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HELIX SURFACES IN THE BERGER SPHERE

STEFANO MONTALDO AND IRENE I. ONNIS

ABSTRACT. We characterize helix surfaces of the Berger sphere. In particular, we
prove that, locally, a helix surface is invariant by the action of a 1-parameter group
of isometries of the ambient space.

1. INTRODUCTION

We consider surfaces in the 3-dimensional Berger sphere whose unit normal vector forms
a constant angle with the Hopf vector field. These surfaces are called helix surfaces or
constant angle surfaces and they have been studied in most of the 3-dimensional ge-
ometries. In [2], Cermelli and Di Scala analyze the case of constant angle surfaces
in R? obtaining some remarkable relation with a Hamilton-Jacobi type equation and
showing their application to equilibrium configurations of liquid crystals. Later, sev-
eral authors have studied constant angle surfaces in most of the 3-dimensional homoge-
neous spaces, in particular: Dillen-Fastenakels-Van der Veken—Vrancken in S x R ([4]);
Dillen-Munteanu in H? x R ([3]); Fastenakels-Munteanu-Van Der Veken in the Heisen-
berg group ([7]); Lopez—Munteanu in Sols ([8]). Moreover, helix submanifolds have
been studied in higher dimensional euclidean spaces and product spaces in [5] 6] [11].

We shall use the Hopf fibration to describe a model of the Berger sphere. Indeed, let
S%(1/2) = {(2,t) € C xR: |z|?> +t* = 1/4} be the usual 2-sphere and let S = {(z,w) €
C?: |2)? + |w|?> = 1} be the usual 3-sphere. Then the Hopf map ¢ : S* — S%(1/2), given
by
1 _
7/}(2771}) = 5 (22’11}, ‘2’2 - ‘w‘2)7
is a Riemannian submersion and the vector fields
Xl('z?w) = (iz,iw), X2(27w) = (_iw7i2)7 X3(Z7w) = (—’[I),Z)

parallelize S® with X; vertical and X5, X3 horizontal. The vector X7 is called the Hopf
vector field. The Berger sphere Sg’, £ > 0, is the sphere S endowed with the metric

9e(X,Y) = (X, Y) + (2 — 1)(X, X1) (Y, X3),

where (,) represents the canonical metric of S*. Thus a helix surface in S? is such that
its unit normal N satisfies

|9 (X1, N)| = e cosf
for fixed 6 € [0, 7/2].
From a classical result of Reeb [10], a compact surface in the Berger sphere cannot be
transverse to the Hopf vector field everywhere. This means that the notion of helix
surfaces in Sg’, with 6 # 7/2, is meaningful only in the non compact case. For this
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reason our study it will be local and will aim to the following characterization of helix
surfaces which represents the main result of the paper.

Theorem [3.1l Let M? be a heliz surface in the Berger sphere Sg’ with constant angle
0 # 7/2. Then, locally, the surface is invariant by the action of a 1-parameter group of
isometries of S‘Z’. Moreover, there exists local coordinates on M? such that the position
vector of M? in R* is
F(u,v) = A(v) B(u) ,

where

B(u) = (ye1 cos(aqu), /1 sin(aju),/ca2 cos(agu),/c2 sin(agu))
is a geodesic of the torus S'(\/c1) x S*(/e2) C S* with

1 ecosf 2B 2B
01,2:§:Fﬂ a1 =-—C, Q2= -—C, B =1+ (¢ —1)cos?8,

2VB '
while A(v) is a 1-parameter family of 4x4 orthogonal matrices such that JA(v) = A(v)J,

A

where J is the canonic complex structure of R*.

2. HELIX SURFACES

With respect to the orthonormal basis on Sg’ defined by

(1) Ey=c'X), Ey=X,;, E3=Xj,

the Levi-Civita connection V¢ of (S2,¢g.) is given by:
Vér, E1 =0, Vép,Ey =0, Veg,Es3 =0,

(2) V€E1E2 = 6_1(2 — 62)E3, VeElEg = —6_1(2 — 52)E2,
VeEzEl = —EEg, V€E3E1 = EEQ, V€E3E2 = —€E1 = —V€E2E3.

Let M? be an oriented helix surface in S? and let N be a unit normal vector field. Then,
by definition,
|9e (B, N)| = cos

for fixed 6 € [0, 7/2]. Note that 6 # 0. In fact, if it were then the vector fields Fy and F3
would be tangent to the surface M?, which is absurd since the horizontal distribution
of the Hopf map is not integrable. If # = 7/2, we have that E; is always tangent to
M and, therefore, M is a Hopf cylinder. Therefore, from now on we assume that the
constant angle 6 # /2, 0.

The Gauss and Weingarten formulas, for all X,Y € C(TM), are
3 Vaxy:VXY—I—Oz(X,Y),
3) VeExN = —A(X),

where with A we have indicated the shape operator of M in S‘Z’, with V the induced
Levi-Civita connection on M and by a the second fundamental form on M in S2.
Decomposing F4 into its tangent and normal components we have

Ey =T+ cosO N,

where T is the tangent component which satisfies g.(T,T) = sin? 6.
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For all X € C(T'M), we have that
) VexEy =VexT — cos A(X)
= VxT + g-(A(X),T) N — cos § A(X).
On the other hand (we refer to [1]), if X = > X, E;,
5) VeéxEy =¢e(X3Ey — XoF3)
=g (JX,T)N —¢e cosbJX,

where JX denotes the rotation of angle /2 on T'M. Identifying the tangent and normal
components of [l and (B) respectively, we obtain

(6) VxT =cosf (A(X) —eJX)
and
(7) 9-(A(X) —eJX,T) =0.

Lemma 2.1. Let M? be an oriented helix surface with constant angle 6 in Sg’, Then,
we have that:

(1) with respect to the basis {T, JT}, the matrices associated to the shape operator
A takes the following form

(%)
for some function X on M;
(ii) the Levi-Civita connection V of M is given by
V7T = —2ecos 0 JT, VyrT = AcosO JT,
VrJT =2ecos0T, VyrJT = —Xcos0T,
(iii) the Gauss curvature of M is constant and satisfies
K =4(1 —€?) cos? 6 :
(iv) the function A satisfies the following equation
(8) TA+ X2 cosf+4(e® — 1) cos® +4cosf =0.
Proof. (i) follows directly from (7). From (@) and using
9-(T,T) = g.(JT,JT) = sin®0, ¢.(T,JT) =0,

we obtain (ii). From the Gauss equation of M in S? (see [1]), and taking into account
(i), we have that the Gauss curvature of M is given by

K =det A+e&*+4(1 —£%) cos? 6
= 4(1 — £%) cos? 4.
Finally, (8) follows from the Codazzi equation (see [1]):
VxAY) = VyA(X) — A[X,Y] = 4(1 — €%) cos 0 (g (Y, T)X — g-(X,T)Y),
putting X =T, Y = JT and using (ii).
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Remark 2.2. We point out that if a helix surface is minimal then # = 7/2. In fact,
from (i) of Lemma Il A = 0 and using (&) it follows that cos#(1 + (2 — 1) cos?6) = 0,
which implies, since 1 + (¢2 — 1) cos? 6 is differnt from zero for all § € [0,7/2], that
0=m/2.

As g-.(F1, N) = cos 0, there exists a smooth function ¢ on M so that
N = cosOFE; + sinf cos ¢ Fs + sin 0 sin ¢ Fs.

Therefore
(9) T =FE; —cosf@ N =sinf [sinf Fy — cos 6 cos p Fy — cos 6 sin ¢ Ej]
and
JT = sinf (sinp Ey — cos ¢ E3).
Also
(10) A(T) = —=VerN = (T4 e 1(2 — £%) sin® § + e cos? 6) JT,

A(JT) = —V& ;7N = (JTy) JT — T .
Comparing ([I0) with (i) of Lemma 2] it results that

JTp =X,
(11) -1
Tp=—-2""18,
where
(12) B=1+ (e —1)cos?6.

We observe that, as
[T,JT] =cosf (2e T — \JT),
the compatibility condition of system (LI)):
(VoY =V yrT)p = [T, JT)p = T(JTp) — JT(Ty)

is equivalent to (&).
We now choose local coordinates (u,v) on M such that

(13) 8, =T.

Also, as 0, is tangent to M, it can be writen in the form 9, = aT + b JT, for certain
functions a = a(u,v) and b = b(u,v). Since

0 = [0y, Oy] = (ay + 2¢bcos @) T + (b, — bAcosO) JT,

we obtain

ay = —2ebcos b,
(14) {

b, = bAcosB.
Moreover, writing (8) as

Ay +cos A% 4+ 4(e2 —1) cos® +4cosh =0,
after integration, one gets

(15) AMu,v) = 2VBtan(n(v) — 2cos 0V Bu),
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for some smooth function 7 depending on v. Replacing (I3 in (I4) and solving the
system, we obtain
€
a(u,v) = — sin(n(v) — 2 cos 0V B u),
(16) VB
b(u,v) = cos(n(v) — 2cos OV Bu).

Therefore (IIl) becomes

=—2"1B,
vy =0,
of which the general solution is given by
(18) o(u,v) = -2 'Bu+c,

where c is a real constant.
With respect to the local coordinates (u,v) described above we have the following
characterization of the position vector of a helix surface.

Proposition 2.3. Let M? be a heliz surface in Sg’ with constant angle 0. Then, with
respect to the local coordinates (u,v) on M defined in (I3)), the position vector F of M?
in R* satisfies the equation

or ’F
1 —— —20) — +a’F =
(19) ggr T (07 —20) 55 +a 0,
where
(20) a=¢%sin’0B, b=-2'B

and B =1+ (€2 — 1) cos? 6.

Proof. Let M? be a helix surface and let F be the position vector of M? in R*. Then,
with respect to the local coordinates (u,v) on M defined in (I3)), we can write F'(u,v) =
(F1(u,v),..., Fy(u,v)). By definition, taking into account (@), we have that

8uF - (8UF178UF27 aqu, auF4) =T
= sin 6 [sin 0 E1|p(y,0) — €08 0 o8 p Ea|pryw) — o8 0sin g E3py )] -

Using the expression of Ey, Es and F3 with respect to the coordinates vector fields of
R*, the latter implies that

Oy F1 = sinf (—5_1 sin 6 F» + cos 0 cos ¢ Fy + cos O sin ¢ Fy) ,
(@1) OuF5 = sinf (6_1 sin@ Fy + cos @ cos o F3 — cosfsinp Fy) ,
OuF3 = —sinf (e ' sin@ Fy + cos f cos ¢ Fy + cosfsin g F} ),
OyFy = sinf (6_1 sin@ F3 — cos 6 cos p Fy + cosfsinp Fy) .

Moreover, taking the derivative with respect to u of (2I)) we find two constants a and
b such that

(Fl)uu :aF1+B(F2)ua
(22) (F2)yu = a Fy — ?(Fﬂu,
(F3)uu :ELF3+b(F4)U7
(Fa)uu = @ Fy — b (F3)a,
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where, using (I7),

e 1lsin26

d:—Tgpu:a_zsinzeB, b=, =—2"'B.
Finally, taking twice the derivative of ([22) with respect to u and using (2I)—(22)) in the
derivative we obtain the desired equation (I9)). O

Integrating (I9), we have the following

Corollary 2.4. Let M? be a heliz surface in Sg’. Then, with respect to the local coordi-
nates (u,v) on M defined in (I3), the position vector F of M? in R* is given by

F(u,v) = cos(aqu) g (v) + sin(ayu) g2 (v) 4 cos(au) g3 (v) + sin(agu) g*(v),

where )
ajg = E(B + eV B cos )
are real constant, while the g'(v), i € {1,...,4}, are mutually orthogonal vectors fields
in R*, depending only on v, such that
€
g ={g' (v),9' (v)) = g2 = (¢*(¢v), 4 (v)) = 5502,
€
933 = (6’ (v), 6 (v)) = gus = (9" (1), " (v) = 5 p0n-

Proof. First, a direct integration of (I9), gives the solution
F(u,v) = cos(aiu) gt (v) + sin(aqu) gz(v) + cos(agu) g3(v) + sin(aou) g4(v) ,

where
\/62 — 20+ Vbt — 4ab?
Q12 =
’ 2
are two constants, while the ¢*(v), i € {1,...,4}, are vector fields in R* which depend

only on v. Now, taking into account the values of @ and b given in (20)), ones obtains
1
ajo=—(B+eVBcosh).
€

Next, since |F|?> = 1 and using ([d), @I) and (22) we find that the position vector
F(u,v) and its derivatives must satisfy the relations:

(F,F) = (F.,F,) =¢%Bsin?0, (F,F,)=0,

(Fu,Fuu> = o (Fuu, Fuu) = D, (F,Fy,) = —e 2Bsin?#,
(23)

<FU7Fuuu>: D7 <FuU7Fuuu>zoy <F7Fuuu>zoy

< UuUU uuu> E7
where

D=c2Bbsin?0 —3a%, E=0*-2a)D—c2Ba’sin?6.
Putting g;;(v) = (¢'(v), ¢/ (v)), and evaluating the relations [23) in (0,v), we obtain:
(24) g +933+2013=1,

(25) of gag + 03 gas + 20102 g24 = £ *Bsin® 0,

(26) a1 912 + 02914+ 1 go3 + 2934 =0,
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(27) af g1z + 10l gag + afas g + agss =0,
(28) ot gi1 + a3 g3z + 20303 g13 = D,

(29) o2 g1y + a3 g3z + (0 +a2) g13 = e 2Bsin? 6,
(30) o gag + ofa gag + 10 goa + 0 gas = D,
(31) af gia + afa3 gog + ajal gia + aj gz =0,
(32) af g12 + 0 g23 4+ 03 g1 + 0B gsa = 0,
(33) af oo + 08 gus + 2030l gos = E.

From (26), 217), (1), (32), it follows that
g12 =914 = 923 = g4 = 0.
Also, from ([24)), [28) and (29]), we obtain
e2 (D + a3) — 2Bsin? § a3 e2(D + of) — 2Bsin? 0 o2

= = 0 =
g11 52(C¥% — a%)2 ) g13 ) 933 52(04% _ Oé%)z

Moreover, using (25), (30) and (B3], we get
€2 (E —2Da2) + Bsin?6 o}

3 57 2 N3 , 922 =0, 944 =
e?aq (af — a3)

e2(E —2Da?) + Bsin?0 o}
Fafof- P

g22 =

Finally, a long but straightforward computation gives

€

g, 933 = 44 = 7501 -

gi1 = g22 = 5B

13
2B
3. THE MAIN RESULT

We are now in the right position to state the main result of the paper. Before doing
this we recall that, looking at (Sg’, g:) in R%, its isometry group can be identified with:

{AcO4): AJ ==+JA},
where J is the canonical complex structure of R defined by
s (J1 0 (0 —1
J—<0 J1>’ Jl_(l o>’
while O(4) is the orthogonal group (see, for example, [12]).

Theorem 3.1. Let M? be a heliz surface in the Berger sphere Sg’ with constant angle
0 # w/2. Then, locally, the surface is invariant by the action of a 1-parameter group of
isometries of Sg’. Moreover, the position vector of M? in R*, with respect to the local
coordinates (u,v) on M defined in ([I3)), is

Flu,v) = A(v) Bu).,

where

B(u) = (/g1 cos(aiu), /g1 sin(aiu), \/g33 cos(azu), /g3 sin(au))
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is a geodesic in the torus S'(\/g11) x S*(\/g33) C S, where g11, g3z, o1, ay are the four
constants given in Corollary[27), and A(v) is a 1-parameter family of 4 x 4 orthogonal
matrices such that JA(v) = A(v)J.

Proof. With respect to the local coordinates (u,v) on M defined in ([I3]), Corollary 2.4
implies that the position vector of the helix surface in R* is given by

F(u,v) = cos(aqu) g*(v) + sin(ayu) g (v) + cos(agu) g (v) + sin(azu) g*(v),
where the vector fields {g’(v)} are mutually orthogonal and
llg" (W)l = 119 (v)I] = V/g11 = constant,
g @)1 = llg* )] = Va5 = constan..
Thus, if we put e;(v) = ¢'(v)/||g"(v)]], © € {1,...,4}, we can write:
F(u,v) = /g11 (cos(a u) eq(v) + sin(oq u) e2(v))
(34) +/933 (cos(ag u) e3(v) + sin(az u) e4(v)) .

Denote by J the 4 x 4 matrices with entries J; ; = (jei,ej>, i,j =1,...,4. We shall
prove that J = (J)”. For this, since

jF(u,v) = X1|F(u,v) = 5E1|F(u,v) =¢ (Fu + COSHN),
and using (I9)—-(23]), we obtain the following identities

(JF,F,) = e 'sin?0,

F,, jFuu> = ¢ 3Bsin?6 (Sin2 0—2B):=1,

(
(35) F
(JFy, Fuuu) =0,
(
(

<

FuaFuu> + <jF,Fuuu> = 0,

Evaluating (B3] in (0,v), they become respectively:

(36) a1g11(Jer, e2) + a2 gaz(Jes, ea) + /1133 (a1 (Jes, e2) +az(Jer, eq)) = e ' sin? 6,
(37) (Jep,e3) =0,

(38) af gi1(Jer, ea) + b gsz(Jes, es) + /11933 (103 (Jes, e2) + atag(Jer, es)) = —1,

(39) (Jeg,eq) =0,
(40) ar(Jea,e3) + ag(Jer,eq) =0,
(41) 042<j62,63> + a1<j€1,e4> =0.

We point out that to obtain the previous identities we have divided by oz% — oz% =

4e~1V/ B3 cos? § which is, by the assumption on 6, always different from zero. From (40)
and (), taking into account the af — a3 # 0, it results that

(42) <j63,62> = 0, <j€1,€4> =0.
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Therefore
|<J€1,€2>| =1= |<J€3,€4>|.
Substituting (42)) in (B6) and (B8], we obtain the system

{ argii(Jer, ea) + ag gsz(Jes, eq) = e

sin® 0
(43) . - .
Oé1911<=]€1,€2> + a; 933<J€3,€4> =-1I,

a solution of which is

el + a3sin®0 el + a2 sin® 0

Jei,e9) = Jes,eq) = — .
Wer, ez) egn (a3 —af)’ (e, ea) egs3 az(a3 — a?)
Now, as
. 2 3
sin” 6 B . 16B
911933 = — g g o = = sin? 6, (a% — oz%)2 = cos? 0,

it results that
<J€1, €2><J€3, €4> =1.
Moreover, a direct check shows that (Jey, es) > 0. Consequently, (Jey, ex) = (Jes, eq) =
1. We have thus proved that J = (J)7.
Then, if we fix the canonical orthonormal basis of R* given by
Eq :(1707070))7 Ey = (0717070)7 E3 = (0707170)7 E4:(070707 1)7
there must exists a 1-parameter family of 4 x 4 orthogonal matrices A(v) € O(4), with
JA(w) = A(v)J, such that e;(v) = A(v)E;. Thus A(v) is a l-parameter group of
isometries. Replacing e;(v) = A(v)E; in (34) we obtain
Fu,v) = A(v)B(u),

where the curve

Bu) = (Vg1 cos(aru), /911 sin(equ), /g3 cos(azu), \/g33 sin(azu)),
is a geodesic of the torus S*(y/g11) x S'(\/g33) C S°.

In conclusion, the surface M is locally invariant by the action of the 1-parameter group
of isometries of S? given by {A(v)},. O

Remark 3.2. The geodesic 3 of the torus S'(,/g17) x S'(\/g33) C S® in Theorem B3]
has slope

Qay VB —¢ecosf
a1 /B —ecosf
that, for fixed € > 0, varying 6 € (0,7/2) assumes all possible values in (0,1).

Example 3.3. We shall now find an explicit expression of the 1-parameter family A(v)
in Theorem Bl Since A(v) is an orthogonal matrices that commutes with J, from
standard arguments (see, for example, [9, Lemma 2.19]), we can write A(v) as

Ar(v) = (_)g/ ;;) , or Ay(v) = <_§(/T )?T)

where X and Y are 2 x 2 matrices satisfying

(44) Xy =vTx, xTX+4+YTy=1d.
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Next, since JA(v)E; = A(v)Ey and JA(v)E3 = A(v)Ey, we deduce that the matrices
X and Y can be written as

a —b c —d
=) =G
where a, b, ¢, d are functions on v. Let assume that the matrices X and Y are not zero

for any value of v where A(v) is defined. Now, taking into account (#4]) we see that the
functions a, b, ¢, d satisfy the system

P +E+P=1
ad—bc=0.

From the second equation there must exists a never zero function A(v) such that (a,b) =
A(e,d). Using the first equation we conclude that a? + b? = 1/(A?> 4+ 1). Finally,
taking A = 1 there must exist a function £(v) such that a(v) = (cos&(v))/v2 and
b(v) = (sin&(v))/v/2. The matrices A(v) becomes one of the following two types:

cosé(v) —siné(v) cosé(v) —siné(v)
Ay (v) = 1| sing(v) cosé(v) sin&(v) cos&(v))
V2 | —cosé(v)  siné(v) cosé(v) —sing(v) |’
—siné(v) —cos&(v) sin&(v) cos&(v)
cosé(v) —siné(v) cosé(v) —siné(v)
As(v) = 1] siné(v) cosé(v)  siné(v)  cos&(v))
V2 | —cosé(v) —sind(v) cosf(v)  sing(v)

(
siné(v) —cos&(v) —sin&(v) cos&(v)
Using the notation of Theorem [B.1] the map

Fi(u,v) = Ai(v)B(u), i=1,2,

gives an explicit immersion of a surface into the Berger sphere. A tedious but standard
calculation shows that F, defines a helix surface of constant angle § # 7/2 for any
function £&. By way of contrast, £} defines a surface which is tangent everywhere to the
Hopf vector field. In fact, the Hopf vector field X7 results tangent to the orbits of the
action of the 1-parameter group A;(v) on S3.

Remark 3.4. The immersion Fi(u,v) = A;(v)B(u) in Example B3] shows that a vicev-
ersa of Theorem [B.Ildoes not hold. In fact, A;(v) is a 1-parameter family of 4 orthogonal

matrices that commute with J but the surface described by F} (u,v) is not a helix sur-
faces with constant angle 6 # /2.

REFERENCES

[1] B. Daniel. Isometric immersions into 3-dimensional homogeneous manifolds, Comment. Math.
Helv. 82, (2007), 87-131.

[2] P. Cermelli, A. J. Di Scala. Constant-angle surfaces in liquid crystals. Phil. Mag. 87 (2007), 1871
1888.

[3] F. Dillen, M.I. Munteanu. Constant angle surfaces in H? x R. Bull. Braz. Math. Soc. (N.S.) 40
(2009), 85-97.

[4] F. Dillen, J. Fastenakels, J. Van der Veken, L. Vrancken. Constant angle surfaces in S? x R.
Monatsh. Math. 152 (2007), 89-96.

[5] A. Di Scala, G. Ruiz-Hernandez. Higher codimensional Euclidean helix submanifolds. Kodai Math.
J. 33 (2010), 192-210.



(6]
7]
18]
9]
[10]
[11]

[12]

HELIX SURFACES IN THE BERGER SPHERE 11

A. Di Scala, G. Ruiz-Hernandez. Helix submanifolds of Euclidean spaces. Monatsh. Math. 157
(2009), 205-215.

J. Fastenakels, M.I. Munteanu, J. Van Der Veken. Constant angle surfaces in the Heisenberg
group. Acta Math. Sin. (Engl. Ser.) 27 (2011), 747-756.

R. Lopez, M.I. Munteanu. On the geometry of constant angle surfaces in Sols. Kyushu J. Math.
65 (2011), 237-249.

D. McDuff, D. Salamon. Introduction to symplectic topology. Ozford Mathematical Monographs,
Oxford University Press, New York, 1998.

G. Reeb. Sur certaines propriétés topologiques des trajectoires des systémes dynamiques. Acad.
Roy. Belgique. Cl. Sci. Mém. 27 (1952).

G. Ruiz-Hernandez. Minimal helix surfaces in N xR. Abh. Math. Semin. Univ. Hambg. 81 (2011),
55-67.

F. Torralbo. Compact minimal surfaces in the Berger spheres. Indiana U. Math. J., to appear.

UNIVERSITA DEGLI STUDI DI CAGLIARI, DIPARTIMENTO DI MATEMATICA E INFORMATICA, ViA Os-
PEDALE 72, 09124 CAGLIARI
E-mail address: montaldo@unica.it

DEPARTAMENTO DE MATEMATICA, C.P. 668, ICMC, USP, 13560-970, SA0 CARLOs, SP, BRASIL
E-mail address: onnis@icmc.usp.br



	1. Introduction
	2. Helix surfaces
	3. The main result
	References

