	E��E: (2) Q�Æ�H+^D�	NAE��
c10 + c20 > uc2 �, Kc = Qc = (a0 − c10 − c20)/2, Eπc = (a0 − c10 − c20)

2
/4;

a0 > uc2 ≥ c10 + c20 �, Kc = a0−T−1(c10)
2 , Qc = a0−max{c2,T−1(c10)}

2 ,

Eπc =
∫ uc2

T−1(c10)

(a0 − x)2

4
g2(x)dx +

∫ T−1(c10)

0

(
a0 + T−1(c10)

2
− x

)
a0 − T−1(c10)

2
g2(x)dx

−c10(a0 − T−1(c10))
2

=
∫ uc2

0

(a0 − x)2

4
g2(x)dx −

∫ T−1(c10)

0

(a0 − x)2

4
g2(x)dx +

a0
2 − (T−1(c10))

2

4
G2(T−1(c10))

−a0 − T−1(c10)
2

[
T−1(c10)G2(T−1(c10)) −

∫ T−1(c10)

0

G2(x)dx

]
− c10(a0 − T−1(c10))

2

=
(a0 − c20)2 + σ2

c2

4
− 1

2

∫ T−1(c10)

0

(a0 − x)G2(x)dx

=
(a0 − c20)2 + σ2

c2
− 2a0c10

4
+

1
2
c10T

−1(c10) − 1
2

∫ T−1(c10)

0

T (x)dx;

uc2 ≥ a0 > T−1(c10) �, Kc = a0−T−1(c10)
2 , Qc = (a0−max{c2,T−1(c10)})+

2 ,

Eπc =
∫ a0

T−1(c10)

(a0 − x)2

4
g2(x)dx +

∫ T−1(c10)

0

(
a0 + T−1(c10)

2
− x

)
a0 − T−1(c10)

2
g2(x)dx

−c10(a0 − T−1(c10))
2

=
∫ a0

0

(a0 − x)2

4
g2(x)dx −

∫ T−1(c10)

0

(a0 − x)2

4
g2(x)dx

+
∫ T−1(c10)

0

(
a0 + T−1(c10)

2
− x

)
a0 − T−1(c10)

2
g2(x)dx − c10(a0 − T−1(c10))

2

=
1
2

∫ a0

0

(a0 − x)G2(x)dx − c10(a0 − T−1(c10))
2

− 1
2

∫ T−1(c10)

0

T (x)dx

=
1
2

∫ a0

0

T (x)dx − 1
2
(a0 − T−1(c10))c10 − 1

2

∫ T−1(c10)

0

T (x)dx

=
1
2

∫ a0

T−1(c10)

T (x)dx − 1
2
(a0 − T−1(c10))c10.

a0 ≤ T−1(c10) �, +�! uc2 ≥ T−1(c10) ≥ a0, v Kc = 0, �����a!01�. \~.


