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Abstract

A numerical model for a two-dimension unsaturated soil water flow equation is estab-

lished with a finite volume element method. The existence and uniqueness of its discrete

finite volume element solutions are proved, and the error estimates of the discrete finite

volume element solutions are analyzed. And finally, a numerical example is given. More-

over�it is also shown by numerical example that the finite volume element method to solve

two-dimensional unsaturated soil water problem is reliable, stable and practical.
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1. ����

�����������������, �� !" ��#������. ��#�
����� �$!! "%&'"###��!!$%"( !$"#. $ ��!$�
�)%& - ��*�#&$+,'�(%�'�)( !$�(&. (��*�#�-'(
., )� �$!�%&/� [1,2]. )��#���*!'+*!" �,-�(.�%"
[3], +)�/001�*+2, 0,,-131. %., /+�$0�)**12-1��#
��%". 45 [3] ) 62�%033)�7#47���������**1, 5+, 
62�0(64856��7*7 .8, 92:(9 , ;<�45 [4] �$-) 6=:

.0 (;#2�0) </)�7��#������**'0, =8) 62�0�19&:
;) 62�0-'��<-, >2/>  62�0;=3:;�04??>5. 6), @

@7;)1, 89A: ) 6=:.%0 [5] ;?<47��#���������@. %

., A4) 6=:.%0;**-147��#�����'+.

A4B=CDEAB>1?��C@B��AB###F@CD��C2D��AB�
������. G>��H0!IC>-, DE z 3C4C#, x 3�FC5&Q(x, z, t)  t

2J9 (x, z) ?���*�#. 6K@ Darcy >56GE-7<, 47��#�����!"
 #"�'+%" [3,6]:

∂Q

∂t
=

∂

∂x

(
D(Q)

∂Q

∂x

)
+

∂

∂z

(
D(Q)

∂Q

∂z

)
− ∂K(Q)

∂z
+ Sr, (1.1)

$� Q(x, z, t) DF=:*�#, −Sr �KGH�#, K(Q)  �!EFG*, D(Q) ����

AB#. ���!EFG* K #���AB# D ' Q �LGH#:⎧⎪⎪⎨
⎪⎪⎩

K(Q) = Ks

(
Q

Qs

)2b+3

;

D(Q) = −bKsψs

Qs

(
Q

Qs

)b+2

;Qr ≤ Q(z, t) ≤ Qs,

(1.2)

$� Qs # Qr �GDF�����#*�##H8*�#, )D 0 < Qs < 1, �#�EF#

Ks, �07* b #�#���I ψs H'�0"M L. J6, K(Q)&
∂K(Q)

∂Q
,
∂K(Q)

∂z
,

D(Q) #
∂D(Q)

∂Q
� 4�, EI�J* K1 # K2 I,

K1 ≤ K(Q),
∂K(Q)

∂Q
,
∂K(Q)

∂z
,D(Q),

∂D(Q)

∂Q
≤ K2. (1.3)

#"33%" (1.1) �>185:

(1) KJ85
Q(x, z, 0) = Q0, (1.4)

$� Q0  KJ*�#.

(2) 6485 ⎧⎪⎨
⎪⎩

Q(0, 0, t) = Qs, t ∈ [0, T ];

Q(L, z, t) = Q0, L→ ±∞, t ∈ [0, T ];

Q(x,M, t) = Q0, M → ±∞, t ∈ [0, T ],

(1.5)

$� Q0  KJ*�#, Qs  �#*�#.
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2. 9:;<=>?@AB:C

 N,<M�3, GE(.>1 Ω � R2 ���KOOP�DQ � 4>1, D� Ω

�64 ∂Ω N, *�#:; Q0 ='. +45 [4,5,7] �E,  6=:.0�RALM�(-1
>1 Ω $OSBP� Th #(QP� T ∗

h , 6TMF Th N�NOU*VW Uh( 6.VW) #

T ∗
h N�XPU*VW Vh, P);# Galerkin %0-2Q1 Qh ∈ Uh. GJ)�(QP� 
2R(QP�!!R(QP�#!R:R(QP�. A4Q)!R(QP�.

( Ω $OSSYP�, ; OS<.�Z[\ Th, h  �SOS<.�G 6R, ]

(^Æ6�OS<.�!R Q 6^Æ6N��9 M TSG", 6,-(Q<.. ; (Q
<.MT�(QP�\ T ∗

h , < Ω∗
h DF(QP��,9 Q �Z[. Ωh DFP� Th �,

9Z[, Ω̇h = Ωh \ ∂Ω  P� Th �?,9Z[. KQ DF< Q  !R�OS<.. K∗
P0
D

FDT P0 �(Q<.. EP� Th # T ∗
h �H6�, EI� θ0 > 0 IU�OS<.�?S

θ ∈
[
θ0,

π

2

]
, DP��0HI�, EI�' h UL�HJ* β1 # β2, I,U��OSB<.

�": SKQ(_ SQ) #U��(Q<.�": SK∗
P0
&̀ VD=$W:

β1h
2 ≤ SKQ , SK∗

P0
≤ β2h

2. (2.1)

X U0h  :J, Th ��S.VW, DVD#Y85: ( ∀uh ∈ U0h,

i) uh ∈ C(Ω), uh|∂Ω = 0;

ii) uh|K ∈ P1&E uh �U�OSB<. K ∈ Th N�L, x, z ��SUVW, WXZ+

K �O�V9N�*Y�[>.

'?W,9 P0 :J�RU* φP0 (x, z) ∈ U0h VD:

φP0(Pi) =

{
1, Pi = P0,

0, Pi �= P0,
Pi ∈ Ω̇h. (2.2)

\NOU*VW Uh = {uh|Ω\∂Ω ∈ U0h;uh|∂Ω = Q0}&(]� uh ∈ Uh, � Ω ?WH�D
F :

uh(x, z) =
∑

P0∈Ω̇h

uh(P0)φP0 (x, z), (x, z) ∈ Ω\∂Ω. (2.3)

P\XPU*VW Vh = {vh|vh �U�(Q<. K∗
P0

∈ T ∗
h N�J*, D vh|Ω\ ⋃

P∈Ω̇h

K∗
P
=

0}, DXPU*VW�RU*�DF 

ψP0(x, z) =

{
1, (x, z) ∈ K∗

P0
,

0, (x, z) ∈ Ω\K∗
P0
,

∀P0 ∈ Ω̇h. (2.4)

J6, Uh ⊂ H1(Ω)
⋂
C(Ω), D dimUh=dimVh.

(,]"� u ∈ U ≡ H1(Ω)
⋂
C(Ω), X Π∗

hu � u ∈ U ZXPU*VW Vh �X*[(,

E

Π∗
hu =

∑
P0∈Ω̇h

u(P0)ψP0 . (2.5)
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/E Πhu � u ∈ U �NOU*VW Uh ��X*[(. + Sobolev VW�X*12-0, (
∀u ∈ H2(Ω),  #Ya-W:

(a) |u−Πhu|m ≤ Chk−m|u|k, m = 0, 1, k = 1, 2,

(b) ‖u−Π∗
hu‖0 ≤ Ch‖u‖1.

(2.6)

(]"� u, v, w ∈ H1(Ω)&uh ∈ Uh # vh ∈ Vh, >#\,-BW:

D(w;u, v) =

∫
Ω

D(x, z, w(x, z))∇u∇vdxdz;

D∗(w;uh, vh) =
∑

P0∈Ω̇h

vh(P0)D
∗(w;uh, ψP0),

$� D∗(w;uh, ψP0) = −
∫
∂K∗

P0

D(x, z, w(x, z))∇uh · �nds&�n  64 ∂K∗
P0
�<]20C4.

,��� (1.1) �;#1BW : - Q(t) ∈ H1(Ω), DVD Q|∂Ω = Q0, I, ∀t ∈ (0, T ),

 ⎧⎨
⎩
(
∂Q

∂t
, v

)
+D(Q;Q, v) =

(
Sr − ∂K(Q)

∂z
, v

)
, ∀v ∈ H1

0 (Ω);

Q(x, z, 0) = Q0, (x, z) ∈ Ω̄.

(2.7)

( ∀u ∈ H1(Ω), K^:J, (2.7) �;# Ritz [('& R∗
h(t) : H

1(Ω) → Uh&0 ≤ t ≤ T&
VD:

D∗(Q;u−R∗
hu, vh) = 0, ∀vh ∈ Vh, (2.8)

$� Q  �� (1.1) �;#1.

�� (1.1) �Y_B 6=:.YW : - Qh ∈ Uh&I,⎧⎨
⎩
(
∂Qh

∂t
, ψP0

)
+D∗(Qh;Qh, ψP0) =

(
Sr − ∂K(Qh)

∂z
, ψP0

)
, ∀P0 ∈ Ω̇h;

Qh(x, z, 0) = R∗
hQ0, (x, z) ∈ Ω̄,

(2.9)

$�

D∗(Qh;Qh, ψP0) = −
∫
∂K∗

P0

D(x, z,Qh)∇Qh · �nds

=

∫
∂K∗

P0

(
−D(x, z,Qh)

∂Qh

∂x
dz +D(x, z,Qh)

∂Qh

∂z
dx

)
,

(
Sr − ∂K(Qh)

∂z
, ψP0

)
=

∫
K∗

P0

(
Sr − ∂K(Qh)

∂z

)
dxdz.

�] (2.9) b^ #YBW:⎧⎨
⎩
(
∂Qh

∂t
, vh

)
+D∗(Qh;Qh, vh) =

(
Sr − ∂K(Qh)

∂z
, vh

)
, ∀vh ∈ Vh;

Qh(x, z, 0) = R∗
hQ0, (x, z) ∈ Ω̄,

(2.10)

$�

D∗(Qh;Qh, vh) =
∑

P0∈Ω̇h

vh(P0)D
∗(Qh;Qh, ψP0),
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(
Sr − ∂K(Qh)

∂z
, vh

)
=
∑

P0∈Ω̇h

vh(P0)

(
Sr − ∂K(Qh)

∂z
, ψP0

)
.

3.  L�M=NOPQ
_`,  )R`�a$, � Uh �Kc_B�a'!Y'#Z':

( ∀uh ∈ Uh,

||uh||0,h =

( ∑
K∈Th

|uh|20,h,K
) 1

2

, (3.1)1

|uh|1,h =

( ∑
K∈Th

|uh|21,h,K
) 1

2

, (3.1)2

||uh||1,h =
(||uh||20,h + |uh|21,h

) 1
2 , (3.1)3

$� K = KQ = �PiPjPk&|uh|0,h,K =

[
1

3
(u2i + u2j + u2k)SQ

] 1
2

,

|uh|1,h,K =

{[(
∂uh(Q)

∂x

)2

+

(
∂uh(Q)

∂z

)2
]
· SQ

} 1
2

.

#"K^d�!$K< (7e [4,5,8-10]):

ST 3.1. ( (2.8) >#�;# Ritz [('& R∗
h, ( H#�-0:

a) ‖u−R∗
hu‖1 ≤ Ch‖u‖2;

b) ‖u−R∗
hu‖0 ≤ Ch2‖u‖3;

c) ‖(u−R∗
hu)t‖1 ≤ Ch‖u‖1,2,2;

d) ‖(u−R∗
hu)t‖0 ≤ Ch2‖u‖1,3,2,

(3.2)

$� ‖u(t)‖k,s,p =

k∑
j=0

{
‖∂

ju

∂tj
‖s,p +

∫ t

0

‖∂
ju

∂tj
‖s,pdτ

}
, t ∈ [0, T ], Hf u(t) VD u(t) ∈ Hk

(0, T ; W s,p(Ω)) =

{
u ∈ W s,p(Ω);

∂ju

∂tj
∈ L2(0, T ;W s,p(Ω)), j = 0, 1, · · · , k

}
.

ST 3.2. | · |1,h ' | · |1 �U; ‖ · ‖0,h # ‖ · ‖1,h �G' ‖ · ‖0 # ‖ · ‖1 $g, E( ∀uh ∈ Uh&
I�' h UL�HJ* C1, C2, C

′
1 # C′

2, I,

|uh|1,h = |uh|1; (3.3)1

C1‖uh‖0,h ≤ ‖uh‖0 ≤ C2‖uh‖0,h; (3.3)2

C′
1‖uh‖1,h ≤ ‖uh‖1 ≤ C′

2‖uh‖1,h. (3.3)3

ST 3.3. ( ∀uh, wh ∈ Uh,  

(1) (uh,Π
∗
hwh) = (wh,Π

∗
huh),
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(2) X |||uh||| = (uh,Π
∗
huh)

1
2&6 |||uh||| # ||Π∗

huh||0 H' ‖uh‖0 $g, EI�' h UL�H
J* C3&C4&C′

3 # C′
4, I,

C3‖uh‖0 ≤ |||uh||| ≤ C4‖uh‖0,

C′
3‖uh‖0 ≤ ||Π∗

huh||0 ≤ C′
4‖uh‖0.

ST 3.4. E; OS<.�?S*=Zh
π

2
, DI� θ1 ∈

(
0,
π

2

)
, IOS<.�?S θ

*=b, θ1 2, \,-BW D∗(·; ·, ·) H>D 4, E( ∀q ∈ H1(Ω), uh, wh ∈ Uh, *I�'
h UL�HJ* α&M , VD

a) D∗(q;uh,Π∗
huh) ≥ α‖uh‖21;

b) |D∗(q;uh,Π∗
hwh)| ≤M‖D(q)‖0,∞ · ‖uh‖1 · ‖wh‖1.

(3.4)

ST 3.5. ( ∀p, q ∈ H1(Ω), uh, wh ∈ Uh, T/H#a-W:

|D∗(q;uh, Π∗
hwh)−D∗(q;wh, Π

∗
huh)| ≤ Ch||uh||1 · ||wh||1; (3.5)1

|D∗(p;uh, Π∗
hwh)−D∗(q;uh, Π∗

hwh)| ≤ C|uh|1,∞ · (||p− q||0 + h||p− q||1) · ||wh||1. (3.5)2

!. �K< 3.4 #K< 3.5 �, O\,-BW D∗(·; ·, ·) �G*i $WU*T, "Mb6

T/.

VT 3.1. �� (2.10) I�c��1 Qh ∈ Uh.

WX. i) I�-. +,�� (2.10) # (2.9) $g, jYaR` (2.9) 1�I�-.

� (2.9) �&X Qh =

⎧⎨
⎩

n∑
j=1

Qj(t)φj(x, z), (x, z) ∈ Ω

Q0, (x, z) ∈ ∂Ω

, 6 (2.9) �^ 

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

n∑
j=1

dQj(t)

dt
(φj , ψi) +

n∑
j=1

Qj(t)D
∗(Qh;φj , ψi) =

(
Sr − ∂K(Qh)

∂z
, ψi

)
,

i = 1, . . . , n;

Qh(x, z, 0) =
n∑

j=1

αjφj(x, z),

(3.6)

$� φj(x, z) Uh �:J,P�?,9 Pj �RU*, ψj(x, z) Vh �:J,P�?,9 Pj

�RU*, n  P��?,9�*, Qj(0) = αj , j = 1, . . . , n  )E.

X M = ((φj , ψi))n×n&Q(t) = (Q1(t), . . . , Qn(t))
T&N(Q) = (D∗(Qh;φj , ψi))n×n&

F (Q) = ((f(Q), ψ1), . . . , (f(Q), ψn))
T&f(Q) = Sr − ∂K(Qh)

∂z
&α = (α1, . . . , αn)

T&

6 (3.6) �^ kZBW: ⎧⎨
⎩ M

dQ

dt
+N(Q)Q = F (Q),

Q(0) = α.
(3.7)

/ M  �c[kZ (7e [8]), 6 (3.7) �^ :⎧⎨
⎩

dQ

dt
=M−1 (F (Q)−N(Q)Q) ,

Q(0) = α.
(3.8)
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+, (3.8) ���L, Qj(t)  dEU*��l�,-J.�%"\, +J.�%"\�<M
(Caratheodory ><) E, � [0, t], t ≤ T ?]dI���mW�7 1 Qj(t), j = 1, 2, . . . , n[
/+ Qh(x, z, t) ∈ Uh ⊂ C(Ω) E&‖Qh‖L2 ≤ ‖Qh‖L∞  4&\) ‖Qh‖L2(0,T ;L2(Ω)) e 4, j

�] Qj(t), j = 1, 2, . . . , n fg [0, T ] N�^=1, E�� (2.9) � [0, T ] NI�^=1, c

)�� (2.10) 1�I�-,R.

(ii) GEAI� Q̄h ∈ Uh VD (2.10), 6 

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
∂(Qh − Q̄h)

∂t
, vh

)
+D∗(Qh;Qh, vh)−D∗(Q̄h; Q̄h, vh)

= −
(
∂K(Qh)

∂z
− ∂K(Q̄h)

∂z
, vh

)
, ∀vh ∈ Vh;

Qh(0)− Q̄h(0) = 0.

E ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
(Qh − Q̄h)t, vh

)
+D∗(Qh;Qh − Q̄h, vh) = D∗(Q̄h; Q̄h, vh)

−D∗(Qh; Q̄h, vh)−
(
∂K(Qh)

∂z
− ∂K(Q̄h)

∂z
, vh

)
, ∀vh ∈ Vh;

Qh(0)− Q̄h(0) = 0.

(3.9)

\ vh = Π∗
h(Qh − Q̄h)t, e)L, t ��W:��,

|||(Qh − Q̄h)t|||2 + d

dt
D∗ (Qh;Qh − Q̄h,Π

∗
h(Qh − Q̄h)

)
= D∗ (Q̄h; Q̄h,Π

∗
h(Qh − Q̄h)t

)
−D∗ (Qh; Q̄h,Π

∗
h(Qh − Q̄h)t

)− (∂K(Qh)

∂z
− ∂K(Q̄h)

∂z
,Π∗

h(Qh − Q̄h)t

)
+D∗

t

(
Qh;Qh − Q̄h,Π

∗
h(Qh − Q̄h)

)
+D∗ (Qh; (Qh − Q̄h)t,Π

∗
h(Qh − Q̄h)

)
,

(3.10)

$� D∗
t (·; ·, ·) �( D∗(·; ·, ·) �G*L, t .�,-�.

+ (3.5)2!f=$W!K< 3.3(2) # ε- =$W, �,

∣∣D∗ (Q̄h; Q̄h,Π
∗
h(Qh − Q̄h)t

)−D∗ (Qh; Q̄h,Π
∗
h(Qh − Q̄h)t

)∣∣
≤ C|Q̄h|1,∞

(‖Qh − Q̄h‖0 + h‖Qh − Q̄h‖1
) ‖(Qh − Q̄h)t‖1

≤ Ch−1‖Q̄h‖1‖Qh − Q̄h‖1 · Ch−1‖(Qh − Q̄h)t‖0
≤ Ch−4‖Qh − Q̄h‖21 +

1

4
h4 · h−2 · h−2‖|(Qh − Q̄h)t‖|2

≤ Ch−4‖Qh − Q̄h‖21 +
1

4
‖|(Qh − Q̄h)t‖|2.

(3.11)

�_gB=- Uh ⊂ H1(Ω), je)) ‖Q̄h‖1 � 4-.

e) Hölder =$W!K< 3.3(2) # Cauchy =$W,  

∣∣∣∣
(
∂K(Qh)

∂z
− ∂K(Q̄h)

∂z
,Π∗

h(Qh − Q̄h)t

)∣∣∣∣
≤ C‖Qh − Q̄h‖0‖(Qh − Q̄h)t‖0
≤ C‖Qh − Q̄h‖1‖|(Qh − Q̄h)t‖|
≤ C‖Qh − Q̄h‖21 +

1

4
‖|(Qh − Q̄h)t‖|2.

(3.12)
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`+K< 3.4(b), f=$W, K< 3.3(2) # ε- =$W, PB=-W (1.3) � D(Q) � 4-, �

,

∣∣D∗
t

(
Qh;Qh − Q̄h,Π

∗
h(Qh − Q̄h)

)∣∣+ ∣∣D∗ (Qh; (Qh − Q̄h)t,Π
∗
h(Qh − Q̄h)

)∣∣
≤ M‖Dt(Qh)‖0,∞‖Qh − Q̄h‖21 +M‖D(Qh)‖0,∞‖(Qh − Q̄h)t‖1‖Qh − Q̄h‖1
≤ C‖Qh − Q̄h‖21 + Ch−1‖(Qh − Q̄h)t‖0‖Qh − Q̄h‖1
≤ C‖Qh − Q̄h‖21 +

1

4
h2 · h−2‖|(Qh − Q̄h)t‖|2 + Ch−2‖Qh − Q̄h‖21

≤ C(1 + h−2)‖Qh − Q̄h‖21 +
1

4
‖|(Qh − Q̄h)t‖|2.

(3.13)

] (3.11)-(3.13) ^^ (3.10), �,

1

4
|||(Qh − Q̄h)t|||2 + d

dt
D∗ (Qh;Qh − Q̄h,Π

∗
h(Qh − Q̄h)

) ≤ C(2 + h−2 + h−4)‖Qh − Q̄h‖21.

c) 
d

dt
D∗ (Qh;Qh − Q̄h,Π

∗
h(Qh − Q̄h)

) ≤ C(2 + h−2 + h−4)‖Qh − Q̄h‖21. (3.14)

(NW\ 0 - t :�, �)K< (3.4a), Pa"- (Qh − Q̄h)(0) = 0, �,

α‖Qh − Q̄h‖21 ≤ C(2 + h−2 + h−4)

∫ t

0

‖Qh − Q̄h‖21dτ.

+ Gronwall K<,

‖Qh − Q̄h‖21 = 0.

/+

‖Qh − Q̄h‖21 = ‖Qh − Q̄h‖20 + |Qh − Q̄h|21
E&‖Qh − Q̄h‖0 = 0, E Qh ≡ Q̄h, \) (2.10) 1�Y�-,R.

 %N92a-, X

Qh −Q = (Qh −R∗
hQ) + (R∗

hQ−Q) = e+ ρ.

VT 3.2. E Q # Qh �G��� (1.1) # (2.10) �1, h Q ∈ H1(0, T ;H3(Ω)), 6 

‖Q−Qh‖0 ≤ Ch2‖Q‖H1(0,T ;H3(Ω)). (3.15)

WX. ) vh ∈ Vh ' (1.1) $:, P+�W:��,

(Qt, vh) +D∗(Q;Q, vh) =

(
Sr − ∂K(Q)

∂z
, vh

)
, ∀vh ∈ Vh. (3.16)

(2.10)-(3.16), P+ (2.8) �,92%",

(et, vh) +D∗(Q; e, vh) = −(ρt, vh) + (D∗(Q;Qh, vh)−D∗(Qh;Qh, vh))

+

(
∂K(Q)

∂z
− ∂K(Qh)

∂z
, vh

)
, ∀vh ∈ Vh.

(3.17)
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\ vh = Π∗
he, +K< 3.3(1) #K< 3.4(a) �,

1

2

d

dt
|||e|||2 + α‖e‖20 ≤ (et,Π

∗
he) +D∗(Q; e,Π∗

he)

= −(ρt,Π
∗
he) + (D∗(Q;Qh,Π

∗
he)−D∗(Qh;Qh,Π

∗
he))

+

(
∂K(Q)

∂z
− ∂K(Qh)

∂z
,Π∗

he

)
.

(3.18)

iQ, (3.11) # (3.12) �R`, (3.18) W�  

d

dt
|||e|||2 ≤ C‖ρt‖0‖e‖0 + C|Qh|1,∞ (‖Q−Qh‖0 + h‖Q−Qh‖1) ‖e‖1 + C‖Q−Qh‖0‖e‖0

≤ C‖ρt‖20 + C‖e‖20 + Ch−1‖Qh‖1(‖ρ‖0 + ‖e‖0 + h‖ρ‖1
+h · h−1‖e‖0) · h−1‖e‖0 + C(‖ρ‖0 + ‖e‖0) · ‖e‖0

≤ C‖ρt‖20 + C‖|e‖|2 + C‖ρ‖20 + Ch−4‖e‖20 + Ch−2‖e‖20 + Ch2‖ρ‖21 + C‖e‖20
≤ C

(‖ρt‖20 + ‖ρ‖20 + h2‖ρ‖21
)
+ C

(
1 + h−4 + h−2

) |||e|||2.
(3.19)

(NW\ 0 - t :�, Pa"- e(0) = 0, �,

|||e|||2 ≤ C

∫ t

0

(‖ρt‖20 + ‖ρ‖20 + h2‖ρ‖21
)
dτ + C

(
1 + h−4 + h−2

) ∫ t

0

|||e|||2dτ. (3.20)

+ Gronwall K<6K< 3.1 �,

|||e|||2 ≤ C

∫ t

0

(‖ρt‖20 + ‖ρ‖20 + h2‖ρ‖21
)
dτ ≤ Ch4‖Q‖2H1(0,T ;H3(Ω)),

E

||e||0 ≤ Ch2‖Q‖H1(0,T ;H3(Ω)). (3.21)

`+K< 3.1(b)&
||ρ||0 ≤ Ch2‖Q‖H3 . (3.22)

"[ (3.21) # (3.22), >< 3.2 "M,R.

VT 3.3. E Q # Qh �G��� (1.1) # (2.10) �1, h Q ∈ H1(0, T ;H3(Ω)), 6 

‖Q−Qh‖1 ≤ Ch‖Q‖H1(0,T ;H3(Ω)). (3.23)

WX. �92%" (3.17) �, \ vh = Π∗
het,  

(et,Π
∗
het) +D∗(Q; e,Π∗

het) = −(ρt,Π
∗
het) + (D∗(Q;Qh,Π

∗
het)−D∗(Qh;Qh,Π

∗
het))

+

(
∂K(Q)

∂z
− ∂K(Qh)

∂z
,Π∗

het

)
.

(3.24)

e)L, t ��_:�, NW�^ 

‖|et‖|2 + d

dt
D∗(Q; e,Π∗

he)

= −(ρt,Π
∗
het) + (D∗(Q;Qh,Π

∗
het)−D∗(Qh;Qh,Π

∗
het))

+

(
∂K(Q)

∂z
− ∂K(Qh)

∂z
,Π∗

het

)
+D∗

t (Q; e,Π∗
he) +D∗(Q; et,Π

∗
he).

(3.25)
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iQ' (3.11)-(3.13) ��R`, NW�  

‖|et‖|2 + d

dt
D∗(Q; e,Π∗

he)

≤ C‖ρt‖0‖et‖0 + C|Qh|1,∞ (‖Q−Qh‖0 + h‖Q−Qh‖1) ‖et‖1 + C‖Q−Qh‖0‖et‖0
+M‖D(Q)‖0,∞‖e‖21 +M‖D(Q)‖0,∞‖et‖1‖e‖1

≤ C‖ρt‖0|||et|||+ C(‖ρ‖0 + h‖ρ‖1 + ‖e‖1) · Ch−1‖et‖0
+C(‖ρ‖0 + ‖e‖1)|||e|||+ C‖e‖21 + Ch−1‖et‖0‖e‖1

≤ C‖ρt‖20 +
1

4
|||et|||2 + Ch−2(‖ρ‖20 + h2‖ρ‖21 + ‖e‖21) +

1

4
h2 · h−2|||et|||2 + C(‖ρ‖20 + ‖e‖21)

+
1

4
|||et|||2 + C‖e‖21 +

1

4
h2 · h−2|||et|||2 + C‖e‖21

≤ |||et|||2 + C(‖ρ‖20 + h2‖ρ‖21 + ‖ρt‖20) + Ch−2(‖ρ‖20 + h2‖ρ‖21) + C(3 + h−2)‖e‖21,

_g ∂Qh

∂x #
∂Qh

∂z �P�<.NH J*, �E |Qh|1,∞  J*.

^<NW,

d

dt
D∗(Q; e,Π∗

he) ≤ C(‖ρ‖20 + h2‖ρ‖21 + ‖ρt‖20) + Ch−2(‖ρ‖20 + h2‖ρ‖21) + C‖e‖21. (3.26)

(NW\ 0 - t :�, Pa"- e(0) = 0, �,

α‖e‖21 ≤ D∗(Q; e,Π∗
he)

≤ C

∫ t

0

[
(‖ρ‖20 + h2‖ρ‖21 + ‖ρt‖20) + h−2(‖ρ‖20 + h2‖ρ‖21)

]
dτ + C

∫ t

0

‖e‖21dτ.
(3.27)

+ Gronwall K<6K< 3.1 �,

||e||21 ≤ C

∫ t

0

[
(‖ρt‖20 + ‖ρ‖20 + h2‖ρ‖21) + h−2(‖ρ‖20 + h2‖ρ‖21)

]
dτ ≤ Ch2‖Q‖2H1(0,T ;H3(Ω)),

E

||e||1 ≤ Ch‖Q‖H1(0,T ;H3(Ω)). (3.28)

/+K< 3.1(a) E&
‖ρ‖1 ≤ Ch‖Q‖2. (3.29)

"[W (3.28) #W (3.29), >< 3.3 "M,R.

4. bcde

)A4;</� 6=:.YW(�CD85#��������� [3] ch**'0.

=`E Sr = 0, ;(.����H0j��, a������7* 

D(Q) = 278.3(Q/Qs)
8.05(cm2/min), (5.1)

K(Q) = 1.42(Q/Qs)
10.24(cm/min). (5.2)

��KJ*�# 0.03cm3/cm3&�#*�# 0.41cm3/cm3. K@(b-, \YF"chk
P#'0-'. �**'02, (>1 Ω = [0, 25]× [0, 25] chOSP�, ; �OSB<.
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*�Z$�$i4SOSB, 4S6R 1cm, Æ ?,9 24× 24 = 576�, TSR"_/O
S<.�!R#6��9E�,-:J�(QP�. e)N"�7*, c"-'�,-aCD
85#���������� 6=:.**1.

�j 1-4 �&�G33)^C 10 �f!20 �f!30 �f# 40 �f2YF"?*�#�
�_j. d9_k�j�<n3, lg^C2W�=eho, ���lmf"ipA , E�

�*�#lg2Wmn=eh . >2�<n-, Cg2���*�#l2W' = , Pi
hq2�#*�#,)_C9j���*�#n"' io,Do4%C�*�#d�F%C
hjp , _/*�'kr*+:k�.

j 1 ^C 10 �f2 j 2 ^C 20 �f2

j 3 ^C 30 �f2 j 4 ^C 40 �f2

+.�e, e)A4 6=:.YWq-147��������s�, aYW=t-'
�<, D( p>-#�k)-, lr)) 6.0# 62�0'0;ms�**knq
r, %.�<)q**'0uo���47�����s<h", ÆH##F@CD!tD$
$.

"l: $-mR8tcu#uvnwv3�ox�wb"e!
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