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Abstract

In this paper, the authors investigated the numerical stability of Heun methods for

nonlinear stochastic delay differential equations. When the analytical solution satisfies the

conditions of mean-square stability, and if the drift term satisfy some restrictions, then the

Heun methods with linear interpolation procedure is exponential mean-square stable and

GMS-stable, the Heun methods is mean-square stable(MS-stable). Moreover, these results

are also verified by some numerical examples.
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1. .!!/
"0&%'#($%&)1%'(*)+,&, 2'-*3(3+(.4,5, /-(,

&./03(3+, 6123)(%'0+*40 Euler-Maruyama%'+ Milstein %', ,

5-71.67 [1-11] /08(1167, 2" Heun %'(,&892*:,(67.

Heun%'3903($%&8()1%', "0&%3($%&(,&2:(6704
+., 4;;5(: 2001 6 L.Grüne + P.E.Kloeden 2<(5= [12], 3)7 Heun %'(
6>+/0<8+. 090=:67" Heun %'=:>7,&.

86?@"4A>9;B(:C+&%'#($%& Heun %'()1*)+<>D:
?@(E3. FG;<:C+&%'#($%&<=1>%A)*)+>%?@*)(=$
HA, &9B;<)1%'(>%A)*)>MS- *)>GMS- *)(?B. C"08>D
Heun %', C-7 Heun %'1 MS- *)(>@=$HA, AC+B1( Heun %'1>%
A)*)(+ GMS- *)(=$HA. 6D;<()1?IIE72-(:,E).

2. FGHI
J (Ω,F , {Ft}t≥0, P ) 1KC(?FGH, IJ {Ft}t≥0 JKL3HA, KML1ÆMN

(NO>@ Ft DEF2:(<?FP. 1QOR>P:C+&%'#($%&{
dX(t) = f(t,X(t), X(t− τ))dt+ g(t,X(t), X(t− τ))dW (t), t ≥ 0,

X(t) = ϕ(t), −τ ≤ t ≤ 0,
(2.1)

08 W (t) 1>P Brown LGÆHM Wiener I&, NQ f : [0,+∞) × R × R → R +

g : [0,+∞)×R×R → R =$JSNJKORHA∣∣f(t,X, Y )− f(t, X̄, Ȳ )
∣∣ ≤ L(|X − X̄|+ |Y − Ȳ |),∣∣g(t,X, Y )− g(t, X̄, Ȳ )
∣∣ ≤ L(|X − X̄|+ |Y − Ȳ |), ∀ t ≥ 0, X, Y, X̄, Ȳ ∈ R, (2.2)

+
|f(t,X, Y )|2 ≤ K(1 + |X |2 + |Y |2),
|g(t,X, Y )|2 ≤ K(1 + |X |2 + |Y |2), ∀ t ≥ 0, X, Y ∈ R, (2.3)

08 L,K >A3), L3 (2.2) KA Lipschitz HA, (2.3) KAC+OLHA. M;%& (2.1)

NPR>T= X(t). SO, P f(t, 0, 0) = 0, g(t, 0, 0) = 0, ;, M;%& (2.1) :<=.

QR 2.1. T/"0U?( ε > 0, NP δ > 0, P ‖ϕ‖ := sup
−τ≤s≤0

|ϕ(s)| < δ ;, "0>U
t ≥ 0 :

E(|X(t)|p) < ε (2.4)

QNNP δ0 > 0, V-"0>UJK ‖ϕ‖ < δ0 (R1S) ϕ, :
lim
t→0

E(|X(t)|p) = 0 (2.5)

.V, SW p ∈ Z+, TWLK%& (2.1) (<=1 p XY?@*)(. SOT, T/ p = 2, T
WLK%& (2.1) (<=1>%?@*)(.
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QU 2.1[8]. T/NP>@V) a, V-"U?( (t,X) ∈ [0,+∞)×R, :
Xf(t,X, 0) ≤ −aX2 (2.6)

NNP:UY) α0, α1, β0, β1, V-"0U?( t ≥ 0, X, X̄, Y ∈ R, :∣∣f(t,X, 0)− f(t, X̄, Y )
∣∣ ≤ α0|X − X̄|+ α1|Y | (2.7)

+

g2(t,X, Y ) ≤ β0X
2 + β1Y

2 (2.8)

.V. P p ≥ 2 ;, T/

a > α1 +
p− 1

2
(β0 + β1) (2.9)

T%& (2.1) (<=1 p XYA)*)(. K"0U?(R1S) ϕ, DNPW3) λ > 0 +

C > 0, V-
E(|X(t)|p) ≤ CE(‖ϕ‖p)e−λt, t ≥ 0. (2.10)

XY 2.1[8]. T/%& (2.1) JK)[ 2.1 8(HA, T%&(<=1>%?@*)(.

3. Z[ Heun \]
FG\V]W>O Heun %'Z=&%($%&{

dX(t) = f(t,X(t))dt+ g(t,X(t))dW (t), t ≥ 0,

X(0) = X0.
(3.1)

6> Heun %'TO:

Xk+1 = Xk +
1

2
[f(tk, Xk)+ f(tk+1, Xk +hf(tk, Xk))]h+ g(tk, Xk)ΔWk, k = 0, 1, 2, · · · , (3.2)

SW7L h > 0, tk = kh,Wiener O^ ΔWk = W (tk+1) −W (tk) 1>RXY N(0, h) V[$
ZN:_[V(&%\^,Xk A=\= X(tk) :^()1=, K Xk ≈ X(tk).

Heun %'^_0&%'#($%& (2.1) -⎧⎪⎨
⎪⎩

H1,k = 1
2 [f(tk, Xk, X̄k) + f(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1)],

H2,k = g(tk, Xk, X̄k),

Xk+1 = Xk +H1,kh+H2,kΔWk,

k = 0, 1, 2, · · · , (3.3)

SW X̄k A X(tk − τ) :^(Æ@1, M-`_ {Xl}l≤k+1 (1P] t = tk − τ ^:]S)(
B1-*.

" X̄k :]C+B1, a τ = (m− μ)h, 08V`) m > 1, μ ∈ [0, 1), )@
X̄k = μXk−m+1 + (1− μ)Xk−m, (3.4)

SWP l ≤ 0 ;, : Xl = ϕ(lh).

A7_^(%`, FGP2:67(ba_;<OR)@:

QR 3.1. T/NP3) h0 > 0, V-Pc$7L h < h0 N h = τ
m ; (m AV`)), d

D)1%'^_0%& (2.1) 2-*()1= {Xk} e:
lim
k→∞

E|Xk|2 = 0,

TKb)1%'1>%*) (MS- *)) (.
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QR 3.2. T/NP3) h0 > 0, V-P7L h < h0 ;, dD)1%'^_0%& (2.1)

2-*()1= {Xk} e:
lim
k→∞

E|Xk|2 = 0,

TKb)1%'1 GMS- *)(.

QR 3.3. T/NPV3) C1, C2 + h0, V-P7L h < h0 ;, dD)1%'^_0%
& (2.1) 2-*()1= {Xk} JK

E|Xk|2 ≤ C1E(‖ϕ‖2)e−C2kh,

TKb)1%'1>%A)*)(.

4. abcdefg
A73)%`, WL"%& (2.1) <7OfJ:

(H1) NP>@V) a, V-"U?( (t,X) ∈ [0,+∞)×R, :
Xf(t,X, 0) ≤ −aX2; (4.1)

(H2) NP:UY) α0, α1, β0, β1, γ0, γ1, V-"0U?( t ≥ 0, X, X̄, Y ∈ R, e:∣∣f(t,X, 0)− f(t, X̄, Y )
∣∣ ≤ α0|X − X̄|+ α1|Y | (4.2)

+

g2(t,X, Y ) ≤ β0X
2 + β1Y

2, f2(t,X, Y ) ≤ γ0X
2 + γ1Y

2 (4.3)

.V;

(H3) 3) ρ JK
ρ = −a+ α1 +

1

2
(β0 + β1) < 0, (4.4)

(H4) %&

[α0(1 + γ0 + γ1) + 2(γ0 + γ1) + 2γ0(α1 − a)x+ γ0(γ0 + γ1)x
2]x+ 2ρ = 0 (4.5)

(h`VYc1 x0.

A_^%`, O68iaTOgh:

h0 = min

(
x0,

−1

ρ
, τ

)
.

QU 4.1. T/%& (2.1) JKfJHA (H1), (H2), (H3) + (H4), TAC+B1 (3.4)

( Heun %' (3.3) 1>%A)*)(, 087L(*)4jA h < h0.

kl. mA τ = (m− μ)h, 27n%' (3.3) -

Xk+1 = Xk +H1,kh+H2,kΔWk. (4.6)

_bidc;j%-

X2
k+1 = X2

k +H2
1,kh

2 +H2
2,k(ΔWk)

2 + 2XkH1,kh+ 2XkH2,kΔWk + 2hH1,kH2,kΔWk.

(3.7)

BckHA (H1) / (H2) -

Xkf(tk, Xk, X̄k) = Xk[f(tk, Xk, X̄k)− f(tk, Xk, 0) + f(tk, Xk, 0)]

≤ Xk[f(tk, Xk, X̄k)− f(tk, Xk, 0)]− aX2
k

≤ α1|Xk||X̄k| − aX2
k

≤ α1

2 (X2
k + X̄2

k)− aX2
k = (α1

2 − a)X2
k + α1

2 X̄2
k .

(3.8)
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+
Xkf(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1)

= Xk[f(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1)− f(tk, Xk, 0) + f(tk, Xk, 0)]

≤ Xk[f(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1))− f(tk, Xk, 0)]− aX2
k

≤ |Xk|(α0h|f(tk, Xk, X̄k)|+ α1|X̄k+1|)− aX2
k

≤ α0h
2 ((1 + γ0)X

2
k + γ1X̄

2
k) +

α1

2 (X2
k + X̄2

k+1)− aX2
k

= [ 12α1 − a+ 1
2α0h(1 + γ0)]X

2
k + 1

2α1X̄
2
k+1 +

1
2γ1α0hX̄

2
k .

(4.9)

n (4.8) + (4.9) -

XkH1,k = 1
2

[
Xkf(tk, Xk, X̄k) +Xkf(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1)

]
≤ 1

2 [α1 − 2a+ 1
2α0h(1 + γ0)]X

2
k + 1

4α1X̄
2
k+1 +

1
4 (α1 + γ1α0h)X̄

2
k .

(4.10)

ckHA (H2) + (4.8) -

H2
1,k = 1

2

[
f2(tk, Xk, X̄k) + f2(tk+1, Xk + hf(tk, Xk, X̄k), X̄k+1)

]
≤ 1

2

[
(γ0X

2
k + γ1X̄

2
k) + γ0[Xk + hf(tk, Xk, X̄k)]

2 + γ1X̄
2
k+1

]
≤ 1

2

[
γ0(2 + γ0h

2 + α1h− 2ah)X2
k + [γ0(γ1h

2 + α1h) + γ1]X̄
2
k + γ1X̄

2
k+1

]
.

(4.11)

ckHA (H2) :
H2

2,k = g2(tk, Xk, X̄k) ≤ β0X
2
k + β1X̄

2
k . (4.12)

l (4.10)>(4.11) o (4.12) ea (4.7), c;id/).5d-

EX2
k+1 ≤ [1 + (α1 − 2a)h+ 1

2 (α0 + α0γ0 + 2γ0)h
2 + γ0

2 (α1 − 2a)h3 + 1
2γ

2
0h

4]EX2
k

+ 1
2 (α1h+ (α0 + 1)γ1h

2 + γ0α1h
3 + γ0γ1h

4)EX̄2
k

+ 1
2 (α1h+ γ1h

2)EX̄2
k+1 + (β0E[(ΔWk)

2X2
k ] + β1E[X̄2

k(ΔWk)
2])

+2E(XkH2,kΔWk) + 2hE(H1,kH2,kΔWk).

(4.13)

n0 E(ΔWk) = 0, E[(ΔWk)
2] = h N=eR {Xk} D1 Ftk -f(, mM

E[(ΔWk)
2X2

k ] = hEX2
k , E[X̄2

k(ΔWk)
2] = hEX̄2

k ,

E[XkH2,kΔWk] = 0, E[H1,kH2,kΔWk] = 0.
(4.14)

Bck (3.4) p
X̄i = μXi−m+1 + (1− μ)Xi−m, i = k, k + 1.

_bidj%Q`_ Cauchy 4gb--

X̄2
i = (μXi−m+1 + (1− μ)Xi−m)2

≤ (μ+ (1 − μ))(μX2
i−m+1 + (1− μ)X2

i−m)

= μX2
i−m+1 + (1 − μ)X2

i−m, i = k, k + 1.

_bid/).5d-

EX̄2
i ≤ μEX2

i−m+1 + (1 − μ)EX2
i−m, i = k, k + 1. (4.15)

l (4.14) o (4.15) ea (4.13) -

EX2
k+1 ≤ [1 + (β0 + β1 + 2α1 − 2a)h+M(h)h2]Sk (4.16)

08
M(h) =

1

2
[α0(1 + γ0 + γ1) + 2(γ0 + γ1) + 2γ0(α1 − a)h+ γ0(γ0 + γ1)h

2],
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Sk = max{EX2
k , EX2

k+2−m, EX2
k+1−m, EX2

k−m}.
ckHA (H4) p, P h < x0 ;, :

M(h)h+ ρ < 0. (4.17)

mV (4.17) +HA (H3) `[ (4.16) -

EX2
k+1 ≤ (1 + ρh)Sk, h < h0. (4.17)

hf--
EX2

k+1 ≤ (1 + ρh)c(k+1)S0, h < h0. (4.18)

08 c(·) _g/`S), K c(k + 1) =
[
k+1
m

]
, mM

E|Xk|2 ≤ E(‖ϕ‖2)e−ρc(k)h, h < h0 (4.19)

i)[-E.

qj_^EnI&, Qa k → +∞, T--ORE).

QU 4.2. T/%& (2.1) JKfJHA (H1), (H2), (H3) + (H4), TAC+B1 (3.4)

( Heun %' (3.3) 1 GMS- *)(, 087L(*)4jA h < h0.

P μ = 0 ;, KhoiTjrpkEnI&ck.V, mMsp;<ORE).

QU 4.3. T/%& (2.1) JKfJHA (H1), (H2), (H3) + (H4), T Heun %' (3.3)

1 MS- *)(, 087L(*)4jA h < h0.

5. abtu
1QOR?I%&{
dX(t) = (−4X(t) + sinX(t− 1)X(t− 1))dt+ (X(t) +X(t− 1))dW (t), t ≥ 0,

X(t) = t+ 1, −1 ≤ t ≤ 0,
(5.1)

jrIE%& (5.1) DJKHA (H1),(H2) + (H3), 08(3)$OTO:

a = α0 = 4, α1 = 1, β0 = β1 = 2, γ0 = 17, γ1 = 2

N

ρ = −a+ α1 +
1

2
(β0 + β1) = −1 < 0,

ck (H4) -%&
(323x2 + 170x+ 118)x− 2 = 0,

)1Z=--
x0 = 0.0165.

ick)[ 4.1-4.3 (E)pP7L
h < h0 = x0 = 0.0165

;, AC+B1 (3.4) ( Heun %' (3.3) 1 GMS- *)(>>%A)*)+ Heun %' (3.3)

1 MS- *)(. A7lmTsn[=_^E), WL$O77L
h = 0.0015, 0.0135,
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`_ Heun %' (3.3) "%& (5.1) (= X(t) :])1qr, -*@ 5.1 +@ 5.2, -72*A
C+B1 (3.4) ( Heun %' (3.3) 1 GMS- *)(. &9B$O77L

h = 2−6, 2−5,

`_ Heun %' (3.3) "%& (5.1) (= X(t) :])1qr, -*@ 5.3 +@ 5.4, -72*
Heun %' (3.3) 1 MS- *)(.

@ 5.1 v@ 5.4 ln7P7L h JK4jHA;, sopE Heun %' (3.3) 1)1*)
(. P7L h4JK4jHA;, t4>)spE Heun %' (3.3)1*)(, Ou$O77L

h = 0.15, 0.5,
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`_ Heun %' (3.3) "%& (5.1) (= X(t) :])1qr, -*@ 5.5 +@ 5.6, @ 5.5 _n
%'1)1*)(, 2@ 5.6 nln%'14*)(.

@ 5.5 +@ 5.6 :>7_n7868"07L h 4jHA1s4po(, St?pWP
7L4JK:^(4jHA;, 04vt)1E/squs4m()1=. mM2;<(H
A1 Heun %' (3.3) )1*)(>@=$HA.

wx: PM=4SOvrswtuv(x7, wx2Nyy(swz864wT-*x
_. c;vrzy({z5=.
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