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Abstract

The mean-reverting θ process with delay is used as a model for interest rates and volatil-

ity as well as other financial quantities which are past level dependent. For 1/2 ≤ θ < 1, we

prove the model has an unique nonnegative solution. Since the corresponding stochastic delay

differential equation has no explicit solution, it is very important to study numerical meth-

ods for the solution approximations. We prove the strong convergence of Euler-Maruyama

approximate solution in sense of p-th moment(p ≥ 2).
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1. ��
��� θ �{>F%3g�Wj�l9Wyp�8gG�m62�^, ?�Wt�8}f�WK�^#Ms�8)G . CIR(Cox-Ingersoll-Ross)�' [1] gIO;o>F%329Wo?2�',8g�fnM θ b�
dS(t) = λ(µ− S(t))dt + σSθ(t)dw(t) (1.1)- θ = 1/2a2�',}m�_DEIO;o�:3fH|�W�^. - 1/2 ≤ θ ≤ 1a, ��

[2] b=-�'�'VÆ9ÆM?U?X8GO!f���GO), Æ�5-Hqf��E?A�2Kk*. - θ > 1 a, �� [3] b=-�''VÆ9GO�.

* 2010 C 3 S 25 Vl0.
1) `{vT�/q� (11071037, 60974030) up"A.



186 x v r / 2011 C9&�Wq�Q�#�=\D2}U�l�	Q-J2N�M℄,�a8; ObQ2q~, z<xraj�IE�V�WlEIR�R_D. aj�fnM θ b��<�e�:

dS(t) = λ(µ− S(t))dt+ σSθ(t)Sγ(t− τ)dw(t). (1.2)℄W�'��2-�� (>F%3��:34�W�^) 2�l; bQ2N�. 9�N��,xraj�IE�8M�e�, z<qf�t�g2Æxraj�IE�29WM%2EA.hM-qf�k*OE�2rR�a, �B�bqf�2)i2ÆE�rR�2)i. z<2Æxraj�IE�qf��℄��m�+62Æqf�2k*). �� [4] X"--
θ = 1/2 aaj�fnMEEY�', vaj2 CIR �'�'VÆ9Mwj##��GO)i,ÆMb=- Euler-Maruyama(EM)qf��E?A�Kk*). ��b=-- 1/2 ≤ θ < 1a, aj�fnM θ b��2'VÆ9)Mwj##��GO2)i. &�	_- [4] l2�a. ��mb=-qf�2 p %E (p ≥ 2) Kk*. ��� [4] l	X"- θ = 1

2 aqf�V�E?A�2Kk*, z<��1/2g	�� [4] ZK2qf�k*�a.

2. ��
��� θ �{~}��������z R+ = (0,∞). ` (Ω,F , P ) ���S3�~, 1 {Ft}t≥0 7x����, ω(t) �8AV℄W�~^2 Brown T:. z C([−τ, 0], R+) = {f |f : [−τ 0] → R+} MCq�
‖f‖ = sup−τ≤θ≤0 |f(θ)|. 0 p > 0,Lp

Ft0
([−τ, 0], R+) g Ft0 �� C([−τ, 0], R+) fxr�,. �2- t ∈ [0, T ] aj�fnM θ b� (2), !f S(t) = ξ(t), t ∈ [−τ, 0], Hl

ξ ∈ C([−τ, 0];R+),E‖ξ‖p < ∞. λ, µ, σ �aq, M 1/2 ≤ θ < 1 6b= (1.2) d'VÆ9a�, m��2�:E�
dS(t) = λ(µ− S(t))dt+ σ|S(t)|θ |S(t− τ)|γdw(t) t ∈ [0, T ]. (2.1)H!f S(t) = ξ(t), t ∈ [−τ, 0]. ZaBb=E� (2.1) 'VÆ9�M�GO, YE� (1.2) QE� (2.1) d4}, vE� (1.2) 'VÆ9GO�.�
 1.

[5] |`9�E�
dx(t) = b(t, x(t))dt + σ(t, x(t))dw(t), t ≥ 0, x(t0) = x0. (2.2)Za�q7x? ∀x, y ∈ R, b(·, x), σ(·, x) � Ft iEb�, �M

|b(t, x)− b(t, y)| ≤ K|x− y|

|σ(t, x)− σ(t, y)| ≤ h(x− y)? ∀t ≥ 0, x, y ∈ R wj##�(, Hl K �a�qM h : [0,∞) → [0,∞) �1UZeq
h(0) = 0 M

∫

(0,ε)

h−2(u)du = ∞, ∀ε > 0.YE� (2.2) 'VÆ9�.�
 2. ?U?X8!f ξ ∈ C([−τ, 0], R+), YE� (2.1) 'VÆ9�.
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�uIrg�3l+* 187�Æ. KO uθ �1UZeqM- 1/2 ≤ θ < 1 a
∫

(0,ε)

u−2θdu = ∞, ∀ε > 0.%ID# 1, !tO���� [4] D# 2.1 2b=, �1E� (2.1) 'VÆ9�.�
 1. 0 S(t) �E� (2.1) 2�, Y?U? p ≥ 2, 'V�q K, 
1
E( sup

−τ≤t≤T
|S(t)|p) ≤ K (2.3)�Æ. ? ∀t ∈ [0, T ], KE� (2.1) �1

S(t) = S(0) + λ

∫ t

0

(µ− S(r))dr +

∫ t

0

σ|S(r)|θ |S(r − τ)|γdw(t), 1/2 ≤ θ < 1. (2.4)? ∀k > 0, 8A�a τk = inf{t ≥ 0, |S(t)| > k}, Hl0 inf ∅ = ∞. K Burkholder-Davis-

Gundy(BDG) �4d [6] f Hölder �4dd, ? ∀t1 ∈ [0, T ], p ≥ 2,

E

(

sup
0≤t≤t1

|S(t ∧ τk)|
p

)

≤ 3p−1E|S(0)|p + 3p−1λpE

(
∫ t1∧τk

0

|µ− S(r)|dr

)p

+3p−1σpE sup
0≤t≤t1

∣

∣

∣

∣

∫ t∧τk

0

|S(r − τ)|γ |S(r)|θdr

∣

∣

∣

∣

p

≤ 3p−1

[

E|S(0)|p + λpT p−1

∫ t1

0

E (|µ− S(r ∧ τk)|
p) dr

+σpCpE

(
∫ t1∧τk

0

|S(r − τ)|2γ |S(r)|2θdr

)

p
2

]

(2.5)Hl Cp = [ pp+1

2(p−1)p−1 ]
p
2 . %I�4d aγb1−γ ≤ γa+ (1 − γ)b, ∀a, b > 0, γ ∈ [0, 1], <t Hölder�4d1/

E

(
∫ t1∧τk

0

|S(r − τ)|2γ |S(r)|2θdr

)

p
2

= E

(
∫ t1∧τk

0

(|S(r)|2)θ(|S(r − τ)|
2γ
1−θ )1−θdr

)

p
2

≤ 2
p
2−1θ

p
2E

(
∫ t1∧τk

0

|S(r)|2dr

)

p
2

+ 2
p
2−1(1 − θ)

p
2E

(
∫ t1∧τk

0

|S(r − τ)|
2γ

1−θ dr

)

p
2

≤ 2
p
2−1θ

p
2 T

p−2
2

∫ t1

0

E|S(r ∧ τk)|
pdr + 2

p
2−1(1− θ)

p
2 T

p−2
2

∫ t1

0

E|S(r ∧ τk − τ)|
γp
1−θ dr (2.6)�M

E|µ− S(r ∧ τk)|
p ≤ 2p−1µp + 2p−1E|S(r ∧ τk)|

p (2.7)� (2.6), (2.7) d,[ (2.5) dl1
E( sup

0≤t≤t1

|S(t ∧ τk)|
p) ≤ 3p−1(E|S(0)|p + λpT p2p−1µp)

+3p−1σpCp2
p
2−1(1− θ)

p
2 T

p−2
2

∫ t1

0

E|S(r ∧ τk − τ)|
γp
1−θ dr
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+3p−1(λpT p−12p−1 + σpCp2

p
2−1T

p−2
2 θ

p
2 )

∫ t1

0

E|S(r ∧ τk)|
pdr

= ap + bp

∫ t1

0

E|S(r ∧ τk − τ)|
γp
1−θ dr + cp

∫ t1

0

E|S(r ∧ τk)|
pdr (2.8)Hl ap, bp, cp <g; O p, S(0), λ, T, µ, σ, θ 2�q..PM�,/ p1, p2, · · · , p[t/τ ]+1, 
1 pi ≥ 2 M γpi+1

1−θ < pi, i = 1, 2, · · · , [t/τ ], ?U?
p = p[t/τ ] ≥ 2 <�<\/℄52,/. - t1 ∈ [0, τ ],

E|S(r − τ)
γp
1−θ | = E|ξ(r − τ)

γp
1−θ | ≤ E||ξ||

γp
1−θ , ∀r ∈ [0, t1].K (2.8) d�1

E( sup
0≤t≤t1

|S(t ∧ τk)|
p1) ≤ ap1 + bp1E||ξ||

γp1
1−θ + cp1

∫ t1

0

E sup
0≤ν≤r

|S(ν ∧ τk)|
p1dr. (2.9)Hl ap1 , bp1 , cp1 Q ap, bp, cp �t28A, K Gronwall �4d�1

E( sup
0≤t≤t1

|S(t ∧ τk)|
p1) ≤ (ap1 + bp1E||ξ||

γp1
1−θ T )ecp1τ .0 k → ∞, K Fatou D#1

E( sup
0≤t≤τ

|S(t)|p1) ≤ (ap1 + bp1E||ξ||
γp1
1−θ T )ecp1τ .�

E( sup
−τ≤t≤τ

|S(t)|p1) ≤ E( sup
−τ≤t≤0

|S(t)|p1) + E( sup
0≤t≤τ

|S(t)|p1).

≤ E||ξ||p1 + (ap1 + bp1E||ξ||
γp1
1−θ T )ecp1T =: A1. (2.10)- t1 ∈ [0, 2τ ], K (2.8) d�1

E( sup
0≤t≤t1

|S(t ∧ τk)|
p2) ≤ ap2 + bp2

∫ t1

0

E|S(r ∧ τk − τ)|
γp2
1−θ dr + cp2

∫ t1

0

E|S(r ∧ τk)|
p2dr.K Lyapunov �4dt pi 8A�d

E( sup
0≤t≤t1

|S(t ∧ τk)|
p2) ≤ ap2+bp2

∫ 2τ

0

(E|S(r ∧ τk−τ)|
p1 )

γp2
p1(1−θ) dr+cp2

∫ t1

0

E|S(r ∧ τk)|
p2drK Gronwall �4df Fatou D#�1

E

(

sup
0≤t≤2τ

|S(t)|p2

)

≤ (ap2 + bp2TA
γp2

p1(1−θ)

1 )ecp22τ .Y
E

(

sup
−τ≤t≤2τ

|S(t)|p2

)

≤ E

(

sup
−τ≤t≤0

|S(t)|p2

)

+ E

(

sup
0≤t≤2τ

|S(t)|p2

)

≤ E||ξ||p2 +

(

ap2 + bp2TA
γp2

p1(1−θ)

1

)

ecp2T =: A2. (2.11)
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�uIrg�3l+* 189mM^:2b=b��1/?U? p = p[T/τ ]+1 ≥ 2, 'V�q A[T/τ ]+1 
1
E( sup

−τ≤t≤T
|S(t)|p) ≤ A[T/τ ]+1. (2.12)P K = A[T/τ ]+1, v�1z6b=2�5.�
 2. ?U?X8!f ξ ∈ C([−τ, 0];R+), E� (2.1) 2�<S3 1 GO, v?U?

t ∈ [−τ, T ], S(t) ≥ 0, a.s.�Æ. 0 a0 = 1, ?U?`q k = 1, 2, · · · ., 8A
ak =

{

e
−k(k+1)

2 , θ = 1
2 ;

( (2θ−1)k(k+1)
2 )

1
1−2θ , θ ∈ (12 , 1).
1 ∫ ak−1

ak

du
u2θ = k. ?U? k = 1, 2, · · · . 'V)-eq ψk(u) 8AV (ak, ak−1) ^, 
1

0 ≤ ψk(u) ≤
2

ku2θ
, ak < u < ak−1,V (ak, ak−1) e
, 8A ψk(u) = 0, M ∫ ak−1

ak
ψk(u)du = 1. 8A

ϕk(u) =

{

0, x ≥ 0;
∫ −x

0 dy
∫ y

0 ψk(u)du, x < 0.Y ϕk ∈ C2(R,R), M�M�:)i:

(1) - −ak−1 < x < −ak a, −1 ≤ ϕ
′

k(x) ≤ 0. LY ϕ
′

k(x) = 0.

(2) - −ak−1 < x < −ak a, −1 ≤ ϕ
′′

k (x) ≤
2

k|x|2θ
. LY ϕ

′′

k (x) = 0.

(3) x− − ak−1 ≤ ϕk(x) ≤ x−, x ∈ R.Hl- x < 0 a, x− = −x. - x < 0 a, x− = 0.K Itô [d, 8# 1 f ϕk 8Ad
Eϕk(S(t)) = ϕk(S(0)) + E

∫ t

0

(

λϕ
′

k(S(r))(µ − S(r)) +
σ2

2
ϕ

′′

k (S(r))|S(r − τ)|2γ |S(t)|2θ
)

dr

≤
σ2

k

∫ t

0

E|S(r − τ)|2γdr- γ ∈ [0, 1] a, K8# 1 1
Eϕk(S(t)) ≤

σ2

k

∫ t

0

(E|S(r − τ)|3)
2γ
3 dr ≤

σ2

k
TK

2θ
3 ≤

σ2

k
T (K ∨ 1)Hl K �8# 1 l1/2�q.- γ > 1 a,

Eϕk(S(t))) ≤
σ2

k

∫ t

0

E|S(r − τ)|2γdr ≤
σ2

k
TKK)i (3) 1

ES−(t)− ak−1 ≤ Eϕk(S(t)) ≤
σ2

k
T (K ∨ 1)



190 x v r / 2011 C- k → ∞ a1 ES−(t) ≤ 0. v ∀t ≥ 0, ES−(t) = 0. z<
P (S(t) < 0) = 0, ∀t ≥ 0.K℄W8#�1E� (1.2) QE� (2.1) 4}, K8# 1 t8# 2 �dE� (1.2) 'VÆ9GO�.

3. Euler-Marumaya ��	�"℄2 EM qfEA [7, 8] EI/E� (1.2) l. <�0 S(t) �E� (1.2) 2�. `'V`q N, 
1 τ = Nh, Hl h � [0, T ] ^2IV��, h = T/m, tn = nh, n = 0, 1, · · · ,m. C� ∆w ∽ N(0, h), �B�b1/E� (1.2) 2GOqf�/ {sk}k≥0, z<1/2qf�PHa�, v s+k = max{0, sk}. 
^oR
eiE� (1.2) 2"℄ EM qf��
{

sk = ξ(kh), −N ≤ k ≤ 0;

sk+1 = sk + λ(µ− sk)h+ σ[s+k−N ]γs+θ
k ∆w, k > 0.

(3.1)��5��2E
, D[��)-qf�
s̄(t) =

{

ξ(t), −τ ≤ t ≤ 0;
∑[T/h]

k=0 skI[kh,(k+1)h), t ≥ 0.
(3.2)Yxr)-2 EM qf�8AZ�:

s(t) =

{

ξ(t), −τ ≤ t ≤ 0;

ξ(0) + λ
∫ t

0
µ− s̄(r)dr + σ

∫ t

0
[s̄(r − τ)+]γ [s̄(r)+]θdw(r), t ≥ 0.

(3.3)?U? k, sk = s(kh) = s̄(kh). Y>1/��)-qf�fxr)- EM qf�VIT7#f��, z<��)-qf�Q)-2 EM �t�'VZ�2℄�
sup

0≤t≤T
|s̄(t)| ≤ sup

0≤t≤T
|s(t)|. (3.4)�
 3. ?U? p ≥ 2, Y'V�q K̄ =(O�� h, 
1

E

(

sup
−τ≤t≤T

[s(t)+]p
)

≤ E

(

sup
−τ≤t≤T

|s(t)|p
)

≤ K̄. (3.5)�Æ. KO s+(t) = max{0, s(t)} ≤ |s(t)|, �S�(
E

(

sup
−τ≤t≤T

[s+(t)]p
)

≤ E

(

sup
−τ≤t≤T

[s(t)]p
)

.K Hölder �4dt (3.3) d�1
|s(t)|p ≤ 3p−1

[

|ξ(0)|p + λptp−1

∫ t

0

|µ− s̄(r)|pdr + σp

∣

∣

∣

∣

∫ t

0

[s̄(r − τ)+]γ [s̄(r)+]θdw(r)

∣

∣

∣

∣

p
]

.?U? k > 0, 8A τk = T ∧ inf{t ≥ 0, |s(t)|p > k}.
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�uIrg�3l+* 191?U? t1 ∈ [0, T ], K BDG �4d [6] �d
E sup

0≤t≤t1

|s(t ∧ τk)|
p ≤ 3p−1|ξ(0)|p + 3p−1λpT p−1

∫ t1∧τk

0

|µ− s̄(r)|pdr.

+3p−1Cpσ
pE

(
∫ t1∧τk

0

[s̄(r − τ)+]2γ [s̄(r)+]2θdr

)p/2

(3.6)

Cp Z8# 1 l8A, Z8# 1 l (2.5) d�t2##EA%I Hölder �4dt (2.6) d1
E

(
∫ t1∧τk

0

[s̄(r − τ)+]2γ [s̄(r)+]2θdr

)p/2

≤ 2
p
2−1θ

p
2 T

p−2
2

∫ t1

0

E[s̄(r ∧ τk)
+]pdr + 2

p
2−1(1− θ)

p
2 T

p−2
2

∫ t1

0

E[s̄(r ∧ τk − τ)+]
γp
1−θ dr

≤ 2
p
2−1θ

p
2 T

p−2
2

∫ t1

0

E|s̄(r ∧ τk)|
pdr + 2

p
2−1(1− θ)

p
2 T

p−2
2

∫ t1

0

E|s̄(r ∧ τk − τ)|
γp
1−θ dr

≤ (2T )
p
2−1θ

p
2

∫ t1

0

E sup
0≤ν≤r

|s(ν∧τk)|
pdr+(2T )

p
2−1(1−θ)

p
2

∫ t1

0

E sup
0≤ν≤r

|s(ν∧τk−τ)|
γp
1−θ dr (3.7)M

E|µ− s̄(r)|p ≤ 2p−1µp + 2p−1E|s̄(r)|p ≤ 2p−1µp + 2p−1E sup
0≤ν≤r

|s(ν)|p (3.8)� (3.7), (3.8) ,[ (3.6) d1/
E( sup

0≤t≤t1

|s(t ∧ τk)|
p) ≤ 3p−1(E|ξ(0)|p + λpT p2p−1µp)

+3p−1σpCp2
p
2−1(1− θ)

p
2 T

p−2
2

∫ t1

0

E sup
0≤ν≤r

|s(ν ∧ τk − τ)|
γp
1−θ dr

+3p−1(λpT p−12p−1 + σpCp2
p
2−1T

p−2
2 θ

p
2 )

∫ t1

0

E sup
0≤ν≤r

|s(ν ∧ τk)|
pdr

= āp + b̄p

∫ t1

0

E sup
0≤ν≤r

|s(ν ∧ τk − τ)|
γp
1−θ dr + c̄p

∫ t1

0

E sup
0≤ν≤r

|s(ν ∧ τk)|
pdr (3.9)Hl āp, b̄p, c̄p g; O p, ξ(0), λ, T, µ, σ, θ 2�q. Q8# 1 !t2b=b��<1/'V�q K̄, 
1

E

(

sup
−τ≤t≤T

|s(t)|p
)

≤ K̄.wh^ov1z6b=2 (3.5) d.
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4. Euler-Marumaya ��	�
 4. ?U?`q j, 8A�a uj = inf{t ≥ 0, |S(t)| ≥ j}, vj = inf{t ≥ 0, |s(t)| ≥

j},ρj = uj ∧ vj , Y
lim
h→0

( sup
0≤t≤T

E|S(t ∧ ρj)− s(t ∧ ρj)|) = 0. (4.1)�Æ. 0 ν = t ∧ ρj , YK S(t), s(t) 28Ad�d
S(ν)− s(ν) = −λ

∫ ν

0

(S(r)− s̄(r))dr+σ

∫ ν

0

S(r− τ)γS(r)θ − [s̄(r− τ)+]γ [s̄(r)+]θdw(r). (4.2)8A)-eq ψk(x) Z8# 2 l8A, 8A
φk(x) =

∫ |x|

0

dy

∫ y

0

ψk(u)du (4.3)Y φk(x) ∈ C2(R,R), φk(0) = 0 M φ
′

k(x) ≤ 1, x ∈ R

|φ
′′

k (x)|

{

≤ 2
k|x|2θ

, ak ≤ |x| ≤ ak−1;

= 0, others.
(4.4)Y>1/

|x| − ak−1 ≤ φk(x) ≤ |x| (4.5)0 e(ν) = S(ν)− s(ν). EI Itô[dtH φk(x) 2)i1
Eφk(e(ν)) = −λE

∫ ν

0

φ
′

k(e(r))(S(r) − s̄(r))dr

+
σ2

2
E

∫ ν

0

φ
′′

k (e(r))[S(r − τ)γS(r)θ − [s̄(r − τ)+]γ [s̄(r)+]θ]2dr.Hl
E

∫ ν

0

φ
′′

k (e(r)
[

S(r − τ)γS(r)θ − [s̄(r − τ)+]γ [s̄(r)+]θ
]2
dr

= E

∫ ν

0

φ
′′

k (e(r))
[

S(r − τ)γS(r)θ − S(r − τ)γ [s̄(r)+]θ

+S(r − τ)γ [s̄(r)+]θ − [s̄(r − τ)+]γ [s̄(r)+]θ
]2
dr

≤ j2γE

∫ ν

0

φ
′′

k (e(r))
∣

∣S(r)− [s̄(r)+]
∣

∣

2θ
dr + j2θcjE

∫ ν

0

φ
′′

k (e(r))
(

S(r − τ)− s̄(r − τ)+
)2γ

)dr.z<
Eφk(e(ν)) ≤ λE

∫ ν

0

|e(r)|dr + λE

∫ ν

0

|s(r)− s̄(r)+|dr + σ2j2γ22θ−1

∫ ν

0

2

k
dr

+σ2j2γ
22θ−1

ka2θk
E

∫ ν

0

|S(r) − s̄(r)+|2θdr + σ2j2θ
2cjC̄

ka2θk
E

∫ ν

0

|e(r − τ)|2γdr
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+σ2j2θ
2cjC̄j

ka2θk
E

∫ ν

0

|S(r − τ)− s(r − τ)+|2γdr (4.6)Hl
C̄j =

{

1, γ ∈ [0, 12 ];

22γ−1, γ ∈ (12 ,∞).

cj =

{

1, γ ∈ [0, 1];

C̄j
2
, γ ∈ (1,∞).- |x| ≤ j, |y| ≤ j, θ > 1 a, |xθ − yθ| ≤ C̄j |x − y|θ. - r ∈ [0, ν], z [r/h] � r/h 2`q�I,YK (3.2), (3.3) d8A�d

s(r) − s̄(r) = λ(µ− s[r/h])(r − [r/h]h) + σ[s+[r/h]−N ]γ [s+[r/h]]
θ(w(r) − w([r/h]h))

≤ λ(µ + j)h+ σjθ+γ |w(r) − w([r/h]h)| (4.7)C� h ∈ (0, 1), Y
E

∫ ν

0

|s(r) − s̄(r)|dr ≤ λ(µ+ j)hT + σjθ+γE

∫ ν

0

|w(r) − w([r/h]h)|dr

≤ λ(µ + j)h+ σjθ+γ

∫ T

0

E|w(r) − w([r/h]h)|dr

≤ λ(µ+ j)hT + σjθ+γTh
1
2 ≤ Dh

1
2 (4.8)Hl D g; O λ, µ, σ, T, j 2�q. �
9�

E

∫ ν

0

|s(r) − s̄(r)|2θdr ≤ 22θ−1(λ(µ+ j)h)2θ + 22θ−1(σjθ+γ)2θE

∫ ν

0

|w(r) − w([r/h]h)|2θdr

≤ 22θ−1(λ(µ+ j)h)2θ + 22θ−1(σjθ+γ)2θ
∫ T

0

E|w(r) − w([r/h]h)|2θdr

≤ 22θ−1(λ(µ + j)h)2θ + 22θ−1(σjθ+γ)2θ
∫ T

0

(E|w(r) − w([r/h]h)|2)
2θ
2 dr

≤ 22θ−1(λ(µ+ j)h)2θ + 22θ−1(σjθ+γ)2θhθT

≤ 22θ−1(λ(µ+ j)h)2θ + 22θ−1(σjθ+γ)2θhθT ≤ D1h
θ (4.9)HlD1g; O λ, µ, σ, T, j 2�q. � (4.8), (4.9)d,[ (4.6)l,K φk(e(ν)) ≥ |e(ν)|−ak−11

E|e(ν)| ≤ ak−1 + λ

∫ ν

0

|e(r)|dr + σ2j2γ22θ
T

k
+
σ2j2γ22θ−1

ka2θk
D1h

θ + λDh
1
2

+σ2j2γcj
2C̄

ka2θk
E

∫ ν

0

|e(r − τ)|2γdr + σ2j2θcj
2C̄

ka2θk
E

∫ ν

0

|s(r − τ)− s̄(r − τ)|2γdr

=: ak−1 +
α

k
+ β1h

1
2 + β2h

θ + ηE

∫ ν

0

|s(r − τ)− s̄(r − τ)|2γdr

+
ζ

ka2θk
E

∫ ν

0

|e(r − τ)|2γdr + λE

∫ ν

0

|e(r)|dr. (4.10)
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 5. �a uj , νj , ρj ZD# 4 l8A, Y
lim
h→0

E

(

sup
0≤t≤T

|S(t ∧ ρj)− s(t ∧ ρj)|
p

)

= 0, ∀p ≥ 2. (4.11)�Æ. (4.7) dEI BDG �4dQ Hölder �4d1, ∀t1 ∈ [0, T ], ν1 = ρj ∧ t1

E

(

sup
0≤t≤t1

|S(t ∧ ρj)− s(t ∧ ρj)|
p

)

≤ 2p−1λpT p−1E

∫ ν1

0

|S(r) − s̄(r)|pdr

+2p−1σpCpE

[
∫ ν1

0

(S(r)θS(r − τ)γ − [s̄(r)+]θ[s̄(r − τ)+]γ)2dr

]

p
2

(4.12)Hl
E

[
∫ ν1

0

(S(r)θS(r − τ)γ − [s̄(r)+]θ[s̄(r − τ)+]γ)2dr

]

p
2

≤ E

(
∫ ν1

0

(

S(r)θS(r − τ)γ − S(r)θ [s̄(r − τ)+]γ

+S(r)θ[s̄(r − τ)+]γ − [s̄(r)+]θ[s̄(r − τ)+]γ
)2
dr
)

p
2

≤ E

(
∫ ν1

0

2S(r)2θ
∣

∣S(r − τ)γ − [s̄(r − τ)+]γ
∣

∣

2
+ 2[s̄(r − τ)+]2γ

(

S(r)θ − [s̄(r)+]θ
)2
dr

)

p
2

≤ 2p−1jθpC̄
p
2

j E

(
∫ ν1

0

|S(r − τ)− s̄(r − τ)|2γdr

)

p
2

+ 2p−1jγpE

(
∫ ν1

0

|S(r) − s̄(r)|2θdr

)

p
2

(4.13)- 1
2 ≤ θ < 1, K Hölder �4d1

E

(
∫ ν1

0

|S(r)− s̄(r)|2θdr

)

p
2

≤ T
p−2
2

∫ t1

0

E|S(r ∧ ρj)− s̄(r ∧ ρj)|
pθdr

≤ (2j)θp−1T
p−2
2

∫ t1

0

E|S(r ∧ ρj)− s̄(r ∧ ρj)|dr

≤ (2j)θp−1T
p−2
2

(
∫ t1

0

E|S(r ∧ ρj)− s(r ∧ ρj)|dr + E

∫ t1

0

|s(r ∧ ρj)− s̄(r ∧ ρj)|dr

)

≤ (2j)θp−1T
p
2 sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|+ (2j)θp−1T
p−2
2 Dh

1
2 (4.14)- γp ≥ 1 a, v γ ≥ 1

p �^:2	.�#�1
E

(
∫ ν1

0

|S(r − τ) − s̄(r − τ)|2γdr

)

p
2

≤ (2j)γp−1T
p
2 sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|+ (2j)γp−1T
p−2
2 Dh

1
2 . (4.15)
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E

[
∫ ν1

0

(S(r)θS(r − τ)γ − [s̄(r)+]θ[s̄(r − τ)+]γ)2dr

]

p
2

≤ [2p−1jθpc̄
p
2
j (2j)

γp−1T
p
2 + 2p−1jγp(2j)θp−1T

p
2 ] sup

0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|

+2p−1T
p−2
2 Dh

1
2 [jθpc̄

p
2
j (2j)

θp−1 + jγp(2j)γp−1]. (4.16)�
E

∫ ν1

0

|S(r) − s̄(r)|pdr = E

∫ ν1

0

|S(r)− s(r) + s(r) − s̄(r)|pdr

≤ 2p−1

∫ t1

0

sup
0≤ν≤r

E|S(ν ∧ ρj)− s(ν ∧ ρj)|
pdr + 2p−1(2j)p−1Dh

1
2 . (4.17)� (4.16), (4.17) ,[ (4.12) d1

E( sup
0≤t≤t1

|S(t ∧ ρj)− s(t ∧ ρj)|
p) ≤ 22(p−1)λpT p−1

∫ t1

0

E sup
0≤ν≤r

E|S(ν ∧ ρj)− s(ν ∧ ρj)|
pdr

+2p−1T
p−2
2 Dh

1
2 [jθpC̄

p
2

j (2j)θp−1 + jγp(2j)γp−1 + 22(p−1)jp−1λp]

+(2p−1jθpC̄
p
2

j (2j)θp−1T
p−2
2 + 2p−1jγp(2j)γp−1T

p
2 ) sup

0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|. (4.18)KD# 4 t Gronwall �4d�d
lim
h→0

E( sup
0≤t≤t1

|S(t ∧ ρj)− s(t ∧ ρj)|
p) = 0.- 0 < γp < 1 a, v γ ∈ (0, 1p ). K Hölder �4d�d

E

(
∫ ν1

0

|S(r − τ)− s̄(r − τ)|2γdr

)

p
2

≤ T
p−2
2

∫ t1

0

E|S(r ∧ ρj)− s̄(r ∧ ρj)|
γpdr

≤ T
p−2
2

∫ t1

0

(E|S(r ∧ ρj)− s(r ∧ ρj)|)
γp
dr + T

p−2
2

∫ t1

0

E|s(r ∧ ρj)− s̄(r ∧ ρj)|
γpdr. (4.19)K Lyapunov �4d�d

∫ t1

0

E|s(r ∧ ρj)− s̄(r ∧ ρj)|
γpdr

≤ (λ(µ + j)h)γpT + (σjθ+γ)γp
∫ T

0

(E|w(r) − w([r/h]h)|)γpdr

≤ (λ(µ + j)h)γpT + (σjθ+γ)γph
γp
2 T

= [(λ(µ + j))γpT + (σjθ+γ)γp]h
γp
2 T =: D2h

γp
2 . (4.20)



196 x v r / 2011 C� (4.20) ,[ (4.19) dl, U� (4.14), (4.19) ,[ (4.13) d1/
E

[
∫ ν1

0

(S(r)θS(r − τ)γ − [s̄(r)+]θ[s̄(r − τ)+]γ)2dr

]

p
2

≤ 2p−1jγp(2j)θp−1T
p
2 sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|

+2p−1jθpC̄
p
2

j T
p
2

(

sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|

)γp

+2p−1T
p−2
2 (jγp(2j)θp−1Dh

1
2 + jθpC̄

p
2

j D2h
γp
2 ). (4.21)� (4.17), (4.21) d,[ (4.12) d1

E( sup
0≤t≤t1

|S(t ∧ ρj)− s(t ∧ ρj)|
p) ≤ 22(p−1)λpT p−1

∫ t1

0

E sup
0≤ν≤r

|S(ν ∧ ρj)− s(ν ∧ ρj)|
pdr

+σpCp2
p−1T

p−2
2 (jγp(2j)θp−1Dh

1
2 + jθpC̄

p
2

j D2h
γp
2 ) + 23(p−1)jp−1Dh

1
2 λpT p−1+

+σpCp2
p−1jγp(2j)θp−1T

p
2 sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|

+σpCp2
p−1jθpC̄

p
2

j T
p
2

(

sup
0≤t≤t1

E|S(t ∧ ρj)− s(t ∧ ρj)|

)γp

. (4.22)�^dEIK Gronwall �4d, KD# 4 1
lim
h→0

E

(

sup
0≤t≤t1

|S(t ∧ ρj)− s(t ∧ ρj)|
p

)

= 0.wh^o, K t1 U?)d
lim
h→0

E

(

sup
0≤t≤T

|S(t ∧ ρj)− s(t ∧ ρj)|
p

)

= 0.�
 3. 0 S(t) � (1.2) d�, )- EM �t� s(t) 8AZ (3.3) d, �V�:2?A�k*O S(t)

lim
h→0

E

(

sup
0≤t≤T

|S(t)− s(t)|p
)

= 0, ∀p ≥ 2. (4.23)�Æ. 0 j  I)2�q, �a uj , νj, ρj ZD# 4 l8A, 0 e(t) = S(t)− s(t)

E

(

sup
0≤t≤T

|e(t)|p
)

= E

(

sup
0≤t≤T

|e(t)|p1{uj>T,νj>T}

)

+ E

(

sup
0≤t≤T

|e(t)|p1{uj≤T or νj≤T}

)

.

(4.24)%I!4�4d ∀a, b > 0, r ∈ [0, 1] aγb1−γ ≤ γa+ (1− γ)b z<?U?2 δ > 0, <M
E

(

sup
0≤t≤T

|e(t)|p1{uj≤T or νj≤T}

)

≤ E

[

(

δ sup
0≤t≤T

|e(t)|2p+1

)

p
2p+1

(δ−
p

p+1 1{uj≤T or νj≤T})
p+1
2p+1

]

≤
δp

2p+ 1
E sup

0≤t≤T
|e(t)|2p+1 +

p+ 1

2p+ 1
δ−

p
p+1P{uj ≤ T or νj ≤ T }. (4.25)
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E

(

sup
−τ≤t≤T

|S(t)|p
)

∨E

(

sup
−τ≤t≤T

|s(t)|p
)

∨E

(

sup
−τ≤t≤T

|S(t)|2p+1

)

∨E

(

sup
−τ≤t≤T

|s(t)|2p+1

)

≤M

P{νj ≤ T } ≤ E(1{νj≤T}
S(νj)

jp
) ≤

E(sup−τ≤t≤T |S(t)|p)

jp
≤
M

jp
.�#�1 P{uj ≤ T } ≤ M

jp , z<
P{uj ≤ T or νj ≤ T } ≤ P{uj ≤ T }+ P{νj ≤ T } ≤

2M

jp
. (4.26)�M

E

(

sup
−τ≤t≤T

|e(t)|2p+1

)

≤ 22pE

[

sup
−τ≤t≤T

(|S(t)|2p+1 + |s(t)|2p+1)

]

≤ 22p
(

E sup
−τ≤t≤T

|S(t)|2p+1 + E sup
−τ≤t≤T

|s(t)|2p+1

)

≤ 22p+1M, (4.27)

E( sup
−τ≤t≤T

|e(t)|p1{ρj>T}) = E( sup
−τ≤t≤T

|e(t ∧ ρj)|
p1{ρj<T}) ≤ E( sup

−τ≤t≤T
|e(t ∧ ρj)|

p). (4.28)� (4.26), (4.27) d,[ (4.25) d, U� (4.25), (4.28) +[ (4.24) l1
E

(

sup
−τ≤t≤T

|e(t)|p
)

≤ E

(

sup
−τ≤t≤T

|e(t ∧ ρj)|
p

)

+
δp

p+ 1
22p+1M +

p+ 1

2p+ 1
δ

p
p+1

2M

jp
.?U? ε > 0, .X I$2 δ, 
1

δp

2p+ 1
22p+1M <

ε

3
.U.X I)2 j, 
1

p+ 1

2p+ 1
δ

p
p+1

2M

jp
<
ε

3
.KD# 5 d, 'V I$2 h, 
1

E

(

sup
−τ≤t≤T

|e(t ∧ ρj)|
p

)

<
ε

3
.w^zo�1

E

(

sup
−τ≤t≤T

|e(t)|p
)

< ε.z � � �
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