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STACKS ASSOCIATED TO ABELIAN TENSOR CATEGORIES

YU-HAN LIU AND HSIAN-HUA TSENG

ABSTRACT. For an abelian tensor category a stack is constructed. As anapplication we show that
our construction can be used to recover a quasi-compact separated scheme from the category of its
quasi-coherent sheaves. In another application, we show how the “dual stack” of the classifying stack
BG of a finite groupG can be obtained by altering the tensor product on the category G−rep of G-
representations. Using glueing techniques we show that thedual pair of aG-gerbe, in the sense of
[TT10], can be constructed by glueing local dual stacks.

1. INTRODUCTION

LetX be a Noetherian scheme over an algebraically closed fieldsk of characteristic0. It is known
that the categoryQCoh(X) of quasi-coherent sheaves onX uniquely determinesX; see [Gab62,
page 447], and [Rou10, Corollary 4.4] for the version with coherent sheaves. Motivated by this,
in this paper we study the (re)construction of geometry fromabelian categories. Our approach is
motivated by the following consideration. Let Affk be the category of affinek-schemes. A scheme
X is equivalent to itsfunctor of points

Aff k → Sets, S 7→ Hom(S,X).

Given a morphismφ : S → X of schemes, one can consider the pull-back functorφ∗ : QCoh(X)→
QCoh(S). φ∗ is asymmetric monoidal functor, i.e.φ∗ is compatible with tensor products of sheaves.
A version of the Tannakian duality theorem (see [Lur]) states that whenX is a quasi-compact sep-
arated scheme,φ 7→ φ∗ defines an equivalence

Hom(S,X) ≃ Hom⊗(QCoh(X),QCoh(S))

where the right-hand side denotes the category of symmetricmonoidal functors which carry flat
objects to flat objects and preserve colimits.

The discussion above suggests the following general construction. Let (A,⊗) be an abelian
tensor category. Define a functor

(A,⊗) : Aff k → Groupoids, (A,⊗)(S) := Hom⊗(A,QCoh(S)).

Theorem 1.1.The functor(A,⊗) is represented by a stack.

The above Theorem is a special case of our main Theorem, whichis described and proved in
Section 2.3 as Theorem 2.4.

We illustrate our construction in several examples. Suppose that(A,⊗) = (QCoh(X),⊗) is the
category of quasi-coherent sheaves on a quasi-compact separatedk-schemeX with ⊗ being the
tensor product of sheaves. In this case we have
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Theorem 1.2.There is an isomorphism

(QCoh(X),⊗) ≃ X.

This is proved in Section 3 as Theorem 3.1 in caseX is affine, and Theorem 3.4 for general
quasi-compact separatedX. We expect that this Theorem also holds true forX being a geometric
stack (in the sense of [Lur, Definition 3.1]).

The stack(A,⊗) we construct is sensitive to the tensor structure⊗. To illustrate this, we consider
the exampleA = G−rep, the category of finite dimensional representations of a finite groupG over
k. G−rep may be interpreted as the categoryCoh(BG) of coherent sheaves on the classifying stack
BG. In this point of view tensor product of sheaves givesG−rep a tensor structure denoted by⊗G,
and we have

Theorem 1.3(see Theorem 4.4). There is an isomorphism

(G−rep,⊗G) ≃ BG.

We expect that the above Theorem to hold also for not necessarily finite groupsG, such as linear
algebraic groups.

On the other hand, Schur’s Lemma implies thatG−rep is equivalent (as abelian categories) to
the direct sum of#Ĝ copies1 of the category vectk of finite dimensionalk-vector spaces. Compo-
nentwise tensor product of vector spaces then gives a different tensor structure onG−rep, which is
denoted by⊗Z . In this case we have

Theorem 1.4(See Section 4.1). (G−rep,⊗Z) is isomorphic to a disjoint union of#Ĝ points.

CertainlyBG is very different from a disjoint union of#Ĝ points. However they are closely
related. In fact the correspondence between them is the simplest example of thegerbe duality
studied in [TT10]. For aG-gerbeY → B the gerbe duality asserts that various geometric properties
of Y are equivalent to geometric properties of a “dual space”Ŷ twisted byaC∗-valued2-cocyclec.
In particular, it is shown in [TT10] that the category of sheaves onY is equivalent to the category
of c-twisted sheaves on̂Y. TheBG example suggests that it may be possible to realize theG-gerbe
Y and its dual(Ŷ , c) using stacks associated to the category of sheaves onY with different tensor
structures. In Section 5 we carry out a construction of this nature. Locally onY , the stacks we
construct realize theG-gerbe and its dual. We then obtainY and(Ŷ , c) by glueing local duals.

Outlook. It is very interesting to study the stacks constructed in this paper for other examples of
abelian tensor categories. For instance, it will be very desirable to describe the stacks associated to
the category of rational Hodge structures, or the category of representations of a quiver.

One may hope that properties of the stack(A,⊗) can reflect properties of the category(A,⊗).
For this reason it is interesting to study geometric properties of (A,⊗). For example, it will be
interesting to find criteria for algebraicity of(A,⊗). We plan to pursue this elsewhere.

The rest of this paper is organized as follows. In section 2 wedefine the category(A,⊗) of
tensor functors from a fixed abelian tensor categoryA into a varying familyB of abelian tensor

1
Ĝ denotes the group of characters onG.
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categories, and we show that if the target categoriesB form a fibred category or (pre-)stack, then so
does(A,⊗). We also explain how objects inA naturally give rise to sheaves on(A,⊗).

In section 3 we explain how schemes can be reconstructed as stacks of the form(A,⊗) whenA
is taken to be the category of quasi-coherent sheaves on the scheme. In section 4 we consider the
exampleA = G−rep whereG is a finite group, and we study(A,⊗) equipped with different tensor
structures.

In Section 5 we construct stacks locally of the form(A,⊗) using 2–descent. As an example we
show how the gerbe duality of [TT10] can be understood via this construction: Indeed, aG-gerbe
Y and the underlying space of its dualŶ can both locally be realized as stacks of the form(A,⊗)
with the same abelian categoryA = G−rep and “dual” choices of tensor products.

In Appendix A we give a brief review of the construction of stacks using 2–descent.

2. STACK ASSOCIATED TO AN ABELIAN TENSOR CATEGORY

2.1. Category fibred in abelian tensor categories.

2.1.1. LetS be a category, and letπ : B → S be a category fibred in abelian tensor categories.
This means first of all thatπ is a functor makingB a fibred category; in particular for every mor-
phismf : S ′ → S in S there is acanonicalfunctor between the fibre categories

f ∗ : BS → BS′.

Every fibre categoryBS is required to be an abelian tensor category, which means that it is an
abelian category along with a symmetric monoidal category structure⊗S [ML98, Chapter XI.1],
such that the functorx 7→ y ⊗S x is additive and preserves (small) colimits for everyy ∈ BS. We
denote byuS the unit object inBS.

The assumption above in particular implies that the functorx 7→ y ⊗S x is right exact, and that
the zero object0 ∈ BS satisfies0⊗S x ∼= 0 for everyx ∈ BS.

Lastly, the pull-back functorsf ∗ are required to be symmetric strong monoidal [ML98, Chap-
ter XI.2] and preserves colimits; in particular they preserve direct sums. The condition of being
symmetric strong monoidal means that there are isomorphisms

f ∗(y)⊗S′ f ∗(x)
∼=
←− f ∗(x)⊗S′ f ∗(y)

∼=
−→ f ∗(x⊗S y)

and

uS′

∼=
−→ f ∗(uS)

for everyx, y ∈ BS which satisfy some compatibility, or coherence conditionsin the form of com-
mutative diagrams; to simplify notations we will often suppress these isomorphisms and canonically
identify these objects inBS′.

We will call symmetric strong monoidal functors preservingcolimits simplytensor functors. In
particular they are right exact functors.
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2.1.2. Example. Fix a commutative ringΛ with identity. LetS be the category of affineΛ-
schemes. LetB be the category of pairs(S,F) with S ∈ S andF a quasi-coherent sheaf onS.
The obvious forgetful functorπ : B → S is a category fibred in abelian tensor categories with the
sheaf tensor product on eachBS = QCoh(S).

2.1.3. Example.Fix a fieldk. Let S be the category of finite quivers (without relations). LetB

be the category of pairs(Q, V ) with Q ∈ S andV a finite dimensionalQ-representation overk.
The obvious forgetful functorπ : B → S is a category fibred in abelian tensor categories with the
vertex-wise tensor product on eachBQ = Q−repk.

2.1.4. Example.Fix a fieldk. Let S be the category of finite groups. LetB be the category of
pairs(G, V ) withG ∈ S andV a finite dimensionalG-representation overk. The obvious forgetful
functorπ : B → S is a category fibred in abelian tensor categories with the representation tensor
product on eachBQ = G−repk.

2.2. Category fibred in groupoids associated to an abelian tensorcategory.

2.2.1. Let(A,⊗) be an abelian tensor category with unit objectu, and letπ : B → S be a
category fibred in abelian tensor categories as above.

Define a category(A,⊗)(B), sometimes justA(B), (A,⊗), or A whenever the tensor product
and/or the categoryB in question are clear, whose objects are pairs(S, F ) whereS ∈ S and
F : A→ BS is a tensor functor. A morphism(S ′, F ′)→ (S, F ) is a pair(f, φ) wheref : S ′ → S
is a morphism inS andφ is asymmetric monoidalnaturalisomorphismbetween tensor functors

φ : F ′ → f ∗ ◦ F

fromA toBS′:

A

F ′

~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤

F

��

φ

�$
❆❆

❆❆
❆❆

❆

❆❆
❆❆

❆❆
❆

BS′ BS
f∗

oo

S ′
f // S.

To sayφ is monoidalmeans that if for every paira, b of objects inA the following diagram
commutes:

F ′(a⊗ b)
φa⊗b //

σ′a,b
��

f ∗F (a⊗ b)

f∗σa,b
��

F ′(a)⊗S′ F ′(b)
φa⊗S′φb

// f ∗F (a)⊗S′ f ∗F (b),

and so does
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uS′

σ′0
��

uS′

f∗σ0
��

F ′(u)
φu

// f ∗F (u).

Hereσa,b andσ0 are the isomorphisms that come with the monoidal functorF ; similarly σ′
a,b and

σ′
0 are forF ′. To sayφ is symmetric means that it satisfies some further conditionsin the form of

commutative diagrams [ML98, page 257].

2.2.2. To define compositions inA, suppose we have morphisms(f, φ) : (S ′, F ′) → (S, F ) and
(f ′, φ′) : (S ′′, F ′′)→ (S ′, F ′). We define

(f, φ) ◦ (f ′, φ′) = (f ◦ f ′, f ′∗(φ) ◦ φ′) : (S ′′, F ′′)→ (S, F ).

A

F
��F ′

||②②
②②
②②
②②F ′′

uu❧❧❧
❧❧❧

❧❧❧
❧❧❧

❧❧❧
❧❧

BS′′ BS′

f ′∗
oo BS.

f∗
oo

S ′′
f ′ // S ′

f // S

This wayA is a category with a covariant functorp : A→ S sending

(S, F ) 7→ S

and

(f, φ) 7→ f.

The categoryA should be thought of as the category of “representations” ofthe abelian tensor
categoryA with values inB.

Lemma 2.1. The functorp : A→ S defined above is a category fibred in groupoids.

Proof. Given any morphismf : S ′ → S in S and(S, F ) ∈ A, the object(S ′, f ∗ ◦ F ) in A admits
a morphism

(f, Idf∗◦F ) : (S
′, f ∗ ◦ F )→ (S, F ).

This is a lifting off .

Now suppose

(f, φ1) : (S
′, F1)→ (S, F )

is another lifting off . Then we have a commutative diagram
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(S ′, f ∗ ◦ F )
(f,Idf∗◦F )

))❘❘
❘❘❘

❘❘❘
❘❘❘

❘❘❘

(S, F )

(S ′, F1)

(f,φ1)

55❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧

(IdS′ ,φ1)

OO✤
✤
✤
✤
✤
✤
✤

where the dashed arrow is the unique morphism making the diagram commutative and has image
underp equal toIdS′. �

2.2.3. Remark.We can define a larger categoryA+ with the same objects asA but morphisms
(f, φ) whereφ is a symmetric monoidal naturaltransformationbetween monoidal functors. Essen-
tially the same proof above shows thatA+ → S is a fibred category: The morphism(f, Idf∗◦F )
is easily seen to be strongly cartesian and is a lifting of morphismf : S ′ → S with a given target
(S, F ) in A+

S .

2.2.4. Suppose we have a morphism between categories fibred in abelian tensor categories:

B

��

q // B′

��
S

q0 // S′.

LetA be an abelian tensor category, then we have an induced morphism

q∗ : A(B)→ A(B′)

between categories fibred in groupoids over the functorq0 defined by sending

q∗ : (S, F ) 7→ (q0(S), qS ◦ F ),

whereqS : BS → B′
q0(S)

is the restriction ofq to the fibre categoryBS.

A special case of this is whenB is the fibre productS×S′ B′ = q−1
0 B′, then we also have

A(B) ∼= S×S′ A(B′) = q−1
0 A(B′).

2.2.5. Fix a categoryB→ S fibred in abelian tensor categories. Ifg : A→ A1 is a tensor functor
between abelian tensor categories, then we have an induced morphism between categories fibred in
groupoids

g∗ : A1 −→ A.

More explicitly,g∗ sends(S, F1) 7→ (S, F1 ◦ g), and if(f, φ) : (S ′, F ′
1)→ (S, F1) is a morphism

in A theng∗ sends(f, φ) 7→ (f, g∗φ) whereg∗φ : F ′
1 ◦ g → f ∗ ◦ F1 ◦ g is given by

(g∗φ)a = φg(a) : F
′
1g(a) −→ f ∗F1g(a)

for a ∈ A.
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2.2.6. Letk be aperfectfield and letA1 andA2 be two abeliank-linear tensor categories with
unit objectsu1 andu2, and tensor products⊗1 and⊗2 respectively. Assume moreover that every
object inAi, i = 1, 2 is of finite length and everyHom space has finite dimension overk.

Then by [Del90, 5.13(i)], the tensor productA = A1⊗A2 exists and is ak-linear abelian category
satisfying the same finiteness conditions above.

This category admits a functor

⊠ : A1 ×A2 −→ A = A1 ⊗A2

that is exact in each variable and satisfies

HomA(a1 ⊠ a2, b1 ⊠ b2) ∼= HomA1(a1, b1)⊗Λ HomA2(a2, b2)

for everyai, bi ∈ Ai.

By [Del90, 5.16] the categoryA is moreover an abeliantensorcategory with a tensor product⊗
right exact in each variable and satisfying

(2.1) (a1 ⊠ a2)⊗ (b1 ⊠ b2) ∼= (a1 ⊗1 b1)⊠ (a2 ⊗2 b2).

Its unit object isu = u1 ⊠ u2.

In particular we have tensor functorsqi : Ai → A defined byq1 : a1 7→ a1 ⊠ u2 andq2 : a2 7→
u1 ⊠ a2. Moreover (2.1) implies

(2.2) a1 ⊠ a2 ∼= q1(a1)⊗ q2(a2)

in A.

Lemma 2.2. Let k be a perfect field, and letA1 andA2 be abeliank-linear tensor categories
satisfying the finiteness conditions above, and letA = A1⊗A2. LetB→ S be a category fibred in
abelian tensor categories. Then we have an isomorphism of categories fibred in groupoids overS:

Q : A −→ A1 ×S A2.

Proof. The functorQ is given by the universal property of the fibre productA1 ×S A2 along with
the functorsq∗1 : A→ A1 andq∗2 : A→ A2.

More precisely,
Q : (S, F ) 7→ ((S, F1), (S, F2), IdS)

whereFi : Ai → BS sendsai 7→ F (qi(ai)). It is straightforward to show thatFi are tensor functors.

Let (f, φ) : (S ′, F ′)→ (S, F ) be a morphism inA thenQ sends

(f, φ) 7→ ((f, φ1), (f, φ2))

whereφi : F ′
i → f ∗ ◦ Fi is give by

φi,ai = φqi(ai) : F
′
i (ai) = F (qi(ai)) −→ f ∗F (qi(ai)) = f ∗Fi(ai).

Sinceφ is asymmetric monoidalnatural isomorphism, so areφi.

We define a quasi-inverseQ′ as follows: Let((S,G1), (S
′, G2), g) be an object inA1×S A2 over

S whereg : S → S ′ is anisomorphism. ThenQ′ sends it to(S,G) ∈ A where

G(a1 ⊠ a2) = G1(a1)⊗S g
∗G2(a2) ∈ BS.
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Then we have

Q′ ◦Q : (S, F ) 7→ (S, F ′)

where

F ′(a1 ⊠ a2) = F1(a1)⊗S F2(a2) = F (q1(a1))⊗S F (q2(a2)) ∼= F (a1 ⊠ a2)

by (2.2) sinceF is a tensor functor. This implies thatQ′ ◦Q ∼= Id.

Conversely, we have

Q ◦Q′ : ((S,G1), (S
′, G2), g) 7→ ((S,G′

1), (S,G
′
2), IdS)

where

φa1 : G
′
1(a1)

∼= G1(a1)

and

ψa2 : G
′
2(a2)

∼= g∗G2(a2).

These isomorphisms are natural isomorphisms.

It is straightforward to verify that we have an isomorphism

((IdS, φ), (g, ψ)) : ((S,G
′
1), (S,G

′
2), IdS)

∼=
−→ ((S,G1), (S

′, G2), g).

This showsQ ◦Q′ ∼= Id and so we are done. �

2.2.7. The basic example of the tensor product of two abeliancategories is as follows. LetR1 and
R2 be two (not necessarily commutative)k-algebras which are right coherent; this means that every
finitely generated right ideal is finitely presented.

Denote byAi the abelian category of finitely presented rightRi-modules, and denote byA the
abelian category of finitely presented right(R1 ⊗k R2)-modules. Then by [Del90, 5.3] the tensor
product overk

⊠ = ⊗k : A1 ×A2 → A

makesA the tensor product ofA1 with A2. In this case we only need to assumek to be a commu-
tative ring.

As an example:

Proposition 2.3. LetB→ S be a category fibred in abelian tensor categories, and letH1 andH2

be finite groups. Letk be a field, then we have an isomorphism of categories fibred in groupoids
overS:

(H1 ×H2)−repk
∼=
−→ H1−repk ×S H2−repk.

2.3. Stack and descent.
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2.3.1. Now letS be a site. Letπ : B→ S be a category fibred in abelian tensor categories.

Let S be an object inS and letU = {ui : Ti → S} be a covering. Denote byTij the product
Ti ×S Tj andpℓ theℓ-th projection fromTij .

We have canonical natural isomorphisms

canij : p
∗
1u

∗
i −→ p∗2u

∗
j

between functors fromBS to BTij , and this gives a functorδ from the categoryBS to the category
DD(U) of descent data with respect toU . More precisely, we have

δ : x 7→ (u∗i (x), canij,x) ∈ DD(U).

Notice that the categoryDD(U) is naturally an abelian tensor category, and the functorδ is a
tensor functor.

Theorem 2.4.Letπ : B→ S be a category fibred in abelian tensor categories over a categoryS
with a given Grothendieck topology. LetA be an abelian tensor category.

(i) If the functorδ is fully faithful for everyS ∈ S and coveringU thenp : A→ S is a prestack.
(ii) If the functorδ is fully faithful and essentially surjective for everyS ∈ S and coveringU , then

p : A→ S is a stack.

This theorem will be proved in the next few paragraphs; its slogan is: “IfB is a (pre)stack, then
so isA”. We remark that the converse statements also hold.

The conditions hold in the cases of Example 2.1.2 (the descent of quasi-coherent sheaves in the
fpqc topology) and Example 2.1.3 (see [Liu12]). On the otherhand, in the case of finite groups
Example 2.1.4 (with covering families given by collectionsof subgroups whose union is equal to
G), only the conditions in (i) hold, and so we get only a prestack.

2.3.2. Remarks.The novelty of Theorem 2.4 is that we consider categories oftensor functors
and monoidalnatural isomorphisms between them. An analogous result forarbitrary cartesian
functors is a very special case of [Gir71, II, Corollaire 2.1.5], which states that ifπA : A→ S and
πB : B→ S are fibred categories over a siteS, andB is a (pre)stack, then the fibred category

CART(A,B)

overS is also a (pre)stack.

Here the fibred categoryCART(A,B) is defined so that the fibre categoryCART(A,B)S over
S ∈ S is the category

CartS/S
(A/S,B/S)

of cartesian functors between the fibred categoriesA/S andB/S overS. HereA/S is the category
whose objects are pairs(a, f) wherea ∈ A andf : πA(a)→ S is a morphism inS.

To compare Giraud’s theorem above with our situation, letA be a category, and letA = A×S.
With the identity functorIdA as the pull-back functor,A is a fibred category overS. In this case
we haveA/S

∼= A× (S/S).

Then we have an equivalence between fibre categories

Fun(A,BS) −→ CartS/S
(A× (S/S),B/S)
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given by
F 7→ ((a, f) 7→ (f ∗F (a), f))

with quasi-inverse
F̃ 7→ F̃ |A×IdS .

It seems possible to modify the proof of [Gir71, II, Corollaire 2.1.5] to give the proof of a more
general version of Theorem 2.4. In the following we give a direct proof; by the remarks above,
the main point is to show that tensor functors glue to tensor functors, and symmetric monoidal
isomorphisms glue to symmetric monoidal isomorphisms.

2.3.3. Letx = (S0, F ) and y = (S0, G) be objects inA over the same objectS0 ∈ S. If
f : S → S0 is a morphism, then we have objectsf ∗x = (S, f ∗ ◦ F ) andf ∗y = (S, f ∗ ◦G) overS,
and the usual definition

IsomA(x, y)(S) = {φ : f ∗ ◦ F
∼=
−→ f ∗ ◦G}

gives a presheaf of sets on the categorySS0 of objects overS0. With x andy fixed and understood
we simply denote this set byI(S). For everyφ ∈ I(S) and morphismh : a → b in A, we have a
commutative diagram

(2.3) f ∗F (a)
φa //

f∗F (h)
��

f ∗G(a)

f∗G(h)
��

f ∗F (b)
φb // f ∗G(b)

in BS whose rows are isomorphisms.

Proof of Theorem 2.4(i).Let U = {ui : Ti → S} be a covering inS, then we have the functor

δ : BS −→ DD(U).

Leta be an object inA and letφ be inI(S); thenφa is a morphism inBS from f ∗F (a) to f ∗G(a).
By the faithfulness assumption, we see thatφa is determined by its pull-backs

u∗iφa : u
∗
i f

∗F (a) −→ u∗i f
∗G(a)

in BTi since{u∗iφa} = δ(φa). Hence we conclude that the natural map

I(S) −→
∏

i

I(Ti)

induced byui is an injection.

Now consider the next natural maps
∏

i

I(Ti) ⇒
∏

i,j

I(Tij)

induced by the two projectionsp1, p2 from Tij. Suppose

φ′
i : u

∗
i ◦ f

∗ ◦ F −→ u∗i ◦ f
∗ ◦G

are in
∏
I(Ti) with the same image under the two arrows into

∏
I(Tij). To be precise, this means

thatφ′
i are monoidal natural isomorphisms such that the diagram of functors fromA intoBTij :
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p∗1u
∗
i f

∗F
p∗1φ

′
i //

canij

��

p∗1u
∗
i f

∗G

canij

��
p∗2u

∗
jf

∗F
p∗2φ

′
j

// p∗2u
∗
jf

∗G

is commutative. (Recall thatcanij are the canonical natural isomorphism betweenp∗1u
∗
i andp∗2u

∗
j .)

Then for anya ∈ A we get a isomorphisms

φ′
i,a : u

∗
i f

∗F (a) −→ u∗i f
∗G(a),

and the commutative diagram above means precisely that{φ′
i,a} is a morphism inDD(U) from

(u∗i f
∗F (a), canij,f∗F (a)) to (u∗i f

∗G(a), canij,f∗G(a)).

By the fullness assumption we get a (unique) isomorphismφa from f ∗F (a) to f ∗G(a) such that
u∗iφa = φ′

i,a for everyi.

The associationa 7→ φa is a natural transformation: To this end we need to show that the diagram
(2.3) is commutative for every morphismh : a → b in A. But this diagram is commutative when
applied withu∗i sinceφ′

i is a natural transformation, for everyi, hence we conclude thatφ is a
natural transformation by the faithfulness ofδ.

Finally, we need to verify thatφ is asymmetric monoidalnatural isomorphism. We verify that it
is monoidal, while its being symmetric can be shown in the same way. That is, we need to verify
that the following diagrams

f ∗F (a⊗ b)
φa⊗b //

f∗σa,b
��

f ∗G(a⊗ b)

f∗τa,b
��

f ∗F (a)⊗S f
∗F (b)

φa⊗Sφb

// f ∗G(a)⊗S f
∗F (b)

and

uS

f∗σ0
��

uS

f∗τ0
��

f ∗F (u)
φu

// f ∗G(u)

are commutative. But this follows once again from the faithfulness assumption and the fact that
these diagrams are commutative when applied withu∗i for everyi, sinceφ′

i are monoidal transfor-
mations.

Hence we conclude that the sequence

I(S)→
∏

i

I(Ti) ⇒
∏

i,j

I(Tij)

is exact, as required. �
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2.3.4. Here we finish the proof of Theorem 2.4.

Proof of Theorem 2.4(ii).Let U = {ui : Ti → S} be a covering inS. Suppose we have objects
(Ti, Fi) in A along with isomorphismsφij : p∗1 ◦ Fi → p∗2 ◦ Fj satisfying the cocycle condition

p∗13φik = (p∗23φjk) ◦ (p
∗
12φij)

for everyi, j, k, wherepℓ,ℓ′ are projections fromTijk = Ti ×S Tj ×S Tk.

BTik BTi

p∗1

��

p∗1oo

φij

� ✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒

✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒
✒✒φik

ow ❤❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤

❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤❤❤
❤❤❤❤

❤❤❤

BTk

p∗2
<<②②②②②②②②

p∗2

��

A
Fk

oo

Fj

��

Fi

<<③③③③③③③③③

BTij

BTjk BTj

p∗2

==④④④④④④④④

p∗1

oo

φjk

^f❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉

❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉❉

Then for every objecta in A, we have isomorphismsφij,a : p∗1Fi(a) → p∗2Fj(a) satisfying the
cocyle condition. That is,(Fi(a), φij,a) is an object inDD(U).

Hence by the essential surjectivity assumption we have an object denoted suggestively asF (a)
in BS along with isomorphismsλi(a) : u∗iF (a)→ Fi(a) satisfying

(2.4) p∗1u
∗
iF (a)

p∗1λi(a)//

canij,F (a)

��

p∗1Fi(a)

φij,a
��

p∗2u
∗
jF (a)

p∗2λj(a)// p∗2Fj(a).

If h : a→ b is a morphism inA, then we defineF (h) : F (a)→ F (b) to be the unique morphism
pulling-back viaui (for eachi) to the composition

u∗iF (a)
λi(a)
−→ Fi(a)

Fi(h)
−→ Fi(b)

λi(b)−1

−→ u∗iF (b).

To be more careful, we need to show that the composition aboveindeed is a morphism inDD(U).
That is, we need to verify that the following diagram is commutative:

(2.5) p∗1u
∗
iF (a)

p∗1λi(a)//

canij,F (a)

��

p∗1Fi(a)
p∗1Fi(h)//

φij,a
��

p∗1Fi(b)
p∗1λi(b)

−1

//

φij,b
��

p∗1u
∗
iF (b)

canij,F (b)

��
p∗2u

∗
jF (a)p∗2λj(a)

// p∗2Fj(a)p∗2Fj(h)
// p∗2Fj(b)

p∗2λj(b)
−1
// p∗2u

∗
jF (b).
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The commutativity of the first and the last squares is the compatibility condition (2.4), and the
commutativity of the second square follows from the fact that φij is a natural transformation.

The associationa 7→ F (a) fromA toBS is then a functor: the fact that it respects composition of
morphisms follows from the faithfulness assumption and that Fi are functors. Moreover, using the
faithfulness and fullness assumptions it is straightforward to show thatF preserves colimits since
theFi do.

It remains to show thatF is a symmetric monoidal functor, in particular we need to define for
everya, b ∈ A an isomorphism

σa,b : F (a⊗ b) −→ F (a)⊗S F (b)

in BS as well as
σ0 : uS −→ F (u).

We have isomorphisms inBTi:

u∗iF (a⊗ b)
λi(a⊗b)
−→ Fi(a⊗ b)

σi,a,b
−→ Fi(a)⊗Ti Fi(b) −→ u∗iF (a)⊗Ti u

∗
iF (b),

whereσi,a,b is the isomorphism for the tensor functorFi, and the last arrow is the inverse ofλi(a)⊗Ti
λi(b).

By considering a diagram similar to (2.5) we see that there isa unique isomorphism

σa,b : F (a⊗ b)→ F (a)⊗S F (b)

for everya, b ∈ A such thatu∗iσa,b = σi,a,b. (Here we used the fact that the isomorphismsφij are
monoidalnatural isomorphisms.)

The isomorphismsσa,b are required to satisfy coherence conditions in the form of commutativity
diagrams. These follow from the commutativity of diagrams after pulling-back viaui using the
faithfulness assumption. The isomorphismσ0 can be constructed in the same way. Details are
omitted.

Hence we conclude that(S, F ) is an object inA overS pulling-back toFi viau∗i , as required. �

2.4. Sheaves of modules.

2.4.1. In this section we work under the conditions of Theorem 2.4. Namely,B→ S is a category
fibred in abelian tensor categories over a siteS where all the functorsδ : BS → DD(U) for all
coveringU of S ∈ S are equivalences.

In this case we define a sheaf of rings onS as follows. Recall that every fibre categoryBS has a
unit objectuS. LetO be the presheaf onS given by

S 7→ O(S) := EndBS
(uS),

where iff : S ′ → S is a morphism inS then the restriction mapO(S)→ O(S ′) is induced by the
functorf ∗ : BS → BS′.

The assumption that the descent functorsδ are fully faithful implies that this is indeed a sheaf.
This is a sheaf ofcommutativerings if we impose the additional assumption on the categoriesBS

that the two isomorphismsuS⊗Sx ∼= x andx⊗SuS ∼= x for anyx ∈ BS give the same isomorphism
uS ⊗S uS ∼= uS whenx is taken to beuS [Bal02, Lemma 9.6].
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2.4.2. LetA be an abelian tensor category, then we have a stackp : A → S by Theorem 2.4.
Composing with the functorp defines a ring-valuedpresheafonA which we will denote byOA:

(S, F ) 7→ EndBS
(uS).

There is an inherited Grothendieck topology on the categoryA: A family of morphisms

V = {vi : yi → x}

with a fixed targetx ∈ A is by definition a covering ifp(V) = {p(vi) : p(yi)→ p(x)} is a covering
in S. In this topology the presheaf defined above is a sheaf onA.

We denote byOA−Mod the category of sheaves of rightOA-modules onA. With OA onA as
thestructure sheaf, we have the categoryQCoh(A) of quasi-coherent sheaves onA.

2.4.3. Now we define a natural covariant functor

F : A −→ OA−Mod.

For everya ∈ A letFa be the contravariant functor onA defined by

Fa : (S, F ) 7→ HomBS
(uS, F (a)).

This is an object inOA−Mod. The functora 7→ Fa is additive but probably not left or right
exact. It is not clear under what conditions on the categoryA is the functora 7→ Fa full, faithful,
or a tensor functor.

2.4.4. We say an objecta ∈ A is locally of finite presentation (with respect toπ : B → S) if
for everyx = (S, F ) ∈ A there exists a coveringV = {vi : yi → x} whereyi = (Ti, Fi) and
vi = (ui, φi) such that for everyi the objectFi(a) in BTi admits a finite presentation

(2.6) upTi −→ uqTi −→ Fi(a) −→ 0.

More generally, we saya is locally finite if such a covering exists with a surjection

uqTi −→ Fi(a) −→ 0.

Lemma 2.5. Suppose for everyS ∈ S, thatuS is a projective object inBS.

(i) The functora 7→ Fa is right exact.
(ii) Let a ∈ A be locally of finite presentation, then the sheafFa onA is locally of finite presenta-

tion.

Proof. (i) Clear.

(ii) Choose the coveringV for a as in the definition above. Applying theexactfunctorHomBTi
(uTi,−)

to the sequence (2.6) gives the result. �
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2.4.5. Remarks.We should point out that we could replaceuS in the constructions above with
any system of objectsvS ∈ BS admitting a morphismf ∗vS → vS′ in BS′ for every morphism
f : S ′ → S in S. This results in a different “structure sheaf”, which may bemore useful. For
instance, in the case whenS is the category of quivers, the vertex-wise tensor unit object carries
less information than the path algebra.

Slightly more generally, consider a bi-functorA× A→ OA−Mod defined by

(a, b) 7→ Fa,b

where
Fa,b((S, F )) = HomBS

(F (a), F (b)).

Then the sheavesFa,b onA have the additional structure of composition

◦ : Fa,b × Fb,c → Fa,c.

In particular everyFa,a is a sheaf of rings over whichFa,b is a right module andFb,a is a left
module. Moreover, there is a natural morphism

Fa,b ⊗OA
Fc,d → Fa⊗c,b⊗d

3. EXAMPLE : SCHEMES

In this Section we show that our construction in Section 2 canbe used to recover schemes from
their category of quasi-coherent sheaves.

3.1. Reconstruction of affine schemes.

3.1.1. Fix a commutative ringΛ with identity, and all schemes considered in this section will be
overΛ.

Let S be the category of affine schemes (overΛ) with the étale topology, andB → S as in
Example 2.1.2; in particular for every affine schemeS we haveBS = QCoh(S).

3.1.2. LetX be a scheme; denote byX the associated stack overS. Consider the abelian ten-
sor categoryQCoh(X) of quasi-coherent sheaves with its sheaf tensor product. Then we have a
morphism of stacks

X
α
−→ QCoh(X),

sendingα : (f : S → X) 7→ (S, f ∗) andα : (g : S ′ → S) 7→ (g, φ) ∈ Hom((S ′, f ′∗), (S, f ∗))
whereφ denotes the natural isomorphismf ′∗ → g∗f ∗.

3.1.3. Example.SupposeΛ = k is a field. LetA be the abelian tensor categoryVectk of (pos-
sibly infinite dimensional) vector spaces overk with the usual tensor product. Then we have
A = QCoh(Spec(k)) and a stack morphism

Spec(k) −→ A.

If (S, F ) ∈ A then we must haveF (k) ∼= OS, and soAS has only one object (up to isomorphism)
for everyS ∈ S, since every object inA is a direct sum of copies ofk, andF preserves direct sums.
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Now suppose(IdS, φ) is an automorphism of(S, F ) in A; in particularφ : F → F is amonoidal
natural isomorphism. Thenφk is an automorphism ofOS. But then we have

φk = φk⊗k = φk ⊗ φk = (φk)
2

as elements inAut(OS), hence we must haveφk = IdOS
.

Similarly we see that there is always a unique lifting(f, φ) : (S ′, F ′) → (S, F ) in A for every
scheme morphismf : S ′ → S. And we conclude that the morphism

α : Spec(k) −→ A

is an isomorphism.

3.1.4. More generally, we have

Theorem 3.1. LetX be an affine scheme, then the morphismα : X → QCoh(X) is an isomor-
phism.

For any tensor functorF : A→ B between abelian tensor categories with unit objectsuA anduB
respectively, we denote byF (1) : End(uA)→ End(F (uA)) ∼= End(uB) the homomorphism given
byF ; here the last two endomorphism rings are identified using the isomorphismσ0 : uB → F (uA).

Lemma 3.2. Let X be an affine scheme, and letS be a scheme. Ifψ : Γ(OX) → Γ(OS) is a
ring homomorphism inducing a scheme morphismf : S → X, then the following diagram is
commutative:

End(OX)
f∗(1)

//

Γ
��

End(OS)

Γ
��

Γ(OX)
ψ

// Γ(OS).

Heref ∗ : QCoh(X) → QCoh(S) is the pull-back functor, and the vertical arrows are natural
isomorphisms.

Lemma 3.3. LetX be an affine scheme, and letS be a scheme. LetF,G : QCoh(X)→ QCoh(S)
be two tensor functors. IfF (1) = G(1) thenF ∼= G via a symmetric monoidal natural isomor-
phism.

Proof. Let a ∈ QCoh(X), then it admits a (possibly infinite) presentation

OpX
m
−→ OqX −→ a −→ 0,

wherem is a matrix with entries inEnd(OX). Applying the right exact functorsF andG we get
exact sequences

F (OpX)
F (1)(m)

//

∼=
��

F (OqX)
//

∼=
��

F (a) // 0

G(OpX) G(1)(m)
// G(OqX)

// G(a) // 0,
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whereF (1)(m) andG(1)(m) are respectively the matrix withF (1) andG(1) applied to the
entries ofm, and the vertical isomorphisms are given by

F (OX)
σ−1
0−→ OS

τ0−→ G(OX).

By the assumptionF (1) = G(1) the square in this diagram commutes, and so we have an isomor-
phismφa : F (a)→ G(a).

It is straightforward to verify that this is independent of the choice of the presentation ofa and
moreover gives a natural isomorphismφ : F → G. It remains to show that it is asymmetric
monoidalnatural transformation. We show that it is monoidal, leaving the symmetry to the reader.

So letb ∈ QCoh(X). Consider the following diagram:

F (bq)

φbq

��✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
✠

//

σ
O

q
X

,b

��

F (a⊗ b)
φa⊗b

}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤

σa,b

��
F (b)q //

✠✠
✠✠
✠✠
✠✠
φ
O

q
X
⊗φb

��✠✠
✠✠
✠✠
✠✠

F (a)⊗ F (b)

φa⊗φb

}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤

G(bq) //

τ
O

q
X

,b

��

G(a⊗ b)

τa,b

��
G(b)q // G(a)⊗G(b).

(Herebq stands forOqX ⊗ b, F (b)
q stands forOqS ⊗ F (b), etc.)

The commutativity of the right side is the condition we need to verify.

The top side is obtained by first applying−⊗ b to the surjectionOqX → a, and then the functors
F andG; the bottom side is obtained by applying these functor in theother order. These two sides
are commutative sinceφ is a natural transformation.

The front side and the back side are commutative by the compatibility conditions on the isomor-
phismsσ andτ . Therefore we are reduced to prove the commutativity of the left side.

By considering a presentationOsX → O
t
X → b→ 0 of b, this is in turn reduced to the commuta-

tivity of the following diagram:

F (OtX ⊗O
q
X)

φ
Ot
X

⊗O
q
X //

σ
Ot
X

,O
q
X

��

G(OtX ⊗O
q
X)

τ
Ot
X

,O
q
X

��
F (OtX)⊗ F (O

q
X) φ

Ot
X
⊗φ

O
q
X

// G(OtX)⊗G(O
q
X).

It suffices to show that this diagram is commutative in the special caseq = t = 1. Using the
left diagram of (4) in [ML98, page 256] (applied to bothF andG) we are reduced to showing the
commutativity of the following diagram:
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F (OX)⊗OS
φOX

⊗Id
//

Id⊗σ0
��

G(OX)⊗OS

Id⊗τ0
��

F (OX)⊗ F (OX)
φOX

⊗φOX // G(OX)⊗G(OX).

But by construction we haveφOX
= τ0 ◦ σ

−1
0 , and so we are done. �

Proof of Theorem 3.1.We define a morphism

α′ : QCoh(X) −→ X

by sending(S, F ) to f : S → X wheref = Spec(F (1)).

We first show thatα′ ◦ α ∼= Id. So supposef : S → X is an affine scheme overX. Let
ψ = f#

X : Γ(OX)→ Γ(OS), then

Spec(f ∗(1)) = Spec(ψ) = f,

where we identified the rings usingΓ in Lemma 3.2.

Conversely, we need to show thatα ◦ α′ ∼= Id. So let(S, F ) be an object inQCoh(X) overS.
Let ψ = Γ(F (1)) : Γ(OX)→ Γ(OS) as in Lemma 3.2, then we have

F (1) = Spec(ψ)∗(1),

hence we concludeF ∼= Spec(ψ)∗ by Lemma 3.3. �

3.1.5. Remarks.Recall from 2.4.3 that there is a functor fromQCoh(X) into the categoryOX−Mod
on the stackQCoh(X) ∼= X. It is easily seen to be isomorphic to the inclusion functor.

The proof above also shows that we have an isomorphismX → A wheneverA ⊂ QCoh(X) is
an abelian tensor subcategory; any suchA must contain the unit objectOX and hence every finitely
presented objects inQCoh(X). For example, whenX is a noetherian affine scheme, we may take
A to beCoh(X). (Here the noetherian assumption is used to guarantee that the tensor product of
two coherent sheaves is still coherent.)

3.1.6. Example.Here we show that it is crucial to use the sheaf tensor productin the proof of
Theorem 3.1.

Let k be a field of characteristic not equal to2, and letX = Spec(k[t]/(t2 − 1)) be the affine
scheme of two reduced points. LetA be the abelian categoryCoh(X) on which we have the sheaf
tensor product⊗X , then we have

X ∼= (A,⊗X)

as stacks, as remarked in 3.1.5.

There is, however, a different tensor product on the categoryA by identifying the ringk[t]/(t2−1)
with the group algebrakG, whereG = {1, t} is the cyclic group of order two. This realizesA as
the category of finite dimensionalG-representations; denote the representation tensor product onA
by⊗G. Notice that this is indeed a different tensor product from⊗X since they have different unit
objects.
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Every objectV in A then decomposes asV+ ⊕ V− whereV+ is the trivial representation andt
acts as the multiplication by−1 onV−.

Denote byk the one dimensional trivialG-representation, and letM be the one dimensionalG-
representation on whicht acts as the multiplication by−1. Then any tensor functorF from (A,⊗G)
into an abelian tensor categoryB is determined by the objectF (M), which must satisfy

F (M)⊗ F (M) ∼= F (k) ∼= uB.

And conversely, any object inB whose tensor square is isomorphic touB gives rise to such a
functor. Therefore we conclude that, ifS is an affine scheme, for instance, then the fibre category
(A,⊗G)S is isomorphic to the group of order two elements inPic(S), namely,

(A,⊗G)S ∼= Pic(S)[2].

In particular we have
(A,⊗X) 6∼= (A,⊗G).

See also Section 4 for a class of examples which illustrates the dependence on tensor structures.

3.2. Reconstruction of schemes.

3.2.1. Now we generalize Theorem 3.1 to more general schemes.

Theorem 3.4. LetX be a quasi-compact and separated scheme, then the comparison morphism
α : X −→ QCoh(X) is an isomorphism.

The point is to construct a quasi-inverse

α′ : QCoh(X) −→ X,

which means that for every affine schemeS and a tensor functorF : QCoh(X) → QCoh(S), we
need to define a scheme morphismf : S → X.

We must do this locally onS andX: The idea is to glue open affine subschemes, buta priori
we do now even know if the stackQCoh(X) is representable, and so, for example, ifU ⊂ X is an
open affine subscheme, then it is not clear why the induced morphism

U ∼= QCoh(U) −→ QCoh(X)

should be anopen immersion.

So leta1, a2, . . . be finitely presented quasi-coherent sheaves onX. Then in particular eachai has
a closed support. Suppose that the intersection

⋂
i supp(ai) is empty onX. Then the complements

of supp(ai) form an open covering ofX. EachF (ai) is finitely presented onS, and in particular
eachsupp(F (ai)) is closed.

Lemma 3.5. With notations and assumptions as above, we have
⋂
i supp(F (ai)) = ∅ on S. In

particular the complements ofsupp(F (ai)) form an open covering ofS.

Proof. Suppose on the contrary that the intersection is non-empty onS. Then there is a points ∈ S
such thats∗F (ai) is non-zero inVectk(s) for everyi. Note thats∗ ◦ F : QCoh(X) → Vectk(s) is a
tensor functor, and so by Lemma 3.6 below, there is a pointx ∈ X such thatx∗(ai) is non-zero for
everyi. This means that the pointx lies in the intersection ofsupp(ai), a contradiction. �
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Lemma 3.6. Let LetX be a quasi-compact and separated scheme, and letK be a field. IfG :
QCoh(X) → VectK is a tensor functor, then there is aK-pointx onX such thatG is isomorphic
to x∗ as tensor functors.

Proof. We first reduce to the affine case. LetU be an open affine subscheme ofX, and letM ⊂
QCoh(X) be the kernel of the restriction functor−|U : QCoh(X)→ QCoh(U). That is,M is the
full subcategory consisting of objectsb ∈ QCoh(X) such thatb|U ∼= 0; then we have

M =
⋂

u∈U

ker(u∗).

We claim that there is an open affine subschemeU of X such thatM is contained inker(G).
Suppose this were not the case. Then for everyx ∈ X there is an objectax ∈ ker(x∗) not in
ker(G). We may chooseax to be of finite type: Indeed,ax is a quasi-coherent sheaf and hence a
direct limit of finite type subsheaves. All of these finite type subsheaves must be inker(x∗) in order
to havex∗(ax) = 0, and at least one of these finite type subsheaves is not inker(G) since otherwise
we would haveG(ax) ∼= 0, sinceG commutes with direct limits.

So for everyx ∈ X we choose and fix a sheafax of finite type satisfyingax ∈ ker(x∗) and
ax /∈ ker(G). Sinceax is of finite type, its supportsupp(ax) is closed inX; letUx = X−supp(ax).
Then{Ux | x ∈ X} form an open covering ofX. SinceX is quasi-compact we have a finite sub-
coveringUx1, Ux2 , . . . , Uxn. Let

a :=
n⊗

i=1

axi .

Then we havex∗(a) =
⊗

x∗(axi) = 0 sincex lies in one ofUxi , for everyx ∈ X. This means
that we must havea ∼= 0 in QCoh(X). But on the other hand, we haveG(a) 6= 0 since every
G(axi) 6= 0 in VectK , a contradiction.

Therefore there is an open affine subschemeU of X such thatM = ker(−|U) is contained in
ker(G). Then we have a diagram

QCoh(X)

��

G // VectK

QCoh(X)/M

Ḡ

88♣♣♣♣♣♣

∼=
��

QCoh(U),

whereQCoh(X)/M is the localization [Gab62]. The lower vertical arrow is an equivalence by
[Gab62, Chapter 3, proposition 5].

More precisely, the equivalence follows from the fact that the push-forward functor induced by
the open immersionU → X sends quasi-coherent sheaves on theaffineschemeU to quasi-coherent
sheaves onX, and this functor is a section functor of the restriction functor. The fact that quasi-
coherent sheaves are preserved under push-forward followsfrom our assumptions on the scheme
X: Indeed, we need the open immersion to be quasi-compact and separated [Har77, Chapter 2,
Proposition 5.8]. The separatedness follows from the fact that affine schemes are separated and
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[Har77, Chapter 2, Corollary 4.6]; the open immersionU → X is quasi-compact since for any
open affine subschemeY of X, the intersectionY ∩ U is affine, and hence quasi-compact.

We then have a tensor functorH : QCoh(U) → VectK whereU is an open affine subscheme of
X. Thus we are reduced to the affine case.

The functorH induces a ring homomorphism

H(1) : Γ(U,OU) ∼= EndQCoh(U)(OU ) −→ EndVectK (K) ∼= K.

This gives a pointu : Spec(K)→ U . Lemma 3.3 withF = H andG = u∗ showsH ∼= u∗. �

3.2.2. Suppose now we choose the objectsai ∈ QCoh(X) with sufficiently large support so that
eachUi := X − supp(ai) is an openaffinesubscheme. The complementVi of supp(F (ai)) in S is
open but not necessarily affine. We need to define a scheme morphismfi : Vi −→ Ui, which will
glue to givef : S → X.

SinceUi is affine, it suffices to give a ring homomorphism

f#
i : Γ(Ui,OUi

) −→ Γ(Vi,OVi).

This can be constructed at the categorical level using the functorF and localization as follows.

Consider the restriction tensor functor−|Ui
: QCoh(X)→ QCoh(Ui); denote byMi = ker(−|Ui

)
the subcategory of objects inQCoh(X) consisting of those objectsb satisfyingb|Ui

∼= 0 inQCoh(Ui);
or in other words objectb with supp(b) ⊂ supp(ai) as sets.

Lemma 3.7. If b ∈ K thenF (b)|Vi ∼= 0 in QCoh(Vi).

Proof. It suffices to prove the following statement: Ifc, c′ ∈ QCoh(X) are such thatsupp(c′) ⊂
supp(c) as sets, thensupp(F (c′)) ⊂ supp(F (c)) as sets. To see that this is enough, takec = ai and
c′ = b in the situation above, this statement then impliessupp(F (b)) ⊂ supp(F (ai)) = S − Vi.

To prove the statement above, lets ∈ S be a point insupp(F (c′)). Thens∗F (c′) 6= 0. By
Lemma 3.6 there is a pointx ∈ X such thats∗ ◦ F ∼= x∗, hencex∗(c′) 6= 0. In other words
x ∈ supp(c′) ⊂ supp(c). Therefore0 6= x∗(c) ∼= s∗F (c); that is,s ∈ supp(F (c)). �

Then we have a diagram similar to the one in the proof of Lemma 3.6:

(3.1) QCoh(X)

��

F // QCoh(S)

��
QCoh(X)/Mi

Fi //❴❴❴

∼=
��

QCoh(Vi)

QCoh(Ui).
F̃i

77♥♥♥♥♥♥

The induced functorFi is a tensor functor, hence we have a ring homomorphism

Γ(Ui,OUi
) = End(OUi

)
∼=
−→ EndQCoh(X)/Mi

(OX)
Fi−→ End(OVi) = Γ(Vi,OVi),

as desired.
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3.2.3. We show that the scheme morphismsfi : Vi → Ui coincide on intersectionsVij := Vi ∩ Vj.
It then follows that there is a scheme morphismf : S → X for every given tensor functorF :
QCoh(X)→ QCoh(S). This defines a morphism

α′ : QCoh(X) −→ X.

Notice thatUij := Ui ∩ Uj is equal toX − supp(ai) ∪ supp(aj) = X − supp(ai ⊕ aj), and
Vij = S − supp(F (ai ⊕ aj)). SinceX is quasi-compact and separated, and bothUi andUj are
affine,Uij is affine. So by the same construction above we have a scheme morphismg : Vij → Uij ,
and it only remains to show that this is equal to the restriction of fi : Vi → Ui. This follows from
the commutativity of the following diagram on the endomorphism rings of the identity objects:

QCoh(X)

��

F // QCoh(S)

��
QCoh(X)/Mi

//❴❴❴

∼=
��

QCoh(Vi)

��

QCoh(Ui)

��
QCoh(Ui)/Mij

∼=
��

//❴❴❴ QCoh(Vij)

QCoh(Uij).

3.2.4. Now we can finish the

Proof of Theorem 3.4.It suffices show that the functorα′ defined above is a quasi-inverse toα.

First we proveα ◦ α′ ∼= Id. So supposeF : QCoh(X) → QCoh(S) is a tensor functor, which
induces a scheme morphismf : S → X as above by choosing an open affine coveringX = ∪Ui,
Ui = X − supp(ai). Denote byS = ∪Vi the corresponding open covering as in the construction
above. Lethi : Ui →֒ X andgi : Vi →֒ S be the open immersions, and letfi : Vi → Ui be the
restrictions off .

We need to show that(S, F ) and(S, f ∗) are isomorphic objects inQCoh(X). Since this is a stack
it suffices to show that their associated descent data with respect to the covering{hi : Vi → S} are
isomorphic. That is, we need to show thatg∗i ◦F andg∗i ◦ f

∗ are isomorphic as tensor functors from
QCoh(X) toQCoh(Vi). (We also need to show that the isomorphisms we construct commute with
the canonical natural transformations in the descent data;we leave this part to the reader.)

By the commutative diagram of schemes

Vi
fi //

gi
��

Ui

hi
��

S
f

// X
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we have natural isomorphisms

g∗i ◦ f
∗ ∼= f ∗

i ◦ h
∗
i .

On the other hand, denote bỹFi : QCoh(Ui) → QCoh(Vi) the tensor functor constructed in
diagram (3.1), we have

g∗i ◦ F
∼= F̃i ◦ h

∗
i .

Hence it suffices to provef ∗
i
∼= F̃i. But F̃i is constructed fromfi and satisfies̃Fi(1) = f ∗

i (1), hence
we conclude by Lemma 3.3.

Conversely, we need to prove thatα′ ◦ α ∼= Id. So letf : S → X be a scheme morphism. Cover
X with open affine subschemesUi of the formX−supp(ai). LetVi = f−1(Ui) and letfi : Vi → Ui
be the restrictions off . Let F = f ∗ : QCoh(X) → QCoh(S), then we have as in diagram (3.1)
tensor functors

Fi : QCoh(X)/Mi −→ QCoh(Vi).

It suffices to prove that the scheme morphismf ′
i : Vi → Ui induced byFi is equal tofi. In other

words, we need to proveFi(1) = f ∗
i (1) as ring homomorphisms fromΓ(Ui,OUi

) ∼= End(OUi
) to

Γ(Vi,OVi)
∼= End(OVi):

QCoh(X)/Mi
Fi //❴❴❴

∼=
��

QCoh(Vi)

QCoh(Ui).

f∗i

77♥♥♥♥♥♥

This follows from the fact that the functorFi is induced by the scheme morphismf : S → X
which restricts tofi. �

3.2.5. Remark.The idea of considering supports of objects in a possibly abstract category is the
starting point of tensor triangular geometry. See [Bal02] and [Bal10].

3.2.6. Remarks.Theorem 3.4 is a stronger version of a special case of Lurie’srecontruction of
geometric stacks ([Lur, Theorem 5.11] and [Lur11, Theorem 3.0.1]) which describes the essential
image of the natural functor

Hom(S,X) −→ Fun(QCoh(X),QCoh(S))

sendingf 7→ f ∗. More precisely, Lurie’s theorem applies to geometric stack X and states that this
functor is fully faithful with essential image consisting of tensor functors which carry flat objects to
flat objects.

In the case whenX is a quasi-compact separated scheme (which is an example of ageometric
stack), Theorem 3.4 states that this essential image consists of tensor functors. Therefore every
tensor functor is isomorphic (via a symmetric monoidal natural isomorphism) to a tensor functor
which moreover carries flat objects to flat objects, and in this special case of Lurie’s theorem we
may remove the condition that the tensor functor preserves flat objects.
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4. EXAMPLE : FINITE GROUP REPRESENTATIONS

In this Section we consider the categoryG−rep of finite dimensional linear representations of a
finite groupG. We show that our construction in Section 2 applied toG−rep equipped with tensor
product of representations give the classifying stackBG. We also observe that a different tensor
structure can be given toG−rep and our construction produces a stack quite different fromBG.

4.1. The set of characters.

4.1.1. Letk be an algebraically closed field of characteristic zero, andletG be a finite group. The
abelian categoryG−rep of finite dimensionalG-representations overk is equivalent to the category
kG−mod.

LetZ(kG) be the center of the group algebrakG, thenZ(kG) is a commutative subalgebra. It is
isomorphic as an algebra to the direct sumk#Ĝ of #Ĝ copies ofk, whereĜ is the set of characters
onG.

We have a Morita equivalence:

kG−mod
∼=
−→ G−rep

χ
−→ Z(kG)−mod,

where the second arrow sends an irreducible representationto the one dimensionalk-vector space
spanned by its character.

More explicitly, denote the irreducibleG-representation byρ1, . . . , ρ#Ĝ. Then we have

χ : ρ ∼=
⊕

i

ρ⊕mi
i 7→

∏

i

kmi

where thek-vector space on the right is aZ(kG)-module with the “diagonal” action. More intrin-
sically, we have

ρ ∼=
⊕

i

HomG(ρi, ρ)⊗k ρi,

then we have

χ(ρ) =
∏

i

HomG(ρi, ρ).

If λ : ρi → ρi is the morphism given by multiplication byλ ∈ k, then

χ(λ) : χ(ρi)→ χ(ρi)

is the multiplication byλ.

A quasi-inverse of the equivalenceχ is given by

χ−1 :
∏

i

Wi 7→
⊕

i

Wi ⊗k ρi,

where eachWi is a finite dimensionalk-vector space.
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4.1.2. Denote byA the abelian categoryG−rep ∼= Z(kG)−mod. Let⊗G be the representation
tensor product onG−rep, and let⊗Z be the module tensor product onZ(kG)−mod. Consider
abelian tensor categoriesAG := (A,⊗G) andAZ := (A,⊗Z) with identical underlying abelian
categories.

By Theorem 3.1 we have a stack isomorphism

Spec(k#Ĝ) ∼= AZ

over the étale siteS of affinek-schemes. SoAZ is the disjoint union of#Ĝ points.

4.2. The representation tensor product.

4.2.1. Now we considerAG. Consider the stackBG overS, whose objects are pairs(S,M)
whereM is a sheaf on the affine schemeS (in its étale topology) which is aG-torsor. We define a
natural functor

β : BG −→ AG

as follows.

Let (S,M) be an object inBG, then theG-torsor gives an element iňH1(S,G). If

ρ : G→ GL(Vρ)

is a representation, then we have an induced map

ρ∗ : Ȟ
1(S,G) −→ Ȟ1(S,GL(Vρ)).

The elementρ∗(M) is aGL(Vρ)-torsor overS, which gives a flat vector bundle overS; we
denote this vector bundle also byρ∗(M). Then we defineβ by sending

β : (S,M) 7→ (S, β(M)),

whereβ(M) : AG → QCoh(S) sendsρ 7→ ρ∗(M).

More explicitly, givenM we can find a coveringU = {ui : Ti → S} so that the torsorM
is glued from the trivial torsors{G × Ti} via the transition elements{gij} satisfying the cocycle
condition, where eachgij is an element inG, and multiplication bygij gives the isomorphisms

gij : p
∗
1(G× Ti) −→ p∗2(G× Tj)

overTij = Ti ×S Tj .

For anyρ ∈ G−rep, the vector bundleβ(M)(ρ) = ρ∗(M) is then glued from the trivial vector
bundles{Vρ⊗ΛOTi} from the transition elements{ρ(gij)}. From this description it is clear that the
functorβ(M) : ρ 7→ ρ∗(M) is indeed a tensor functor fromAG intoQCoh(S).

Lemma 4.1. The functorβ : BG→ AG is faithful.

Proof. It suffices to show that ifM is aG-torsor overS, thenβ induces an injection fromAut(M)
to Aut(β(M)); the latter automorphism group consists of symmetric monoidal natural automor-
phisms of the functorβ(M).

LetM be given by{gij} as above, then any automorphism ofM is given by{hi}, hi ∈ G,
satisfying

hjgij = gijhi,
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and the automorphismβ({hi})ρ : ρ∗(M) → ρ∗(M) is given by{ρ(hi)}. Therefore we conclude
by takingρ to be any faithful representation. �

4.2.2. LetS be a connected affine scheme, and take the trivialG-torsorM = G×S as an example;
notice that we haveAut(M) ∼= G. Then all the transition elementsgij are the identity element in
G, and for everyρ ∈ G−rep we have

ρ∗(M) = Vρ ⊗k OS .

We claim that the composition

G
∼=
−→ Aut(M)

β
−→ Aut(β(M))

is an isomorphism. By Lemma 4.1 it only remains to prove that it is a surjection.

For every pointp ∈ S denote byk(p) its residue field, which is then a field extension ofk.
Consider the composition tensor functor

p∗ ◦ β(M) : AG
β(M)
−→ QCoh(S)

p∗

−→ Vectk(p);

this is a fibre functor in the sense of [Del90, 1.9].

SinceM is the pull-back of the trivialG-torsorM0 → Spec(k) via the structural morphism
S → Spec(k), we have a commutative diagram

G
∼= //

∼= ##❍
❍❍

❍❍
❍❍

❍❍
❍ Aut(M)

p∗

��

// Aut(β(M))

p∗

��
Aut(M0) ∼=

// Aut(p∗ ◦ β(M)),

where the lower horizontal arrow is an isomorphism by the classical Tannakian duality, or the high-
powered [Del90, 1.12].

Let φ ∈ Aut(β(M)), then the association given by the right vertical arrow above

p 7→ p∗φ

gives a mapS → G, under which the preimage of every group element inG is closed. SinceS is
connected, this map must be a constant map, and soφ lies in the image ofG.

Lemma 4.2. The functorβ : BG→ AG is full.

Proof. We need to show that ifM is aG-torsor overS, thenβ induced a surjection fromAut(M)
to Aut(β(M)). The case whenM is the trivial torsor is treated above.

Fix a coveringU = {ui : Ti → S} such that eachu∗iM is trivial. Then since bothBG andAG
are stacks, we have a commutative diagram with exact rows:
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Aut(M) //

��

∏

i

Aut(u∗iM)

��

//
//
∏

i,j

Aut(u∗ijM)

��

Aut(β(M)) //
∏

i

Aut(u∗i ◦ β(M)) //
//
∏

i,j

Aut(u∗ij ◦ β(M)).

Since the second and the third vertical arrows are isomorphisms, so is the first. �

4.2.3. Now consider the essential image of the functorβ : BG → AG. Let (S, F ) ∈ AG, then
by [Del90, 2.7] we know thatF (ρ) is a vector bundle of finite rank onS for every affine scheme
S ∈ S and everyρ ∈ G−rep. Moreover, by specializing to a closed point as in the argument before
Lemma 4.2 we see that the rank ofF (ρ) is equal to the dimension ofVρ using the fact that there is
essentially only one fibre functor into the category ofk-vector spaces, namely the forgetful functor
[Del90, 1.10].

Since there are only finitely many isomorphism classes of irreducible representation, we can find
a coveringU = {ui : Ti → S} such that eachu∗iF (ρ) is a trivial vector bundle onTi for every
ρ ∈ G−rep. In particular, this means that the functoru∗i ◦ F : AG → QCoh(Ti) is isomorphic to
β(Mi) whereMi = G× Ti is the trivialG-torsor overTi.

Denote byhij,ρ the transition isomorphismp∗1u
∗
iF (ρ) → p∗2u

∗
jF (ρ) on Tij of the vector bun-

dle F (ρ). This gives a natural isomorphismhij : p∗1u
∗
iF → p∗2u

∗
jF between functors fromA to

QCoh(Tij). Therefore we have isomorphisms

hij : p
∗
1β(Mi) −→ p∗2β(Mj).

Identifying these functors withβ(Mij), whereMij = G × Tij is the trivialG-torsor, we see
that eachhij is an element inAut(β(Mij)), which is isomorphic to a product of copies ofG (the
number of copies is equal to the number of connected components ofTij).

Thus the datum{β(Mi), hij} glues inA to an objectβ(M) in the image ofβ, and the local
isomorphismsu∗iF ∼= β(Mi) gives an isomorphismF ∼= β(M). Hence we conclude:

Lemma 4.3. The functorβ : BG→ AG is essentially surjective.

Combining Lemmas 4.1, 4.2, and 4.3 we have proven

Theorem 4.4.The functorβ : BG→ AG is an equivalence.

4.2.4. Remark.In the case whenG is finite andabelianthe equivalence

β : BG→ AG = (A,⊗G)

can be described more explicitly.

First notice that ifH1 andH2 are finite groups, then we have

B(H1 ×H2) ∼= BH1 ×S BH2.
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Combining this with Proposition 2.3 and choosing any decomposition

G ∼=
∏

i

(Z/niZ)

we may reduce to the case whenG ∼= Z/nZ ∼= µn is finite and cyclic.

Fix any embeddingρ : G → k× = GL(k), viewed as a one-dimensional representation. Then
{ρ, ρ⊗2, ρ⊗3, . . . , ρ⊗n} is a full list of irreducible representations. Therefore every tensor functor
F : G−rep→ QCoh(S) is determined by the line bundleF (ρ) onS.

The line bundleF (ρ) admits an isomorphismF (ρ)⊗n ∼= F (ρ⊗n) ∼= OS. Let

mF : F (ρ) −→ F (ρ)⊗n ∼= OS

be then-th tensor power morphism. Denote by1 ∈ Γ(S,OS) the nowhere vanishing global section.
Then the preimagem−1

F (1) is a subsheaf ofF (ρ) which is easily seen to be aµn-torsor overS. The
association

(S, F ) 7→ (S,m−1
F (1))

gives a quasi-inverse to the functorβ.

4.2.5. Remarks.(1) Theorem 4.4 above is very similar to Lurie’s result applied to the geometric
stackX = BG: Indeed, recalling that the categoryG−Rep of possibly infinite dimensionalG-
representations is equivalent to the category ofG-equivariant sheaves onSpec(k), which in turn is
equivalent to the categoryQCoh(BG). Lurie’s theorem [Lur, Theorem 5.11] states that the natural
functor

BG(S) −→ Fun(G−Rep,OS−Mod)

has its essential image consisting of tensor functors whichcarry flat objects to flat objects. Compare
this with Remarks 3.2.6.

(2) More generally, ifG acts on a schemeW and we takeA to be the abelian tensor category of
G-equivariant quasi-coherent sheaves onW , thenA is isomorphic to the stack[W/G].

(3) If G andH are finite groups with the same number of conjugacy classes, then on the abelian
category

A = G−rep ∼= Z(kG)−mod ∼= Z(kH)−mod ∼= H−rep

there are tensor products⊗G,⊗H , and⊗Z so that

(A,⊗G) ∼= BG,

(A,⊗H) ∼= BH,

and

(A,⊗Z) ∼= Ĝ ∼= Ĥ.
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4.2.6. By 2.4.3 there are functors fromAG into the category of sheaves onAG ∼= BG, and from
AZ into the category of sheaves onAZ ∼= Ĝ. Here we describe them with both underlying abelian
categoriesAG andAZ realized asG−rep:

Sh(AZ) Gρ

G−rep

99sssssssss

%%❑❑
❑❑❑

❑❑❑
❑❑

ρ
❆

@@✁✁✁✁✁✁✁✁

⑥

��❂
❂❂

❂❂
❂❂

❂

Sh(AG) Fρ

We identifyAZ = Ĝ with the set{χ1, χ2, . . . , χ#Ĝ} of irreducible characters; denote byρi the

irreducible representation with characterχi. ThenGρi corresponds to the one-dimensionalk#Ĝ-
module supported at the pointχi.

On the other hand, letρ : G → GL(Vρ) be a representation. The corresponding sheafFρ on
AG ∼= BG sends an object(S,M) ∈ BG to the global section of the vector bundleρ∗(M) with
fibres isomorphic toVρ onS corresponding to theG-torsorM. In particular, this sheaf restricts to
the sheafM on the categoryBG/(S,M)

∼= S/S overBG.

5. EXAMPLE : THE DUAL OF G-GERBES

In this Section we apply the framework of 2-descent of stacksrecalled in Appendix A to realize
G-gerbes and their duals as stacks which locally are of the formA.

5.1. Comparison. This subsection contains some preparatory results, to be used in the main con-
struction.

5.1.1. Consider the equivalences

kG−mod
∼=
−→ G−rep

∼=
−→ Z(kG)−mod,

wherekG−mod is given the representation tensor⊗G, whileZ(kG)−mod is given⊗Z . Denote the
second equivalence byχ, then it isnot a tensor functor: for instance, it does not send the⊗G-unit
object to the⊗Z-unit object.

Supposeφ : G→ H is a group homomorphism, then we have the following diagram:

H−rep

φ∗

��

χH // Z(kH)−mod

χG◦φ∗◦χ−1
H

��✤
✤
✤

G−rep χG

// Z(kG)−mod.

Hereφ∗ is a tensor functor. It is an interesting question to understand the functor given by the
dashed arrow

F := χG ◦ φ
∗ ◦ χ−1

H .
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Notice that the functorF is in generalnot a tensor functor: For example, letG = {1} and letH
be any group with#Ĥ ≥ 2; let φ : G → H be the inclusion of the identity element. Ifσ1 andσ2
are non-isomorphic irreducibleH-representations, then we have

χH(σ1)⊗ χH(σ2) = 0 ∈ Z(kH)−mod

butφ∗(σ1) andφ∗(σ2) are both trivialG-representations, and we have

χGφ
∗(σ1)⊗ χGφ

∗(σ2) 6= 0 ∈ Z(kG)−mod.

5.1.2. Consider now the special case when we have a groupautomorphismφ : G→ G. Then we
have

G−rep

φ∗

��

χ // Z(kG)−mod

χ◦φ∗◦χ−1=F
��✤
✤
✤

G−rep χ
// Z(kG)−mod.

Sinceφ sends any conjugacy class ofG into a conjugacy class, it defines an automorphism

Φ : Ĝ ∼= Spec(Z(kG)) −→ Spec(Z(kG)) ∼= Ĝ

by pre-composing characters withφ.

Let ρi be an irreducibleG-representation. ThenF (ρi) is the character of the representationρi ◦φ,
and so we have

Φ(χ(ρi)) = χ(ρi ◦ φ).

Therefore we have

F = Φ∗.

In particular we see thatF is a tensor functor. Hence we conclude:

Lemma 5.1. Letφ : G→ G be a group automorphism of a finite groupG. Then:

(i) φ induces a tensor functor

(G−rep,⊗G) −→ (G−rep,⊗G)

defined byρ 7→ ρ ◦ φ.
(ii) φ induces a tensor functor

(G−rep,⊗Z) −→ (G−rep,⊗Z)

defined as the functorF above.

5.2. G-gerbes and their duals.
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5.2.1. Letk be a field, letG be a finite group, and letA = G−rep. Recall from Section 4.1.2 that
we have two abelian tensor categoriesAG = (A,⊗G) andAZ = (A,⊗Z) with identical underlying
abelian categories.

Then we have maps

Aut⊗(AG)

G
ι // Aut(G)

κ
88qqqqqqqqqqq

κ′ &&▼▼
▼▼▼

▼▼▼
▼▼

Aut⊗(AZ),

where the first arrow is the inner automorphism map

ι(β) : x 7→ β−1xβ.

The mapκ sends an automorphismα : G→ G to (ρ 7→ ρ ◦ α) for every representationρ : G→
GL(Vρ) in A; notice that it is ananti-homomorphism. Finally,κ′ factors throughκ, and is defined
using Lemma 5.1 by choosingH = G andφ = α ∈ Aut(G).

Lemma 5.2. Letβ ∈ G, and letα, α′ ∈ Aut(G).

(i) There is a natural isomorphismµ : κ(α ◦ ι(β))→ κ(α). More precisely,µρ = ρα(β).
(ii) µ ◦ κ(α′) : κ(α′ ◦ α ◦ ι(β))→ κ(α′ ◦ α) is given by(µ ◦ κ(α′))ρ = ρα′α(β).
(iii) κ(α′) ◦ µ : κ(α ◦ ι(β) ◦ α′)→ κ(α ◦ α′) is given by(κ(α′) ◦ µ)ρ = ρα(β).
(iv) There is a natural isomorphismµ′ : κ′(α ◦ ι(β)) → κ′(α). More precisely,µ′

ρ = χρ(α(β))
whereχρ is the character ofρ.

Proof. (i) For everyρ ∈ A, we need an isomorphism

µρ : ρ ◦ α ◦ ι(β) −→ ρ ◦ α

of representations. The following commutative diagram gives the result:

V
ραι(β)(x)

//

ρα(β)

��

V

ρα(β)

��
V

ρα(x)
// V,

for everyx ∈ G, whereV = Vρ = Vρ◦α = Vρ◦α◦ι(β).

(ii) and (iii) are straightforward.

(iv) Recall that we have an equivalence between abelian tensor categories

χ : AZ = (G−rep,⊗Z) −→ (k#Ĝ−mod,⊗)

wherec is the number of conjugacy classes inG. The mapχ sends any irreducible representationρ
to the one-dimensional vector space spanned by its character χρ.
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Applyingχ to the natural transformationµ gives the result. �

5.2.2. Suppose now we are given elementsαij ∈ Aut(G) andβijk ∈ G satisfying the2-cocycle
conditions:

(5.1) αjk ◦ αij = αik ◦ ι(βijk),

and

(5.2) α−1
ij (βjkl)βijl = βijkβikl.

Let λij = κ(αij) ∈ Aut⊗(AG); similarly, letλ′ij = κ′(αij) ∈ Aut⊗(AZ).

The first of the2-cocycle conditions gives for everyi, j, k a natural isomorphism

µijk : λij ◦ λjk = κ(αik ◦ ι(βijk)) =⇒ λik

between tensor autoequivalences onAG, by takingα = αik andβ = βijk in Lemma 5.2(i).

Similarly, by Lemma 5.2(iv) we have natural isomorphism

µ′
ijk : λ

′
ij ◦ λ

′
jk =⇒ λ′ik.

5.2.3. With notations as above, we claim that the following diagram is commutative:

(λij ◦ λjk) ◦ λkl
µijk◦λkl +3 λik ◦ λkl

µikl +3 λil

λij ◦ (λjk ◦ λkl)
λij◦µjkl

+3 λij ◦ λjl µijl
+3 λil.

By Theorem A.1, we have the following consequence:

Corollary 5.3. LetG be a finite group, letAG = (G−rep,⊗G). LetB → S be a category fibred
in abelian tensor categories over a site with final objectS0. LetU = {ui : Ti → S0} be a covering.

Letαij ∈ Aut(G) andβijk ∈ G be chosen so that they satisfy the 2-cocycle conditions(5.1)and
(5.2). Then

(AG(B/Ti), λij, µijk)

defined above is a 2-descent datum of stacks overS.

In particular there is a stackY overS satisfyingu−1
i Y ∼= AG(B/Ti) by Theorem A.1.

The proof of the commutativity of the diagram above is a direct calculation using Lemma 5.2(i)-
(iii) and the first cocycle condition (5.1):

(µikl ◦ (µijk ◦ λkl))ρ = µikl,ρ ◦ µijk,λkl(ρ)

= ραil(βikl) ◦ ραklαik(βijk)

= ραil(βikl) ◦ ραilι(βikl)(βijk)

= ραil(βijkβikl),
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(µijl ◦ (λij ◦ µjkl))ρ = µijl,ρ ◦ λij(µjkl,ρ)

= ραil(βijl) ◦ ραjlαijα
−1
ij (βjkl)

= ραil(βijl) ◦ ραilι(βijl)α
−1
ij (βjkl)

= ραil(α
−1
ij (βjkl)βijl).

Therefore the commutativity follows from the second cocycle condition (5.2).

By applyingχ to the calculation above, we see that the analogous diagram with λ replaced with
λ′ andµ replaced withµ′ is also commutative. Hence we have

Corollary 5.4. LetG be a finite group, letAZ = (G−rep,⊗Z). LetB→ S be a category fibred in
abelian tensor categories over a site with final objectS0. LetU = {ui : Ti → S0} be a covering.

Letαij ∈ Aut(G) andβijk ∈ G be chosen so that they satisfy the 2-cocycle conditions(5.1)and
(5.2). Then

(AZ(B/Ti), λ
′
ij, µ

′
ijk)

defined above is a 2-descent datum of stacks overS.

In particular there is a a stack̂Y overS satisfyingu−1
i Ŷ ∼= AZ(B/Ti) by Theorem A.1.

5.2.4. LetS be the étale site of affine schemes over a given schemeS0 and letB → S be the
fibred category of quasi-coherent sheaves.

The stackY constructed above is aG-gerbe overS. Indeed, by the proof of Theorem 4.4 we
know that each stackAG(B/Ti

) is isomorphic toBG× Ti. The stack̂Y should be considered as its
dual spaceas in [TT10].

5.2.5. Remarks.TheG-gerbes arising from the 2-descent Theorem A.1 considered here are a
special kind. To cover more generalG-gerbes one needs to consider 2-cocycles with upper indices

(αrij, β
rst
ijk)

as in [Bre94, 2.4 and 2.7], whereT rij → Tij is a covering ofTij with indexr, αrij ∈ Aut(G), and
βrstijk ∈ G.

The 2-cocycle conditions are

(5.3) αsjk ◦ α
r
ij = αtik ◦ ι(β

rst
ijk),

and

(5.4) (αrij)
−1(βswvjkl )β

rvu
ijl = βrstijkβ

twu
ikl .

We illustrate the construction in this more general settingby considering theG-gerbe

BH → BQ

arising from a short exact sequence

1 −→ G −→ H −→ Q −→ 1

of finite groups.
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In this case consider the étale coveringpt→ BQ by a single affine schemeT1 := pt = Spec(k).
Then we have, with notations as in 5.2.2,

T11 = pt×BQ pt ∼= Q

as a set of points; setT rij to be the point corresponding to an elementr in Q. Therefore there is only
one lower index, namely1, and the upper indices correspond to elements inQ.

For everyr ∈ Q choose a lifting̃r ∈ H. This gives a set map

Q→ Aut(G)

by sendingr to the conjugation automorphism ofG by r̃. Denote this automorphism byαr11.

The condition (5.3) definesβrst111 whenever the group elementsr, s, t ∈ Q satisfy the equality
t = rs and gives a2-cocycle; that is, condition (5.4) is satisfied.

These choices ofαr11 andβrst111 allow us to glueT11 × BG, that is,#Q copies ofBG together to
get aG-gerbeY overBQ.

Recall that each local copy ofBG is realized asAG(B/pt), wherept is a point inT11 andB→ S

is the fibred category of quasi-coherent sheaves over the site of affine schemes overΛ. Hence the
dualŶ is glued from#Q copies of the scheme

Ĝ = the set of isomorphism classes of irreducible representations ofG = AZ(B/pt)

via the isomorphisms induced byαr11, r ∈ Q. In other words,̂Y is the quotient of̂G by thisQ-action

Ŷ = [Ĝ/Q].

5.2.6. Now we construct a twisted sheaf onŶ using A.1.4. See [TT10] for the role twisted sheaves
played in gerbe duality.

First we consider̂Y, which is glued fromAZ(B/Ti) = Ĝ×Ti. Consider the regular representation
ρ̃ =

∑
Vρ∗s ⊗ ρs, where{ρs} is a set of representatives of isomorphism classes of irreducibleG-

representations. HereVρ∗s ⊗ ρs means the direct sum ofdimVρ∗s copies ofρs. Denote byχs the
character ofρs, thenĜ ∼= {χs}.

Let Gi be the sheaf on̂G × Ti corresponding tõρ ∈ A via the construction in 2.4.3. ThenGi is
simply the sheaf on̂G× Ti whose restriction to{χs} × Ti is the trivial vector bundleVρ∗s ⊗OTi .

We will identify Ĝ× Ti|ij with Ĝ× Tij, then we have an automorphismχij on Ĝ× Tij induced
by the automorphismαij ∈ Aut(G). By the cocycle condition (5.1) and the fact that an inner
automorphism acts trivially on the setĜ of characters, we see that the natural isomorphism

φijk : χjk ◦ χij ⇒ χik

between stack isomorphisms is the identity: In fact everyχij is the scheme automorphism onĜ×Tij
given by the action ofαij acting onĜ.

The sheafχ∗
ij(Gj |ij) is the the sheaf whose restriction to{χs} × Tij is the trivial vector bundle

Vρ∗v ⊗OTij , whereρv is the representative of the isomorphism class ofρs ◦ αij.

The isomorphismρ∗s ◦ αij ∼= ρ∗v is given by a vector space isomorphism (unique only up to a
non-zero scalar)

τij,s : Vρ∗s
∼=
−→ Vρ∗v .
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This defines sheaf isomorphisms

δij : Gi|ij
∼=
−→ χ∗

ij(Gj|ij)

between sheaves on̂G × Tij , and hence we have constructed a twisted sheafG on Ŷ associated to
the regular representatioñρ.

To compute the twisting, which is a 2-cycle with values inO×

S0
, first recall that by the cocycle

condition (5.1) we have
αki ◦ αjk ◦ αij = ι(βijk)

in Aut(G), whereβijk ∈ G, and for anyβ ∈ G, ι(β) denotes the inner automorphismx 7→ β−1xβ
onG. In particular, the isomorphism of vector spacesρ∗s(β

−1) gives an isomorphism fromρs to
ρs ◦ ι(β). Now consider the following commutative diagram:

ρ∗s

ρ∗s(β
−1
ijk)

��
cs,ijk

%%

❬ ❩ ❨ ❳ ❲ ❱ ❯
❚

❙
❘

◗
P

❖
▼

▲

ρ∗s ◦ ι(βijk)

ρ∗s ◦ αki ◦ αjk ◦ αij τki,s
// ρ∗t ◦ αjk ◦ αij τjk,t

// ρ∗u ◦ αij τij,u
// ρ∗s,

wherecs,ijk is a non-zero scalar: Indeed, we can show that the composition of these vector space
isomorphisms gives an automorphism of therepresentationρ∗s. The sheafG is {cs,ijk}-twisted.

5.2.7. An analogous construction as above gives a (non-twisted) sheaf onY, which is glued from
AG(B/Ti) = BG ×S0 Ti. Again consider the regular representationρ̃, and letFi be the sheaf on
BG×S0 Ti corresponding tõρ.

If M→ S is aG-torsor over a schemeS overTi, namely an object inBG×S0 Ti, then

Fi : (M→ S) 7→ Γ(S, ρ̃∗M)

whereρ̃∗M is the flat vector bundle onS given by the 1-cocycle with values inGL(Vρ̃) by pushing-
forward the 1-cocycle with values inG corresponding toM.

We will identify BG ×S0 Ti|ij with BG ×S0 Tij , and then we have an automorphismχij on
it induced byαij ∈ Aut(G). Since inner automorphisms onG act trivially onBG, the natural
isomorphism

φijk : χjk ◦ χij ⇒ χik

between stack isomorphisms is again the identity.

The sheafχ∗
ij(Fj|ij) is given by

(M→ S) 7→ Γ(S, (ρ̃ ◦ αij)∗M).

Notice thatVρ̃ is isomorphic tokG as ak-vector space, and so any group automorphismα ∈
Aut(G) induces alinear automorphism ofVρ̃. In particular, we then have a natural isomorphism

δij : Fi|ij
∼=
−→ χ∗

ij(Fj|ij).
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Finally, the vector bundles̃ρ∗M and(ρ̃ ◦ ι(βijk))∗M are identified, as in the case ofŶ, by β−1
ijk,

which is exactly the inverse of the composition ofδij ’s over Tijk. Therefore the twisting is the
identity in this case. In other words the twisted sheafF we obtained is actually a sheaf.

APPENDIX A. TWISTING BY A 2-COCYCLE

A.1. 2-descent data.

A.1.1. In this appendix we fix some notations and recall the2-descent of stacks. Some of the
materials below can be found in [Bre94].

A.1.2. LetS be a site with final objectS0, then we have an equivalenceS ∼= S/S0. Fix any
coveringU = {ui : Ti → S0} of S0, then any stackX overS gives rise to a stack

X|i := u−1
i X ∼= X×S S/Ti

overS/Ti for everyi, along with isomorphisms

canij : p
−1
1 u−1

i X
∼=
−→ p−1

2 u−1
j X

of stacks overS/Tij , whereTij = Ti ×S0 Tj , andp1 andp2 denote the two projections toTi andTj
respectively. To simplify notations, we will writeX|i|ij for p−1

1 u−1
i X, etc; in particular we have

canij : X|i|ij
∼=
−→ X|j |ij.

We will similarly use the restriction notation for the pull-back functors.

The fibred category structure onX, or more precisely the natural isomorphisms relating different
pull-backs gives moreover natural isomorphisms

φijk : (canjk|ijk) ◦ (canij |ijk) =⇒ canik|ijk

between isomorphisms of stacks overS/Tijk , whereTijk = Ti ×S0 Tj ×S0 Tk.

These natural transformations satisfy a compatibility cocycle condition (see below).

A.1.3. The situation above formalizes to the notion of2-descent data: A 2-descent datum of
stacks overS with respect to the coveringU is a triple(Xi, χij, φijk) of stacksXi overS/Ti, stack
isomorphisms

χij : Xi|ij
∼=
−→ Xj |ij,

and natural isomorphisms
φijk : (χjk|ijk) ◦ (χij|ijk) =⇒ χik|ijk

between functors fromXi|ijk to Xk|ijk. These are required to satisfy the condition that for every
i, j, k, l the following diagram of functors fromXi|ijkl to Xl|ijkl is commutative:

χkl ◦ (χjk ◦ χij)
χkl(φijk) +3 χkl ◦ χik

φikl +3 χil

(χkl ◦ χjk) ◦ χij
φjkl◦χik

+3 χjl ◦ χij
φijl

+3 χil,

where for legibility we have omitted|ijkl throughout.
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The following is part of [Bre94, Example 1.11 (i)].

Theorem A.1. Given a siteS with final objectS0 and a coveringU = {ui : Ti → S0}, suppose we
have a2-descent datum(Xi, χij , φijk) of stacks with respect toU as above. Then there is a stackX
overS along with isomorphisms

X|i = u−1
i X ∼= Xi

of stacks overS/Ti.

A.1.4. Now we explain how to construct twisted sheaves on 2-descended stacks. Let(Xi, χij, φijk)
be a 2-descent datum of stacks overS with respect to a coveringU = {ui : Ti → S0} of the final
objectS0 ∈ S.

LetFi be a sheaf onXi. Suppose we are further given sheaf isomorphisms

δij : Fi|ij
∼=
−→ χ∗

ij(Fj|ij),

whereχ∗
ij(Fj|ij) = Fi|ij ◦ χij as a (set-valued) functor. Then, omitting|ijk throughout, we have

isomorphisms of sheaves onXi|ijk:

Fi

ηiijk
00

δij // χ∗
ij(Fj)

χ∗
ij(δjk) // χ∗

ijχ
∗
jk(Fk)

χ∗
ijχ

∗
jk(δki) // χ∗

ijχ
∗
jkχ

∗
ki(Fi)

Fi,

∼=

OO

where the vertical isomorphism is induced from the natural isomorphism

φijk : χjk ◦ χij ⇒ χik.

(And the normalizationχik = χ−1
ki .)

Here ηiijk is an automorphism of the sheafFi|ijk on Xi|ijk. There is a natural compatibility
relation betweenηiijk andηjijk in terms of the isomorphismδij . If for everyi, j, k the automorphism
ηiijk is the identify automorphism, then the datum

(Fi, δij)

defines a sheaf on the stackX. In general,ηiijk needs not be the identity, and we get a twisted sheaf
onX.

A.2. 2-cocycle on an abelian category.

A.2.1. Now letA be an abelian tensor category, and letπ : B→ S be a category fibred in abelian
tensor categories satisfying the conditions of Theorem 2.4. Notice that for everyi the restriction

πi : B|i := B/Ti → S/Ti

also satisfies the conditions of Theorem 2.4, and therefore we have a stackA(B|i) overS/Ti for
everyi which is isomorphic toA(B)|i = u−1

i A(B).
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A.2.2. With notations as above, we would like to glue the stacksA(B|i) using2-descent to pro-
duce new stacks overS.

To this end, letAut⊗(A) denote the set of autoequivalences ofA which are tensor functors.
Chooseλij ∈ Aut⊗(A) for everyi, j and natural isomorphisms

µijk : λij ◦ λjk =⇒ λik,

satisfying the “tetrahedron” condition that the followingdiagram of functors is commutative for
everyi, j, k, l:

(λij ◦ λjk) ◦ λkl
µijk◦λkl +3 λik ◦ λkl

µikl +3 λil

λij ◦ (λjk ◦ λkl)
λij◦µjkl

+3 λij ◦ λjl µijl
+3 λil.

These conditions imply that the triple

(A(B|i), λ
∗
ij, µijk)

is a2-descent datum of stacks overS with respect to the coveringU . Therefore by Theorem A.1
there is a stackX overS satisfying

X|i = u−1
i X ∼= A(B).

Hereλ∗ij denotes the isomorphism

λ∗ij : A(B|i)|ij −→ A(B|j)|ij

between stacks overS/Tij defined by

(f, (S, F )) 7→ (f, (S, F ◦ λij))

for everyf : S → Tij ; hereF : A→ B|i,S ∼= BS is a tensor functor.

A.2.3. Remark.It may be interesting to study the set of such2-cocycles for givenA. It should
form some sort of cohomology set in degree2.
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