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Branching diffusion in the super-critical regime

L. Koralov*, S. Molchanov'

Abstract

We investigate the long-time evolution of branching diffusion processes (starting
with a single particle) in inhomogeneous media. The qualitative behavior of the
processes depends on the intensity of the branching. We analyze the super-critical
case, when the total number of particles growing exponentially with positive prob-
ability. We study the asymptotics of the number of particles in different regions of
space and describe the growth of the region occupied by the particles.

2000 Mathematics Subject Classification Numbers: 60J80, 35K10.

1 Introduction

The mathematical study of branching processes goes back to the work of Galton and
Watson [15] who were interested in the probabilities of long-term survival of family names.
Later it was realized that similar mathematical models could be used to describe the
evolution of a variety of biological populations, in genetics [7, 8, O, [10], and in the study
of certain chemical and nuclear reactions [13, [I1]. The branching processes (in particular,
branching diffusions) are central in the study of the evolution of various populations such
as bacteria, cancer cells, carriers of a particular gene, etc., where each member of the
population may die or produce offspring independently of the rest.

In this paper we describe the long-time behavior of the population in different regions
of space when, in addition to branching, the members of the population move diffusively in
space and the branching mechanism depends on the location. In particular, we’ll consider
regions U, centered at a point x(tf) = vt which is at a linear (in ¢) distance from the
origin at time ¢. We will be interested in the super-critical case (when the total population
grows exponentially with positive probability).

Consider a collection of particles in R? that move diffusively and independently starting
with one particle. Besides the diffusive motion, the particles can duplicate with the rate of
duplication v(z), x € R?, where x is the position of a given particle and v is a continuous
non-negative compactly supported function. Both copies start moving independently
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immediately after the duplication (annihilation of particles and creation of more than
two particles from one could also be considered, but here we discuss only duplication for
clarity of exposition).

Let n¥(U) be the number of particles in a domain U C R at time ¢, assuming that
at time zero there was a single particle located at x. The large time behavior of nf(U)
depends crucially on the magnitude of v, that is on whether the operator

Lu(z) = %Au(x) + v(x)u(x) (1)

has a positive eigenvalue. This is the operator in the right hand side of the equations
on the particle density and higher order correlation functions, given below. In the super-
critical case (i.e., if there exists a positive eigenvalue), if U is fixed, the results of [6]
on the asymptotics of nf(U) cover, in particular, the case of compactly supported v.
Namely, nf(U) grows exponentially with a random coefficient in front of the exponent.
The random coefficients corresponding to different domains differ only by a multiplicative
constant. (See also [I4], [3]). The distribution of the random coefficient can be described
in terms of its moments (see [12]). (For the asymptotic properties of branching random
walks see also [1], [4], [2], [16].) If £ has no positive eigenvalues, the total number of
particles tends to a finite random limit whose distribution can be described in terms of
its moments.

In the current paper we consider the super-critical case. We use the spectral techniques
developed in [5], [12] to get the asymptotic formulas for the density and higher order
correlation functions of the branching process. These allow us to get the asymptotics of
ny (U ), where Uy, is a region of fixed size centered at a point whose distance from the
origin grows linearly with ¢. This asymptotics is the main result of this paper.

After recalling the equations on the correlation functions (Section 2]) and the asymp-
totic behavior of the correlation functions (Section Bl), we show in Section [ that the total
number of particles, after division by an exponential factor, tends to a random limit in L2
In Sections Bl and [6] we prove a similar result for fixed domains and for domains located
at a linear (in t) distance from the origin and show that the convergence takes place not
only in L? but also almost surely. In Section [7] we show that on the event that the number
of particles grows exponentially, the region occupied by the particles grows linearly in ¢.
In Section [§] we give the distribution of the limiting number of particles in the event that
the limiting number of particles is finite.

2 Equations on correlation functions

Let Bs be a ball of radius § in RY. For t > 0 and z, yy, s, ... € R? with all y; distinct, define
the particle density p; (¢, x,y;) and the higher order correlation functions p, (¢, z, y1, ..., Yn)
as the limits of probabilities of finding n distinct particles in Bs(y1),...,Bs(yn), respectively,
divided by Vol"(Bs), under the condition that there is a unique particle at ¢ = 0 located



at x. We extend p,(t, 2,91, ...,y,) by continuity to allow for y; which are not necessarily
distinct. For fixed y;, the density satisfies the equation

1
atpl (t> X, yl) = §AP1 (t> x, yl) + U(x)Pl (ta z, yl)a (2)

p1(07 z, yl) = 591 (SL’)
Indeed, let s,¢ > 0. Then we can write

|z —z|2

_d lz—z|"
pl(s + taxayl) = (27?5) 2 /d e 2 pl(tazayl)dz + U(‘T)Spl(tﬂayl) + O‘(S?thayl)? (3)
R

where the term with the integral on the right hand side is due to the effect of the diffusion
on the interval [0, s], the second term is due to the probability of branching on [0, s], and
« is the correction term. The correction term is present since (a) more than one instance
of branching may occur before time s, and (b) even if a single branching occurs between
the times 0 and s, then the original particle will be located not at x but at a nearby
point and the intensity of branching there is slightly different from v(z). It is clear that
limgyo sup,, ,epa (s, t,2,y)/s = 0. After subtracting p; (¢, z,y1) from both sides of (3],
dividing by s and taking the limit as s | 0, we obtain (2).
The equations on p,, n > 1, are somewhat more complicated:

Oipn(ty X, y1y ooy Yn) = %Apn(t, oY1y ooy Yn) F0(2) (Pr (b2, Y1, oy Yn) + Ho (B 2,91, 5 Yn))
(4)
on (0,2, 91, ..., yn) = 0.

Here

Hn(tu Ty Y1y --es yn) = Z p|U\(t7 Z, U)ﬂn—lU\(tv z,Y \ U),
UCY,U#0

where Y = (y1, ..., yn), U is a proper non-empty subsequence of Y, and |U| is the number of
elements in this subsequence. Equation (@) is derived similarly to (2). The combinatorial
term H, appears after taking into account the event that there is a single branching on
the time interval [0, s], the descendants of the first particle are found at the points in U at
time s + t, while the descendants of the second particle are found at the points of Y\ U,
with the summation over all possible choices of U.

3 Asymptotics of the correlation functions

First we recall some basic facts about the operator £ : L?(R?) — L?(R%) (see () and its
resolvent Ry = (£ — \)~1. We will assume that v > 0 is continuous, compactly supported
and not identically equal to zero. It is well-known that the spectrum of £ consists of
the absolutely continuous part (—oo,0] and at most a finite number of non-negative
eigenvalues:

o(L) = (—00,00U{N}, 0<j<N, A >0.
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We enumerate the eigenvalues in the decreasing order. Thus, if {A\;} # 0, then Ay =
max ;. We assume that there is at least one positive eigenvalue. The resolvent R) :
L*(R?) — L*(R%) is a meromorphic operator valued function on C’ = C\(—o0, 0].
Denote the kernel of Ry by Ry(z,y). If v = 0 (in which case of course there are no
eigenvalues), the kernel depends on the difference © — y and will intermittently use the
notations RS (x,y) and R} (x —y). The kernel R () can be expressed through the Hankel

function H, ,51):

_ _d .
R(z) = cqk® 2 (k|z|)" zﬂgjl(zﬂmzn, k=X Rek>0. (5)
We shall say that f € Cexp(R?) (or simply Ceyp) if f is continuous and

i

222
Coxp(RY) = SUP(|f(SC)|€‘ | ) < 0.
z€R4

The space of bounded continuous functions on R? will be denoted by C(R%) or simply C.
The following simple lemma can be found in [5].

Lemma 3.1. The operator Ry : Cep(RY) — C(RY) is meromorphic in X € C'. Its poles
are of the first order and are located at eigenvalues of the operator L. For each € > 0 and
some A, the operator is uniformly bounded in A € C', |argA| < m — ¢, |A\| > A. It is of
order O(1/|)\]) as A — oo, |arg\| < 7 —¢e. The eigenvalue Ny of the operator L is simple
and the corresponding eigenfunction does not change sign.

From Lemma [B.1] it follows that the residue of Ry at \g is the integral operator with
the kernel ¢ (x)Y(y), where 1 is the positive eigenfunction normalized by the condition
|[%]|L2may = 1. The function ¢ decays exponentially at infinity. More precisely, it fol-
lows from () that if we write = as (6, |z|) in polar coordinates, then there is a positive
continuous function F' such that

() ~ F(0)]|z]272 exp(—/2Xo|z|) as |z] = oo. (6)

For a positive number z, we define the curve I'(z) in the complex plane as follows:

I'(z) = {X:|ImA|] = y/4z(x — Re)), ReX > 0} U{)\ : [ImA| = 22(1 — Re)), ReA < 0}.

Thus I'(x) is a union of a piece of the parabola with the vertex in = that points in the
direction of the negative real axis and two rays tangent to the parabola at the points
it intersects the imaginary axis. The choice of the curve is somewhat arbitrary, yet the
following properties of I'(x) will be important:

First, ReA < = for A € I'(x). Second, since the rays form a positive angle with the
negative real semi-axis, we have |arg\| < m — e(z) for all A € I'(x) for some e(x) > 0.
Third, since the rays are tangent to the parabola, and the parabola is mapped into the
line {\ : ReXA = y/z} by the mapping A — /), the image of the curve I'(z) under the
same mapping lies in the half-plane {\ : ReA > /z}.
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The integration along the vertical lines in the complex plane and along contours I'(x),
below, is performed in the direction of the increasing complex part.
We’ll need estimates on the solutions of the following parabolic equation. Let

1
Op(t,z) = 5Ap(t,2) +v(2)p(t,2),  p(0,2) = g(2) € Coxp- (7)
We’ll denote the Laplace transform of a function f by f,

7y = / " exp(—A)£(1)dt

Let r be the distance between )y and the rest of the spectrum of the operator £. In the
arguments that follow we’ll use the symbol A to denote constants that may differ from
line to line.

Lemma 3.2. For each € € (0,r), the solution of (1) has the form

p(t, z) = exp(Aot) (¥, 9)¥(2) + q(t, v), (8)
where

lla(t, )lle < Ale) exp((Ao = €)8)]19]| sy
Proof. After the Laplace transform, the equation becomes

1 ~ i~
(GA+v)p=Ap=—g.
Thus, the solution p can be represented as
1
p(t,-) = M Rygd. 9)

2mi Rel=Xo+1

The resolvent is meromorphic in the complex plane outside of the interval (—oo, Ay — 7],
with the only (simple) pole at Ay with the principal part of the Laurent expansion being
the integral operator with the kernel ¥ () (y)/(Ag — A).

By Lemma Bl the norm of Ry, does not exceed A/|A| near infinity to the right of
['(Ag —¢). Therefore, the same integral as in (@) but along the segment parallel to the real
axis connecting a point A\g+ 1+ ¢b with the contour I'(Ag — €) tends to zero when b — oo.
Therefore, we can replace the contour of integration in (@) by I'(A\g —¢&). The residue gives
the main term, while the integral over I'(A\g — €) gives the remainder term. U

Lemma 3.3. Let K C R? be a compact set. For each ¢ € (0,7), the function pi(t,z,y)
satisfies

pl(t> €, y) = exp()\ot)@b(a?)@b(y) + Q1(t> Z, y)a

where

sup |q1(t, 2, y)| < A(e) exp((ho — &)t — [y[v/2(Ao — €)) (10)

zeK



fort > 1/2. Moreover,
| e vw)dy =0 (1)
R

for each t >0, x € R%, and

SUP/ pi(t, v, y)dy < Aexp(ot). (12)
R4

r€R4

Proof. First, let us show that

(¥, p1(t, - y)) = exp(Aot)(y) (13)

for each t > 0, y € R%. Indeed,

0= / (4 £)(exp(~Aas)e), pr)ds =

(exp(-os) iy + [ {(exp(=Aas)i), (=5 + L)pi)ds =

<6Xp(—)\0t)’¢, pl(t> E y)> - W, pl(oa K y)) = eXP(—)\ot)W, pl(ta K y)) - ¢(y),

which proves (I3]). The relationship (I3) immediately implies ().

Next, let K’ be a compact set that contains supp(v) U K in its interior. In order to
prove ([I0), consider first the case when y € K’. Apply () with ¢ replaced by ¢ =¢—1/2
and g = p1(1/2,-,y). In order to calculate the main term of the asymptotics, we note
that ||g||c.,, is bounded uniformly in y € K’ and

1
(v, 9) = exp(§)\0)¢(y),
as follows from (I3). Therefore, (8) implies that

pr(t, @, y) = exp(hot) ¥ (y)(x) + exp((Ao — e)t)q(t, 2,y),

where ||q(t, -, y)||c < A(K') for all y € K’. We still need to consider the case when y ¢ K.

Let u(t, z,y) = p1(t,x,y) —po(t, z,y), where py is the fundamental solution of the heat
equation. Then u satisfies the non-homogeneous version of () with the right hand side
f = —v(x)po(t,z,y) and g = 0. Note that f is a smooth function since y ¢ K’. Solving
this equation for u using the Laplace transform, as in the proof of Lemma [B.2] we obtain

1

2mi Red=)\o+1

_ ! M Ry(vRY(-, y))dA (14)

2mi Rel=Xg+1

U(t, ) y) = eAtR)\(_UﬁO(Av ) y))d)‘
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= PO R0 5 [ RO )

where the first term on the right hand side is due to the residue at A = A\g. The first term
can be re-written as

exp(Aot) (¥, v RS, (-, )Y (x) =
exp(Aot) (B3, (v)) ()1 () = — exp(Aot)(y)v(@).

The last equality here follows from the fact that v is an eigenfunction with eigenvalue A,
that is

(38 = o) = —vp.

In order to estimate the second term on the right hand side of (I4]), we note that from ([l
it follows that

IRY(z, )| < A VAIZ 2|z — y|2~2 | exp(—V2X|y — z|)|

if |A|, |y — x| > 1. Thus

10R(- )] |cwey < A(E)]y]2 72 [VA[Z72 exp(—v/2(A0 — 2)|y])

for y ¢ K', A € T(\g — ) due to the fact that Rev/A > /Ay — ¢ for A € I'(\g — ¢) and
ly — x| > [ for x € supp(v), y ¢ K'.
Hence, using the estimate on the norm of Ry : Cexp, — C' from Lemma [3.1], we obtain

[RAWRS(p)lle < AE)IVAE 2 exp(—v/200 —e)lyl), A€ TN —e).

Therefore, since ReA < A\g — ¢ for A € T'(Ag — €) and the factor e* decays exponentially
along I'(A\g — ¢), the C-norm of the second term on the right hand side of (I4]) does not

exceed A(e)exp((Ag — &)t — |y|v/2(Ag —€)). The term po(t,z,y) with x € K, y ¢ K,
t > 1/2, is estimated by the same expression, possibly with a different constant A(e).

Indeed, if ¢ > 1/2, then

polt,z,y) < Aexp(—|y — z|*/2t) < Aexp((ho — e)t — |y — z[v/2(Xo — €))

since

ly = al?/2t + (Ao =€)t = |y — 2[v/2(h — ) = (ly — 2] /V2t = /(Mo — )1)* 2 0.

This completes the proof of (I0). In order to prove (I2)), we again write u(t,x,y) =
p1(t,x,y) — po(t, x,y). For fixed z, apply the Duhamel formula to the equation

1
atu(t> x, y) = §AU(t, xz, y) + U(y)pl(t> x, y)



with the initial data «(0,z,-) = 0. Now (I2)) follows since the L'-norm of v(y)pi(t, z,y)
is bounded by A exp(Agt) uniformly in z, as follows from (I0). O

We’ll need additional notations in order to describe the asymptotics of p, with n > 1.

Let al(t,y) = ¥(y) and o?(t,y) = exp(—et — |y|\/2(Xo —€)). Consider all possible
sequences o = (07, ..., 0,) with o; € {1,2}. By II?(¢, y1, ..., yn) we denote the quantity

H?(tvyla 7yn) = sup a?l (tvyl) Teeet agn(tu yn)
oA (1, 1)

Let P, : Cexp — C be the operator that maps the initial function g to the solution
p(t,-) of equation (7). Let Plg(x) = exp(Aot){t, g)(x) and P} = P, — P?. Lemma
states that

1P/ || < A(e) exp((Ao — €)t).

The particular form of P then implies that
1B < [P+ [P < A exp(Aot). (15)

For g € Cexp and n > 2, we denote

()= Rong = | exp(=nds)Pgds € C.
0
Note that . .
/exp(n)\os)Pt_sgds:exp(nkot)/ exp(—ngs)Psgds
0 0

= exp(nAot)(1,(g) + O(exp(—(n — 1)Aot))) as t — oo. (16)
The functions fi, fs, ... are defined inductively: f; =1 and

|
fn = Z m[n(vfkfn—k)v n>2.

Lemma 3.4. Let K C R¢ be a compact set. For each ¢ € (0,7), the function p, satisfies

pn(tha Y1y -ees yn) = eXp(nAOt)fn(I)¢(yl) Tt ,lvb(yn) + qn(ta T, Y1, "'>yn)’ (17)

where

sug |@n(t, 2,91, ooy yn)| < An(e) exp(nXot) 12 (¢, Y1, .oy Yn) (18)
S

fort>1/2.



Proof. For n = 1, the relation (7)) coincides with the statement of Lemma B3l Let us
assume that (IT) holds for all natural numbers up to and including n — 1. A generic
subsequence U C Y = (y1, ..., yn) Will be written as U = (21, ..., 2jy|) and its complement
as Y\ U = (Z1, ..., Zn—jv|). By the Duhamel principle applied to the equation for p,, we
obtain

t
pn(t>'>yla“'>yn) :/ Pt—s(v Z p|U\(S>'7217-'-aZ|U\)pn—|U\(S>'7§1a'-->zn—\U|))dS
0 UCY, U0

- / Pl Y exp(U10s) firn(D(z1) - o 0lz0)

UcY,U#0D
% exp((n — [U1)A08) fa 01 (VE(E) - - (Za ) (19)
—|—2/ Pt_s('U Z eXp(|U|)\0$)f|U‘(')’l/J(Zl) Ce ¢(Z\U|)Qn—|U\(S> 21, ...,En_‘m))ds
0 UCY,U#0

t
+/ B—s(v Z Q|U\(37'7317---7Z|U\)Qn—|U\(57'7217---75n—|U\)>d3'
0 UCY,U#D

The second and third integrals on the right hand side of (I9) contribute only to the
remainder term. Indeed, consider the contribution to the second integral from the term
with a given U:

/0 Pi_s(vexp(|U|Xos) fiu)(-)¥(21) - .. - Y (2101)) v (S5 * Z1s ooy Znejur]) ) dS

< AY(z1). () / Pre(wexp(|U o8 fio ()

x exp((n — [U[)Aos)II2 (s, 21, .., 2o o)) )ds
< A(z) - . '¢(2|U)/ exp(Ao(t — s)) eXp(nAOS)H?_IU‘(Sil, cos Znju))ds
0

< AeXp(n)‘Ot>¢(z1>"‘w(Z\U|)H?_‘U|(t7217 "'7zn—\U|) < AeXp(")\Ot)H?(ta Yty ooy yn>7

where the first inequality follows from the inductive assumption and the second one
from (I5). The third integral on the right hand side of (I9)) is estimated similarly. It
remains to consider the first integral. It is equal to

@D(yl) . w(yn)/o eXp(n)\OS)Pt_S(U Z f|U‘fn_|U‘)d8

UCY,U#0

= P(y1) - (yn) exp(ndot) (ful-) + Olexp(=(n — 1)Aot))) ,



where the last equality follows from (I6]). Thus we obtain the main term from the right
hand side of (IT) plus the correction

(Y1) « ... - Y(yn) exp(niot)O(exp(—(n — 1) Aot))

for which the estimate (I8)) holds since ¥ (y;) exp(—Aot) < (¢, y1) due to (6). O

4 Growth of the total number of particles

We denote the probability space on which the branching process is defined by (£, F, P).
Let F;, t > 0, be the filtration generated by the process. We'll write L? for L*(Q), F, P).
Let N7 be the number of particles in R? at time ¢, assuming that at ¢ = 0 there was a
single particle located at x.

In this section we prove the basic result on the convergence of NZ/e*! in L2. The
almost sure convergence and the asymptotics of the number of particles in a (possibly
time-dependent) region of space will be considered in the following sections.

Theorem 4.1. There is a random variable £ such that

NY

e}\ot

— &% as t— oo, (20)

where the convergence takes place in L2.

Proof. Observe that for 0 < s <'t,
E(Ng:thC) = / / / P2(3a$>y1>z)P1(t_ 5>Zay2)d2’d?/1dy2+/ pl(tax>y2)dy2- (21)
Rd JRd JRA Rd

Indeed, fix yi,y2 € R%. Then the probability that there is a particle in an infinitesimal
neighborhood of y; at time s, while a different particle present at time s gives rise to a
particle in an infinitesimal neighborhood of y, at time ¢ is equal to

(/d p2(svx7ylvz)p1<t - szuy2)d’z) dyldy2
R

The probability that a particle in an infinitesimal neighborhood of y; at time s gives rise
to a particle in an infinitesimal neighborhood of ¥, at time t is equal to

p1(s, 2, y1)p1(t — s, 91, y2)dyrdys.

After adding the contributions from the two events and integrating in y; and y, we

obtain (21]).
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Combining (2I)) with (I7) and using that f; = 1, we see that
E(NEN®) = 2X\os Ao (t—s)
Ny = [ ]| @)oo o)+

62/\08f2($)w(yl)w(z)% (t - 87 Z, y2) _l_ qQ(Sa Zlf, yla Z)Pl (t - S, Z? y2)]d2dyldy2+
/ oty yo)dys = 1 () + I2,(2) + I () + I, (o).
Rd

Note that
T AC 1 L
R

since [, 1?(2)dz = 1. Also observe that I?,(x) = 0 since [5,9(2)q1(t — s, z,y2)dz = 0 by
(II). Finally,

sup |I§’t(1’) + Ij,t($)| < Aeloltts)—es
zeK

by Lemma 3.4l and (I2)). Therefore,
sup [E(NINY) — 00 fo(a) (| 9)°| < AerlFo7e,
zeK R4

Thus we have

T z\ 2 )2 )2 T N\x
E(NS Nt) _ E(Ns) E(Nt) E(NsNt> <A6—as

62)\08 62)\0t - 6)\0(s+t) —

6)\08 6)\0t

for € K. This shows that NZ/e*! is a Cauchy family of random variables as t — oo,
and we have convergence in L?. O

Remark. It is possible to show (see [12]) that all the moments of the variables N7 /e*o!
converge to those of £*. The moments of the limiting distribution are

ey = [ viy) o)

They were shown to determine the distribution of £* uniquely.

Remark. In dimensions d > 3 the limiting random variable £ is equal to zero with
positive probability. Indeed, since the diffusion is transient, there is a positive probability
that the original particle wanders off to infinity without branching. Let B* be the event
that the number of particles stays bounded (and therefore tends to a finite limit as t — 00)
and E* = {&” > 0} be the event that the number of particles grows exponentially. It is
possible to show (see [12], for example) that P(B* U E*) = 1 for each z.
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5 Growth of the number of particles in a domain

Let n¥(U) denote the number of particles in a domain U C R? assuming that at ¢t = 0
there was a single particle located at x. Let

o(U) = Jo ¥ (y)dy

The asymptotics of the number of particles in U is given by the following theorem.

Theorem 5.1. For each measurable U C R?, we have

n; (U)

e)\()t

— a(U)E" as t — oo, (22)

where the convergence takes place in L2.
Proof. By Theorem [4.1]1t is sufficient to prove that

nf(U) _ a(U)Nf — 0 as t — oo.

e)\()t
Observe that

E(Ntx)2:/ / ﬂz(tafcay1,y2)dy1dy2+/ p1(t, z, y1)dys, (23)

R2 JRA Rd
E(ni (U)NY) :/d/102(t,93>y1,y2)dy1dy2+/Pl(t,x,yl)dyl, (24)

re JU U
E(nf(U))ZZ//Pz(t>$,y1>y2)dy1dy2+/Pl(t,x,yl)dyl- (25)

vJu U

Upon expanding (n¥(U) — a(U)NF)? = (n¥(U))? — 2a(U)nZ(U)NF + (a(U)NF)?, using
Lemma [3.4] for the asymptotics of p; and ps and collecting all the lower order terms in
the remainder R(t¢,z), we obtain

. (nf(U) = a(U)Nf)2

6)\()t

A [ vmpwtinds —200) [ [ osmande

@) [ [ olmwtmdndm) + Rit.) =

2o ([ 0= [ 0) + R0 = R
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where sup,; R(t,r) < Ae~#. This shows that (nf(U) — a(U)NF) /e is a Cauchy fam-
ily, thus completing the proof. O

Now let us examine the number of particles in the vicinity of a point that is at a linear
in t distance from the origin. Let b = /A¢/2 (b will be seen to be the rate of growth
of the region where the particles can be found with probability that tends to one). Let
v € R? be a vector with 0 < |v| < b and Uy, = U + tv the domain obtained from U by
translation by the vector tv. Let

e [ b(y)dy
Jra¥(y)dy

Note that the asymptotics of g(t) can be obtained from ([@). In particular,

g(t> = g(U7t7U> =

Alt%e(ko—m@\)t < g(t) < Aﬂ%e(ko—m‘v\)t (26)
if U is bounded.
Theorem 5.2. Let U be a bounded domain. For each v € R? such that |v| < b, we have

nf (Utv)
g(t)

where the convergence takes place in L2.

Proof. From (23))-(25) we obtain

() (5[ o ) e
where

1 2
R(tvx) = (g2—(t) /Uw /Utv q2(t7x7y17y2)dy1dy2 - W /Utv /]Rd Q2(t,x,y1,y2)dy1dy2+

1 / / 1
7 Q@ (t, , y1, y2)dyrdys + —/ pi(t, z, y1)dy: —
et Jpa Jra 9%(t) Ju,.
2 / (2, )y + — / (4, ) i)
R T — T .
g(t)e)\ot - pP1\l, T, Y1)ay1 62)‘0t ” P1\l, T, Y1)aY1
The first term on the right hand side of (28)]) is equal to zero as follows from the definition
of g(t). Applying Lemma[3.4to estimate the integrand in each of the terms in R(t, x), it is

easy to see that R(t, ) tends to zero exponentially fast as t — oo. Indeed, let us consider
the first term. By (20) and (I8), with an arbitrary € € (0,7), we have the estimate

1
‘—/ / q2(t7x7y17y2)dy1dy2‘ S
g(t) Uty J Uty

13

— &% as t— oo, (27)




2)\0t et—t|v|\/2(Ao— E( —et—t|v|y/2(Mo—¢) —Fti —t|v|\/2)\)
t1=de2(Xo—v2Xo|v|)t

Ae) (191 2 (VB —e—oly/200=2)) e t(lolv2Ro—e—vly/200— a))
Note that |v|v/2Xg — & — |[v[4/2(Ag — &) < 0 since |v] € (0,+/Xo/2). Therefore, the right

hand side of (29) tends to zero exponentially fast as ¢ — oo. The other terms in the
expression for R(¢,z) can be dealt with in the same fashion. O

Ae)-

(29)

Remark. With the help of Lemma B4 it is possible to show that we have the con-
vergence of all the moments in (22]) and (27]).

6 The almost sure convergence

Theorem 6.1. The convergence in (20) takes place almost surely. If U is a domain with
a smooth boundary, then the convergence in (23) and (27) takes place almost surely.

Proof. We will only prove the almost sure convergence in (27)) since the other statements
can be proved similarly. Fix an arbitrary § > 0 and K > 0. By the Borel-Cantelli lemma,
it is sufficient to demonstrate that there is an increasing sequence t,, — oo such that

ZP sup (Utv)—§x|>5, < K)<oo
tn 7L+1] g(t)

From the proof of Theorem it follows that nf(Uy,)/g(t) converges to £* in L? expo-
nentially fast. Let v > 0 be such that

n§ (Ury)
g(t)

for some constant A. We take t,, = 2Inn/vy, n > 1. By the Chebyshev inequality,

E( —£7)? < Ae™ (30)

ny (Uy,v) 5, _ 25Aen 254
P(| et e S 2 < —
and therefore
> nx (Ut v) 5
P(|-—% 6% > 2) < o0. 31
>_R(FEs —el> (31)
It remains to show that
0o - U ;
Sop( sup (M) ) 0 e
=1 tE€ltntnya] g(t) g(tn)

14



which is equivalent to the following two inequalities holding at the same time

N nf(Uw) np (Unw) 40
P(_sup = - > —, " < K) < oo, 32
Z (te[tnvtn+1] g(t) g(tn) 3 ¢ ) (32)
ny(Uw) njf (Ut0) 49
P( sup —t + —= >—, < K) < o0. 33
Z teltn, tn+1} g(t) g(tn) ) 5 ¢ ) ( )

We will only prove (32)) since ([B3) can be proved similarly. Let us show that the term
nf (Ut,v)/9(tn) in (32) can be replaced by a more convenient expression. For r > 0, let
U = {z € R? : dist(x,U) < r} be the r-neighborhood of U. Let g"(t) = g(U",t,v).
Since U is a smooth domain, from the definition of ¢ it follows that r can be chosen to
be sufficiently small so that

LAY i TR (34)

sup 5

tE€[tn tni1] g9(t)

for all sufficiently large n. Moreover, since r > 0 and ¢,,,; — t,, — 00, we have

U U.cug, (35)

tE[tn,tn+1]

for all sufficiently large n. As in (31), we have

o0 x Tv ., 6
Z t" — &> 5) <o (36)
Now,
o n¥ (UT ) n (Ut v) 35
P( su tn_ " Iny TV s Tt < K) <
2P PG T e T €<
- ng, (U,)  ni,(Unw), _ 20
P( su L % s 26 < K+
; (te[tn,t€+l]| gr(tn> g( ) | 5 5 )
U/ U/
ZP sup ( tnv) . ntn( tnv>| > v é— < K)

tE(tn tn+1] g(t> g ( )
The first series on the right hand side is finite by (B1]) and (36). The second series is

estimated from above by

. 5 ( ) ntn tnv T 5
ﬂ{n-te[§n§£+l](K+5)\ () |> } Z —&> ).
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The first term of this expression is finite as follows from (B4]), while the second one is
finite by (B]). Therefore, ([32]) will follow if we demonstrate that

N 0 (Up) —n2 (UF )6
P( sup = n Il s — T < K) < 0. 37
; (te[tnvtn+1] g9(t) ) ) (37)

Similarly to (B1I), we have

oo Nz
S P( S €] > ) < oo
n=1 e

for each constant ¢ > 0. Combining this with (26]) and (B5), we see that ([37) will follow
if we show that for each o, R > 0 we have

ZP( sup nf(Uiv) —nf (U ,)>n% Nf < ReM™M) < . (38)
n=1 te

[tn7t7l+1]

Roughly speaking, we need to show that the number of particles that visit a smaller

region U2, over a short interval of time [t,,,t,41] can’t significantly exceed the number of
particles that are in the larger region U/ , at the time ¢,,. Let us fix n and study the n-th
term in the series ([B8)). After conditioning on F; , the questions becomes the following:
Suppose we have m < Re ! particles at time zero located at 1, ..., 2. Let yi, ..., yn
be their descendants at time ¢ = ¢,,; — t,. Each of these has a starting point in the
set {x1,...,x,,}. We are interested in the probability that at least n® descendants of the
original particles were at a distance r/2 from their respective starting points prior to the
time t = t,,11 — ty.

The expected number of descendants of a single particle that cover distance r/2 (from
the initial position of the particle) in time ¢ decays faster than e#/* as t — 0 for some
f > 0. Therefore, by the Chebyshev inequality, the n-th term in (38)) is estimated from
above by Rerotne=8/(tnt1=ti)pn=e wwhich decays exponentially in n, as follows from the def-
inition of ¢,. Therefore the series (38) converges, which completes the proof. O

7 Limiting shape of the region occupied by particles

Let B(r) denote the ball of radius r centered at the origin. Recall that b = /\y/2.

Theorem 7.1. For each § > 0, there exists a random variable T' = T(§) (T < oo almost
surely) with the following properties:

(a) There are no particles outside B((b+ )t) fort > T.

(b) On the event £ > 0 the union of the unit neighborhoods of the particles cover
B((b—0)t) forallt >T.

16



Sketch of the proof. We'll only verify the statement for a sequence of times ¢,, = clnn for
a certain c. Namely, we’ll show that there is a random variable N and a constant ¢ > 0
such that:

(a’) There are no particles outside of B((b+ d)t,) for n > N.

(') On the event £* > 0 the union of the unit neighborhoods of the particles cover
B((b—d)t,) for n > N.

The transition from the sequence of times to the continuous time can be then accom-
plished similarly to the way it was done in the proof of Theorem [G.11

By the Chebyshev inequality,

P(nf (B((b+ 8)ta)) > 1) < En? (B((b + 8)t,)) = / e

. /B«m)t (0 QtnlylV230) + (o = €)in = V200 = €)))dy <
Ay <eXP(tn()\o —V/200(b+9))) + exp(ta(No — & — (b+8)v/2(No — 5)))) ,

where the second inequality is due to Lemma 3.3 and (@]). By choosing a sufficiently small
e > 0, we can make the right hand side of the last formula smaller than A, exp(—t,5v/Ag).
Therefore,

ZP B((b+0)t ))21)§A2§:e_t”6‘/)‘_0§142§:n_2<oo

if we choose t, = ¢;Inn with ¢; > 2/(5v/Ag). By the Borel-Cantelli lemma, there is a
random variable N; such that (a’) holds (with N; instead of N).

In order to establish (&), note that for each n, the ball B((b — §)t,) can be covered
by the balls B}, ..., BI"™ of radius 1/2 centered at t,v!, ..., £,0™™ in such a way that the
centers of the balls are inside B((b— §)t,) and m(n) = O(t4). Let gF = g(B(1/2),t,,v").
As in (30), there is v > 0 such that

T Bk
9n
By the Chebyshev inequality, for each k = 1,...,m(n) and each K > 0,
T k T < T k < k T < 4A€_ﬁ/tn
P(ntn(Bn):O7 5 —K)—P(ntn(Bn)—Kgn/2’ 5 —K)— K2 :

Therefore,

ZP (BEYy=0 forsomek, & >K)< ZAQ )e vl

n=1

The series on the right hand side of this inequality converges if we choose t, = colnn
with ¢o > 2/4. Since K > 0 was arbitrary, by the Borel-Cantelli lemma, (¢') holds (with
N, instead of N). It remains to take ¢ = max(cy, o) and then N = max(Ny, Ns). O
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8 Limiting distribution in the case of finitely many
particles

In this section we make a couple of remarks concerning the distribution of the total num-
ber of particles on the event £ = 0.

Remark. Let N2 = lim; . Nf. This random variable is finite almost surely on the
event £ = 0 (this can be proved similarly to the way it was done for the corresponding
statement in the critical case in [12]). In other words, with probability one, the total
number of particles either grows exponentially or tends to a finite limit. The latter event
has nonzero probability if and only if d > 3.

Remark. Let d > 3 and define M"(z) = P(NZ = n), n > 1. The quantities M"(x)
satisfy a recursive system of partial differential equations. Namely,

1
FAM (z) = v(a), (39)
with the condition at infinity
lim M'(z) =1.
|z| =00
For n > 2, we have
n—1
1
SAM"(z) = v(x) > M) M (x), (40)
k=1
lim M"(z) = 0.
|z| =00

Equations (39) and (40) can be obtained by considering the behavior of the initial particle
on the time interval [0, 4] such that 6 | 0, with the left hand side accounting for the
diffusive motion and the right hand side for the branching.
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