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MAXIMAL FUNCTIONS FOR MULTIPLIERS ON COMPACT
MANIFOLDS

ABSTRACT. Let P be a self-adjoint positive elliptic (-pseudo) differential operator
on a compact manifold M without boundary. For a function m € L>[0,c0)
satisfying a Hérmander-Mikhlin type condition, Seeger and Sogge [11] proved that
the multiplier theorem |m(P)f|zr(ary < Cpllfllzr(ary holds. In this paper, we
prove that || supy<;<n [mi(P) f||| 2 < Cp(log(N+1))*2| f||L» holds when {m;}X,
uniformly satisfy the condition. This result is sharp when M is n dimensional

torus.

1. INTRODUCTION

Suppose a function m € L>®(R") satisfies the Hormander-Mikhlin condition
n
sup [[9(OmA)llrg <A, a>3 (1.1)
AeRT

with a nonzero function ¢ € C2° supported on [3,2]. Then the muliplier operator

m(D)f(z) == F 1 (m(&) f(€))(z) is well-known. That is,
|m(D) fllee < Ckll fll e, 1<p<oo.

[A more history|] There are many variations related to this result. Let us introduce
one of them here. We consider N mulipliers my, ..., my satisyfing uniformly condi-
tion (LI)) and we seek to find the minimal growth of a function A(NN) as N goes to
infinity which gives the bound

| sup [mi(D) Iy < AN 1, (1.2

for all f € S and N € N. In [5], Christ et al. found an example which shows
that A(N) > ¢y/log(N + 1) and they proved that A(N) = O(log(N + 1)) using an
extrapolation argument. In a subsequent paper [§] Grafakos et al. obtained the
sharp result A(N) = O(log(N + 1)'/?).

In this paper, we consider the same problem on compact manifolds. On the setting
of compact manifolds, Seeger and Sogge [11] obatined a multiplier theorem which is
the analogue of the Hormander-Mikhlin multiplier theorem on Euclidean space.

Let M be a compact boundaryless manifold of dimension n > 2. We consider a
first order elliptic pseudo-differential operator P. We assume that P is positive and
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self-adjoint with respect to a C* density dx on M. It imply that L*(M) = L*(M, dx)
can be decomposed as
=25
j=1
with the eigenspaces E; corresponding to eigenvalues );. Here we assume that {);}

is arranged as 0 < A\ < Ay < --- . Let e; be the projection onto the eigenspace Fj;.
Then,

f= Ze]—m, Vf e L*(M)

where the summation converges in L.

For a bounded function m defined on [0, 00), the operator m(P) is defined by

P)f =3 mX)e(f). (1.3

The operator m(P) is always bounded on L?*(M) from the identity ||f||%2(M) =

> lles (NNZ2ary-

But, we need some smoothness condition on the function m to have that m(P) is
bounded on LP(M) with p # 2.
Suppose that 3 € C§°((1/2,2)) satisfies Y™ 3(27s) = 1,5 > 0. Under the as-
sumption
sup )\_1/ IN*D*(B(s/N)ym(s))|?ds < 00, 0 < a < s (1.4)
A>0 —00

with s > 7, the main theorem in [I1] is that

lm(P) flleny < Coll fllp, 1 <p < o0

The main theorem in this paper is the following:

Theorem 1.1. Suppose 1 < r < 2(":31 and mq, - -+ ,my uniformly satisfy the con-
dition (L4) with s > %. Then,
I sup [mi(P)flllzoary < Cplog(N + 1) f]l,
1>i>N

holds with r < p < oo.

This paper is organized as follows. In section 2, we shall study the properties of
kernels of mulitpliers on compact manifolds. Aslo, the remainder terms will be esti-
mated. Then, in section 3, we shall estimate the interaction between homogeneous

martingales and the main kernels. Then, we shall prove the main theorem in section
4.



2. KERNELS OF MULTIPLIERS ON COMPACT MANIFOLDS

In this section, we shall study the properties of kernels corresponding to the
multipliers on compact manifolds. Firstly, we shall recall fundamental materials in
[12] and we shall exploit more porperties which will be useful later.

Let M be a compact manifold and P be a first-order selfadjoint positive elliptic
operators on M. Let E; : L* — L? be the projection maps onto the one-dimensional
eigenspace £; with eigenvalu A;. Then, by the spectral theorem, we have

P - i )\jEj-
j=1

If we let {ej(x)} the orthonormal basis adapted to the spectral decomposition, we
have

Bf(e) = ei@) [ F)e iy
M
From (L3)), the kernel of m(P) is equal to
> m(A)e;(@)e;(y).
J
On the other hand, we mainly study the kernels from the following formula

m(P) = /_OO P (t) fdt

[e.e]

and the following theorem:

Theorem 2.1 ([12, Theorem]). Let M be a compact C*> manifold and let P €
L(M) be elliptic and self-adjoint with respect to a positive C™ density dx. Then
there is an € > 0 such that when |t| < e,

"t = Q(t) + R(t)

where the remainder has kernel R(t,x,y) € C™([—¢€, €] x M x M) and the kernel
Q(t,x,y) is supported in a small neighborhood of the diagonal in M x M. Further-
more, suppose that local coordinate are chosen in a patch Q0 C M so that dx agrees
with Lebesque measure in the corresponding open subset Q C R™; then, if w C  is
relatively compact, Q(t, x,y) takes the following form when (t,z,y) € [—€, €] x M xw.

Qltz,y) = (2m) ™" / Sl t, 2, y, €)de.



We find the eigenfunction v corresponding to the first eigenvalue A, that is Pv; =
Avp. We may assume that v is positive. Then,

/ e(@@)de =0 L j=2,3,---. (2.1)
M

From (2.10), it will be useful to use v(z)dz for our choice of the density of the manifold
M.

Now we decompose our mutipliers dyadically. For this we find two function ¢y €
C5°[0,1) and ¢ € C§°(1/4,1) such that > =2 ¢3(s) = 1 for all s > 0 where we let
d;(s) = ¢(s/27) for j > 1. Then

P)f= Z ¢;(P)(m(P);(P))p;(P)f.
We let m;(s) = m(s)p;(s). Then

m;(P) = / P (t)dt. (2.2)

We fix a function p € S(R) satisfying p(t) = 1, |t| < § and p(t) = 0, [t| > . Then
we split the integral (2.2)) as

mi(p) = [ ermopwi+ [ o0 - )
oy (P) + ().

Proposition 2.2. For1 <p < 2%:31),

HZ% (P)flle= S I fllp if s> g

Proof. Tt suffices to show that
16;(P)ri(P); (P) flloe S 275 £
We have
16;(P)ry(P)o; (P)fll3 S AT (|65 (P)ry(P); (P) 13

< A1y 2n(5—3) 12 sup | (7) P f1I0
kZOTE[kk-l-l)

2
S AETIAEH I, = AR S

The second inequality comes form Theorem 5.1.1 in [I2]. The last ineqaulity is due

o (5.3.4) in [12].
U



(n+1

Lemma 2.3. For1l <p< and m satisfying the condition (L4), we have

I3 (P)fllz= < CXP £,

Proof. 1t follows from the same argument as above with observing that (1m;(-)(1 —
p(INY(T) = O(((|7| +27)~%) for any N € N if 7 ¢ [272, 292, O

And we have
[ermwaoi = [Qw+roymwpa,
Observe that

t

[ R = [ RO @mio(;)dr

From the support of ¢(5;) and the fact that m € L>*(R) we induce that
/R(t,x, y)p(t)m;(t)dt = On(277Y)  for all N € N. (2.3)
So we may only consider [ Q(t)m;(¢)p(t)dt. And it was proved in [12] that

Lemma 2.4. Let K;(z,y) be the kernel of [ Q(t)m;(t)p(t)dt. Then we have K;(x,y) =
2M K (272, 27y) where K; satisfying

[ 105K )P o= yhde <€ 0< ol <1
However, we need to bound higher-order integral of K; for later use. To obtain

this, we find a C* function ¢ supported on (g,2) such that ¢ =1 on (3,1). Then
we have (¢ = ¢ and also (j¢; = ¢,. From this, we have

m;(P) = m;(P)G(P)
= 1;(P) o ((P)+1;(P) o ¢(P).
We can treat r;(P)(;(P by the same way for r;(P). for the first term,
i, /Q AT (Dp(t)dt o G (P) + 02N (P).

Here, we only need to concern the first term. From Lemma (23)), we have

P)= [ Q) Gshptsds + 02 ).

So the remainder term causes no problem and we may only concern the operator

/ Qb (1) plt)dt o / Q)G ()p(s)ds (2.4)

We notice that above two operators are both local operators, that is, their kernels
have their supports on near the digonal set in M x M. Therefore, the kernel of the
operator (2.4]) has also support near the diagonal. We let f/j (x,y) be the kernel of
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[ Q(s)(;(s)p(s)ds. Then, by Lemma (Z4), we may let L;(z,y) = 2/"L;(2z, 2y)
with L; satisfying

105 @) o= y)Pds < C. 0 <la<
for any N € N. We let H; be the kernel of the operator (). Then we have
i(w2) = [ Kyfe)Liy,2)dy. 25)
Lemma 2.5. We have H;(x,z) = 27" H;(272, 27 2) with H; satisfying
/|Hj(x,z)\q(1 o — 2|)"dz < C
for each ¢ > 2. And
/ Hy(, 2)dz = O (277Y)
for any N € N.
Proof. We write ([2.3) as

2MH (272,272) = / 2K (202, 27y) 27" L (27y, 27 2)dy
= /QJnKj(QJSC,y)Lj(y,?jZ)dy-
So,

H(x, ) - / K52, 9) Ly, 2)dy.

Using this, we have
(L+]e - ) [ Hy ()] = (L+]e 2| / K, (2, 9) Ly (. 2)dy

< [ Kp+le = o) L0y ) dy

IN

( / K ()P4 2 — y)Pdy) 2 - ( / Ly, )21+ Jy — 2)dy)

On the one hand,
| / (e, 2)de| = | / [ / K 2, y)da) K2y, 2)dy]

< /0(2—N1)|Kf(y,z>|dy
= 027V,



Therefore, we have

m;(P) o G(P) = Hj(z, z) + On(277Y)

and
m;(P) = H,(x,2) + On(279N) +1;(P) o §(P).
As a corollay, we obtain the following.

Corollary 2.6. We just let ¢;(x,y) be the kernel of ¢;(P) and we split ¢;(x,y) =
¢;(x,y) + R;(x,y) as above. Then,

/ 16;(, )| 27(1 + 2| — y])Vdy < C,

[ sty = 067

We now state another corollary comes from the same proof of Lemma 2.5 in [2].

and | Ry (z,y)| = O(2~9).

Corollary 2.7.

[ 5 f (@) € My f () - [l
We have
= D mi(P)6;(P)f =D (6;(P) + 02 ))m;(P)e;(P) f

and

S G Pm(PYy(P)S = Z@ (#,2) 4 ON(Z) 4 1,(P) 0 G (P) 0 65(P)S

=Z¢J Hy(w,2)¢;(P f+Z¢] )(On(27N) +75(P) 0 G(P))g;(P) f

The second term can be treated by Proposition 221 And we split ¢;(P) as ¢;(P)f =
(¢;(P) + R;(P))f. Then

ZH z,2)¢; (P Z ,z>¢’;j(P>f+Zﬁ1j<x, 202N f.

Since the second term is trivially bounded,we only need to consider

n(P)f = Z@(P)ﬁj(% 2)¢;(P)f.



Now we modify the kernel éj(x, y) to ¢_>j so that we have
/qu(x,t)dx =0 forally.

This fact will be used in the proof of Lemma 3.3. Since [ ¢;(x,y)dz = O(27N) we
can modify it to ¢; so that [ ¢;(z,y)dr = 0 and T = qgj — ¢; satisfy

[ 167 i1+ 2l - y))¥dy = 02 )

with sufficiently large Ny >> 1. Then, the summation with the operators with the
kernels ¢! causes no problem. So we may only deal with

m(P)f =Y ¢;(P)Hj(x,2)$;(P)f.
j=1
We let ¢;(z,y) = 2 (2, 27y).

3. MARTINGALES ON HOMOGENEOUS SPACE

We introduce the following things on homogeneous space in [4] which may be
regarded as dyadic cubes on Euclidean space. Open set QF will role as dyadic cubes
of sidelengths 2% (or more precisely, §¥) with the two conventions : 1. For each k,
the index « will run over some unspecified index set dependent on k. 2. For two
sets with Q5™ C QF, we say that Q} is a parent of Q5™ and Q5™ a child of Q5.

Theorem 3.1 (Theorem 14, [4]). Let X be a space of homogenous type. Then
there exists a family of subset QX C X, defined for all integers k, and constants
0, >0,C < oo such that

H(X \ UaQ) = 0

for any o, B, k1L with 1 > k, either Q% C QF or Q4N QL =0

each QF has exactly one parent for all k > 1

each QF has at least one child

if Qe C QF then n(QEH) = en(Q5)

for each (v, k) there exists T € X such that B(za, 0%) C QF C B(xqx, C6F).

Moreover,

ply € QF : ply, X\ QF) < to"} < Ctu(QF) for 0 <t <1, for all a,k. (3.1)

Expectation operators are defined by

Erf(x) = p(Q) " . fdp  for z € Q¥
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and by Dy f(z) = Exo1 f(x) — Eg f(x). Then, many results on the dyadic martingales
on Euclidean space still hold in the setting of homogeneous space with the above
expectations operators. We define the square function for the martingale as
S(f) = O IDif ()|
k>0
We state a homogeneous space version of a lemma in [I] which was used in [GH].

There is a constant ¢g > 0 so that for all A >0, 0 < e < %, the following inequality
holds.

meas({z : ili}g |[Erg(x) — Eog(x)| > 2X,S(g) < eA})

C
< C’exp(—e—zd)meas({a: : ili}g |Exg(x)| > A});

see [[I]. Corollary 3.1]. Now we choose a bump function ¢» € C§° which is supported
on [i,él] and equal to 1 on [%,2]. Let ¢;(§) = ¥(277€). Then m;(§) = ¢]2-(§)mj(£)
holds and we have

m;(P) = ¢;(P)ym;(P)g;(P).
So m;(P)f = ; * (m;(P)(¢;(P)f)) and

Di(m(P)f) = Di(3_m;(P)f) (32)
= D Du(dy (m5(P)oy(P))). (3.3)

We introduce

G(f) = (Q_(M(Ionf 1))

kEZ

Fefferman-Stein [6] inequality is
G (Nlp < Coallfllp, 1 <r <27 <p<oo

In (B:2), some cancellation between the martingale operators Dy and the convolution
operators with the kernel &y, exists when the difference between their scales 0% and
277 is larger than some constant. This leads to

Proposition 3.2. Tf = m(P)f and 1 < r < co. Then, for v € G, S(Tf)(x) <
Arllml g G (f) ().

We need the following lemma which explains the cancellation property.

Lemma 3.3. [Ey(¢;f)(z) < 20U00sDk=0/a" V[ f(z) if 7 > (—log &)k + 10.
B (¢, f) ()| < 2B DIONL f () if j < (—logd)k — 10.
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Proof. Find QF such that x € QF.

BN = s | Gl

1 (20,292 F(2)dz
- /%[/G2 8,2y, 292) £ (2)d=]dy

p(QF)

_ M(;k) /G [ /Q 22y, 22)dy) [ (2)d

We now divide f according to its domain. We let

o B ={y:dist (y,0QF) < 2-l(-logd)k+m/2}

e Ay =Q"N B

o Ay = (Qg)c N Be.
We divide f as f = fa, + fa, + fB = fxa, + fxa, + fxs. We note that fp can
be treated in the same way given in [8]. So we may only consider for f4 and fz.

Firstly, for fqa,,

Bifanf(y) = / 2 (2y, P 2)yur (2)  (2)dz

and
x 1 | 11 (0] J
Er(¢;fa, (x)) = @/G[/Qg 2M ¢ (27y, 27 2)dy]x A, (2) f(2)dz
| / gy Doy = | [ 29,2y, 2)dy
Qk (Qk)e
< 2M1¢(27y, 27 2)|d
[ 2@ 2y
< /| ey I
_ / 6(2)|dz < 27
|z|>2m
So
- 1
Bu(@if @) < o /G 71, (2) f(2)d=
< 27"M f(x)

We now consider fa4,.

/ [ / 29 (20, 9 2)dy|Lay (=) (=) d=
G JQk
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We have

| i@ 2= ) /! / 2Y6,(27y, 2')Las () () d=)dy

M(QIZ Q

Observe |y — z| < 27[(=logd)k+m/2 and from Lemma 6.36 in [7],

|/2nj¢§(2jy,2j2)1A2f(Z)dZ| < Mf(y)-27m.
a
So

- 1 —mo
Er(¢)frs(2)) < (Gh) Qng(y)dyQ /2

< Mf(x)-27me?,

We now prove the second statement.
1

Eu(6)(0) ~ Bun()(0) =~ /Q D= [ @y

ni 11 . . 1 ni o . .
- / £z Q,m / 202y Ve y — / 7962y, 27)

e g 29427y, 22) - 2921y, 272)dy
= % ka+1 22 (1 —y), 2 (v — 2)) — 2 ¢(2w, 27 2)dy
- L [ 2 A (2t (y — ), 20t (2 — 2))dy
m fQ’;“ f 2MiI(y — x) - V¢’(29t (y —2).27t - (v — 2))dy
o Jogn [foy 21927 - §* |V (27, 272) |dy
Mgk (1 + 2| — 2)™N, x e Qk.

IN

IN

S0
DG S [ F2PE L+ Py = o)
Observe that |z — z| — c¢d* < |z — 2| — ¢|z — y| < |y — 2|. Thus
2 (|z — 2|) — 296% < 2|y — £
Thus

1 ) .
§+2’|x—z| < 2y — 7|
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proof of Proposition [3.2.
Bu(TH = | Bi(d;H,(x, 2)0;(P)f)|
jET
< Z 2—\kllog6|—jIM7’(Q§jf)
ez

BUTHP < (32 Wesdl=il) S o- kel ag, (g, 1))

So
S(Tf)(x) = O BT SO IM (6, £)1)?

4. PROOF OF MAIN THEOREM

We need to bound

| sup |Tiflll, = (p4”/ A~ meas({x : sup [T f(z)| > 40})dA)?
1<i<N 0 7

by some constant time of /log(N + 1)|| f||,- By propostionB.2lwe have the pointwise
bound

S(Tif) < A.BG.(f). (4.1)
We bound the level set as

{z: sup |T;f(x)] >4 \} C Ex1UE\3U E)3,

1<i<N
where with

Cd )1/2

= o ToaV T 1)

and

By = {o: sw [Tif(@) ~ExTif ()] > 21, Gy(f)(e) < 2
1<i<N r

Bre = {o: G > 22,
Brs = {o: suwp [BTf(z) > 22}

1<i<N

N
By C |z |ITif(2)] > 20, S(Tif) < enA}

=1
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and we have

N
meas(Ey ;) < Zmeas({x T f(x) —E_NTf(z)] > 2X\, S(T5f) < enA})

N
< Do Cexp(—mens({a s sup [EL(TS)] > A))
i=1

Therefore
(p/ NP~ meas(Ey 1 )d\)"/?
0
S (i exo(—2) | supy [Ex(T:f)[5)/
S (L exp(= )T IIR)?
S B(Nexp(=)"?|fll» < Bl flly

uniformly in N. By a change of variables,

o0 A B
W [ 0 tmes(Esan = 2160l
0

S BVIlog(N + 1) f]lp-

Finally, from the Fefferman-Stein inequality
N
meas(Ey3) < Y meas({z : [E_yTif(x) > 2A})
i=1

and thus
(p/ N~ meas(Ey 5)d\)/? = 2| sup [E_n(Tif)lll

0 i=1,..,N
S _sup 1T f
=1,

S Al

Above three inequalities conclude the proof.
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