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GEOMETRY OF OPTIMAL CONTROL FOR
CONTROL-AFFINE SYSTEMS

JEANNE N. CLELLAND, CHRISTOPHER G. MOSELEY,
AND GEORGE R. WILKENS

ABSTRACT. Motivated by the ubiquity of control-affine systems in op-
timal control theory, we investigate the geometry of point-affine control
systems with metric structures in dimensions two and three. We com-
pute local isometric invariants for point-affine distributions of constant
type with metric structures for systems with 2 states and 1 control and
systems with 3 states and 1 control, and use Pontryagin’s Maximum
Principle to find geodesic trajectories for homogeneous examples. Even
in these low dimensions, the behavior of these systems is surprisingly
rich and varied.

1. INTRODUCTION

In [I], we investigated the local structure of point-affine distributions. A
rank-s point-affine distribution on an n-dimensional manifold M is a sub-
bundle F of the tangent bundle T'M such that, for each x € M, the fiber
F, =T,M NF is an s-dimensional affine subspace of T, M that contains a
distinguished point. In local coordinates, the points of F are parametrized
by s 4+ 1 pointwise independent smooth vector fields vo(z), vy (z),. .., vs(x)
for which &, = vo(x) +span (v1(z), ..., vs(z)) and vg(z) is the distinguished
point in F,.

Our interest in point-affine distributions is motivated by a family of ordi-
nary differential equations that occurs in control theory: the control-affine
systems. A control system is a system of underdetermined ODEs

T=f ('T’ u)v
where x € M and u takes values in an s-dimensional manifold U. The
system is control-affine if the right-hand side is affine linear in the control
variables u; i.e., if the system locally has the form

S

(1.1) B(t) = volw) + Y vi(z)u'(t),

=1
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where the controls u!,...,u* appear linearly in the right hand side and
vg, . .., Us are s+1 independent vector fields. Replacing vy, which is called the
drift vector field, with a linear combination of v1,...,vs added to vy would
yield an equivalent system of differential equations. In many instances,
however, there is a distinguished null value for the controls (imagine turning
off all motors), and this null value determines a distinguished drift vector
field. In these instances, we always choose vy to be the distinguished drift
vector field. Consequently, the null value for the controls will be

wl = =uf=0.

While the control-affine systems may appear to be rather special,
these systems are ubiquitous. In fact, any control system whatsoever be-
comes control-affine after a single prolongation, so these systems actually
encompass all control systems, at the cost of increasing the number of state
variables.

In [I] we studied local diffecomorphism invariants for these point-affine
structures. A local equivalence for two point affine structures is a local
diffeomorphism of M whose derivative maps one distinguished drift vector
field to the other, and maps one affine sub-bundle to the other (see [I] for
precise definitions). With this notion of local equivalence, we were able to
determine local normal forms for rank-1 point-affine structures when the
manifold M had dimension 2 or 3. In some cases the normal forms are
parametrized by arbitrary functions.

The current paper seeks to refine the previous results by adding a metric
structure to the point-affine structure. We do so by introducing a positive
definite quadratic cost functional @) : ¥ — R. In local coordinates, where

w =vo(x) + Zvl(:v)ul € Iy,
i=1

we will define o

Qulw) = 3 giy(@)uie,
where the matrix (g;;(z)) is positive definite and the components are smooth
functions of x. This is a natural extension of the well-studied notion of a
sub-Riemannian metric on a linear distribution, which represents a quadratic
cost functional for a driftless system. (See, e.g., [3], [4], [3].)

With the added metric structure, we refine our notion of local point-affine
equivalence to that of a local point-affine isometry. A local point-affine
isometry is a local point-affine equivalence that additionally preserves the
quadratic cost functional.

Let (t) = z(t) be a trajectory for (L.1). The added metric structure
allows us to assign the following energy cost functional to 7(t):

(12) B0 =5 [ Qu6(0)e
Y
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Naturally associated to is the optimal control problem of finding tra-
jectories of that minimize . We will use Pontryagin’s maximum
principle to find an ODE system on T* M with the property that any mini-
mal cost trajectory for (|1.1)) must be the projection of some solution for the
ODE system on T* M.

We shall use the normal forms from [I] as starting points. In each case we
will add a metric structure to the point-affine structure. Even in these low-
dimensional cases, the analysis can be quite involved. To simplify matters,
we will narrow our focus to homogeneous examples; i.e., examples that admit
a symmetry group which acts transitively on M. Despite the low dimensions
(n=2or 3 and s = 1) and the simplifying assumption of homogeneity, we
will see that these structures exhibit surprisingly rich and varied behavior.

2. 2 STATES, 1 CONTROL

We first examine optimal control for point-affine systems with 2 states
and 1 control. In [I], we found two local normal forms under point-affine
equivalence:

(1) Case 1.1: F = % + span (%). The dual coframing
nt = da?, n? = \dz?
to the framing
0 1 0
“a 2T o
(well-defined up to scaling in v9) had structure equations
dnt =0
dn* =0 mod n?.

U1

(2) Case 1.2: F =22 (% + J%) + span (8%2) We found a canonical
coframing (n',n?) with structure equations
dn' = ' A2
dn® = Tiyn' An'.

We chose local coordinates so that n! = x%dazl. The first structure

equation then implies that
1
2 2 1
= —(dz* — Jd
n x2( x z')

for some function J, and
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The dual framing is

d 0 0
2 2
e <8x1 J8x2>’ 2T E g

Now we add a cost functional in each case and compute homogeneous
examples. The assumption of homogeneity is equivalent to the condition
that all structure functions TJ’k appearing in the structure equations for a
canonical coframing are constants. (See [2] for details.)

2.1. Case 1.1. ¥ = % + span (%).
The corresponding control system is

=1

i =u.

A cost functional (1.2)) for this system may be written as

(2.1)

1
Q(z) = iG(x)uz, G(z) > 0.

An adapted framing (v1,v2) on R? may be defined by choosing v; to be

the drift vector field v1 = % and vo to be the unit vector
1 0

VG 022
in the linear distribution Lg obtained by translating F to the zero section.
This framing is canonically defined up to the sign of v9. The dual coframing
(n*,n?) to this framing is given by
(2.2) n' = da', n? = VGda?,

with structure equations

V2

dn' =0

This coframing is canonically defined by the affine distribution and the cost
functional, independent of the choice of local coordinates (z!,z?) on R2.
Local coordinates for which this coframing is described by (2.2)) are de-

termined only up to transformations of the form
(2.4) t=3'+a, 2% =6(F).

From ({2.3), the structure is homogeneous if and only if C;”Gl is equal to a

constant ¢q. In this case, we have

G(l‘l,CL‘Q) — Go(l‘2)62clzl'

Since this implies that

n? = ecre! \/ Go(xQ)de,
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we can make a change of variables

=g, i = / V/Go(z2)dz?
(note that this transformation is of the form (2.4)) to arrange that
772 —_ eclﬁrldiﬁ’

which implies that G(z!, #2) = e21%".
Now consider the problem of computing optimal trajectories for (2.1)).
The Hamiltonian for the energy functional (1.2)) is

H =pia' +pei® — Q)
1
= p1 + pou — iG(ZU)UZ

1
2c1x u2 )

1
=p1+pau — 2¢

By Pontryagin’s maximum principle, a necessary condition for optimal tra-
jectories is that the control function u(t) is chosen so as to maximize H.
Since u is unrestricted and %ezclxl > (0, max, H occurs when

=30

201x1

0 Py — € Uu,

that is, when
(2.5) u = poe~2017"

So along an optimal trajectory, we have

ol 1 o ]
H = + (p2)2€ 2ciz 5(]72)26 2ci1x

1 —9ei gl
=p1+ 5(172)26 s

Moreover, ‘H is constant along trajectories, and so we have
1

(2.6) p1+ 5(pz)%*%wc1 — k.
Hamilton’s equations
LM o
T P T
take the form
it =1
(2.7) Heu
]51 — 0167201‘%1 (p2)2
p2 = 0.

Now, using ([2.5)), the second equation in (2.7)) becomes

. _ 1
x2 = poe 2c1x ’
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so optimal trajectories are solutions of the system
.1
T =1

22 —2¢q 2t
T = poe
(28) . " 2 —2cixt

p1 = ci(p2)e ™

P2 = 0.
The fourth equation in (2.8]) implies that py is constant; say, po = ¢3. Then
optimal trajectories are solutions of the system

=1

. _ 1
i% = cpe 2

(2.9)

This system can be integrated explicitly:
e If ¢ = 0, then the solutions are:

b=t

2

(2.10)
xr = CQt + c3.

These solutions correspond to the family of curves

22 = cle +c3

in the (z',2?)-plane. Thus, the set of critical curves consists of

all non-vertical straight lines in the (x!,22) plane, oriented in the
direction of increasing x'. Sample optimal trajectories are shown in

Figure [T}

FiGUuRreE 1.
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e If ¢; # 0, then the solutions are:

et =t
2.11 1
( ) ZE2 _ —7C2€_261t-
201
These solutions correspond to the family of curves
1 1
2 —2c1x
x° = ——coe
201 2

in the (2!, 22)-plane. Thus, the set of critical curves consists of a
family of exponential curves in the (z!,22) plane, oriented in the
direction of increasing x'. Sample optimal trajectories are shown in

Figure [2|

FIGURE 2.

2.2. Case 1.2. F = 2?2 (% + J%) + span (%). Since the canonical

framing for point-affine equivalence in this case had vy, = an%% we will

write the corresponding control system as
il = g2

(212) i? = 2%J + 2%u.

Note that our assumption that is strictly affine requires that we re-

strict to the open set where x? # 0.

A cost functional (|1.2) for this system may be written as

Q%) = =G(z)u?, G(z) > 0.
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An adapted framing (vi,v2) on R? may be defined by choosing v; to be the

drift vector field
0 0
2
v=w <ax2 +J axz>

and vy to be the unit vector
z2 0
= ﬁﬁ
in L. This framing is canonically defined up to the sign of vo. The dual
coframing (n',7n?) to this framing is given by

1
nt = ﬁd:cl, n? = VG (d:r2 — del),

V2

T2

with structure equations
1

Al = ——pt A2

n \/@77 Ui

(2.13)

dn? = [w2 (\@)

LT x2J<\@)

T xT

, T \FG<x2Jx2 — J)]nl A

Again, this coframing is canonically defined, independent of the choice of
local coordinates on R2.

Local coordinates for which n? = x%dxl are determined up to transfor-
mations of the form

(2.14) =g,  2?=3%¢(3h).

From (2.13]), the structure is homogeneous if and only if G is equal to a
constant gg > 0, and the function

22T —J
is constant, which is the case if and only if
J =2 (=) + jo

where jg is constant.

Under a transformation of the form ([2.14]), we have
n? = % (dx2 - J(xl,acQ)dxl)

_ VI <(¢,’(il)di2 +2¢(@)dz") - J((&"), az%'(a:"l))qs'(fl)d#)

Il
E
S
VR

-2 1y 524051 _£2¢”(531) 1
dz <J(¢( )’ ¢( )) (ﬁ’(ﬁ:l))d )
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Therefore, the function J(', #2) corresponding to the new coordinates (z!, 72)
is defined by the condition that

#'@)
e

J(@', 3% = J(p(a"), 3¢ (7)) — &°

So in the homogeneous case, where
J = 1‘2J1(l‘1) + jo,

we can make such a change of variables to arrange that jl(sil) = 0, and
therefore J = jo. Moreover, these coordinates are unique up to an affine
transformation
! = az! 4+ b, z? = ai’.

Now consider the problem of computing optimal trajectories for ([2.12]).
The Hamiltonian for the energy functional is

H = pri' + pai? — Q()

1
= p1a? + por? (J(x) + u) — 56’(35)u2

, 1
= p12® + paz® (jo + u) — 5gou2-

Setting %—7; = 0, as required by Pontryagin’s maximum principle, provides
the necessary condition

2
(2.15) .
90
for an optimal trajectory. So along an optimal trajectory, we have
. 1 2
H = p12® + poa?jo + — (p22?)”.
240

Hamilton’s equations take the form
it =a?
2\ 2
. . p2\T
(2.16) . 90
p1=0
. . (P2)2$2
P2 =—p1—P2jo— — -
9o
It is straightforward to show that the three functions
o M = pra® + parZio + s (p22?)?
*n
o prat + por?.
are first integrals for this system. This observation alone would in principle
allow us to construct unparametrized solution curves for the system. But in
fact, we can solve this system fully, as follows.
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The third equation in (2.16]) implies that p; is constant; say, p1 = c.
Now observe that

d . .
g (p22?) = poi® + 2%ps
2 2,..2
. T . xT
(2.17) = poa”® (]0 4 2T > + 22 <—01 — p2jo — (p2)"” )
go go
= —61332.

If ¢; = 0, then (2.17) implies that pox? is equal to a constant ko, and so

k
#? = a” (jo + 2)
90

= 6235'2.
There are two subcases, depending on the value of co.

o If co =0, then
z? = cs,
and since &' = 22, we have

= c3t + cq.

These solutions correspond to the family of curves

."L‘QZCg

in the (x!,z2)-plane. These curves are all horizontal lines, oriented
in the direction of increasing 2! when 22 > 0 and decreasing z' when
22 < 0. Sample optimal trajectories are shown in Figure

6

Ha

FiGure 3.
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o If ¢ # 0, then

(2.18) 2% = cze®?t,

and since &' = 22, we have

c
(2.19) ol = et 4y
C2
These solutions correspond to the family of curves

22 = ozt — ¢y)

in the (2!, 2?)-plane. These curves are all non-vertical, non-horizontal

lines, oriented in the direction of increasing ! when 22 > 0 and de-
creasing ! when 22 < 0. Sample optimal trajectories are shown in

Figure [4]

FIGURE 4.

On the other hand, if ¢; # 0, then

d2
@(pg:z:z) = —cd?
2
(2.20) — eya? <j0 n W)
90
d . x?
~n (0 550)
Integrating this equation once gives
d . 1,2 2
(221) o) = i) + P2

There are three subcases, depending on the value of k = go(j2go — 2c2).
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e If k =0, then the solution to (2.21)) is

o = (2 inlt +cs)

t+c3
and from equation (2.17)),
1d 290
2 L a 2y_ __ <90
v cy dt (p227) c1(t + e3)?
Then since 2! = 22 = —%%(png), we have
1
ah = ——(p22®) + s
C1
2+ 50t +c
_ 90(2+ jo(t + ¢c3)) b
c1(t + c3)
These solutions correspond to the family of curves
1 2
2 1 .
Tt =— c1r” — (Jogo + c1c4
2c190 ( ( )

in the (2!, 2?)-plane. These curves are all parabolas with vertex
lying on the x!'-axis. Since we must have 22 # 0, the set of critical
curves consists of all branches of parabolas with vertex on the z2-
axis, oriented in the direction of increasing z' when z? > 0 and
decreasing 2! when 22 < 0. Sample optimal trajectories are shown

in Figure [5
o A0 5 2D

FIGURE 5.

-10 0

e If k£ > 0, then the solution to (2.21)) is

k
p2x2 = —Vktanh <2\gf(t + Cs)) — Jogo,
0
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and from equation (2.17]),
1d k Vk
2 2 2
- -7 - n? [ Y .
x ol (p2z”) 2erdn sec (290( + c;;))

Then since ! = 22 = —%

%(png), we have

1
ot = ——(pa®) + e
C1

1 k
= — (\/Etanh (f(t + C3)> —|—j()go) + cq.
c1 290

These solutions correspond to the family of curves

1 |: 2
2 1 .
xr = — c1x" — (Jogo +c Cq — ki]
26190 ( ( ! ))

13

in the (2!, z2)-plane. These curves are all parabolas opening towards
the z'-axis. Thus the set of critical curves consists of parabolic arcs
opening towards the x'-axis, approaching the axis as t — 00, and

oriented in the direction of increasing ! when 22 > 0 and decreasing

2! when 22 < 0. Sample optimal trajectories are shown in Figure @

FIGURE 6.

o If k£ <0, then the solution to (2.21)) is
v—k .
pox® = V/—ktan <2g(t + C3)> — Jogo,
0
and from equation (2.17]),
1d k v—k )
2 2
= sec t+c .
2c190 ( 290 (t+cs)

_ - 2
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Then since ! = 22 = —%%(pg:ﬂ), we have
1
2! = ——(p22®) +c4
C1
1 — .
=—— | V—ktan (t+c3) ) — jogo | + ca.
€1 90

These solutions correspond to the family of curves

1 2
2_ _ [cajl— j0go + c1¢4 —ki]
2eran (a1 (jogo + c1c4))

in the (2!, 22)-plane. These curves are all parabolas opening away
from the z'-axis. Thus the set of critical curves consists of parabolic
arcs opening away from the z'-axis, becoming unbounded in finite
time, and oriented in the direction of increasing ! when z? > 0 and
decreasing 2! when z? < 0. Sample optimal trajectories are shown
in Figure[7]

FIiGURE 7.

3. 3 STATES, 1 CONTROL

In [I], we found three local normal forms under point-affine equivalence:
(1) Case 2.1: F = (% + :c?’a%g + Ja%)-i-span (%). The dual cofram-
ing

n' = dz',
1
0 =da® — Jdz' — §Jx3(da;2 — 23 dat),

0 = dz? — 23 da?
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to the framing

0 3 0 0
= J—
R R v
0
T o
0 0
vs ==l va] = 55 + 5 Jw 3
(well-defined up to dilation in the (vq, v3)-plane) had structure equa-
tions
dnt =0
dn? = T123771 AP mod 7>
d773 = 771 A 772 mod 7.
2) Case 2.2: F = +:17 s+ J (22:%5)) +span (225 ). We found
B B
a canonical coframmg nt, n?,n3 with structure equatlons
dnt =n' A’

2 2.1 5,2 2 1, ,3
dn? = Tiyn' A® + Tign' Aip° + Tgn? Ao’
dn® =n' An? + Tiyn' A,
Based on the first structure equation, we chose partial local coor-
dinates (z',2?) so that n! = x—lgdxl. The first structure equation
then implies that there exists a third independent local coordinate

function 23 such that

73

(22)?

The third structure equation then implies that

23 1 23 ? A

for some function .J. The dual framing to the coframing (n',n?%,7%)
is

1
n® = —deQ — dxt.
x

ozt ox? ox3
3}
_ .2
n=h 5
U3 [v1, V2] x2i + L ((x2)2J 3 + :B3) —
’ dzx? 2 v 3
(3) Case 2.3
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where % # 0. We found a canonical coframing n',n%,n? with

structure equations
dn' = Tisn' A’ —en® An®
dn? = Tiyn' An® + Tign' Aip° + Tysn? Ao
dn® =n' AP+ Tihn' An® + Togn® An’,
where € = +1 = sgn(H,1). Based on the structure equations, we
chose local coordinates so that
n' = da' — 23 da?
0’ = e\/eH,1 (dx2 — J(dzt — 23 da:Q)) mod 7*
3 1

_ 2 _ 5.3
n—@(de d:L').

The dual framing is

v1=a+J<x3a+a+Ha>
i T €T

vy = —[vy,v9] = —\/eHz1883 mod vs.
x

Now we add a cost functional in each case and compute homogeneous
examples. The assumption of homogeneity is equivalent to the condition
that all structure functions T;k appearing in the structure equations for a
canonical coframing are constants. (See [2] for details.)

b1, Case 21, 5 (g 12+ Tn) 4 span ().
The corresponding control system is

it =1
(3.1) it =3
& =J+u.
A cost functional ([1.2)) for this system may be written as
1
Q) = iG(a:)ug, G(z) > 0.

An adapted framing (v1,v2,v3) on R? may be defined by choosing v; to
be the drift vector field

v9 to be the unit vector
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in Lg, and
V3 = —[Ul,vg].
This framing is canonically defined up to the signs of vy and vs. The dual
coframing (n',n?,7%) to this framing is given by
n' = dat,
(3.2) n? = VG(dz® — Jdz') mod 13,
n = VG(da® — 2 dat).
This coframing is canonically defined, independent of the choice of local
coordinates on R3.
Local coordinates for which the coframing takes the form (3.2)) are deter-

mined up to transformations of the form

2=i+a

(3.3) w? = ¢(&', i)
2® = ¢ (21, 8%) + B¢ (31, 7%)
with ¢z2 # 0. Under such a transformation we have

(3.4) \/C;’ 21, 22,73) = /G (2!, 22, 23) @52

(3'5) J(xl $2 x3) ( (1‘ .1‘ J}) (bz?;ﬂ( ) 2¢a¢ 332-7} ¢ :?:1)7

¢a:2
with z!, 22, 23 as in .

Now suppose that the structure is homogeneous. First consider the struc-
ture equation for dn®. A computation shows that

dn’ = n” An® mod nt.

2(;3/2

G . . ..
Therefore, 2G—§3/2 must be equal to a constant —c;. (The minus sign is in-
cluded for convenience in what follows.) The remaining analysis varies con-
siderably depending on whether ¢; is zero or nonzero.

3.1.1. Case 2.1.1: ¢ =0. If ¢; =0, then G_3 =0, and so

G(xl,x2,:c3) = Go(xl,:c2).
According to (3.4]), by a local change of coordinates of the form (3.3]) with
¢ a solution of the PDE

1 ~2 1
¢:v2(x z ) GO( ¢(£173~:2))7

we can arrange that Go(#',#?) = 1. This condition is preserved by trans-
formations of the form (3.3)) with

(3.6) G(#, 7)) = & + go(F").
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With the assumption that G(z!, 22, z3) = 1, the equation for dn® reduces
* dn® =t A+ Jant Al
Therefore, J,3 must be equal to a constant cs, and so
J(zt 2% 2?) = ez + Jo(at, 2?).
Now the equation for dn? becomes
dn? = (Jo)a2 0" N1
Therefore, (Jp),2 must be equal to a constant ¢z, and so
Jo(a;l, :1:2) =’ + 4 (a;l)
With ¢ as in and
J(zt, 22, 23) = cpx? + ez + Ji(2h),
equation ((3.5)) reduces to
Ji(@') = Ji(@' + a) — (¢(3) — e30h(3") — catpo(dh)) -

Therefore, we can choose local coordinates to arrange that J; (') = 0.
To summarize, we have constructed local coordinates for which

Gzt 2%, %) =1, J(xt, 22, 23) = cox? + ez,
These coordinates are determined up to transformations of the form
ot =3 +a, 2% = 7% + ¢o(31), 23 =23 + ¢l (21),

where ¢o(Z') is a solution of the ODE

¢o (&) — eap (&) — cagpo(3') = 0.
Now consider the problem of computing optimal trajectories for (3.1)).
The Hamiltonian for the energy functional (1.2) is

H =pra' + poi® + p3i® — Q(2)
1
= p1 + pax® + p3(J +u) — iG(ZC)UQ
L 9
5'& .
Setting %—Zf = 0, as required by Pontryagin’s maximum principle, provides
the necessary condition
(3.7) u = p3

for an optimal trajectory. So along an optimal trajectory, we have

=p1+ p2x3 +p3(62x2 + 03;33 +u)—

1
H = p1 + poa® + p3(ca® + c32®) + 5(]93)2-
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Hamilton’s equations take the form

T =1

2=z

.3 2 3
(3.8) :): = cox” + c3x” + p3

p1 =20

P2 = —C2p3

P3 = —p2 — C3P3.
The last two equations in (3.8)) can be written as
P2 + c3p2 — cap2 = 0,

and the function p3 = —épg satisfies this same ODE. Then the equations

2 13 can be written as

2

for ¢,
.2 2
— c31” — cow” = p3(t),

where p3(t) is an arbitrary solution of the ODE

i

P3 + c3p3 — cop3 = 0.
Therefore, 22(t) is an arbitrary solution of the 4th-order ODE

d—Q—i-ci—c d—Q—ci—c 23(t) =0
daiz B ) \aez Bar 7 -

and for any such 2%(t), we have
i) =t+to,  23(t) = 2(¢).

A sample optimal trajectory is shown in Figure

FIGURE 8.
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3.1.2. Case 2.1.2: ¢ #0. If ¢; # 0, then
1
G($1,$2,IL‘3) = P PR
(cr23 + Go(x!, 22))
According to (3.4]), by a local change of coordinates of the form (3.3]) with
¢ a solution of the PDE

b (7,3) = - Go (3, 03", #))
1

we can arrange that Go(#',#2) = 0. This condition is preserved by trans-
formations of the form (3.3) with

(3.9) (z',3%) = po(7%).
With the assumption that G(x!, 22 23) = m, the equation for dn?
reduces to

dn® =n' An? - o A e’ A

_ 23
Therefore, (2“’;:73]””3) must be equal to a constant c3, and so

J(zb 2% 2%) = cza® + Jo(at, 2?)(23)2.
Now the equation for dn? becomes
dn? = —2*(Jo), nt AP,
The quantity —z3(Jo),1 can only be constant if (Jy),1 = 0; therefore, we
must have
Jo(z!, 2?) = Ji(2?).

With ¢ as in (3.9)) and

J(zt, 2%, 2%) = ez + Jy(a?)(23)?,
equation (3.5)) reduces to

(52
7 0(@%)

J1(3%) = J1(¢0(2%)) 0 (2°) — & (32)

Therefore, we can choose local coordinates to arrange that J; (#%) =0.
To summarize, we have constructed local coordinates for which

1
1,2 .3\ _ 1,2 .3y _ .3
G($,ZL‘,1‘)—(01$3)2, J(x', 2%, x°) = cax”.

These coordinates are determined up to transformations of the form

o' =it +a, 2 =bi% + ¢, 3 = b3 + e
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Now consider the problem of computing optimal trajectories for (3.1)).
The Hamiltonian for the energy functional (1.2)) is
H =pia' + pai® + p3i® — Q(&)

1
= p1 +p2z® + p3(J +u) — §G(a:)u2

L9
2(clx3)2u '

Setting %—t‘ = 0, as required by Pontryagin’s maximum principle, provides
the necessary condition

(3.10) u = (c12°)%ps

for an optimal trajectory. So along an optimal trajectory, we have

= p1 + pox® + p3(czz® +u) —

1
H = p1 + pax® + capsa® + 5(61x3p3)2.

Hamilton’s equations take the form

=1
i =3

o oot o
p1=0
p2=0
. 2.3
p3 = —p2 — c3p3 — (c1p3)“x”.

The equation for py in implies that ps(t) is equal to a constant ca.
Then implies that
(3.12) (p333) = —cpa®
3 = e + ey (psa).
These equations can be solved as follows:

e If ¢y = 0, then the function p3z? is constant, and so the equation for

43 becomes

3 3

Tr° = cx

for some constant ¢. If ¢ = 0, then the solution trajectories are given
by

() =t+ty, 2*(t)=at+b,  t)=a
for some constants a,b. Sample optimal trajectories are shown in

Figure [9]
If ¢ # 0, then the solution trajectories are given by

z(t) =t + to, 22 (t) = Dett 4 b, 23(t) = ae
¢

for some constants a,b. Sample optimal trajectories are shown in

Figure
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FIGURE 9.

FiGure 10.

o If ¢y # 0, then (3.12)) can be written as the 2nd-order ODE for the
function z(t) = p3(t)x>(t):

Z=(c3+ c%z)z'.
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Integrating once yields
o1
3= 5(01Z)2 +c3z+ ¢y
for some constant c4. Depending on the values of the constants, the

solution z(t) has one of the following forms:

(1) =2(t) = atan(bt + ¢) + d, 3 —2c1e4 < 0;

(2) z(t) = atanh(bt + ¢) + d, 3 — 2c1cq > 0;

+ c, c% — 2c1c4 = 0.

Then we have 1
=5 =i%
C2

and so the corresponding solution trajectories are given (with slightly
modified constants) by:

ri(t) =t+to
(1) 22(t) = atan(bt + ¢) + d,

23(t) = absec? (bt + c);

rl(t) =t +to
(2) 22(t) = atanh(bt + c) + d,

23(t) = absech? (bt + c);

\

ol (t) =t +tg
1
() (o= te
3(t) = —W.

Sample optimal trajectories for the first two cases are shown in Figure

3.2. Case 2.2. J = (222 + 2352 +J (2252 )) + span (52%).
The corresponding control system is

il = 22
(3.13) i? = a3
i = 2%(J +u).

A cost functional (1.2 for this system may be written as

Q) = %G(x)uQ, G(z) > 0.
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FiGureE 11.

An adapted framing (vy,vs,v3) on R? may be defined by choosing v; to be
the drift vector field

0 0 0
_.29 30 2 0
v =205 +z 922 —I-J(x 81‘3)’

vy to be the unit vector
>T G\ oa?

V3 = —[1}1,1}2].
This framing is canonically defined up to the signs of v9 and v3. The dual
coframing (n',n?,1%) to this framing is given by

in Ly, and

1
771 = ﬁdxla
T

VG

(3.14) 0= gey (dz® — Jdz') mod 73,
1 3
3 _ 2 1
n° =vG <$2 dx* — @22 dx ) .

This coframing is canonically defined, independent of the choice of local
coordinates on R3.
Local coordinates for which the coframing takes the form (3.14) are de-
termined up to transformations of the form
z' = (i)
(3.15) 2% = ¢/ (3472
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with ¢'(Z') # 0. Under such a transformation we have
(3.16) G(&, 7%, %) = G(at, 2%, 2P)

1 (¢///(£1)(£2)2+3¢//(£1)5,3)’

(3.17) j(il,:%Q,aZ'?’):J(xl,xg,x?’)—gﬂjl)

with 2!, 22, 2% as in (3.15).
Now suppose that the structure is homogeneous. The structure equation
for dn' is

1
d771 = —171 /\773.

VG

Therefore, G(x!, 2% 23) must be equal to a constant g. Now the equation
for dn? becomes

3
x
d173 = 771 A 772 + <m2Jx3 — 3x2> 771 A 173.

Therefore, the quantity (a:Qst — 32—2) must be equal to a constant a, and

SO
3

J(xt 2? 2%) == <x3>2 —i—ax—?) + Jo(zt, %)

Y 2 \ 22 x2 O
Now the equation for dn? reduces to

dn? = <a:2(J0)xz —2Jy — axj) TN L A
z v
The quantity (:CQ(JO)ch —2Jp — ai—z) can only be constant if a = 0; there-
fore, we must have a = 0 and
2%(Jo)z2 — 2Jo = —2¢1
for some constant ¢;. Therefore,
Jo(zt, 2%) = ¢1 + Jy(at)(2?)?,

and
3

2
3 [z
J(zt, 2% 23) = 2 <x2> + ¢ + Ji(2h) ()2
With ¢ as in (3.15) and J as above, equation (3.17]) reduces to

B "zl 3 ¢//(£1)

Ji(71) = (&' (312 ~1 _¢(33) i .

1(33 ) (Cf) (33 ) 1(@5(53 )) ¢/(£,1) + 9 (¢’(,i1))2
Therefore, we can choose local coordinates to arrange that J;(#') = 0. This
condition is preserved by transformations of the form (3.15)) with

gb”/(ﬂ?l) _§ qb”(i‘l)
¢'(z1)  2(¢'(a))?

=0.



26 JEANNE N. CLELLAND, CHRISTOPHER G. MOSELEY, AND GEORGE R. WILKENS

This implies that ¢ is a linear fractional transformation; i.e.,

. az' +b
o) = cxl +d
To summarize, we have constructed local coordinates for which
Gz, a2, 25) = J123_§£32
, T, =g, (w,x,m)—2<$2> + 1.
These coordinates are determined up to transformations of the form
. ait+b 9 ad —bc 4 3 ad —be _3 2c(ad — be)

z

el +d’ v (cz! + d)2$ ’ (el + d)Qx (czt +d)3
Now consider the problem of computing optimal trajectories for (3.13).
The Hamiltonian for the energy functional (1.2) is

H = pljfl + p2j72 + pgi:g — Q(x)
1
= ma? + pox® + pgl‘Q(J +u) — §G(x)u2

2

_ 2 3 2 § fig _1 2

= p17” + p2x” + p3T 5] ta+tu gu”.
2 \z 2

Setting %—Zf = 0, as required by Pontryagin’s maximum principle, provides
the necessary condition

pa?
u = —-:

g
for an optimal trajectory. So along an optimal trajectory, we have

2
2 3 2 (3 (2 IV
H = p1x” + paz° + p3x 5\ 2 ) te)t (p3z©)”.

(3.18)

29

Hamilton’s equations take the form

it = 22
2 = o3
3 (x3)? 1
3 _ 2 22
P =g tar +§p3($)
(3.19) p1 =0
. 3103(333)2 1 2 2
P2 = —p1+ 2 (22)2 C1P3 g(p3) z
p3a®

)3 = —P2 — 3——5—.
p3 P2 22

The system ([3.19) has three independent first integrals in addition to the
Hamiltonian H (which is automatically a first integral): it is straightforward
to show, using (3.19)), that the functions

(1) I = p1;

2



GEOMETRY OF OPTIMAL CONTROL FOR CONTROL-AFFINE SYSTEMS 27

(2) I = pra! + paa® + paa®;

(3) I3 = p1(z')? + 2poxa? + 2pzzta® + 2p3(2?)2.
are each constant on any solution curve. We can use these conserved quanti-
ties to reduce the system , as follows: on any solution curve of ,
we have

I =k, Is = ko, Is = k3

for some constants ki, ko, k3. These equations can be solved for p1, po, p3 to
obtain:

p1 = k1

ot (zh)%al 1 xlad 3
m (== S ) e (it G )+ (o)

p3 = k1 (;@?;) + ko (—(;1)2> + k3 <2(x12)2> :

These equations can be substituted into (3.19) to obtain a closed, first-
order ODE system for the functions z', 2, 23, depending on the parameters
k1, ko, k3; moreover, making the same substitution in the Hamiltonian H
yields a conserved quantity for this system. (The precise expressions for
the system and the conserved quantity are complicated and unenlightening,
so we will not write them out explicitly here.) The resulting ODE sys-
tems cannot be solved analytically, but numerical integration yields sample

trajectories as shown in Figure

120
100

x3 BOJ
60

20]

FiGURE 12.

3.3. Case 2.3. F = (8%1 +J (:p?’a%l + % + Ha%g))-{-Span (533% + % + HO.
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The corresponding control system is
it =1+23(J 4 u)
(3.20) i’ =J+u
i = H(J +u).
A cost functional for this system may be written as

Qi) = %G(m)uQ, Gz) > 0.

An adapted framing (v1,v2,v3) on R may be defined by choosing v; to be
the drift vector field

B s 0 0 d
”1—x”<”faxl+axz+Hax3>’

in Ly, and

V3 = —['Ul,'UQ].
This framing is canonically defined up to the signs of v9 and v3. The dual
coframing (n',n?,1?) to this framing is given by

nt = dz' — 23 da?,

(3.21) n” =VGa (da:2 — J(dz!' — 23 dx2)) mod 7?,
- H - .
7 ) (H da? — da”)

x
This coframing is canonically defined, independent of the choice of local
coordinates on R3.

Finding local coordinate transformations which preserve the expressions
is considerably more complicated than in the previous cases and will
require some care. Let (z!',z2 2%) and (z',22%,#%) be two local coordi-
nates systems with respect to which the coframing (n!,7%,73) takes the
form (3.21]). Then we must have

(3.22) n' =dat — 23 da? = dz' — 33 di’.
Taking the exterior derivative of (3.22]) yields
(3.23) dn' = dz? A dx® = di? A dis.

In particular,

span(dz?, dz3) = span(dz?, dz?).
Therefore we must have
(3.24) a? = ¢(#,5%), 2 =@
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for some functions &(22,53), (%, 2%). Equation ([3.23) then implies that
the functions ¢, 1 satisfy the PDE
(3.25) P2tz — bzsthze = 1.

Unfortunately, equation (3.25)) cannot be solved explicitly in terms of arbi-
trary functions of 2, #3. However, it can be solved implicitly with a slightly

different setup. Instead of (3.24)), suppose that we define our coordinate
transformation by

(3.26) P =), =y
Then equation (3.23) is equivalent to the condition
(Z)zz = 1%3-

(In addition, both terms in this equation must be nonzero.) This is equiva-
lent to the condition that there exists a function ®(x2,#3) such that

$(2°,3%) = s, Y(2?,7%) = .
Then equation (3.22)) implies that

ot =3 + &%, 33 — B (22, 3.
Thus, the local coordinate transformations which preserve the expression
for n' in (3.21)) are defined implicitly by

gt =it 4 (22, 73) — B3P (2?, 7°)
(3.27) i = Qg (a?,3°)

23 = @0 (22 73),
where ® (22, 23) is an arbitrary smooth function of two variables with ®,2;3 #
0.

Next we will compute how the function H(x!, 22 23) transforms under

a coordinate transformation of the form (3.27). (When we consider the
implications of homogeneity, it will turn out that G and J can be expressed

in terms of H and its derivatives; thus there is no need to explicitly compute
the effects of the transformation (3.27) on G and J.) Consider the expression
for n? in (3.21). We must have
G(z) G(z)
3 2 3
= H(x)dz* — dx°) =
o (=)

T

From (3.27)), we have

(3.28)

di? = @ oz5 da? + yazs did
da® = @22 da? + D25 di.
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Substituting these expressions into ([3.28) yields

(3.29) (H(z) — ©p242) da? — @258 di®) =

\G(E) . 5
~ 2 N e -3
e (H(x)(bx%a dz? + (H(%)Bz055 — 1) di ) .
Equating the ratios of the coefficients of dx? and dZ*® on both sides of ([3.29))
yields B

(H(‘T) — (pm2a:2) o H(i')q)a:?i?’

—®, 025 B (ﬁ[(fi)@isjs - 1)’

which implies that

€T
1 — ®pags H (3,52, 53)
Now suppose that the structure is homogeneous. Unlike in the previous
cases, the assumption of homogeneity will imply some relations among the
constants appearing in the structure equations. Our frame adaptation

(330) H(.%’l 1,2 .%'3) _ (((I):B2£3)2 — (I)$2a:2q)~3§:3)ﬁ(i'17'%27'%3> + (I)$2332 )

v3 = —[v1, Vo]
implies that the structure equations have the form
dn' = Tign' A + Tyzn® A1’
(3.31) d? = Tisn' AP + Ton® Ao’
dn® =n' AP+ Tin't An® + Tign® An’.
In the homogeneous case, the functions T;k are all constant, and differenti-
ating equations implies that
0=d(dn') = (TysTis — Ti3Tsz) n' An? A’
0= d(dn?) = (T3 Tis — TisTsz) n' An? A’
0= d(dn’) = —(Ti5 + T55)n' An* An’.

Therefore, the vectors

(3.32) [Tf5 Ty, [T7 T3], [T75 T3]
are all scalar multiples of each other (unless T7; = T3 = 0), and moreover,
T223 = _T113-

In most of the computations that follow, these relations will be self-evident;
however, at one point they will have implications for the function H.
The structure equation for dn' is
JH 1 H,:
N D e I RN S A Jy .
n NE noAn e nAn
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Therefore, we must have
C1 1
J=— G=—H
RV4 CQH 2l ’ C9 ot
for some constants ¢y, co with co # 0, and then the equation for dn' becomes
dnt = —cin' AP —ean® A,

Remark 3.1. Since G > 0, ca must have the same sign as H,1. For sim-
plicity, we will assume that both are positive; the analysis when both are
negative would be similar.

Now the equation for dn? reduces to

dnS — 7,]1 A 772
1 H12—|—$3H11—|—HH13—2H1 3
_2\/a<( T zm(H )3/23590 T :Jc)) (01771/\7’3_{_627]2/\773)'
2l
Therefore,
(3.33) (Hpi,2 + x3Hz1x1 + HH 1,3 —2H,1 H,3) — 9y

(Hx1)3/2
for some constant cz. Substituting the derivative of (3.33)) with respect to
z! into the equation for dn? yields

3 (Hpp\® 1Hpgp &
d2: e T [ttt ek ek “1 1/\3 2/\ 3.
o= () st e d) e

T

Observe that:
e The coefficient of 72 A 3 in dn? is equal to minus the coefficient of
n' An3 in dn', as we previously observed that it must be.
o If c3 # 0, then the ratio of the n' An® and n? An3 coefficients in dn?
must be equal to ¢! (which is the ratio of these coefficients in dn'),

2
and hence the n' A3 coefficient in dn? must be equal to L.

Cc2
Therefore, if ¢3 # 0, then H satisfies the PDE
3 (Hpp\® 1Hugip
3.34 P S —
@39 (72 -
The solutions of ([3.34)) are precisely the linear fractional transformations in
the x! variable, and so we must have

(335) H(l’l 1'2 $3) F1(£L‘2, xS)wl + F0($27 l‘3>

~ Gi(a? %)l + Go(a?,29)

for some functions Fy(x2, 23), Fy (2%, 23), Go(2?,23), G1(2?, 2?).

Remark 3.2. If ¢3 = 0, then the vectors [Tl; Th], [T% T3] are no
longer required to be linearly independent, and so the Schwarzian derivative

of H with respect to 2! appearing in equation ([3.34]) is only required to
be constant, but not necessarily equal to zero. This assumption leads to a
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significantly more complicated process for normalizing the function H via an
appropriate choice of local coordinates, and we will not pursue the analysis
in this case here.

Now we compute how the function (3.35) transforms under a local coor-
5.27)

dinate transformation of the form (

Lemma 3.3. There exists a local coordinate transformation of the form

such that ﬁ(fl,j2,5:3) is linear in @'; i.e.,
(3.36) H(#, 3%, %) = F1(22, 232! + Fo(a?, ),
with Fy # 0.
Proof. Equation can be written as
H(x' 2% 23) — ®,0,0
Daags H (21, 2%, 2%) + ((Py2z3)? — Py202Piazs)
Substituting into this equation yields

(3.37)  H(z', 2%, 3% =

. - Pzt F
Fli’l + Fy B (G1§1+G%> — Py
G1Z' +Go  Byazs <%> + ((Dy253)2 — Byoy2Prozs)

(lel + F()) — P20 (Glxl + Go)
PP (Fl.l"l + Fy) + (((I)w2j3)2 — D0, 2Pz323) (Gll'l + Gp)
. [Fl — (bx2x2G1] x! + [Fo — ‘Px%zGo]
[ @ Fr + ((Pa23)? — Bu2p2Pisgs) Gil al + [Pz Fo + ((Pg23)% — Ppag2Piazs) Gol
The coefficients of ! on the left-hand side of this equation are the same as

the coefficients of 2! on the right-hand side, so the condition that Gi1=0is
equivalent to

0 = Pzaza(a”, 2°) Fi (27, %)

+ (((I):v21f3 (127 j3))2 — D22 ($27 j3)<bi3i3 ($27 :Z'?))) Gy ($27 1‘3)

= Pzazs (7/27 '%S)Fl (.%'2, P2 ($2’ i‘3))
+ ((q):r%'&?’ (127 j3))2 — Py2,2 ($27 i'g)(biﬁf?’ ('127 j?’)) G1 ($27 P2 (%2, 'i'S))
Any solution ®(z2, 5U3~) of this equation will induce a local coordinate trans-
formation for which H (&', 22, #3) has the form (3.36]), as desired. The con-
dition F; # 0 follows from the requirement that H,1 # 0. (In fact, our

assumption that H,1 > 0 implies that F} > 0.)
0

Local coordinates for which H has the form (3.36|) are determined up to
transformations of the form (3.27) with

@533533 - 07
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ie.,
(3.38) ®(22,7%) = Oy ()33 + Do (?).
With ® as above, the local coordinate transformation reduces to

2t = & + ®y(2?)
(3.39) i = oy (2?)

z? = & (2?) + O} (z*)3>.

With the assumption that H has the form
H(z', 22, 23) = Fi (2%, 2%)2! + Fy(2?, 23),
differentiating equation with respect to z! yields
(£1),3

= 0.
VI

Therefore,
Fi(2%,2%) = Fi(2?).
Now equation (3.30]) reduces to
Fy(2?)z 4+ Fy(2?, 2°) = (<I>’1(x2))2 (Fl(:%Q)a?l + Fo(:i"Q,£3)>+¢>8(x2)+®'{(:p2)£3,
which, taking (3.39)) into account, becomes
(3.40) F1(2®)a! + (F1(2)@o(?) + Fo(a?, @ (2?) + @) (a?)2%)) =
2 =~ -
(@1 (z)" Fi(@1(2?))3"
+ ((@4(2)" Fo(@1(22), 7°) + 9 (2?) + 8] (2%)7°) .
Equating the coefficients of #! on both sides yields
2 ~
Fi(2*) = (91(2?))" F1(®1(2?)).
Thus any solution ®;(z?) of the equation
@) (2?) = v/ Fi(a?)
will induce a local coordinate transformation for which
F(#%) =1.
Local coordinates for which Fj(x?) = 1 are determined up to transforma-
tions of the form (3.39)) with
) (2?) = 13
i.e.,
®(2?,7%) = 2233 + ai® + Dp(2?)
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for some constant a. With ® as above, the local coordinate transformation
(13.27) reduces to

(3.41) P#=2’+a
2% =7 + o) (2?).
Now equation (3.33)) takes the form
(Fo)ms = C3.

Therefore,
Fo(2?, 23) = c3a® + Fp(2?).
Now equation (3.40f) reduces to
Do(22) + 3B (2?) + Fo(2?) = Fy(2® + a) + ) (2?).
Thus any solution ®g(z?) of the equation
o(2?) + 3B (2?) — B (2%) = —Fo(2?)
will induce a local coordinate transformation for which
Fy(#%) = 0.

Local coordinates for which Fy(x?) = 0 are determined up to transforma-
tions of the form (3.41)) with

Bo(2?) + c3®p(2?) — B (2%) = 0;
ie.,

@0(%2) = b1€r1x2 + b26T2x2,

where by, by are constants and

03+\/c§+4 03—\/c§+4
(342) r = f’ ro = f

To summarize, we have constructed local coordinates for which
1 C1
G(z!, 2% 23 = —, J(zt, 2% 2% = —, H(zb 2%, 2%) = b + ez,
@atal) = o JEhatal) = T HE e =

These coordinates are determined up to transformations of the form

2l = F 4 bre T 4 bye”

2 =2’4a
~ 2 2
22 =33+ byr1e™® 4 borge”® .
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Now consider the problem of computing optimal trajectories for (3.20]).
The Hamiltonian for the energy functional (1.2)) is

H = pa' + poi® + p3i® — Q(a)

=p1 (1 +2°(J + ) +p2(J +u) + psH(J +u) — %G(az)u2

3 Cl Cl 1 3 Cl 1 2
=p1|1+2z <+u>> + p2 <+u> +p3 (2" + c3z <+u> — s—u”.
( \/C2 NG ( ) Ve 2¢y
Setting %—;’:‘ = 0, as required by Pontryagin’s maximum principle, provides
the necessary condition
(3.43) u = co(p12® + po + psz' + cap3r?)
for an optimal trajectory. So along an optimal trajectory, we have
2! 3 3
H =p1+psa’ + — (p12® + p2 + capsx
1 )
+ (p12° + p2 + c3p3x®) (co(pr12® + p2 + psa’ + c3psz®)) .

Hamilton’s equations take the form

.1 3( G 3 1 3
- =142 — + co(p12” + p2 + p3x” + Cc3pP3x >
<\/6 ( )

. C1
=4+ CQ(pl.'L'S + p2 —l—pgxl + 03p3:1:3)

NG
C

. 1
i = (2! + c32%) (Cz + co(pra® + p2 + psa’ + 03P3$3))

NG
(3.44) P1 = —p3 (\;% + co(p1a® + p2 + pa’ + 63p31’3)>
p2 =0
C

. 1
Py = — ((pl + c3ps3) <02 + ca(pra® + p2 + psa’ + 03p3x3)>

Ve

+ ((p1 + c3p3)a’ + p2) (cap1 + 0203173))-

The system ([3.44)) has three independent first integrals in addition to the
Hamiltonian H (which is automatically a first integral): it is straightforward
to show, using (3.44)), that the functions

(1) It = (p1 + r1ps)e™™;

(2) Ir = (p1 +r2p3)e™;

(3) I3 = pa,
where 71,79 are as in , are each constant on any solution curve. We
can use these conserved quantities to reduce the system , as follows:
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on any solution curve of (3.44]), we have
I =k, I = ko, I3 = k3

for some constants ki, ko, k3. These equations can be solved for p1, po, p3 to
obtain:

1
b1 = ﬁ (k317’2!‘3_mm2 - szle—rng)
V €3
p2 = k3
1

p3 =7 ("f1€_m2 + k2€_r2x2> '
Vs + 4

These equations can be substituted into (3.44) to obtain a closed, first-
order ODE system for the functions z', 22, 23, depending on the parameters
k1, ko, k3; moreover, making the same substitution in the Hamiltonian H
yields a conserved quantity for this system. (The precise expressions for
the system and the conserved quantity are complicated and unenlightening,
so we will not write them out explicitly here.) The resulting ODE sys-
tems cannot be solved analytically, but numerical integration yields sample

trajectories (with ¢g > 0 and c3 < 0) as shown in Figure

FIGURE 13.

4. CONCLUSION

What is perhaps most interesting about these results is how the behavior
of control-affine systems in low dimensions varies from that of control-linear
(i.e., driftless) systems. As we observed in [I], functional invariants appear in
much lower dimension for affine distributions (beginning with n = 2,s = 1)
than for linear distributions, where there are no functional invariants in
dimensions below n =5, s = 2.

With the addition of a quadratic cost functional, we see a similar phe-
nomenon: for linear distributions with a quadratic cost functional, there are
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no functional invariants for any n when s = 1, since local coordinates can
always be chosen so that a unit vector field for the cost functional is repre-
sented by the vector field %. But for affine distributions with s = 1, there
are numerous functional invariants, and even the homogeneous examples
exhibit a wide variety of behavior for the optimal trajectories.
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