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Abstract

In the polyphase domain, construction of orthogonal filter banks is equivalent to con-
structing paraunitary matrices, which leads to solving sets of nonlinear equations. By the
cayley transform of study, constructing paraunitary matrices is converted to constructing
para-skew-Hermitian matrices, which are much easier to solve, then constructing compactly
supported bivariate orthogonal wavelet filter banks based on the cayley transform, and one
example is also given.
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1. 5]

—HYEIEARIR AT AL O 2 N THE S AL PR R AR BE, 3 — 4 IE RS IR P S 4 i B A
Tk O R T AR ES AL RS P 2 B RN AT 7 B PIARRRY, BT — 4R IE AT RIS ALY
T BAFUR 3 PR AT 43 B ) TE A2 08 B 2 ok BB i A BE H B T KPR (B RO 75 18, 5 AT 4 B T 08
P ARAR L, ANAT 7 B K98 B AR B e SERI R ) T 1] AT SR i L. 72 2 AR B B A 3
TEAZUR RS S ALHY T4 3 05 14 B, A7 1 R B ) e I 38 v B My A 2 e AR L v SR e 1),
3 (6] A Cayley A4 77 018 T IEAZ DB AR AL M MEBT, AR SCHESC (6] FOFEA L, XF Cayley 48
B — P HOBEIT, W IX AR AT 07 P R P AR 3 FE 08 B S0 M I U LR AERE. A
SCAESR 2 Ry R T ZOu ST RSN BB B AS AL, AR5 3 F a4 T HA.

2. TR REIBIE/NKIEKBFEMIE

FEARICH, BAIH U Fom U W3EHHE, U £oR U EE, T FoRBAME odi(U) £
U WIPERERE, T = Tri(U) RonTiBE U WA @ Bir F 7N H.

AR JE 1, A /N B P — M 75 e 2 R0 AT (M RA), A T HEANAT 43 B i/ N,
N = RBES5H A

220 L2 (R?) W—ANRFIAF 230 {V}je. BRRA—DZ REESHT, WRW 2 TH& 8

1) V; CVjq1,] € 2

2) NV;={0},UV;=L(R);

Jj€z jE€=

3) flz,y) €V & f(22,2y) € Vjy1,J € 2,7,y € I

4) TFERREL o(v,y) € Vo, fRF {o( — .y — k) }iw 7 Vo BI—AIbRUEIE SRS

WIR AV, e Be— D240 MRA, WIXELEREL mo(€,m),€,m € R, 1%

X 6 o M HAEE, mo B RBERH o MORFSIEL 1 {0(c — .y — b)), e, IESS
PR 46

Imo(&,n)[* + [mo(€ +m,0) > + |mo(&n +m)* + [mo(€ + 7, + 7)) =1

FT LI @ IHE5 A mo. WR—ADZ=ALI mo(&,n) R _EHEFIRBR mo(1,1) =
L, R mo A—NIEAZRMKE K I8 RS, B mo(z,y), mi(z,y), ma(z,y), ms(z,y) &—IE
ANFIEPE B, X B 2 = e,y = e, B4 my(x,y),i=0,1,2,3 PN FFE&4E

mi(x, y)m; (@, y) + mi(=z, y)m;(—z,y) + mi(z, —y)m;(z, —y)+ (1)

{ imi(z,y)* + [mi(—z,y)* + [ma(z, —y)* + [mi(—z, —y)]* = 4,0 =0,1,2,3

HISCHR 1] 50, 2 mi(2,y) A =,y KZ T T

mi(z,y) = fi(@%y%) + zfi(2®,y?) + yfi(a®,v?) + zyfi(2?,y?),i=0,1,2,3 (2)
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1 1 1 1
dsme = | LS

1 2 3 f4
3 3 3 3
1 2 3 f4

FF*=FF=1 (3)

|

EX 1. % U A n B, K U = (uj(r,y), =% y=e ™ HUU =UU=1

NIFR U A n Br05 v R
EX 2. ¥ H A n BHERE H H = (Hyj(2,y), 2 = e %y = e, # H(z,y) =

—H(x,y), WFR H A n Bt e KRR FE.

LB AT, W3E EAZ IR A A SN TH ST B PE Uz, y), W05 BREBE AR 3 25 &
B BRI TR £ TH, BATET Cayley 224, AT HFE Uz, y) BB #HE KA
B H (x,y), 545055 FEA L, D7 RH ORI P 25 5 M) 3.

SI38 190, ¥ Uz, y) A n BrO5BRERE, H 1+ U(x,y) W35, WA BHERE U(z,y) # Cayley
A H(x,y) = ([ +U(z,y) " (I = Uz,y)), i H(x,y) A n PrOiREKRRFHERE.

3118 209, & H X n P 5RYEKEEERE, B 1+ H(x,y) 8133, MGGRYE AR H (2, y)
) Cayley HALHA Uz, y) = (I + H(z,y)) (I — H(z,y)), K Uz, y) A n Br45 AR

HH5(E 1A
adj( +U(z,y))

H(z,y) = I+ U(z,y) (I = Ul(z,y)) = det(I +U(n,y)

(I =U(z,y)) (4)

2

P(z,y) =2"""(adj(I + U(z,y)))I — U(z,y)), (5)
Q(z,y) =27 det(I + U(z,y)) (6)
BB UTER

HiL 1. # Pz,y), Q(z,y) S84 FEE XK (5) Fl (6) &, W Qz,v) = (xy) *Q(z, ),
P*(x,y) = —(zy) Pz, y), o A RHEE

ERR. (i) A
I+U(z,y) = I+ +H(zy) (- H(zy))
= (I+H(zy))" (I+H( v)+ U+ H@y) (- H(,y)  (7)
= 2+ Hix.y)"!
Jit EA
det(I + U(z,y)) = 2" det((I + H(z,y)) ") (8)
[
Q(z,y) = 27" det(I + U(z,y)) = 2(det(! + H(z,y))™") (9)
10}

Qe,9) = 2(det(I + H' (x,y))"") = 2[det(I — H(z,y))"],
-1

@G| =5 detr - H)),
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Fr A
Q(z,y) = (zy) *Q(z,y).
(i) A
P(,T,y) = Q(x,y)H(x,y),
P*(z,y) = Q(z,y) H (z,y) = —(zy) Q(x,y)H (z,y),
Fr A

P*(z,y) = —(zy) *P(a,y).
#iL 2. & P(x,y), Qz,y) 454 L& X (5) F1 (6) =L, W
2Q" Nz, y) = det(Q(z, y)I + P(z,y)).

HERR. AR (9) 5(

- e 2. = 2de P(z,y) -
Q(z,y) = 2det(I+ H(x,y)) 2d t([—i—Q( ))

= 2det (Q (=, y)(Q(xyI—l—P:z: Y) )

= 2det (Q(z,9)(Q(z,y)I + P(z,y)) ")

(
— 20" (2 y) det(Qla, >I+P<,>>1

B
2Q" ! (x,y) = det(Q(z, y)I + P(z,y)).

HER 3. 3 Ur,y) A n MATERERE, P(z,y), Qz,y) 2514 E i XK (5) Fl (6) X, U]

adj(Q(z,y)I + P(z,y))

Uizy) = Qn2(x,y)

- I

IERR. B4

(I+ H(z,y) =+

1 - -1
Q) Q7 @, y)(Q(z, y)I + P(x,y))]

= (Qz,y)I + P(z,y)) ' Q(x,y)
_ adj(Q,y) [+ P(z,y)) .
= 3t Qw 9)T + Pla,y)) Y
_ adj(Q(y)I + Pla,y)
2Q"2(z,y)

W (7) K
Ulz,y)=2(I+ H(z,y)) "' =1

_adj(Q@.y)l+ Plxy)) (10)

Q" 2(z,y)
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H LR A TSR0 T e 22
EIE 1. BAFRVEKREFERE H(2, y)nxn B Cayley Z¥A Ulx,y), H Uz,y) FHE
MIEENLRBZI N, FEBN RN LRBE TR M(x,y) fl P(z,y), 2T
Q(,y) MHHWEE T4 H:
1) Q*(z,y) = (xy) *Q(z,y);
2) P*(x,y) = —(zy) *P(z,y);
3) 2Q" ! (x,y) = det(Q(z,y)I + P(z,y));

D) 3 (T (Pl )P e )@ w) + 3 (ST s(Pla )P . )IQ"(w.1)

ot D Y Lo (Pl y) P @,y) = § (M@y) + (o) M (@,9)) Q" (. y);
5) 3 (C)Tasy (P ) P )@ ) + 3 (-1 Ty (Play) P, 0) Q" (o)
ot S 1P T (Pl P ) = (M) — ()M (2,9) @2(,0);

J

=0
W H(z,y) #) Cayley 34 U(z,y) A
U(,’E,y) = [(Q(:v,y) - 1)I+ TI(P(xvy))I - P(x,y) + M(xvy)]v (11)

MERA. e 1AL 2 g0, B 1,2 A0 (3) SURaZ. TFHEHER] (4) A (5), R4 (10) XA,
& Ulz,y) FREDITRAERBIOL T, W adj(Q(z, y)I + P(2,y)) REBEER Q" *(2,y),
A

a’dj(Q(Ia y)I + P(Ia y)) = anlQnil(xvy) + Bn*QQn72(Ia y) + e + BlQ(Ia y) + BO (12)

i}
det(Q(z, y)I + P(z,y)) = Q"(z,y) + T (P(z,4))Q" " (z,y) + Ta(P(z,y))Q" *(x,y)
A Too1 (P(,9)Q(,y) + To(P(z,y)) (13)
adj(Q(z,y)I + P(z,y))(Q(z,y)] + P(z,y)) = det(Q(x,y)I + P(z,y))I (14)

¥ (12), (13) RN (14), LB R B A
Bp_1=1,

Bn—lp(xay) + Bn—2 = Tl(P(xvy))Ia
Bn—2p(x7y) + Bn—S = TQ(P(LL',:(/))I,

B1P(x,y) + By = Ty—1(P(z,9))1,
BoP(z,y) = Tn(P(z,y))I = det(P(z,y))I,
ST, mi_ﬁj—wﬂljw@mwwawﬁ¢%—l (15)

R 1 | -
By _i(z,y) = (—1)"" [(zy) ] Bu-i(z,y) (16)
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1 (10) i1 (12) 350, BIFFAETCR AN SE R S T IRRE M (2, y) M5

Bn—3Qn73(x7 y) + -+ BIQ(xu y) + BO = M(CE, y)Qn72($7 y) (17)
¥R (16) K52
By 5(Q"(z,y))" + -+ + BiQ"(z,y) + Bg = M (2,y)(Q"*(z,y))" (18)

P (17), (18) 152

Bn—SQn_S(x7 y) +Bn—5Qn_5($7 y) +--+ B = (M(,T, y) + (xy)kM* (;Cv y)) Qn_2($7 y) (19)

Bn—4Qn_4(.’IJ, y) + Bn_GQn_6($, y) 4+ 4+ By =

N~ N

(M(2,y) = (xy)*M*(2,y)) Q" *(z,y) (20)

H (15) SURA (19), (20) BPFGEH 1 /9 (4), (5) MOL, 1RHE (10) B2 EH 4L,
IR 4. 2 U(z,y) £ 22 WUTRIE, 5 Ulz,y) FIIEAITRERN a+br + ey + doy B
HIZ T, KA a,b,c.d HEE W U(z,y) ATFFIHFIBAZ—

1) Uayy) =i E7eosOz+Arcostly  —sinfo+sinfy
—sinfz + sin Oy (1+cosf)x + (1 — cosO)y
2) Ulwy) =L [ ~LHeostr—(1-cosbly — sin 0z + sin Oy
— sinfr + sin fy —(1 =cosf)z — (14 cosb)y
3) U(z,y) 1—a+azy FVa—a? — Fva — a2y
T,y) =
’ FVa—a?—Fva—a’ry a+(1—a)ry
4) Uz,y) —a—(1—a)zy Va2 — FVa — a2y
z,y) =
! FVa—a? - FVa - a’zy oa—1—azxy

Hrh o, 0 AZHHO0<a <L
iERR. MR ER 115

Ule,y) = ( Q(z,y) + Pii(z,y) — 1 —Po1(z,y) ) (21)
7 —Pio(z,y) Q(z,y) + Poo(z,y) — 1

# Uz, y) PN RA— LRSI, W P(e,y) FEEA TR BN — KR
HMZIAK, Qz,y) A—WL T, dEB 1 1 (3) A

2Q(z,y) = det(Q(x, y)! + P(z,y))
2Q(z,y) = Q*(x,y) + T1(P(z,y))Q(z,y) + det(P(z,y)) (22)
B E LS
22yQ(z,y) = Q*(z,y) — T1(P(2,9))Q(z,y) + det(P(z,y)) (23)
HP (22), (23) fi: Ta(P(2,y)) = (1 — zy), BHAN (22) B
Q*(z,y) — (1 + zy)Q(z,y) + det(P(z,y)) = 0

Bp

Qay) = 5 [(1+ay) & VT +oy)? —4det(P(a, y)| (24)

1
2
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A Qz,y) AZT, HHE Q*(2,y) = (vy) " Q(z,y), M

(14 2y)? — 4det(P(z,y)) = (a + bx + by + ary)? (25)
% Ple,y) PTEEA—UETR, BWE P*(r,y)=—(29) > Ple, ) BT (P(2,9) = (1 - 21),
P
Pla,y) = a1+ bix — by — arxy as + box — boy — asxy (26)
ag 4+ box — boy —asxy (1 —a1) —bix+ b1y — (1 —ar)zy
Kt (25) A (1) B (i)
(i)a:(),b::l:l,al 2,0,2—0 bl —C089 bQ 2sin9,
(i) a=4+1,b=0, & a1 = a,a2 = +vVa — a2,b; = 0,by = 0,
Hh o, 0 4ZFHE O0<a < 1.
¥ (i) 1 (i0) RN (24) 0 (26) XA EIE5L.

U2($7y)
] A 75 7 R

N

1 -1 1-1

1 -1-11

1 1-1 -1
WGy = (g o g o5 ) AERAGAEBEAL HoF g0 HIRERIERE, 91,02, 95 H
AN

1527"'N7V:(V17‘/25‘/3;V4):

)

I
—
—_
—
—

IERR. 5 W
3.5 #l
MR 1
Uy 1 ( (1 =cosf)x+ (1 +cosb)y —sinfz + sin By
z -
v) S 2 — sinfz + sin Oy (1 4+ cos@)x + (1 —cosB)y
1 ( —(1+cosf)r — (1 —cosb)y —sinfx 4+ sin Oy
"2 — sin 6z + sin Oy —(1—cosf)x — (1 + cosf)y
1—a+ azxy FVa—a? — FVa — alxy
FVa—a? — FVa - alxy a+ (1—a)zy
2
1 1 1 -1 1 0 0 0
1 1 -1 1 1 0 0 01
b= Py =
1 1 -1 1 0 010
-1 1 1 1 01 00
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Ui(zx,
Ai(z,y) =P 1) Py
Uz(,y)
Us(z,y
As(z,y) = PP 3(®9) PP
Ur(z,y)
b _ T _ 1
J:ll 0= Eaa ) Nu
1
9 = 3 (1 ¢ v ay ) A3 DAE2 P
1
= I+ y)a(@® + 20" + 0 + 2%y — 2" + oy — day® + 40y + 4yF)
1 20,2 .2 20,2 2
o= 1( Loz y ay )Az(w y7) AL (%, y7)Ve
1
= E(y —1)(2® + 22" + 2° — 2%yt + 22%y* — 2tyt + day® — 42y — 4y)
1 20,2 2\ A2(,.2 2
g2 = 1( Loy wxy )A2(33 y7) AL (2%, y7) Vs
1
= E(l )@ 4 20 20+ 2Pyt — 203yt oyt — dwy® 4 4e?yS 4+ 4y0)
1 20,2 ,2 20,2 .2
g = (1 = y ay )Az(:v Y )AL (@7, y7)Va
1
= E(l + )t (=2 — 22t — 2 4+ 2%yt — 223yt + 2yt — dayS + 425 + 498)
S % X M
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