
2011 < 5 3 y h  � : 33 �: 2 �
May, 2011 MATHEMATICA NUMERICA SINICA Vol.33, No.2�� Cayley ����#�� "������$��!*1)���

(��#l-�r'�, �� 100101)Æ�
(Ld��1Y=m��k, �� 100080)�	

(��#l-�r'�, �� 100101)� }^7A�-�C\, 5B�.��7|+^7N'�>, FN'�>5^7Uu2P��L!\5H�. rg� Cayley Æo5��, �N'�>5^7Tov[�^75N�D4n�>,r+<NÆo^7'H0
D�A�	�-�C\, �X$'g!.hib: A�	�-�C\; N'�>; Cayley Æo

MR (2000) �wfm: 42C40, 65T60

CONSTRUCTION OF COMPACTLY SUPPORTED BIVARIATE

ORTHOGONAL WAVELET FILTER BANKS BASED

ON THE CAYLEY TRANSFORM

Li Lishan

(Department of Basic Course, Beijing Union University, Beijing 100101, China)

Peng Silong

(Institute of Automation Chinese Academy of Sciences, Beijing 100080, China)

Xing Chunfeng

(Department of Basic Course, Beijing Union University, Beijing 100101, China)

Abstract

In the polyphase domain, construction of orthogonal filter banks is equivalent to con-

structing paraunitary matrices, which leads to solving sets of nonlinear equations. By the

cayley transform of study, constructing paraunitary matrices is converted to constructing

para-skew-Hermitian matrices, which are much easier to solve, then constructing compactly

supported bivariate orthogonal wavelet filter banks based on the cayley transform, and one

example is also given.
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1. ���|�w��,�B[�bJ"#*i(�js�(�, ℄6�w��,�B[4�.jKI��_. Uw,�B[4℄6(�Q�j��Q�$M�Æ, q*�w��,�B[4:%s℄64�Q�4��,�B?s�4(�HD;&d?j`G4K�, ,�Q�4,�B�
,��Q�4,�B4X%>j>+4�IK5�(Z,4$2�.4A�-�℄6��,�B6[{*℄6M&=,EM&�=4℄6Tt1U>4O��K [4G� [1−5],y [6]# Cayleyn4KIl.&��,�B[4�J, 	y4y [6]4q&S,? Cayleyn℄���4�Æ, qf;Mn�M&�=4℄6SnuZ�℄64M�C3m�=. 	y49 2 �QK℄6&G/	C�����,�B[, 49 3 �QKW#&f .

2. e�k�a�j{_p_t�g�4	yK, z2# U∗ �[ U 4\^SI, UT �[ U 4SI, I �[/x=; adj(U) �[ U 4�i=, Ti = Tri(U) �[K= U 4j( i �QWZFj.OjPE, ℄6��q4��KI\A">Q{ (MRA),u&℄6��Q�4��q, <�GwA">�℄u:�} L2(R2) 4�V�(�W�} {Vj}j∈z ��u�VA">Q{, Ne/Z}(p�:

1) Vj ⊂ Vj+1, j ∈ z;

2)
⋂

j∈z

Vj = {0} , ⋃
j∈z

Vj = L2(R2);

3) f(x, y) ∈ Vj ⇔ f(2x, 2y) ∈ Vj+1, j ∈ z, x, y ∈ R;

4) +4ha ϕ(x, y) ∈ V0, Y3 {ϕ(x− j, y − k)}j,k \ V0 4�[�U��q.Ne {Vj}j∈z \�VGw4 MRA, 9+4ha m0(ξ, η), ξ, η ∈ R, Y3
ϕ̂(2ξ, 2η) = m0(ξ, η)ϕ̂(ξ, η);� ϕ̂ \ ϕ 4S"�n, m0 �u">ha ϕ 4Riha. % {φ(x − j, y − k)}j,k∈z 4����3}5p��

|m0(ξ, η)|2 + |m0(ξ + π, η)|2 + |m0(ξ, η + π)|2 + |m0(ξ + π, η + π)|2 = 1j�℄6 ϕ�u℄6 m0. Ne�VQ�A�Z m0(ξ, η)/ZS54p�j m0(1, 1) =

1, 9� m0 u�V��48q4,�B. z< m0(x, y),m1(x, y),m2(x, y),m3(x, y) \�V����,�B[, ;� x = eiξ, y = eiη, 90 mi(x, y), i = 0, 1, 2, 3 "/Z}(p�










|mi(x, y)|2 + |mi(−x, y)|2 + |mi(x,−y)|2 + |mi(−x,−y)|2 = 4, i = 0, 1, 2, 3

mi(x, y)mj(x, y) +mi(−x, y)mj(−x, y) +mi(x,−y)mj(x,−y)+

mi(−x,−y)mj(−x,−y) = 0, i 6= j

(1)%y� [1] E, P mi(x, y) u x, y 4A�Z, 9
mi(x, y) = f i

1(x
2, y2) + xf i

2(x
2, y2) + yf i

3(x
2, y2) + xyf i

4(x
2, y2), i = 0, 1, 2, 3 (2)
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9
FF ∗ = F ∗F = I (3)d~ 1. V U u n ��=, AK U = (uij(x, y)), x = e−iξ, y = e−iη, P UU∗ = U∗U = I9� U u n �M&�=.d~ 2. V H u n ��=, AK H = (Hij(x, y)), x = e−iξ, y = e−iη, P H∗(x, y) =

−H(x, y), 9� H u n �M�C3m�=.4A��[K, ℄6��,�B[6{*℄6M&�= U(x, y), EM&�=4℄6Tt1G�O��K [. 4}5, z2qf Cayley n, �M&= U(x, y) n�M�C3m�= H(x, y), ,M&�=�
, M�C3m�=ZM�℄6.�n 1[6]. V U(x, y)u n�M&�=,E I+U(x, y)�;,9M&�= U(x, y) 4 Cayleynu H(x, y) = (I + U(x, y))−1(I − U(x, y)), AK H(x, y) u n �M�C3m�=.�n 2[6]. V H u n �M�C3m�=, E I +H(x, y) �;, 9M�C3m�= H(x, y)4 Cayley ;nu U(x, y) = (I +H(x, y))−1(I −H(x, y)), AK U(x, y) u n �M&�=.%!� 1 E:

H(x, y) = (I + U(x, y))−1(I − U(x, y)) =
adj(I + U(x, y))

det(I + U(x, y))
(I − U(x, y)) (4)*

P (x, y) = 2−n+1(adj(I + U(x, y)))(I − U(x, y)), (5)

Q(x, y) = 2−n+1 det(I + U(x, y)) (6)z2(�}�.:xq 1. P P (x, y), Q(x, y) Q�uS5<�4 (5) j (6) Z, 9 Q(x, y) = (xy)−λQ(x, y),

P ∗(x, y) = −(xy)−λP (x, y), AK λ \�a.�r. (i)  u
I + U(x, y) = I + (I +H(x, y))−1(I −H(x, y))

= (I +H(x, y))−1(I +H(x, y)) + (I +H(x, y))−1(I −H(x, y))

= 2(I +H(x, y))−1

(7)j�
det(I + U(x, y)) = 2n det((I +H(x, y))−1) (8)a

Q(x, y) = 2−n+1 det(I + U(x, y)) = 2(det(I +H(x, y))−1) (9)E
Q(x, y) = 2(det(I +H∗(x, y))−1) = 2[det(I −H(x, y))−1],

[

Q(x, y)
]−1

=
1

2
det(I −H(x, y)),



160 x g b � 2011 <) u
Q(x, y)

[

Q(x, y)
]−1

= det(I +H(x, y))−1 det(I −H(x, y)) = detU(x, y) = (xy)λ;j�
Q(x, y) = (xy)−λQ(x, y).

(ii)  u
P (x, y) = Q(x, y)H(x, y),

P ∗(x, y) = Q(x, y)H∗(x, y) = −(xy)−λQ(x, y)H(x, y),j�
P ∗(x, y) = −(xy)−λP (x, y).xq 2. P P (x, y), Q(x, y) Q�uS5<�4 (5) j (6) Z, 9

2Qn−1(x, y) = det(Q(x, y)I + P (x, y)).�r. Y� (9) Z
Q(x, y) = 2 det(I +H(x, y))−1 = 2det

(

I +
P (x, y)

Q(x, y)

)−1

= 2det
(

Q−1(x, y)(Q(x, y)I + P (x, y))
)−1

= 2det
(

Q(x, y)(Q(x, y)I + P (x, y))−1
)

= 2Qn(x, y) det(Q(x, y)I + P (x, y))−1v
2Qn−1(x, y) = det(Q(x, y)I + P (x, y)).xq 3. P U(x, y) u n �M&�=, P (x, y), Q(x, y) Q�uS5<�4 (5) j (6) Z, 9
U(x, y) =

adj(Q(x, y)I + P (x, y))

Qn−2(x, y)
− I.�r.  u

(I +H(x, y))−1 = (I +
P (x, y)

Q(x, y)
)−1 =

[

Q−1(x, y)(Q(x, y)I + P (x, y))
]−1

= (Q(x, y)I + P (x, y))−1Q(x, y)

=
adj(Q(x, y)I + P (x, y))

det(Q(x, y)I + P (x, y))
Q(x, y)

=
adj(Q(x, y)I + P (x, y))

2Qn−2(x, y)Y� (7) Z
U(x, y) = 2(I +H(x, y))−1 − I

=
adj(Q(x, y)I + P (x, y))

Qn−2(x, y)
− I. (10)
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D�H0A�	�-�C\5^7 161%�St.z2�31N}<�:dn 1. VM�C3m�= H(x, y)n×n 4 Cayley nu U(x, y), E U(x, y) K41V/euX|a4A�Z, +41V/euX|aA�Z4�= M(x, y) j P (x, y)�A�Z
Q(x, y) YA/Z}54p�:

1) Q∗(x, y) = (xy)−λQ(x, y);

2) P ∗(x, y) = −(xy)−λP (x, y);

3) 2Qn−1(x, y) = det(Q(x, y)I + P (x, y));

4)
2
∑

j=0

(−1)
j
T2−j(P (x, y))P j(x, y)IQn−3(x, y)+

4
∑

j=0

(−1)
j
T4−j(P (x, y))P j(x, y)IQn−5(x, y)

+ · · ·+
n−2
∑

j=0

(−1)
j
Tn−2−j(P (x, y))P j(x, y) = 1

2

(

M(x, y) + (xy)λM∗(x, y)
)

Qn−2(x, y);

5)
3
∑

j=0

(−1)
j
T3−j(P (x, y))P j(x, y)Qn−4(x, y) +

5
∑

j=0

(−1)
j
T5−j(P (x, y))P j(x, y)Qn−6(x, y)

+ · · ·+
n−1
∑

j=0

(−1)
j
Tn−1−j(P (x, y))P j(x, y) = 1

2

(

M(x, y)− (xy)λM∗(x, y)
)

Qn−2(x, y);9 H(x, y) 4 Cayley n U(x, y) u
U(x, y) = [(Q(x, y)− 1)I + T1(P (x, y))I − P (x, y) +M(x, y)] ; (11)AK n u=a, T0 = 1, 0 i = 0,−1,−2 · · · , Qi = 0 0 n = 2 W, M(x, y) = 0.�r. %t. 1jt. 2E, <� 1, 2j (3) Z�". }5B6 (4)j (5), Y� (10)ZE,P U(x, y) K41V/euX|a4A�Z, 9 adj(Q(x, y)I + P (x, y)) :_?% Qn−2(x, y),*

adj(Q(x, y)I + P (x, y)) = Bn−1Q
n−1(x, y) +Bn−2Q

n−2(x, y) + · · ·+B1Q(x, y) +B0 (12)E
det(Q(x, y)I + P (x, y)) = Qn(x, y) + T1(P (x, y))Qn−1(x, y) + T2(P (x, y))Qn−2(x, y)

+ · · ·+ Tn−1(P (x, y))Q(x, y) + Tn(P (x, y)) (13)

adj(Q(x, y)I + P (x, y))(Q(x, y)I + P (x, y)) = det(Q(x, y)I + P (x, y))I (14)� (12), (13) .O (14), 
�|a3�
Bn−1 = I,

Bn−1P (x, y) +Bn−2 = T1(P (x, y))I,

Bn−2P (x, y) +Bn−3 = T2(P (x, y))I,

...

B1P (x, y) +B0 = Tn−1(P (x, y))I,

B0P (x, y) = Tn(P (x, y))I = det(P (x, y))I,?�3� Bn−i =
i−1
∑

j=0

(−1)
j
Ti−1−j(P (x, y))P j(x, y)AK T0 = 1 (15)Y�t. 1 3

B∗

n−i(x, y) = (−1)i−1
[

(xy)−λ
]i−1

Bn−i(x, y) (16)



162 x g b � 2011 <% (10) j (12) ZE, v+4/euX|a4A�Z4�= M(x, y) Y3
Bn−3Q

n−3(x, y) + · · ·+B1Q(x, y) +B0 = M(x, y)Qn−2(x, y) (17)Y� (16) Z31
B∗

n−3(Q
n−3(x, y))∗ + · · ·+B∗

1Q
∗(x, y) +B∗

0 = M∗(x, y)(Qn−2(x, y))∗ (18) )% (17), (18) 31
Bn−3Q

n−3(x, y)+Bn−5Q
n−5(x, y)+ · · ·+B1 =

1

2

(

M(x, y) + (xy)λM∗(x, y)
)

Qn−2(x, y) (19)

Bn−4Q
n−4(x, y)+Bn−6Q

n−6(x, y)+ · · ·+B0 =
1

2

(

M(x, y)− (xy)λM∗(x, y)
)

Qn−2(x, y) (20)� (15) Z.O (19), (20) v3<� 1 4 (4), (5) �", Y� (10) 31<�4�..xq 4. * U(x, y) \ 2× 2 4M&=, P U(x, y) K41V/eu a+ bx+ cy+ dxy �Z4A�Z, AK a, b, c, d uXa. 9 U(x, y) u}(AK�ZF�:

1) U(x, y) = 1
2

(

(1− cos θ)x + (1 + cos θ)y − sin θx+ sin θy

− sin θx+ sin θy (1 + cos θ)x + (1− cos θ)y

)

2) U(x, y) = 1
2

(

−(1 + cos θ)x− (1− cos θ)y − sin θx+ sin θy

− sin θx+ sin θy −(1− cos θ)x− (1 + cos θ)y

)

3) U(x, y) =

(

1− α+ αxy ∓
√
α− α2 −∓

√
α− α2xy

∓
√
α− α2 −∓

√
α− α2xy α+ (1− α)xy

)

4) U(x, y) =

(

−α− (1 − α)xy ∓
√
α− α2 −∓

√
α− α2xy

∓
√
α− α2 −∓

√
α− α2xy α− 1− αxy

)AK α, θ u�aE 0 < α < 1.�r. Y�<� 1 3
U(x, y) =

(

Q(x, y) + P11(x, y)− 1 −P01(x, y)

−P10(x, y) Q(x, y) + P00(x, y)− 1

)

(21)P U(x, y) K41V/eu�*X|a4A�Z, 9 P (x, y) K41V/e�"u�*X|a4A�Z, Q(x, y) u�*A�Z. %<� 1 4 (3) ZE:

2Q(x, y) = det(Q(x, y)I + P (x, y))

2Q(x, y) = Q2(x, y) + T1(P (x, y))Q(x, y) + det(P (x, y)) (22)$�I\^3
2xyQ(x, y) = Q2(x, y)− T1(P (x, y))Q(x, y) + det(P (x, y)) (23)?� (22), (23) 3: T1(P (x, y)) = (1− xy), �A.O (22) 3

Q2(x, y)− (1 + xy)Q(x, y) + det(P (x, y)) = 0v
Q(x, y) =

1

2

[

(1 + xy)±
√

(1 + xy)2 − 4 det(P (x, y))
]

(24)
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D�H0A�	�-�C\5^7 163P Q(x, y) uA�Z, E/Z Q∗(x, y) = (xy)−λQ(x, y), 9
(1 + xy)2 − 4 det(P (x, y)) = (a+ bx+ by + axy)2 (25)P P (x, y)K4/eu�*A�Z,E/Z P ∗(x, y)=−(xy)−λP (x, y)j T1(P (x, y)) = (1− xy),9

P (x, y) =

(

a1 + b1x− b1y − a1xy a2 + b2x− b2y − a2xy

a2 + b2x− b2y − a2xy (1− a1)− b1x+ b1y − (1− a1)xy

)

(26)G� (25) Z3 (i) p (ii)

(i) a = 0, b = ±1, a1 =
1
2 , a2 = 0, b1 =

1
2 cos θ, b2 = 1

2 sin θ,

(ii) a = ±1, b = 0, * a1 = α, a2 = ±
√
α− α2, b1 = 0, b2 = 0,AK α�θ u�aE 0 < α < 1.� (i) j (ii) .O (24) j (26) Z31�..sv 1. V U1(x, y), U1(x, y) u 2× 2 4G/�*M&�=, M , N u 4× 4 4&�=, *

A = M

(

U1(x, y)

U2(x, y)

)

N (27)9 A uM&�=.dn 2. * G(x, y) = 1
4X(

N
∏

i=1

Ai(x
2, y2))V , ;� X = (1, x, y, xy), Ai u (27) Z, i =

1, 2, · · ·N , V = (V1, V2, V3, V4) =













1 1 1 1

1 − 1 1 − 1

1 − 1 − 1 1

1 1 − 1 − 1













,9 G(x, y) =
(

g0 g1 g2 g3

) u����,�B[, AK g0 u8q4,�B, g1, g2, g3 u��,�B.�r. ~E�~.

3. u��oY�7o 1 �8
U1(x, y) =

1

2

(

(1− cos θ)x + (1 + cos θ)y − sin θx+ sin θy

− sin θx+ sin θy (1 + cos θ)x+ (1− cos θ)y

)

U2(x, y) =
1

2

(

−(1 + cos θ)x − (1− cos θ)y − sin θx + sin θy

− sin θx+ sin θy −(1− cos θ)x − (1 + cos θ)y

)

U3(x, y) =

(

1− α+ αxy ∓
√
α− α2 − ∓

√
α− α2xy

∓
√
α− α2 −∓

√
α− α2xy α+ (1− α)xy

)*
P1 =

1

2













1 1 1 −1

1 −1 1 1

1 1 −1 1

−1 1 1 1













, P2 =













1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0
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A1(x, y) = P1

(

U1(x, y)

U2(x, y)

)

P1

A2(x, y) = P1P2

(

U3(x, y)

U1(x, y)

)

P2P10 θ = π
2 , α = 1

2 W,

g0 =
1

4

(

1 x y xy
)

A2
2(x

2, y2)A2
1(x

2, y2)V1

=
1

16
(1 + y)x4(x3 + 2x4 + x5 + x2y4 − 2x3y4 + x4y4 − 4xy6 + 4x2y6 + 4y8)

g1 =
1

4

(

1 x y xy
)

A2
2(x

2, y2)A2
1(x

2, y2)V2

=
1

16
(y − 1)(x3 + 2x4 + x5 − x2y4 + 2x3y4 − x4y4 + 4xy6 − 4x2y6 − 4y8)

g2 =
1

4

(

1 x y xy
)

A2
2(x

2, y2)A2
1(x

2, y2)V3

=
1

16
(1 − y)(x3 + 2x4 + x5 + x2y4 − 2x3y4 + x4y4 − 4xy6 + 4x2y6 + 4y8)

g3 =
1

4

(

1 x y xy
)

A2
2(x

2, y2)A2
1(x

2, y2)V4

=
1

16
(1 + y)x4(−x3 − 2x4 − x5 + x2y4 − 2x3y4 + x4y4 − 4xy6 + 4x2y6 + 4y8)` l y z
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