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Abstract

In a planar infinite strip with fast periodically oscillating boundary we con-
sider an elliptic operator assuming that both the period and the amplitude of the
oscillations are small. On the oscillating boundary we impose Dirichlet, Neumann
or Robin boundary condition. In all cases we describe the homogenized opera-
tor, establish the uniform resolvent convergence of the perturbed resolvent to the
homogenized one and prove the estimates for the rate of convergence. These re-
sults are obtained as the order of the amplitude of the oscillations is less, equal or
greater than that of the period. It is shown that under the homogenization the
type of the boundary condition can change.

Introduction

There are many papers devoted to the homogenization of the boundary value problems
in the domains with fast oscillating boundary. The simplest example of such boundary
is given by the graph of the function xs = n(e)b(z1e7!), where ¢ is a small positive
parameter, 7(e) is a positive function tending to zero as ¢ — +0, and b is a smooth
periodic function. The parameter € describes the period of the boundary oscillations
while 7(e) is their amplitude.

Most of the papers on such topic are devoted to the case of bounded domains with
fast oscillating boundary. Not trying to cite all papers in this field, we just mention
m Ch. HL Sec. 4]’ Mﬂ m, mv Bﬂﬂ Mﬂ Mﬂ Eﬂv ma HZL mv ma Ma m, DEL
[25], [26], see also the references therein. Main results concerned the identification of
the homogenized problems and proving the convergence theorems for the solutions. The
homogenized (limiting) problems were the boundary value problems for the same equa-
tions in the same domains but with the mollified boundary instead of the oscillating
one. The type of the condition on the mollified boundary depended on the original
boundary condition and the geometry of the oscillations. If the amplitude of the os-
cillations is of the same order as the period (i.e., in above example n ~ ¢), then the
homogenized boundary condition is of the same type as the original condition on the
oscillating boundary. In the case of Robin or Neumann condition the homogenization
gives rise to an additional term in the coefficient in the homogenized boundary condi-
tion; this term reflected the local geometry of the boundary oscillations. If the period
of the boundary oscillations is smaller (in order) of the amplitude then the boundary
is highly oscillating. To authors knowledge, such case was considered in [I8] and [23].
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In [23] the model was the spectral problem for the biharmonic operator with Dirichlet
condition, while in [I8] the Robin problem for the Poisson equation was studied. In the
former case in particular it was shown that the homogenized boundary condition was
the Dirichlet one while in the latter the authors discovered that in the case of highly
oscillating boundary the homogenized boundary condition is also the Dirichlet while
the perturbed problem involved the Robin condition.

Most of the results on the convergence of the solutions were established in the sense of
the weak or strong resolvent convergence, and the resolvents were also treated in various
possible norms. In some cases the estimates for the convergence rate were proven. It
was also shown that constructing the next terms of the asymptotics for the perturbed
solutions one get the estimates for the convergence rate or improves it [20], [21], [4],

[29], [26], [29], [23], [27], [16]. In some cases even complete asymptotic expansions were

constructed [2], [3], [22], [2§].

One more type of the established results is the uniform resolvent convergence for
the problems. Such convergence was established just for few models, see [30, Ch. T,
Sec. 4], [29]. The estimates for the rates of convergence were also established. In
both papers the amplitude and the period of oscillations were of the same order. At
the same time, the uniform resolvent convergence for the models considered in the
homogenization theory is a quite strong results. Moreover, recently the series of papers
by M.Sh. Birman, T.A. Suslina and V.V. Zhikov, S.E. Pastukhova have stimulated the
interest to this aspect, see [, [6], [7], [8], [I5], [31], [32], [35], [37], [38], [34], [36], the
references therein and further papers by these authors. It was shown that the uniform
resolvent convergence holds true for the elliptic operators with fast oscillating coefficients
and even the estimates for the rates of convergence were obtained. Similar results were
also established for some problems in bounded domains, see [37]. Similar results but
for the boundary homogenization were established in [14], [I1], [10], [12], [13]. Here
the Laplacian in a planar straight infinite strip with frequently alternating boundary
conditions was considered. Such boundary conditions were imposed by partitioning
the boundary into small segments where Dirichlet and Robin conditions were imposed
in turns. The homogenized problem involves one of the classical boundary conditions
instead of the alternating ones. For all possible homogenized problems the uniform
resolvent and the estimates for the rates of convergence were proven and asymptotics
for the spectra were constructed.

In the present paper we also consider the boundary homogenization for the elliptic
operators in unbounded domains but the perturbation is a fast oscillating boundary.
As the domain we choose a planar straight infinite strip with a periodic fast oscillat-
ing boundary where a general self-adjoint second order elliptic operator is considered.
The operator is regarded as an unbounded one in an appropriate Ly space. On the
oscillating boundary we impose Dirichlet, Neumann or Robin condition. Apart from a
mathematical interest to this problem, as a physical motivation we can mention a model
of a planar quantum or acoustic waveguide with a fast oscillating boundary.

Our main result is the form of the homogenized operator and the uniform resolvent
convergence of the perturbed operator to the homogenized one. This convergence is
established in the sense of the norm of the operator acting from Lo into Wi. The
estimates for the rate of convergence are provided. We show that in the case of the
Dirichlet condition of the oscillating boundary the homogenized problem involves the
same condition on the mollified boundary no matter what is the relation between the
period and the amplitude of the oscillations. The Neumann or Robin condition on
the oscillating boundary leads to the Robin condition with an additional term in the
coefficient provided the amplitude is not greater the period (in order). If the amplitude
is greater than the period, then the homogenization preserves the Neumann condition
and transforms the Robin condition into the Dirichlet one. The last result is in a good
accordance with the similar case treated in [I8]. The difference is that in [I§] the strong
resolvent convergence was proven provided the coefficient in the Robin condition is
positive, while we prove the uniform resolvent convergence provided the coefficient is
non-negative and vanishes on the set of zero measure.



1 The problem and the main results

Let = (x1,72) be the Cartesian coordinates in R?, € be a small positive parameter,
n = n(e) be an arbitrary non-negative 1-periodic function belonging to C?(R). We
define two domains, cf. fig. [l

Qo :={z:0<my <d}, Q.:={z:nE)b(rie") <z <d},
where d > 0 is a constant, and its boundaries are indicated as
Di={x:ao=d}, To:={x:a0=0}, T.:={x:xz=n()bxie ")}

By Aij = Aij(x), A; = Aj(x), Ao = Ao(x), i,j = 1,2, we denote the functions defined
on ) and satisfying the belongings A;; € W2 (Qo), 4; € WL (Q), Ao € Loo(Q).
The functions A;;, A; are assumed to be complex-valued, while Ay is real-valued. In
addition, the functions A;; satisfy the ellipticity condition

Aij = Zji, Z Aijzﬁj > CQ(|2’1|2 + |22|2), z € Q, Zj € C. (1.1)
1,7=1

By a = a(x) we denote a real function defined on {x : 0 < zo < §} for some small fixed
§, and it is supposed that a € WL ({z : 0 < 23 < d}).
The main object of our study is the operator

0 o, 0 0 ,
- Z (9 zg 8:0 + ZAJa—SCJ - 8_szJ +A0 mn LQ(QE) (1.2)
[3 =1

1,j=1

subject to the Dirichlet condition on I'. On the other boundary we choose either Dirich-
let condition
u=0 on I, (1.3)

or Robin condition

9 ) &
<6V€+a>u:() on I, %:—Z ”38 ZAJ Vs, (1.4)

4,J=1

where v* = (v, 15) is the outward normal to I'c. In the case of the Dirichlet condition
on I'. we denote this operator as HP y» while for the Robin condition it is H§n The
former includes also the case of the Neumann condition since the function a can be
identically zero.

We introduce ’HDn rigorously as the lower-semibounded self-adjoint operator in

L2(9.) associated with the closed symmetric lower-semibounded sesquilinear form

2 ou v 2 ou
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in Ly(Q.) with the domain D(h2, ) := Wy ;(Q:, 09 ). Hereinafter D(-) is the domain
of a form or an operator, and WQ{O(Q, S) denotes the Sobolev space consisting of the

functions in WJ(€) with zero trace on a curve S lying in a domain Q C R2. The
operator /H?n is introduced in the same way via the sesquilinear form

2 ou Ov 2 ou
R
B = (A,—,—) +3 (A-—,v)
K e jazj Ox; Ly(Q:) =1 jazj Lo(Q:)

i,j=1

+Z( M) s + (@,

L2 (Qe)



Qe
PE |(£>|
A\VAVAVAVAVAVAVAVAVA\"AVAVAVAVAVAVAVIled

Figure 1: Domain with oscillating boundary

with the domain D(hE, ) := Wy o(Q.,T).

The main aim of the paper is to study the asymptotic behavior of the resolvents
of ’H?n and 7—[577 as ¢ — +0. To formulate the main results we first introduce some
additional operators.

By H{ we denote the operator (LZ) in L2(£2) subject to the Dirichlet condition. We
introduce it by analogue with ’Hgn as associated with the form

2

ou Ov - Ou
5 _ 4, 0u v A2
bO (’U,,U) Z ( J 855_]7 8$1)L2(Qo) i Z1 < ’ 8$j7v) LZ(QU)
_2 j= (1.7)

ov
+> <U’AJ%) + (Ao, v) Ly (00)
J

in Ly(€) with the domain D(hE) := W3 ((Q0,9€0). The domain of the operator H
is Wio(ﬂo, 09p) that can be shown by analogy with [24] Ch. I, Sec. 7,8], [9, Lm. 2.2].

Our first main result describes the uniform resolvent convergence for H?n

Theorem 1.1. Let f € La(Qp). For sufficiently small € the estimate
I(H, = D7 = (HE = D) flwpony < Cn 2@l zac00)

holds true, where C' is a constant independent of € and f.

The next four theorems describe the resolvent convergence of the operator H?n We
consider separately two cases,

e n(e) = a =const =0, & — 40, (1.8)

e~ n(e) = +oo, e — +0. (1.9)

The first assumption means that the amplitude of the oscillation of the curve I';
is of the same order (or smaller) as the period. The other assumption corresponds to
the case when the amplitude is much greater than the period. In what follows the first
case is referred to as the slowly oscillating boundary I'. while the other describes highly
oscillating boundary T'..

We begin with the slowly oscillating boundary. We denote

1

aop(x1) :== a(z1,0 / L4+ a?(b'(t )) dt. (1.10)
0

Let H(I; "® be the self-adjoint operator in L2() associated with the lower-semibounded
sesquilinear symmetric form

2 ou Ov 2 ou
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with the domain @(bg’a) =Wy (Q,T). It can be shown by analogy with [24, Ch. I,

Sec. 7.8], [9, Lm. 2.2] that the domain of ’Hg”’a consists of the functions u € W35 (€0, o)
satisfying the Robin condition

i+a u=0 on T i-fiA- 0 + A (1.12)
aVO 0 - 0 aVO T Pt 12 a,’]]z 2- .

Theorem 1.2. Suppose (L8) and let f € La(Q:). Then for sufficiently small e the
estimate

I(HE, =) = (Mo =) Fllwpcen) < COY2 @) +1e 0% () — a®[ +ae'?) | f ] Ly(ay)
holds true, where C is a constant independent of € and f.

Now we consider the particular case of the Neumann condition on I';, i.e., a = 0.
The operator ’H?n and the associated quadratic form h?n are re-denoted in this case by
’Hgn and f)ENm. By HY we denote the self-adjoint lower-semibounded operator in La(£2g)
associated with the sesquilinear form b which is h? ' taken for ag = 0. Its domain
is the set of the functions in W3 (€, I) satisfying the boundary condition (ILI2) with
aop = 0. The resolvent convergence in this case is given in

Theorem 1.3. Let f € L2(Q.). Suppose (L8). Then for sufficiently small & the
estimate

I(HE, = D7 = (1Y = D)7 fllwpon < O (@)1 | Laan)

holds true, where C is a constant independent of € and f.
Suppose (). Then for sufficiently small & the estimate

I(HE, = D71 = (1Y = D7 Fllwp o) < O @ fll Lot
holds true, where C is a constant independent of € and f.

We proceed to the case of the Robin condition on the highly oscillating boundary
T'.. Here the homogenized operator happens to be quite sensitive to the sign of a and
zero level set of this function. In the paper we describe the resolvent convergence as a
is non-negative. We first suppose that a is bounded from below by a positive constant.
Surprisingly, but here the homogenized operator has the Dirichlet condition on I'y as in

Theorem [LL11
Theorem 1.4. Suppose (I1.9),

a(x) = ¢ = const > 0, (1.13)

and that the function b is not identically constant. Let f € La(Qo). Then for sufficiently
small € the estimate

I, = D)7 = (G =) fllwp o) < CEV 74 e) + 0 @) 1] a0
holds true, where C' is a constant independent of € and f.

In the next theorem we still suppose that a is non-negative but can have zeroes. An
essential assumption that zero level set of a is of zero measure. We let b, := I[na)](b.
0,1
Theorem 1.5. Suppose (.3),
a >0, (1.14)

and that the function b is not identically constant. Assume also that for all sufficiently
small § the set {x : a(x) <0, 0 <x2 < (bs + 1)n} is contained in an at most countable
union of the rectangles {x : |v1 — Xp| < p(d), 0 < 22 < (bs+1)n}, where p(0) is a some
nonnegative function such that u(6) — +0 as § — +0, and the numbers X, n € Z,



are independent of 8, are taken in the ascending order, and satisfy uniform in n and m

estimate
[ Xp —Xm| =ec>0, n#m. (1.15)

Let f € La(Qo). Then for sufficiently small € the estimate

I(HE, =) f=(HE — ) fllwzan
< C(u @) mp@)2 + /7 4 0 1 f o)

holds true, where C' is a constant independent of € and f, and § = 6(¢) is any function
tending to zero as € — +0.

Let us discuss the main results. We first observe that under the hypotheses of all
theorems we have the corresponding spectral convergence, namely, the convergence of
the spectrum and the associated spectral projectors — see, for instance, [33] Thms.
VIIL.23, VII.24]. We also stress that in all Theorems the resolvent convergence is
established in the sense of the uniform norm of bounded operator acting from Ly(€Qg)
into W3 (Q.).

In the case of the Dirichlet condition on I'c the homogenized operator has the same
condition on I'y no matter how the boundary I'. oscillates, slowly or highly. The esti-
mate for the rate of convergence is also universal being O(n'/?). Once we have Robin
condition on Ty, the situation is completely different. If the boundary oscillates slowly,
the homogenized operator still has Robin condition on I'g, but the coefficient depends
on the geometry of the original oscillations, cf. ([I0). The estimate for the rate of
the resolvent convergence in this case involves additional term in comparison with the
Dirichlet case, cf. Theorem [[.2

As the boundary I'. oscillates highly, the resolvent convergence again changes. In
the particular case of Neumann condition on I'; the homogenized operator still has the
Neumann condition on I'; but the estimate for the rate of the resolvent convergence is
of order O(n'/*), cf. Theorem 3 We note that this theorem also treat the case of the
slowly oscillating boundary which is better than that in Theorem

Once the coefficient a in the Robin condition is non-zero and the boundary oscillates
highly, the situation changes dramatically in comparison to all previous cases. Namely,
provided the function a is non-negative and does not vanishes identically on a set of
non-zero measure, the homogenized operator has the Dirichlet condition on Iy, i.e., in
the limit the type of the boundary condition changes. We stress that in all previous
cases the type of the boundary condition was preserved under the homogenization. In
the present case the estimate for the rate of the resolvent convergence is sensible to the
presence of zeroes of a. If this function is lower-semibounded by a positive constant,
the estimate for the rate is O(e'/4n=/4 4+ n'/4), ¢f. Theorem [[A Once it has zeroes
and they form a set of zero measure, then it becomes important how fast the function a
vanishes in a vicinity of these zeroes. This is reflected by the function p(9) introduced
in Theorem As we see, the estimate for the rate of convergence provided by this
theorem is of order O(p!/?|In p|'/2 + (eV/4n=1/4 4-n/4)§=1/4), where pu = 11(5(¢)). Here
one should choose d so that (e/4y=1/4 + nt/4)§=1/* — 40, § — 40 as ¢ — 40, and it
is always possible. The optimal choice of ¢§ is so that

2| V2~ (VA gt 61,
SV 2| n p| ~ eV/2n7/2 4 pt/2, (1.16)

As we see, it depends on the structure of the function p. The most typical case is
w(0) ~ 6'/2 i.e., the function a vanishes by the quadratic law in a vicinity of its zeroes.
In this case the condition (I6]) becomes

5| Ind| ~ 51/277_1/2 +n1/2,

which implies
5~ (51/27771/2 + 771/2)| 111(61/27771/2 + n1/2)|71.



Then the estimate for the resolvent convergence in Theorem[[Hlis of order O((e1/8n~1/8+
n'/E) | n(en™" +n)[1/4).

In conclusion we discuss the case of Robin condition on highly oscillating I'. when
the coefficient a does not satisfy the hypotheses of Theorems [[4], If it is still non-
negative but vanishes on a set of non-zero measure, then we conjecture that the homog-
enized involves mixed Dirichlet and Neumann condition on I'g. Namely, if a(z1,0) =0
on G and a(x1,0) > 0 on GF, Ty = T'Y UTE, then it is natural to expect that the
homogenized operator has Neumann condition on I')Y and the Dirichlet one on I'}’. This
conjecture can be regarded as the mixture of the statements of Theorems and
The main difficulty of proving this conjecture is that the domain of such homogenized
operator is no longer a subset of W () because of the mixed boundary conditions. At
the same time, this fact was essentially used in all our proofs. Even a more complicated
situation occurs once a is negative or sign-indefinite. If a is negative at a set of non-zero
measure, it can be shown that the bottom of the spectrum of the perturbed operator
goes to —oo as € — +0. In such case one should study the resolvent convergence near
this bottom, i.e., for the spectral parameter which goes to —oco. This makes the issue
quite troublesome. We stress that under the hypotheses of all Theorems the
bottom of the spectrum was lower-semibounded uniformly in €.

2 Dirichlet condition

In this section we study the resolvent convergence of the operator Hgn and prove The-
orem [T}

By x0 = Xo(t) we denote an infinitely differentiable non-negative cut-off function
with the values in [0, 1] vanishing as ¢ > 1 and being one as ¢ < 0. We also assume that
the values of ¢ are in [0, 1]. We choose the function K as

K (22,1) := Xo (Lnbn) : (2.1)

We observe that the function (1 — K') vanishes for 0 < 22 < b,n and is independent of
xXq.

Given a function f € Ly(€), we denote u. := (HP, — i)~ f, uo :== (Hg —i)~'/,
Ve := ue — (1 — K)ug. In accordance with the definition of u. and ug these functions
satisfy the integral identities

gn(usa ¢> + i(uéa ¢>L2(QE) = (fa ¢>L2(QE) (22>

for each ¢ € W3 ((Q:, 99), and

bo (w0, @) +1(u0, ) 12(00) = (f2 D) L2 (00) (2.3)

for each ¢ € W5 ((0,0). It is clear that (1 — K)v. € Wy (Q,09), (1 — K)ug €
Wy (e, 09), and the extension of v. by zero in Qo \ Q. belongs to W3 4(Q0, Q).
Bearing these facts in mind, as the test function in ([2.2]) we choose ¢ = v., and in (23]
we let ¢ = (1 — K)v. assuming that v, is extended by zero in Qg \ Q.. It yields

hgn(UE;UE) +i(usavs) = (f?’UE)LQ(QE)) (24)
bo (w0, (1 — K)ve) + i(uo, (1 — K)ve) py0) = (f, (1 — K)ve) 1,y (00)-



Employing (7)), we rewrite the term b5 (ug, (1 — K)v.),
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(2.6)
It implies

bgD,n(UaaUE) + iHUEH%Z(QE) = (f, KUE)LQ(QE)

+ <A2U07058—K) - <U0,A2 OK >
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1=
Our main idea of the proof of Theorem [[lis to estimate the right hand side of ([2.7)
with the introduced function K and get in this way an estimate for v.. In order to do
it, we need some auxiliary statements.
We first observe obvious inequalities
wollwz o) < Clf Loy, Nuellwi o) < CllflLa(a0)- (2.8)

Here and till the end of the section by C' we denote inessential constants independent
of €, x, and f. Proceeding as in [24, Ch. II, Sec. 7,8] (see also [9, Lm. 2.2]), one can
also check that

[uollwz gy < CllFIlLa(0)- (2.9)
The next required statement is

Lemma 2.1. Suppose u € Wio(QO,I‘O), v E W;ﬁO(QE,FE). Then for almost each
x1 € R, x9 € [0,d] the estimates

u(@)” < C3llu(zr, )3z 0,0),

[Vu(@)]* < CIVula, ) 0,0

lo(z)|> < Caa|jv(21, ')H%/I/%(nb(mlafl)’d)
hold true, where C are constants independent of x, €, u, and v.

Proof. Since u € W$(Qo), v € Wy (), for almost all z1 € R we have u(wz1,-) €
W2(0,d), v € W4(0,d). We represent the function u as

T2 a
u(xy, o) = / 6; (21,t) dt,
0

and by Cauchy-Schwarz inequality we obtain

x2 2

(i, 22) 2 ngQ/ g—“(zl,t) dt. (2.10)
)
0




Let x1 = x1(x2) be an infinitely differentiable smooth function vanishing as xo > 3d/4

and equalling one as x2 < d/2. Then for x9 € [0,d/2] we have

ou T o ou
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ax2 (xlv'r?) /<8$2X1a$2> (1‘1, ) 5
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and thus

Ty, T2)
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Substituting this inequality into (ZI0), we arrive at the first required estimate.

prove two others one should proceed as above starting with the representation

Vi ov
v(xy,x2) = (9_502(x1’t) dt,
0

where v is assumed to be extended by zero outside ()., and the representation

du Tro  ou
a—xj(.rl,.rg)—/(a—u)(la—z]) (.’I]l,t)dt
d

To

O

Now we proceed to the estimating the right hand side of (Z7)). Denote 2" := Q.N{z :
0 < w2 < (bs + 1)n}. Since the function K vanishes outside Q7 and |[VK| < Cn~1,

0 < K <1, it is easy to see that

oK 0K
(fs Kve)py0.) + <A2u0,v€a—> - (u();AQa—UE)
T2/ Ly(92) T2/ La(00)
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< C(||f||L2<szE>IIUaHLzmn) + 07 [uollwg @nyllvel o)

+n7!

ol ageon) V02 o) ).

We estimate the terms in the right hand side by applying Lemma 2]

ol < [ oo e 0 24
R
(b«+1)n
< OllvelZy a z2dzz < O’ [lvellivy )
0

(2.11)

(b 1)1 (2.12)
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We substitute the obtained estimates and (Z9) into (ZIT),

0K 0K
(f, Kve) Ly, + <A2u07vsa—) - <u0,A28—v8)
L2/ [,(Q.) T2 L2(S2)
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j=1 i T2/ Ly(90) 1 T2 OFi/ Ly(90)
<O 2N s e lwg .-

1=

We substitute the last obtained estimate and (2.9) into the right hand side of ([2.17) and
arrive at the final estimate for v.,

[vellwi .y < Cn2@f 1l L)
Using (Z9), by analogy with (ZI2]) one can check easily that

1K uollws 00y < Cn' 2 luollwz o) < C0'211f | a0 (2.13)

The statement of Theorem [[.1] follows from two last estimates and the definition of v..

3 Robin condition and slowly oscillating boundary
and Neumann condition

In this section we study the resolvent convergence for the operator Hsn and prove
Theorems[T.2] Throughout the proofs by C' we indicate various inessential constants
independent of ¢, x, and f.

Proof of Theorem L2 Denote u. := (HE, —1)71f, ug := (Hy'* —1)~1f. First we write
the integral identities for the functions u. and wug,

57;(“8’ ¢) - i(u&‘a ¢)L2(Q€) = (fa ¢)L2(QE) for all ¢ € W2110(Qé‘a F)a (31)
0" (w0, @) — (w0, ) 1, (90) = (f+ ) La(c20) for all ¢ € Wy (0, T). (3.2)

We extend the function u. in Qg \ Q. by the rule
ue(z) = ue (21, 2n(e)b(z1e™ ") — 22), 22 < M()b(217 ). (3.3)

Bearing in mind (C8)), it is easy to show that after this extension the function u. belongs
to W (o) and the estimates

Vel Lo\ < CllVue| Ly, (3.4)
The next lemma is an analogue of Lemma 2] and is proven in the similar way.

Lemma 3.1. Let u € W3(€.), v € WH(Q.). Then for almost all z; € R, x5 € [0,d/2]
the estimates

u(@)] + |Vu(z)] < Cllu(@y, )llwz mpre-1),a)»
[v(@)] < Cllu(@, ) lw (mpie—1).0)
hold true, where the constant C are independent of z, €, u, and v.

The next lemma gives an apriori estimate for the form f)gn.

Lemma 3.2. For any u € W3 (9,1 the estimate

ullfyy o,y < (02w w) = illulZ,q,)

hold true, where the constant C' is independent of € and u.
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Proof. For x € I'. we have

Olul?
wols [ Gl na<sivall g, + O @, 69
nb(z1e~1)

where the constant 6 can be chosen arbitrarily small. Hence, due to (L8], for an
appropriate choice of &

|(aw, u)r | = ‘/ x)|u(x \/1+5—2 2(b (w16~ ))Qdm‘

(3.6)
< ZHVUHLQ(QE) + Cllull?,q.)-
It is also clear that
2 ou 2 ¢
0
S (gmn) X (wdigs) < DIVul o+l G)
j=1 J Lz(Q ) 7j=1 J LZ(QE)
Last two estimates and the definition (6] of h?n imply the desired estimate. O
Applying Lemma B with v = u., we get
ou
u <Cont?|| = : 3.8
el za(@oree) < Cn7 15 o (3.8)

We let ¢ = ve = u. —up in (3I)), B2) and take the difference of these identities

2
. 8u0 ov
02 (0 0) = il g0y = (Froedaacon + Y (45502 5
ij=1 L2(Q20\92<)
2 ou > v
+ Z ( 8:1:8» , v8> + Z (ug, Aj%é> (3.9)
j= J L2(20\92) j=1 J /7 L2(20\Q)

+ (Aouo, Ve) Ly (0\00) — 1(U0, Ve) Lo (00\00)

— (auo, ve) Ly(r.) + (aoUo, V:) L,y (ry)-

Proceeding as [24] Ch. T, Sec. 7,8], [9, Lm. 2.2], one can estimate u,
luollwz(o) < Clfl2a(00)- (3.10)

Employing this identity and Lemma Bl with u = ug, we obtain

uollw ey < C12 1l Lo (3.11)

The inequalities (3.8), (310), B.I1), and LemmaB.2 with u = . allow us to estimate
the most part of the terms in the right hand side in (3.3,

2
(A Ouo Ove +Z<Aj% .
=1

2
(fa v )L Q. + ij ) , )
‘ €)La(82) Z J 81‘ ox; La(Q0\Q0) 81'j : L2(20\Q:)

ij=1 =

(3.12)

+ Z (Us, i3 ) + (Aouo, Ve) Ly(o\0o) — 110, V=) Lo(00\020)
i/ La(S0\20)

< 0771/2(5)||f||L2(Qo)||v8||W21(QE)-

It remains to estimate last two terms in the right hand side of (80). We denote

a(xy,€) = a(:cl, b(x1e” \/1 +e72py b’(:cls 1))2,

a(zy,e) = alaq, 0)\/1 + a2 (b’(:clsfl))Q,

11



and have

(aouo, Ve ) Lo(ry) — (@0, Ve ) Ly(r.) = / dxy (ao(xl)uo(xl,o)ve(xl,O)
R

—a(z1,e)ug (1, nb(mls_l))vg (21, nb(mla—l)))

— /Zi 1, 5)(u0(x1, 0)ve(z1,0) — ug(x1, nb(mls_l))ve(m,nb(mls_l))) dxy

a(x1,2) — a(w1,€))uo(a1, 0)ve(21,0) day

5\ 5\

+ ao ) —a 50175))U0(50170)Us($1,0) dxy.
(3.13)
We estimate the first term by (B.8), 310), BII), and Lemma B2 with v = u.
'/Zi 161,5)(“0(901,0)%(901,0) - uo(ﬂﬁla775(9015_1))%(&51’775(9015_1))) dx
nb(x1e~ 1)
(3.14)
C/ day / ‘ uoUz| dwz < Clluollwz o\ Ve llwi @o\a.)
< 0771/2||f||Lz(Qo)||U€||W21(QE)'
Employing (34), Lemma B and an obvious inequality
sup |ai(z1,e)—a(z1,0 \/1+5 202(e) (b (w16~ 1))2’
z1€ER
nb(xye
su ﬁ(m t)| dt < Cnle)
= 116% 81"2 b = 77 ’
we obtain
‘/(a(xl,s) —a(z1,€))uo(z1,0)ve(21,0)| day
R
(3.15)

<C(le?n* - a?| + SllgI])RWl(xlaE) — a1, )))1f1 oo 0= lw o)
T

< C(le™n* = &1+ ) 1l i) e lwp 0. -

Denote N

qo(z) :=1/1+a? (b’(z))2 - / 1+ a? (b’(t))2 dt.
0
We observe that

/qo(z) dz =0, a(ry,e)—ap(x1) = a(xy,0)qgo(z1e™ ).
0

Employing this fact, the inequalities 4], (310), B3], and proceeding completely in
the same way as in the proof of Lemma 2.9 in [30, Ch. T, Sec. 2.3], we show that

'/(ao(xl)a(zl,ff))uo(zlao)vs(xho) dry| < CB?|| £l Ly(00) lvellw (-
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Due to the obtained inequality and I12), (13), BId), BI5) we can estimate the
right hand side of (39) by the quantity

C'2(e) + e (e) = &P + ") £l o) l0ellwp o) -
Then we employ (L)) and Lemma B2 with v = wu. it completes the proof. O

Proof of Theorem[L3. The statement of the theorem in the case of slowly oscillating
boundary follows directly from [B3]) with a = ag = 0, (31Z), and Lemma B2l The rest
of the proof is devoted to the case of highly oscillating boundary.

Denote u. = (HY, —1)7'f, ug := (Hy' —1)7'f, ve := uc — uo. It follows from the
integral identities for u. and ug that

b, (te,ve) — i(ue, ve) 00y = (f+0e) Do)

. (3.16)
ho (w0, u0) = illuoll? a0 = (f 10) La(00)-
Since D(HY) € W2(Qo), the function ug solves the boundary value problem
8U0 8U0 0 — . .
_ Z ” +Z< ‘Aju0> +A0U071U0:f n Qo,
= ax] o; = ax] G:I:J (3.17)
ou
8—1/8 =0 on Qo.

We multiply the equation by u. and integrate by parts once over €,

. ou
0 ) = () + () = (oo
Lo(T:)

where, we remind, the derivative 8%5 was defined in ([L4). We deduct the last identity
from the sum of the identities (B.16)),

| oug
0 0e02) = 101 0 = (00 scain + G
Ly(T<)

2 2
dug Oug Oug
S (gl S (adea

0x;’
ij=1 J

3.18
)LZ(QO\QE) = (3.18)

2

— Z (UO,AJ‘%
i=1 i

Since the operator H{) is a particular case of Hg *“, the estimates (3.10) and Lemma[3.2]
hold true. Applying them, we obtain

) — (Aouo, u0) Ly (20\22) + illuoll 7, @000
LZ(QO\QE)

2

8u0 8’[1,0
A
Z< ]axj 8951

ij=1

2
_ <Aj%,u0
1

Oz >L2<Qo\ns>

‘(ﬂ U0) Ly (Q0\Q0) — )
LZ(QO\QE)

2
8u0
— Z (UO, AJaT
=1 ’

j=

Cnl/QHfH%Z(QO)-

(3.19)
It remains to estimate the boundary term over I'c in the right hand side of (IS).

Since . » .
UE = \/1 . — (—5 n(e)b (?) ,1) ;

— (Aouo, u0) Ly (00\22) + illuollT, 00\0.)| <

) La(Q0\022)
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where

Denote

ws(x) = /wi(ml,t)ﬂe(xl,t) dt,

by
where, we remind, b, := maxb. The ic:entity
(0,1]
s (e ()0 () = g (v (2)) = 522 (e ().
implies
nb(“L

5—177/13’ (%) wiTe — dml '/g:f rab(20) dry| = ’/dml / 8w1

R

< C (Jluollwg 2(%) .

In the same way how ([BI1]) was proven we show that
ltell Lo (@enizzs<np. ) + [[tollwi @) {zas<np.} < 0771/2(5)||f||%2(95)
—1 e—
d
R

We estimate the second part of the right hand side of [B:20]) as follows,

’/w2 e ()

Thus,

d
I T1

Hw2’12 nb HLQ(]R, H ’xz 'r]b HLQ(R

In view of the boundary condition for ug in (BI7), the function w§ vanishes at x5 = 0.
Since it also belongs to W, (o), by analogy with Lemma E.I] one can prove easily that

"w; |z2:7]b(2—1)

< COnllug(xq, ')”%2(0,@ for almost all z; € R,

< 0771/2||u0||W22(QU)-

e
Hw2‘x2:nb(%) ’LZ(R)

The last estimate, (310), (320), (321I), and Lemma B2 with v = u. yield

(52)
e’ La(2)

Together with B18), B19) it implies
baNm[UE] o

<2\ f 110

1/2

111700

and therefore
vellwy o) < CnY* @Il Lace

The proof is complete.
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4 Robin condition for fast oscillating boundary

In this section we prove Theorems [[.4] Throughout the proofs we indicate by C'
various inessential constants independent of €, , and f. Given a function f € La(€),
we let

we = (U0, )7 F, o= (MR 07 f, vem e (- KJwg, (4)

where the function K is introduced by (Z1]). We remind that the function 1— K vanishes
for xo < bym.

Proof of Theorem[I.] In the proof we employ some ideas used in the proof of Theo-
rem [Tl The first of them is the analogue of the identity ([2.7).
We write the integral identity for u. choosing v. as the test function,

bgn(usv 'Us) - i(UJsv UE)LZ(QE) = (fa UE)LZ(QE), (42)
and that for ug with the test function (1 — K)v. extended by zero in Qg \ €,
bo (w0, (1 — K)ve) — i(uo, (1 — K)ve) 0. = (f, (1 = K)ve)1,0.)- (4.3)

We observe that
(au, (1 — K)’U)LZ(FE) =0

for all u,v € W3 (£.). Bearing this fact in mind, we reproduce the arguments used in
obtaining (2.6) and check easily that

0K 0K
ho (o, (1 — K)ve) =b%, (1 — K)ug, ve) + <A2U0,Us—> - (UO,AQ s)
0 ( ) ,77( ) a$2 La(2) a$2 La(92)
2

72 A (9’&0 . oK
2]8,7:]’ € Oxy La(0)

j=1

2

0K Ov
+ <A12 Ug—=~— ° > .
z; Oxy Ox; La(9)

1=

We substitute this identity into (£3]) and deduct the result from (€2,

LZ (Qs)

. 0K
08, 000l 0y = (. Koo sy + (Avio v
Z (A 8’114) v 8K)
2 € 4.4
0wy 0w ) |y (4.4)

- <U07A2 0K >
002 ") py0) j=1

2
0K Ov,
A; .
#3 (Aamogy i)

i=1

In view of the assumption ([I3]) the boundary term in the definition of the form
bgn can be estimated as

(au, w)zyr.) = collull,r.)

2 2
—01/‘ (z1,mb(216~ )‘ \/1+€_2n2(b’(x15—1)) dxq

(4.5)
— / ’u(zl,nb(zlsfl))r}b’(zlsflﬂ dxq
R
for any u € W3 (9.). Together with (1)), .7) it implies
b, (u, u) =Ci[|Vull7, .y + Collull?, .
+ ﬂ u(zl,nb(:cle:*l)) ’ (z1571)| dxq, (4.6)
R
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where the constants C'1, Cy are independent of ¢ and u, and C; > 0. The last inequality
with u = u. and the definition of K yield the apriori estimate for v. and u.,

luellwy ) < ClfllLaes (4.7)

) 2
va(m,??b(xw*l))‘ ’b/($1571)‘d$1 :/ Ua(xlanb(xlgil))‘ ’bl(mlgil)‘dm

| J (4.8)
<Cen ' () f117,0.)-

The next lemma is one of the main ingredients in the proof.

Lemma 4.1. The estimate
el iy < C (2 lzacey + € + DIV lzageny )

holds true, where Q1 := QN {x : by < 22 < (b, + 1)n}.

Proof. For almost all 1 € R and za € (b«n, (bx + 1)n) the function v, satisfies the
representation

T2

0
Ve () = ve (z1,mb(z167 1)) + / U (x1,1)dt,
8:1:2
nb(z1e~1)
which implies
(b«+1)n 5 9
v
[ve ()2 < 2Jve (w1, mb(z1e™ ")) [* 4 2(22 — nb(z127 1)) / ’8; (x1,t)| dt.
2
nb(z1e~1)

We multiply this inequality by [0'(z167!)| and integrate it over an,

/Ivs )Y (w1e™ )] de < Cn/lvs w1, nb(z1e™ ")) |V (w167 day + Cn? | Veel|, -
Qn

By (£3) it yields

[l@P@e e <€ (670 + P10l b)) (49)

Denote

:/t|b’(z)|dz—t/1|b’(z)|dz.

This function is obviously continuous and 1-periodic. It also satisfies the identity

b (t) = [V (t) /|b’ )| dz.

Hence,

/|vE )20 (w16 |d:cf/|b’ |dt/|v€ |2dz+5/|v€ —b (167 ) dx

Qn
/ 2 7 -1 0 2
:/|b(t)|dt/|ve(x)| dm-g/b(m -2 oo (2)]2 da.
8561
0 §~2” ﬁn

(4.10)
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The function b is bounded and thus

9ve
81‘1

1
el / @lde < [ fone)?¥ (e do o+ Celocl ) -

it LQ(Q”)
Since the function b’ is not identically zero, the last inequality implies

v,
8901

||Us||iZ(§n) < C/ |’Us(x)|2|b/(x1€_1)| dx + Ce? e .
ﬁ 2 =
Together with ([£.9) it leads us to the desired estimate for ||Us||L2(ﬁn)- O

Let us estimate the right hand side of (£4). By the definition of K, (29), and
Lemma 2T we have

oK
‘(ﬂ Kv:)p, ) + <A2U07'Usa—)
L2/ L,(Q.)

2
- Uo,Aza—KUs +Z AzzuoaK Ove
8:1:2 Lz(Qs) 8 i) 8:131 L2(Qg)

=1

(4.11)

< C’(||f||L2(m)||vs||L2(m) + 77_1||u0||L2(§n)||Us||w21(ﬁn)>

<O 1l 60):
where, we remind, Q7 = Q. N{x: 0 < 22 < (bx + 1)n}. Lemma [Tl implies the estimate
for the remaining term in the right hand side of (4],

2

8u0 oK —
Ao : < 1/2 1/2 2 ) 4.12
> ( zj—axj,v—am)m)} Ce 2 () 1) (112)

J=1

We substitute the obtained estimates into ([@4]) and get

B2 (v, 02) = i, )| < CE2072 40 2)1£11 00

This estimate and (@3], [{.0) with v = v. imply

0(51/477*1/4 +771/4)

[vellw . < 11 a0)-

It remains to employ the definition of v. and (2I3]) complete the proof. O

Proof of Theorem [LA The proof of this theorem follows the same lines as that of the
previous theorem with one substantial modification due to the replacement of the as-
sumption (LI3)) by (LI4). As in the previous proof, we define the function wug, ue, ve
by ([@I) and obtain the identity ([@4]) for v.. The estimate [II) is still valid since
it is independent on the assumptions for a, while (£I2)) is no longer valid. And the
aforementioned modification in the proof is exactly a new estimate substituting (ZI2]).
Let us obtain it.

Proceeding as in ([@9), [EI0), we obtain

oK 2 ou 0K
b (1) dt A, o, 0K ) (A 0 1y )
/| t)| Z ( 209 oz o L) Z 2 9z O | |8:c2 La(6)

Jj=1
2 0K 0 . ou & du
_gz/|b| —— Ay, %g dv=—-Y" (A% 0 |b’|ﬁe>
jzlgzg 81‘2 (9351 (9 =1 (9 LQ(F”)
Oug_ 0K 0 Jug_
/
;/K|b|—A2J8 U do — 52/|b|agg2 3$1A2J8 U dx,
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where b = b/ (z167Y), b = b(z1e71), T := {2 : @3 = byn}. In view of Lemma EZT] and
the definition of K it yields

2
8U0 8K) ‘
Agi —  ve— <C UREN
> (e geve g, s | <M o I oy
+C(en™ 2+ ) F117 00)-
It remains to estimate [||b'|'/2v.]| 1, ).

Proceeding as in (@A), [@8), and in the proof of Lemma ] one can show easily
that

/ alt'lJoe? day < Clen™ + )f 120 (4.14)

'

Given any ¢ > 0, we split the set I' into two parts, I = 'y UT"?,
T7 = {z: a(z1,bn) > 8,20 = bun}, T7° :={x:a(x1,b.n) < 5,19 = bun}.
In view of ([{I4) it is clear that

o1+

Vell ooy IV 20e [ yomsy + 6712 ]2 101 20e |y oy

(4.15)
Cllvell py(rnsy + CE2 24+ 0267 2|l Ly0)-

<
<
The next auxiliary lemma will allow us to estimate ||ve | r,n.s)-

Lemma 4.2. Let v € WH(O), where O:={z:d_ <z <d,0<xy <d},dy >d_,
d+ are some constants. Denote Z,, := {x : |x1 —doy| < p, x2 = 0} and suppose that there
ezists a positive constant ¢ independent of p such that dy —d— > ¢, dy —do = c. Then
for sufficiently small u there exists a positive constant C' independent of u and v but
dependent on ¢ such that the inequality

vl 2.z, < Cullnplllvflws @)
holds true.

Proof. We expand v in a Fourier series

v(z) = Z Crnn, COS ﬁ(ml —d_)cos %.’1]2 (4.16)

m,n=0

converging in Wy (0). In view of the Parseval identity one has

oo

D [emnl(m* +0) < Cllvlli @) (4.17)

m,n=0

Due to the embedding of W; (0) into Ly (,,) we can employ ([.I8) to calculate ||v] 1,z,),

o do+p
2 _ — ™ P
||/UHL2(EM) = Z CmnCpq / COS H(Il *d,)COS H(Il *d,)d.fCl
m,n,p,q=0 do—p

dy —d_ & __ (. w(n+p)pucosm(n+p)
ol S <sm o bl con i

m,n,p,q=0

gy ™ = p)u cosm(n — p) 7
dy —d_ n—op
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where sin ”(" p)”/(n p) is to be replaced by muu/d as n = p. We employ the estimate
t2
sin?t < s t>0,
and by ([EIT) we obtain
[e ]
1 1 1
2 2
v =< C +
Ilza, < O . ,%:q:o (m? +n?)(p* + ¢) (1 +p*(n+p)? 1+ (n p)Q)
0o —+oo +oo
1 1 dz dz
< Op?
S H;O (1 e 1+u2(np)2) / 2% +n? / 2%+ p?
= 1 1

1 1 1
< op? + > :
: n;o 1+nq <1+u 2(n+p)? 1+ p2(n—p)?
In the last sum we extract the terms for (n, p) = (0,0), (n,p) = (0,1), and (n,p) = (1,0).
Then we replace the remaining summation by the integration and estimate in this way
the sum by a two-dimensional integral,

1 1 dz dz
RRES TEaT | ey
lZs,) < 307+ Cp 1+ p2(z1 + 22)? * L+ p2(21 — 22)2 ) 1+ 2122
z%+z§>3
21,29>0
Passing to the polar coordinates (r, 8) associated with (21, 22), we get
/ 1 n 1 dz1 dzo
T+ p2(z1 4+ 22)2 14 p2(21 —22)2 ) 1+ 2129
23+23>3
21,29>0
—+o0 71'/2
1 1 rdrdf
<2 - + . :
14 p?r2(1+sin20) 1+ p?r2(1—sin26) /) 1+ 1r2sin26
v3 0
+oo
InT u?
<C d
[ Gatimm * ) o
3
21 1
nt—2lnp 9
=C dr < C1 .
[ (s o) < cnt
3p?
Two last formulas proves the desired estimate for [|v][z,(=,)- O

We apply the proven lemma with v =v., d_ = X,, —¢/2,d+ = X, + ¢/2,dy = X
and sum the obtained inequalities over n € Z. It gives the estimate for [vel|,(rn.s),

[vell Lo(rnay < Cpllnpl || £l o)
This estimate and ([@I3)), (£I19) yield

2
oK
Z(Azja“‘) es ) ‘<0(M<5>|1nu<5>|+<el/2n1/2+n1/2> 1 00
L2/ 1,(0.)

j=1

(4.18)
where 0 is assumed to tends to zero as ¢ — +0. Together with (ZIT)), (@4), (LI4), and
the definition (4] of h?n it implies the final estimate for v.,

H’UEHWQI(QE) < C(M1/2(5)| In ,LL(5)|1/2 4+ (51/47771/4 —+ 771/4) 1/4) HfHLz(Qo)

Together with (2I3) it completes the proof. O
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