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Abstract

In this paper, a finite volume element method for non-stationary Stokes equation is
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local Gauss integrals for non-stationary Stokes equation is derived. The errors of solution

for this formulation is analyzed.

Keywords: non-stationary Stokes equation; finite volume element formulation; stabi-

lized fully discrete formulation; error estimate

2000 Mathematics Subject Classification: 65N30, 65M30

1. ����' Ω ⊂ R
2 3+;EaQUW���4. Mmov�O�EbQ& Stokes _-.

* 2010 � 9 9 8 �7B.
1) �&`�N��< (�[�: 10871022 � 11061009) �
�)`�N��< (�[�: A2010001663) \Xzy.
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ut − ν∆u+∇p = f , (x, y, t)∈Ω× (0, T ],

divu = 0, (x, y, t)∈Ω× (0, T ],

u(x, y, t) = ϕ(x, y, t), (x, y, t)∈∂Ω× (0, T ],

u(x, y, 0) = u0(x, y), (x, y)∈Ω,

(1.1)�R u = (u1, u2)3lC|e, p3�`, T 3aN,), ν = 1/Re, Re3 Reynolds;, f(x, y, t)3�IN`|e, ϕ(x, y, t) � u0(x, y) o�IE�L�1L|e�;. _f�/Zodm,�+���, �a'Q ϕ(x, y, t) = 0.bQ& Stokes _-3lN`ÆEU�_-, �B}^�+uI'/�W-%t-i4
(", [1-7]). �X?-%gME!D4�~>�gMÆ(�4h:,, ��2�9m9 A�93�T{E, +~E_[3��;L9. */+rN�5[ (", [8-10]), �*_	℄[
(", [11]) �}!$d_[ (", [12-13]),}
/G EQe�}e8, �+r$d[AUkX�}5$�;h:E!D4, .2+r5_[+S6AU>��+r5_[�/!D, "6+rN�5[v�3d+~E;L!D_[J�, �B}^$'/�9qSW�E�℄d_- (^�, Y6Y7_-��j�_-�Stokes _-G) E;L9 (", [8-18]). >3�9 Stokes_-E+rN�5[ElC��`E6�Q)J)��qbX"EBabuška-Brezzi

(BB) P- (", [16-17])._f��X" BB P-VQ&�bQ& Stokes _-+rN�5[ErO, ���/G k?�d�_*";EeQ�	X"�+rN�5m0�BZ?ÆU (", [18-20]). �X,IhuHI, Ax�_M�s+bQ& Stokes _-�/G k?�dE�X"eQ�+rN�5m0��k$dm�C. bQ& Stokes_-�X"eQ�m0OK5'/;L!D$'R, >3k$dm+�;E{U. "6, VbQ& Stokes _-E�X"eQ�+rN�5m0f�E�dm�k$, J+U�E$'(L�Zo(L.ÆE���o, J 2 7�zbQ&E Stokes _-E�/G k?�dE	X"eQ�+rN�5m0, J 3 7�2bQ&E Stokes _-E�/G k?�dE�X"eQ�+rN�5m0��k$dm, J 4 738o�?\.

2. yuqojm Stokes pkmh���ox�Æ�z�t�Æ'AE Sobolev Q)T3�ZE (", [21]). ' U = H1
0 (Ω)

2 � M = L2
0(Ω) = {q ∈

L2(Ω);
∫

Ω qdx = 0}. >gM (I) E���d�0_ovH:.�� (II): � (u(t), p(t)) : [0, T ] → U ×M qb


















(ut,v) + νa(u,v) + b(v, p) = (f ,v), ∀v ∈ U,

b(u, q) = 0, ∀q ∈ M,

u(x, y, 0) = u0(x, y), (x, y) ∈ Ω,

(2.1)�R a(u,v) = (∇u,∇v), b(v, q) = −(divv, q), (·, ·) �2 L2(Ω) � L2(Ω)2 RE|�.



2 � �C H: R' Stokes `.FfR��Y#,sO�6n1 215*/ Ω 3+;aQW���4, "6, �� g ∈ L2(Ω)2, ovEQ& Stokes _-














−∆v +∇q = g, (x, y)∈Ω,

divv = 0, (x, y)∈Ω,

v = 0, (x, y)∈∂Ω

(2.2)9<^�E9 (v, q) ∈ U ×M qb
‖v‖2 + ‖q‖1 6 C‖g‖0. (2.3)��#� U ×M %E}!>t��

B((u, p); (v, q)) = νa(u,v) + b(v, p)− b(u, q), (2.4)>gM (II) O��_ovE=Nm0.�� (III): � (u(t), p(t)) : [0, T ] → U ×M qb






(ut,v) +B((u, p); (v, q)) = (f ,v), ∀(v, q) ∈ U ×M,

u(x, y, 0) = u0(x, y), (x, y) ∈ Ω.
(2.5)>t�� B((·, ·); (·, ·)) +ovE&'�Q (", [1, 19-20]):

B((u, p); (u, p)) = ν|u|21, ∀(u, p) ∈ U ×M, (2.6)

|B((u, p); (v, q))| ≤ C(‖u‖1 + ‖p‖0)(‖v‖1 + ‖q‖0), ∀(u, p), (v, q) ∈ U ×M, (2.7)

sup
(v,q)∈U×M

|B((u, p); (v, q))|

‖v‖1 + ‖q‖0
≥ β0(‖u‖1 + ‖p‖0), ∀(u, p) ∈ U ×M, (2.8)�R β0 > 0 3&;. k V = {v ∈ U ; divv = 0} � D(A) = V ∩ H2(Ω)2. '1/|e

u0 ∈ D(A) X�N`|e f(x, t) ∈ L2(0, T ;L2(Ω)2)2 qb
‖u0‖2 +

(

∫ T

0

(‖f‖21 + ‖ft‖
2
0)dt

)1/2

≤ C, (2.9)>bQ&E Stokes _-+ov9E9<��̂ ���G>�9I8� (", [1-3]).�� 1. �� (2.6)–(2.9) +_, >V/� rQE T > 0, gM (II) 9<^�E9 (u, p)qbovEG>�
sup

0<t≤T

{

‖u(t)‖22 + ‖p(t)‖21 + τ(t)‖ut‖
2
1

}

+

∫ T

0

τ(t)(‖ut‖
2
2 + ‖pt‖

2
1 + ‖utt‖

2
0)dt ≤ C, (2.10)�R τ(t) = min{1, t} X� C 3GE&;._f�DgM (II) E+rN�59, 	�V!D4 Ω fovE 2�	d�V�	d.' ℑh = {K} 3 Ω̄ J+d;KD h = maxhK E~�N 2�	d, �R hK 3 2�

K ∈ ℑh EKD (", [8-9, 11-12, 18-20, 22-23]). _fP�+rN�5_[, hu��#��/ ℑh EV�	d ℑ∗
h, IE=5*_RO5, RO5Ew=2 [8-9, 11-12] REw=vS. '
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W 1 eW4/!3� K 
e,!p^B�� Kz. -W4(
ub,PM` z FSP6 Vz F��.

zK 3=5 K ∈ ℑh EU�, . zK 2 2� K Eq�RLa8, � K 	d+ o}A��
Kz. $ Zh(K) _ K EOL, > Zh =

⋃

K∈ℑh
Zh(K) _ ℑh EOL��. V/to z ∈ Zh, *H+x+OL z E}A��w+RO5 Vz. H+ERO5gj Ω̄,w+ ℑh EV�	d ℑ∗

h(",V 1). ' Z◦
h �2	d ℑh EOL�� Zh E| OL��.V�	d ℑ∗

h *_3~�NE, ��9<o��V/ h �,)[m(UEG; C1 �
C2 .D

C1h
2
6 mes(Vz) 6 C2h

2, ∀Vz ∈ ℑ∗
h. (2.11)�� 2�	d ℑh 3~�N	d, >v$EV�	d ℑ∗

h �3~�NE (", [8–9, 11-13,

22-23]). Q! U � M E6�Q) Uh � Mh d�_
Uh = {uh ∈ C(Ω̄)2 ∩ U ; uh|K ∈ P1(K)2, ∀K ∈ ℑh},

Mh = {qh ∈ M ; qh|K ∈ P1(K), ∀K ∈ ℑh} ,�R P1(K) 3 K ∈ ℑh %Et�Wy0w+EQ) (O* K EOL^��Q). ' Πh _
U A Uh %E#LT&D℄. >* Sobolev Q)E#LZo (", [8-9, 11-13, 22-23]) I, ?
u ∈ H2(Ω)2 ,, +

|u−Πhu|m 6 Ch2−m|u|2, m = 0, 1, (2.12)�R C �Æv2p C L�22Q)[m0: h �,)[m0:i|EG;, �SE2pO}�G. *��;Q) Ũh �_<toV�5 Vz ∈ ℑ∗
h %3&;|e>< Ω �; ∂Ω %EV�5_h|eEQ),  

Ũh =
{

vh ∈ L2(Ω)2; vh|Vz
∈ P0(Vz), ∀Vz ∈ ℑ∗

h, vh|Vz
= 0, Vz ∩ ∂Ω 6= ∅

}

,> Ũh O*ovE��;
φz(x, y) =

{

1, (x, y) ∈ Vz ,

0, (x, y) 6∈ Vz ,
∀z ∈ Z◦

h (2.13)A+. B�, V/to|e vh ∈ Ũh +
vh =

∑

z∈Z◦

h

vh(z)φz. (2.14)
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hw 3 w < Ũh %E#LT&,  

Π∗
hw =

∑

z∈Z◦

h

w(z)φz . (2.15)>*#LZo (", [12,22-23]) +
‖w −Π∗

hw‖0 6 Ch|w|1. (2.16)>��, #LT& Π∗
h qbov�Q (", [12]).�� 2. �� vh ∈ Uh, >+

∫

K

(vh −Π∗
hvh)dxdy = 0, K ∈ ℑh; ‖vh −Π∗

hvh‖Lr(Ω) ≤ ChK‖vh‖W 1,r(Ω), 1 ≤ r ≤ ∞.G�6��;Q) Uh {+r5Q)z�qb Uh ⊂ U(�N5), >3*�Q) Ũh 6⊂ Uh.*/ Ũh E|e�;<vgEoV�5E�;%�a, "6�{b�N+r5[z�V>t�� a(u,v) � b(v, q) f�i. ^�, . (2.1) E a(u,v) U��_
a(u,v) =

∑

K∈ℑh

∫

K

(

∂u

∂x

∂v

∂x
+

∂u

∂y

∂v

∂y

)

dxdy, (2.17)> a(u,v) < Uh × Ũh + !. ℄'<V�5 Vz %Ed �d+
∫

Ω

∆u · vdxdy =
∑

Vz∈ℑ∗

h

∫

Vz

∆u · vdxdy =
∑

Vz∈ℑ∗

h

∫

∂Vz

(∇uv) · nds−
∑

Vz∈ℑ∗

h

∫

Vz

∇u∇vdxdy,

(2.18)
∫

Ω

∇p · vdxdy = −
∑

Vz∈ℑ∗

h

∫

Vz

pdivvdxdy +
∑

Vz∈ℑ∗

h

∫

∂Vz

pvnds, (2.19)"6 a(u,v) � b(v, q) Od��_
a(u,v) =

∑

Vz∈ℑ∗

h

∫

Vz

∇u∇vdxdy −
∑

Vz∈ℑ∗

h

∫

∂Vz

(∇uv) · nds, (2.20)

b(v, p) = −
∑

Vz∈ℑ∗

h

∫

Vz

pdivvdxdy +
∑

Vz∈ℑ∗

h

∫

∂Vz

pvnds, (2.21)�R ∫

∂V z
�2<V�5E�; ∂Vz %��,C_|E�;�d; n = (n1, n2)

T �2 ∂Vz E=bZ[|e. */ Ũh 3�V�5 Vz %ELE�;_��;Ed�&;w+EQ), "6�/�d8n (��_-) +
∫

Vz

utdxdy − ν

∫

Vz

∆udxdy +

∫

Vz

∇pdxdy

=

∫

Vz

utdxdy − ν

∫

∂Vz

∇unds+

∫

∂Vz

pnds =

∫

Vz

fdxdy, ∀z ∈ Z0
h,

(2.22)

∫

K

divudxdy = 0, ∀K ∈ ℑh. (2.23)
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(uht,Π
∗
hvh) + νah(uh,Π

∗
hvh) + bh(Π

∗
hvh, ph) = (f ,Π∗

hvh), ∀vh ∈ Uh,

b(uh, qh)−Dh(ph, qh) = 0, ∀qh ∈ Mh,

uh(x, y, 0) = Π∗
hu0(x, y), (x, y) ∈ Ω,

(2.24)�R
ah(uh,Π

∗
hvh) =

∑

z∈Z◦

h

vh(z)ā(uh, φz), ā(uh, φz) = −

∫

∂Vz

∇unds, (2.25)

bh(Π
∗
hvh, p) =

∑

z∈Z◦

h

vh(z)

∫

∂Vz

pnds, (2.26)

Dh(ph, qh) =
∑

K∈ℑh

{
∫

K,2

phqhdxdy −

∫

K,1

phqhdxdy

}

, ph, qh ∈ Mh, (2.27)B\E ∫

K,i
g(x)dxdy �2< K %AU_ i (i = 1, 2) Ek?�d, g(x) = phqh 37;�)�

2 7EW�0. /3, V/H+E*��; qh ∈ Mh, ? i = 1 ,, 6��; ph ∈ Mh ��3d�&;. ;Q! L2− T&D℄ ρh : L2(Ω) → Wh �o
(p, qh) = (ρhp, qh), ∀p ∈ L2(Ω), qh ∈ Wh, (2.28)�R Wh ⊂ L2(Ω) �2v$/ ℑh Ed�&;Q),  <to K ∈ ℑh 3&;EQ). zr,T&D℄ ρh +ovE�Q (", [22,23])

‖ρhp‖0 ≤ ‖p‖0, ∀p ∈ L2(Ω), (2.29)

‖p− ρhp‖0 ≤ Ch‖p‖1, ∀p ∈ H1(Ω). (2.30)℄'T&D℄ ρh EQ!, >t�� Dh(·, ·) O��2�o
Dh(ph, qh) = (ph − ρhph, qh) = (ph − ρhph, qh − ρhqh). (2.31)k

A((u, p); (Π∗
hvh, qh)) = νah(u,Π

∗
hvh) + bh(Π

∗
hvh, p)− b(u, qh) +Dh(ph, qh). (2.32)>gM (IV) O�U�+ovE=N�0.�� (V): � (uh, ph) ∈ Uh ×Mh .DV/ 0 < t ≤ T qb







(uht,Π
∗
hvh) +A((uh, ph); (Π

∗
hvh, qh)) = (f ,Π∗

hvh), ∀(vh, qh) ∈ Uh ×Mh,

uh(x, y, 0) = Π∗
hu0(x, y), (x, y) ∈ Ω.

(2.33)*6O,, +rN�5_[ }!$d_[3+r$d_[EU�X}. *q [12] ODAov 4 o#Z (B3.;L�;X}A|e�;E8�).
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z = mes(Vz), SK = mes(K), X� zi, zj � zk 3 KE oOL,

‖uh‖0,h ≡ ‖Π∗
huh‖0 =







∑

Vz∈ℑ∗

h

u2
h(z)S

∗
z







1/2

=

{

1

3

∑

K∈ℑh

[u2
h(zi) + u2

h(zj) + u2
h(zk)]SK

}1/2

,

(2.34)

|uh|1,h ≡

{

∑

z∈K∈ℑh

[

(

∂uh(z)

∂x

)2

+

(

∂uh(z)

∂y

)2
]

SK

}1/2

, (2.35)

‖uh‖1,h =
[

‖uh‖
2
0,h + |uh|

2
1,h

]1/2
, (2.36)>< Uh % | · |1,h 2 | · |1; ‖ · ‖0,h 2 ‖ · ‖0; ‖ · ‖1,h 2 ‖ · ‖1 d�G(.�� 4. >t�� a(uh,Π

∗
hūh) O��2_

a(uh,Π
∗
hūh) = ah(uh,Π

∗
hūh) + b̄(uh,Π

∗
hūh), (2.37)�RWy

ah(uh,Π
∗
hūh) =

∑

z∈K∈ℑh

[

∂uh(z)

∂x

∂ūh(z)

∂x
+

∂uh(z)

∂y

∂ūh(z)

∂y

]

SK (2.38)3+;�GQ�V*E,  
ah(uh,Π

∗
hūh) = ah(ūh,Π

∗
huh), (2.39)X�9<&; C1 � C2 .D

C1‖uh‖
2
1 6 ah(uh,Π

∗
huh) 6 C2‖uh‖

2
1. (2.40)X�1y b̄(uh,Π

∗
hūh) = a(uh,Π

∗
hūh)− ah(uh,Π

∗
hūh) qb

b̄(uh,Π
∗
hūh) 6 Ch‖uh‖1‖ūh‖1, ∀uh, ūh ∈ Uh. (2.41)��$ |‖uh‖|1 = [ah(uh,Π

∗
huh)]

1/2, >< Uh %, |‖uh‖|1 G(/ ‖uh‖1. >��+
|a(uh,Π

∗
hūh)− ah(ūh,Π

∗
huh)| 6 Ch‖uh‖1‖ūh‖1, ∀uh, ūh ∈ Uh. (2.42)�� 5. 9<G; h0, α � C0 .D? 0 < h 6 h0 ,+

a(uh,Π
∗
huh) > α‖uh‖

2
1, ∀uh ∈ Uh, (2.43)

|a(uh,Π
∗
hūh)| 6 C0‖uh‖1‖ūh‖1, ∀uh, ūh ∈ Uh. (2.44)�� 6. ov8o+_

(uh,Π
∗
hūh) = (ūh,Π

∗
huh), ∀uh, ūh ∈ Uh, (2.45)

|(u,vh)− (u,Π∗
hvh)| 6 Chm+n‖u‖m‖vh‖n,u ∈ Hm(Ω)2,vh ∈ Uh,m = 0, 1;n = 0, 1. (2.46)$ |‖uh‖|0 = (uh,Π

∗
huh)

1/2, zr< Uh % |‖ · ‖|0 G(/ ‖ · ‖0,  9<G; C3 � C4 .D
C3‖uh‖0 6 |‖uh‖|0 6 C4‖uh‖0, ∀uh ∈ Uh. (2.47)



220 " E < � 2011 ��� 7. >t�� A((·, ·); (·, ·)) < (Uh,Mh) × (Uh,Mh) %+ovEa���GQ�
(", [19–20])

A((uh, ph); (vh, qh)) ≤ C(‖uh‖1+‖ph‖0)(‖vh‖1+‖qh‖0), ∀(uh, ph), (vh, qh) ∈ Uh×Mh, (2.48)

sup
(vh,qh)∈Uh×Mh

A((uh, ph); (vh, qh))

‖vh‖1 + ‖qh‖0
≥ β(‖uh‖1 + ‖ph‖0), ∀(uh, ph) ∈ Uh ×Mh, (2.49)�R β 32 h i|EG;.' (Sh, Qh) : U ×M → Uh ×Mh 3 Stokes T&,  V/� E (u, p) ∈ U ×M qb

A((Shu, Qhp); (vh, qh)) = B((u, p); (vh, qh)), ∀(vh, qh) ∈ Uh ×Mh. (2.50)>+ovE8� (", [1, 6, 18-20, 22]).�� 8. Stokes T& (Sh, Qh) +ovE�Q
‖u− Shu‖1 + ‖p−Qhp‖0 ≤ C(‖v‖1 + ‖p‖0), (2.51)X�? (u, p) ∈ H2(Ω)2 ×H1(Ω) ,, +

‖u− Shu‖0 + h(‖u− Shu‖1 + ‖p−Qhp‖0) 6 Ch2(‖u‖2 + ‖p‖1). (2.52)6Z, �� uh 3gM (IV) E9, >9<2	d";i|EG; C = C(ν,f) .DV/H+E
t ∈ [0, T ] qb

‖uh(t)− Shuh(t)‖1 6 Ch. (2.53)*/>t�� A((·, ·); (·, ·)) < (Uh,Mh)× (Uh,Mh) %J+a���GQ�, >*��+r5[EZo (", [6, 22]) I, gM (IV)  gM (V) 9<^�E9 (uh, ph) ∈ Uh × Mh,��+ovEk$x! (", [18]).n� 9. ' (u, p)3gM (II) E9, (uh, ph) 3	X"eQ�+rN�5m0gM (IV) E9, >V/H+E t ∈ [0, T ] +
‖u(t)− uh(t)‖0 + h(‖u(t)− u(t)‖1 + ‖p(t)− ph(t)‖0) 6 τ(t)−1/2Ch2. (2.54)s� 1. 	X"�EgM (IV) �gM (V) 3�o&℄d_-, �w�2;L9, �	�Iuf�X"�.

3. qojm Stokes pkm����oxm�Æ�z�t�V/GF; N , ' k = T/N _,)�(, tn = nk, un
h = uh(tn) 3 uh E+rN�5�?

(n = 0, 1, · · · , N = T/k). ��	X"m0E℄$ uht,  gM (IV) < t = tn 5'|Æ��E$$ ∂̄tu
n
h = (un

h −un−1
h )/k �?, >gM (IV) E|Æ�� Euler �X"eQ�+rN�5m0_ovH:.�� (VI): � (un
h, p

n
h) ∈ Uh ×Mh (1 6 n 6 N) qb







(∂̄tu
n
h,Π

∗
hvh) +A((un

h , p
n
h); (Π

∗
hvh, qh)) = (fn,Π∗

hvh), ∀(vh, qh) ∈ Uh ×Mh,

u0
h = uh(x, y, 0) = Shu0(x, y), (x, y) ∈ Ω.

(3.1)
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h , p

n
h) ∈ Uh ×Mh (1 6 n 6 N) qb



















(un
h,Π

∗
hvh) + kA((un

h, p
n
h); (Π

∗
hvh, qh))

= k(fn,Π∗
hvh) + (un−1

h ,Π∗
hvh), ∀(vh, qh) ∈ Uh ×Mh,

u0
h = uh(x, y, 0) = Shu0(x, y), (x, z) ∈ Ω.

(3.2)V/gM (VI)  gM (VII) 9E9<^���k$x!, +ovEW�8�.n� 10. <P- (2.6)-(2.9) +_o, gM (VI)  gM (VII) 9<^�E9qb
‖un

h‖0 + k
n
∑

i=1

(‖ui
h‖1 + ‖pih‖0) 6 C

(

h‖u0‖1 + ‖u0‖0 + k
n
∑

i=1

‖f(ti)‖0

)

. (3.3)X�? k = h ,, +ovEk$x!
‖u(tn)−un

h‖0+k

n
∑

i=1

(‖u(ti)−ui
h‖1+‖p(ti)−pih‖0) 6 C

(

h2 + k2
)

n
∑

i=1

‖f(ti)‖0, n = 1, 2, · · · , N.

(3.4)��. */>t�� A(·, ·) < (Uh,Mh)× (Uh,Mh) %qba���GQ� (,#Z 7),k
Ā((un

h , p
n
h); (Π

∗
hvh, qh)) = (un

h ,Π
∗
hvh) + kA((un

h, p
n
h); (Π

∗
hvh, qh)),Y A k < 1, >*#Z 5–7 +

Ā((un
h, p

n
h); (Π

∗
hvh, qh)) ≤ ‖|un

h|‖0‖|0Π
∗
hvh|‖+ kC(‖uh‖1 + ‖ph‖0)(‖Π

∗
hvh‖1 + ‖qh‖0)

≤ C(‖uh‖1 + ‖ph‖0)(‖vh‖1 + ‖qh‖0).
(3.5)V/{QE k, ;*#Z 5–7 +

sup
(vh,qh)∈Uh×Mh

Ā((un
h, p

n
h); (Π

∗
hvh, qh))

‖vh‖1 + ‖qh‖0

≥ ‖un
h‖0 + sup

(vh,qh)∈Uh×Mh

kA((un
h, p

n
h); (Π

∗
hvh, qh))

‖vh‖1 + ‖qh‖0

≥ (‖un
h‖0 + kβ‖un

h‖1 + kβ‖pnh‖0), ∀(vh, qh) ∈ Uh ×Mh.

(3.6)/3, >t�� Ā(·, ·) < (Uh,Mh)× (Uh,Mh) %�qba���GQ�,;* Lax-MilgramQZ (", [6]) OI, gM (VI)  gM (VII) 9<^�9. * (3.6) � (3.2) OD
‖un

h‖0 + kβ‖un
h‖1 + kβ‖pnh‖0 ≤ kC‖fn‖0 + ‖un−1

h ‖0. (3.7)V (3.7) 8 1 A n ��, �℄'#Z 8 D
‖un

h‖0 + k

n
∑

i=1

‖ui
h‖1 + kβ‖pih‖0 ≤ kC

n
∑

i=1

‖f(ti)‖0 + ‖Shu
0‖0

≤ C

(

‖u0‖0 + h‖u0‖1 + k

n
∑

i=1

‖f(ti)‖0

)

.

(3.8)



222 " E < � 2011 �MmgM (III) Eov,)|Æ��E	X"�m0.�� (VIII): � (un, pn) ∈ U ×M qb






(un,v) + kB((un, pn); (v, q)) = k(fn,v) + (un−1,v), ∀(v, q) ∈ U ×M,

u0 = u(x, y, 0) = u0(x, y), (x, y) ∈ Ω.
(3.9)<gM (VIII) R� v = Π∗

hvh � q = qh, �2gM (VII) v+Dk$_-














(un − un
h,Π

∗
hvh) + kA((un − un

h, p
n − pnh); (Π

∗
hvh, qh))− kDh(p

n, qh)

= (un−1 − un−1
h ,Π∗

hvh), ∀(vh, qh) ∈ Uh ×Mh,

u0 − u0
h = u0 − Shu0, (x, y) ∈ Ω.

(3.10)* (3.6), (3.10) � (2.31) +
‖Shu

n − un
h‖0 + kβ‖Shu

n − un
h‖1 + kβ‖Qhp

n − pnh‖0

≤ sup
(vh,qh)∈Uh×Mh

Ā((Shu
n − un

h, Qhp
n − pnh); (Π

∗
hvh, qh))

‖vh‖1 + ‖qh‖0

≤ ‖Shu
n − un‖0 + k‖Shu

n − un‖1 + k‖Qhp
n − pn‖0

+ sup
(vh,qh)∈Uh×Mh

kA((un − un
h, p

n − pnh); (Π
∗
hvh, qh))

‖vh‖1 + ‖qh‖0

≤ ‖Shu
n − un‖0 + k‖Shu

n − un‖1 + k‖Qhp
n − pn‖0

+ sup
(vh,qh)∈Uh×Mh

kDh(p
n, qh) + (un−1 − un−1

h ,Π∗
hvh)

‖vh‖1 + ‖qh‖0

≤ ‖Shu
n − un‖0 + k‖Shu

n − un‖1 + k‖Qhp
n − pn‖0

+ sup
(vh,qh)∈Uh×Mh

kDh(p
n − ρhp

n, qh − ρhqh) + (un−1 − un−1
h ,Π∗

hvh)

‖vh‖1 + ‖qh‖0

≤ ‖Shu
n − un‖0 + k‖Shu

n − un‖1 + k‖Qhp
n − pn‖0

+Ck‖pn − ρhp
n‖0 + C‖un−1 − Shu

n−1‖0 + ‖Shu
n−1 − un−1

h ‖0

≤ Ch2(‖un‖2 + ‖pn‖1) + ‖Shu
n−1 − un−1

h ‖0.

(3.11)

%0�8 1 A n f��*#Z 8 D
‖Shu

n − un
h‖0 + k

n
∑

i=1

(‖Shu
i − ui

h‖1 + ‖Qhp
i − pih‖0)

≤ Ch2
n
∑

i=1

(‖ui‖2 + ‖pi‖1) + ‖Shu
0 − Shu

0‖0

≤ Ch2
n
∑

i=1

(‖ui‖2 + ‖pi‖1).

(3.12)

/3+
‖un − un

h‖0 + k

n
∑

i=1

(‖ui − ui
h‖1 + ‖pi − pih‖0) ≤ Ch2

n
∑

i=1

(‖ui‖2 + ‖pi‖1). (3.13)
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‖u(tn)− un‖0 + k

n
∑

i=1

(‖u(ti)− ui‖1 + ‖p(ti)− pi‖0) ≤ Ck2
n
∑

i=0

(‖u(ti)‖2 + ‖p(ti)‖1).

(3.14)8� (3.13) � (3.14) �* (3.3)  D (3.4). QZ 10 H�.s� 2. 8QZ 10 OI, ? N
∑

i=1

‖f(ti)‖0 3+;e,, HDAEk$x!3d)E. huEB�8�3Vp+8�Ei>�X}.

4. |�w�	Æ�EfbQ&E Stokes _-E�S�/oG k?�d�X"eQ�E+rN�5_[, �X�2f�k$x!. ? N
∑

i=1

‖f(ti)‖0 3+;e,, HDAEk$x!3d)E.BS�X"eQ�E+rN�5m03�ot�_-, O�K5'/;L!D, "6, huEB�8�3Vp+8�Ei>�X}. 5oUEtg3℄'LET&d9_[VBS�X"eQ�E+rN�5m0f0a5Z. */�fJ(, 0a5ZE_[<j�� [24] Ko. i } 
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[9] Süli E. Convergence of finite volume schemes for Poisson’s equation on nonuniform meshes[J].

SIAM Journal on Numerical Analysis, 1991, 28(5): 1419-1430.

[10] Jones W P, Menziest K R. Analysis of the cell-centred finite volume method for the diffusion

equation[J]. Journal of Computational Physics, 2000, 165: 45-68.



224 " E < � 2011 �
[11] Bank R E, Rose D J. Some error estimates for the box methods[J]. SIAM Journal on Numerical

Analysis, 1987, 24(4): 777-787.

[12] Li R H, Chen Z Y, Wu W. Generalized Difference Methods for Differential Equations-Numerical

Analysis of Finite Volume Methods[M]. Monographs and Textbooks in Pure and Applied Mathe-

matics 226. Marcel Dekker Inc.: New York, 2000.

[13] Li Y, Li R H. Generalized difference methods on arbitrary quadrilateral networks[J]. Journal of

Computational Mathematics, 1999, 17: 653-672.

[14] Chatzipantelidis P, Lazarrov R D, Thomée V. Error estimates for a finite volume element method

for parabolic equations in convex in polygonal domains[J]. Numerical Methods for Partial Differ-

ential Equations, 2004, 20: 650-674.

[15] Chou S H, Kwak D Y. A covolume method based on rotated bilinears for the generalized Stokes

problem[J]. SIAM Journal on Numerical Analysis, 1998, 35: 494-507.

[16] Ye X. On the relation between finite volume and finite element methods applied to the Stokes

equations[J]. Numerical Methods for Partial Differential Equations, 2001, 17: 440-453.

[17] Blanc P, Eymerd R, Herbin R. A error estimate for finite volume methods for the Stokes equations

on equilateral triangular meshes[J]. Numerical Methods for Partial Differential Equations, 2004,

20: 907-918.

[18] Yang M, Song H L. A postprocessing finite volume method for time-dependent Stokes equations[J].

Applied Numerical Mathematics 2009, 59: 1922-1932.

[19] Li J, Chen Z X. A new stabilized finite volume method for the stationary Stokes equations[J].

Adv. Comput. Math., 2009, 30: 141-152.

[20] Shen L H, Li J, Chen Z X. Analysis of stabilized finite volume method for the transient stationary

Stokes equations[J]. International Journal of Numerical Analysis and Modeling, 2009, 6(3): 505-

519.

[21] Adams R A. Sobolev Space[M]. Academic Press: New York, 1975.

[22] pDS. ��,s6\�4�%( [M]. ��: N�3�&, 2006.

[23] Ciarlet P G. The Finite Element Method for Elliptic Problems[M]. Amsterdam: North–Holland,

1978.

[24] Luo Z D, et al. A reduced stabilized finite volume element formulation based on POD for non-

stationary Stokes equations[J]. Int. J. Numer. Meth. Fluids (in press).


