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Abstract A graph is integral means that all its eigenvalues are integers.
In this note, we determine all the integral Cayley graphs on finite abelian groups.
Moreover, we calculate the the number of integral Cayley graphs on a given finite

abelian group.
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1 Introduction and Main Results

A graph ,whose eigenvalues are integers, is called integral. Since 1974, Harary
and Schwenk (see [HS]) began to research the question. There are lots of literature
studying integral graphs(see e.g., [A][BC][Bu][EH][LL][So][Z]). In this note we focus
on the collection of Cayley graphs.

Let G be a group and let S be a subset of G that is closed under taking inverses

and does not contain the identity. Then the Cayley graph (see [GR])D(G, S) is the
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graph with vertex set G' and edge set E(D(G,S)) = {gh | hg~! € S}.

Our purpose in this note is to characterize the integral Cayley graphs among
the finite abelian groups and compute the the number of integral Cayley graphs on
a given finite abelian group.

Let G be a abelian group with order n. By the theorem of finite abelian group,
G is isomorphic to the direct sum of some cyclic groups. So, in the following, we
assume that G = C1 P Co P - - - P C,y, where C; = Z/n;Z (n; not necessary be a
power of a prime number)for some integer n;,1 < i < m. The main results in the
present note are stated as follows.

A. (see Theorem 1.) The Cayley graph D(G,S) is integral if and only if
S is a union of some orbits Hg;s.

B. (see Corollary 1.) For G = (Z/mZ) P(Z/nZ) P - - - P(Z/nmZ), there

are at most 2"(%) integral Cayley graphs on G.

2 Proof of Main Theorem

Let Q(¢,) be the n-th cyclotomic field, and H = Gal(Q((,)/Q) be the Ga-
lois group of Q((,) over the rational number field Q. Now n; is a positive divi-
sor of n with n = niny---n,, = nit. We define a group operation m; of H on
Z/nZ, m : H X (Z/mZ) — Z/mZ. Since Gal(Q((,)/Q) = (Z/nZ)*, for each
o € H, there is an element a € (Z/nZ)* such that o(¢,) = (2. Then, for x € Z/n,Z,
we have (%) = (¢ = (& = (¥, with y = axz(modn,),0 < y < ny. The opera-
tion m is defined by m (0,2) = o(z) = y. Then we extend the operation to G by

o(x1, 22, Tm) = (0(x1),0(x2), - ,0(x)), for each (z1, 22, ,2,) € G. Using



the orbit decomposition formula(see [L]), G\ {0} is the disjoint union of the distinct

orbits, and we can write G \ {0} = | |,.; Hgi, where I is some indexing set, and the

iel
g; are elements of distinct orbits.

We obtain the necessary and sufficient condition for a Cayley graph D(G, S) to

be integral as in the following theorem.

Theorem 1. The Cayley graph D(G, S) is integral if and only if S is a union

of some orbits Hg;s.

In the following, we give the proof Theorem 1 in the case of m = 2, i.e., G is a
direct sum of two summands.

Let G denote the group of multiplicative homomorphisms from G to C* (see [Se]
or [W]), where C is the complex number field. Then we have isomorphism G = @,
since G is abelian. For each (a,b) € G, there is an element X4 € G such that
X(ab)(5:1) = (2 x (& (s,t) € G. The spectrum of Cayley graph D(G, S) is given by
[Ba] and [Bi],

spec(D(G, S)) = { XN 0,0), A0.1)s > ANOma—1)> A1,0)5 "+ s Ama—1,0)5 " * s Ama—1ina—1) J
as bt

where )\(mb) = Z(s,t)es X(a,b)(svt) = Z(s,t)eS Cm " Sng-

Proposition 1. If S is a union of some orbits Hg;s, the Cayley graph

D(G, 95) is integral.

Proof. For each orbit Hg;, we have cHg; = {o(hg;) | h € H} = Hg;,0 € H.



So 05 =S, since S is a union of some orbits Hg;s. Thus

oAap) = Y oy =Y o) o)

(s;t)eS (s,t)eS
= D Gl = Ay,
(s,t)eS

for every element 0 € H. By the Galois theory for finite Galois extensions, we get
A@ap) € Q. Notice that Ay are algebraic integers, hence A3 € Z, which shows
that the Cayley graph D(G,S) is integral. |

In another hand, we have the following proposition.

Proposition 2.  If the Cayley graph D(G,S) is integral, then S is a union

of some orbits Hgs .

Before the proof, we need some preparation and the following two lemmas.

Let I' be a (n — 1)-order square matrix with the row and column index in
G\ {(0,0)}. Namely, we suppose I' = (V(a,n)(a,8))s Where Y p)(a,) is the entry of the
(a,b)-th row and (a, 3)-th column, with (a,b), (o, 8) € G\ {(0,0)}. And Y(4p)(a,8) =

X(ap) (0, B) = (2 x (% For the matrix T, we have the following lemma.
Lemma 1. The matrix I' is nonsingular, i.e., det(I") # 0.

Proof.  Let x be a nontrivial character of finite abelian group G, we know
that > o x(g9) = 0. Then the sum of all entries in each row of I' is —1. Hence, to
prove this lemma, it suffice to show the n x n block matrix [V = G 1{) is invertible.

Let K be the space of complex valued class function on G. Then all the el-
ements of G form an orthonormal basis of K(see [Se]). Suppose there exist n

complex numbers k), (a,b) € G such that >, cqk@nBay = (0,0,---,0),



where R(qp) is the (a,b)-th row of the matrix I". Then we have the class func-
tion Z(%b)eG E@nX@p = 0. So kpy = 0 for all (a,b) € G, which shows that the
row vectors of I'” are linearly independent and so I" is invertible. |

Let 7 be such a (n — 1)-dimension column vector as
T = (V(0,1),U(0.2)s "+ » V(0ma—1)s V(1,0)s " > Uma—1,0)5 " " s Vg —Lima—1))
with v(p = 1 for (a,b) € S and 0 otherwise. It is easy to see that
PT = (A0, 202 AM0ma—1): A1) > Am—1.0) > A —1ma-1)) "

Let 7; be the (n — 1)-dimension column vector for the orbit Hg; just as 7 for S. We
denote W the vector space {w € Q" ! |Tw € Q" '} and V C Q" ! the the vector

space spanned by the vectors {7;,7 € I}. We obtain the following lemma for W and

V.
Lemma 2. we have that W and V' are the same vector space, i.e., W = V.
Proof. By Proposition 1, I'r; € Z" 1, i € I. Sowe get V C W. Let w € W and
w = (W(O,l)a W0,2)s """ s W(0,n2—1)s Y(1,0), " "y W(n1—1,0)5 """ >w(n1—1,n2—1))Ta u=Tlw =
(U(0,1)5 U(0,2)5 " * * 5 U(0ma—1)> U(1,0)s " = > Uy —1,0)s " * * » Ui —1ma—1)) " - First, we show that

U(a,b) = U(c,d) if (a, D), (¢, d) in the same orbit Hg; for some ¢ € I. Because (a,b), (¢,d) €

H g;, there exist an element ¢ € H such that o(a,b) = (¢, d), namely, o(a) = ¢, and



o(b) = d. In fact,

) = 0(u@n) =0( D wupx@nk D)= D weno Xy (k1)

(k1) €G\ {0} (k1) €G\ {0}

= > wapoGE O = DD wanGn @ ¢
(k1) €G\ {0} (k1) €G\ {0}

= Z Wik o Gy = Ucd)
(k,1)€G\ {0}

which implies that I'(W) C V. Notice that the matrix I" is nonsingular by Lemma 1
and V C W. Hence dimW = dimV, and W = V. ]

Now it is time to prove Proposition 2.

Proof of Proposition 2.  Since the Cayley graph D(G,S) is integral, then
I'r € Q"'. We have 7 € W. By Lemma 2, 7 € V and 7 = Y s CiT; for some
coefficients ¢; € Q. By the construction of 7 and 7;s, we conclude that S is the union

of the Hg;s with ¢; = 1. The proof is completed. |

Remark Merging Proposition 1 and Proposition 2 together, we have Theorem
1 in the case of m = 2. For the general case, by [Ba] and [Bi], spec(D(G,S)) =
D1 9= (91,02, 1 gm) € G}, where Ay = S0 1o GO - o, So far,
we have given the ideas and methods to the proof of Theorem 1. It is not hard to
find these ideas and methods can be applied to the general case. In another words,
with the formula of spectrum, we can prove the Theorem 1 for any m € Z* (Z*,
the set of all positive integers) in the same way as above. So we obtain the result of

Theorem 1.

3 Computation the number of integral Cayley graphs

Let d | ng,0 < d < ng, and denote G, (d) the set {k | 0 < k < ng, gcd(k,ng) =

d}. So we get a collection G, of such G, (d)s, i.e., Gn, = {Gno(d) | d | np,0 < d <



no}. In the case of m = 1,G = Z/nZ, it is easy to check that all the orbits Hg;s is

the collection G,,. Thus Theorem 7.1 in [So| can be deduced from Theorem 1.
Denote Pg the collection of Cartesian product {p; X p; X -+ X p,, | pi €

Gy, or p; =0, notall p; arezeros }. For a Cartesian product P € Pg, choose

one element p € P, p = (a1, as, - ,an). Denote Q(P) the cyclotomic field
Q( Sia zga Tty S:ﬁ) = Q( Si) ' Q( Sg) o @( z::)a

[Q(P) : Q] the dimension of Q(P) as vector space over Q and |P| the cardinal

number of P. We have the following Lemma.

Lemma 3. Under the operation of H restricted on the Cartesian product

P € Pg, P is divided into giplss orbits.

To prove Lemma 3, we need the following proposition.

Proposition 3. Let Ky, Ky, -+, K, (m > 2), be Galois extensions of a
field k, with Galois group Hy, Hs,--- , H,,, respectively. Assume Ki, Ko, -, K,,

are subfields of some field. Then K; K5 --- K,, is Galois over k. Let map

GCLZ(KlKQKm/k‘) —)Hl XH2 X XHm

by restriction, namely, o — (0 |k,,0 |k,,** ,0 |Kk,,). This map is injective.

Proof. By induction, it is easy to see Proposition 3 is a extension of Theorem

1.14 in Chapter 6 of [L]. We omit the details. |

Proof of Lemma 2. Notice that Q(P) C Q(¢,). If ¢ € H, then the

restriction of o to Q(P) is in Gal(Q(P)/Q). So by Proposition 3 above, every orbit



contained in some Cartesian product P has [Q(P) : Q] elements, which implies that
P can be divided into m orbits under group action of H. |

Let r(G) = Zpepcm. By Lemma 3, 7(G) is the orbits number of group

operation of H on G. So we obtain the following Corollary by Theorem 1.

Corollary 1. For G = (Z/miZ) P(Z/nZ) P - - - B(Z/nmZ), there are at

most 27 integral Cayley graphs on G.
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