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THE YAMABE CONSTANT ON NONCOMPACT MANIFOLDS

NADINE GROSSE AND MARC NARDMANN

ABSTRACT. We prove several facts about the Yamabe constant of Ridaranmetrics on general non-
compact manifolds and about S. Kim'’s closely related “Yaenabnstant at infinity”. In particular we
show that the Yamabe constant depends continuously on #ragRinian metric with respect to the fine
C*-topology, and that the Yamabe constant at infinity is eveallp constant with respect to this topology.
We also discuss to which extent the Yamabe constant is emimwith respect to coarser topologies on
the space of Riemannian metrics.

1. INTRODUCTION

For a nonempty manifold/ of dimensionn > 3, the Yamabe mapy,, assigns to every Riemannian
metricg on M a numberY)y,(g) € RU{—oco}, theYamabe constant gf as follows. For each compactly
supported not identically vanishing functione C*°(M,R>¢), one defines

1
E4(v) = f/ <an]dv]§ + scal, v2) dug € R,
HUHLp(g) M
wherep = p,, := % anda,, := % The Yamabe constant gfis

Y (g) := inf {Eg(v)
Y (g) depends only on the conformal classgofThec-invariant of M is
o (M) = sup {Ya(g) | g € Metr(M)},
whereMetr(M ) denotes the set of Riemannian metrics\dn Every metricg on ann-manifold satisfies
Yir(g) < o(8") = Ysn(gs) = n(n — 1) vol(S™, gs)*/",
wheregs; is the standard metric on thesphereS™. (See Sectiohl2 for details and references.)

In the case whe/ is compact without boundary, the Yamabe constant aiimaariant have been
studied in hundreds of articles; cf. e.gl [3]/ 4/ 8, 9, 21] dralreference lists therein. Several of these
works involve also Yamabe constants of noncompact mamifakl a tool. Some articles where the
noncompact case has been investigated for its own sake,@gl213[ 117, 18, 19]. In most cases the
focus was on special classes of noncompact manifolds amétrics, e.g.R x N with compactV,
coverings of closed manifolds, or manifolds of bounded getoyn The aim of the present article is to
state and prove several facts which hold for all manifolds rmuetrics.

One of these results is that the functioi@} is continuous in a suitable sense. In the case of compact
M, this was proved by Bérard Bergely [6, Proposition 7.2].ské¢ed only continuity with respect to the
C>-topology on the space of metrics, but the proof works obslpaven for the (coarsef)?-topology;
in this form the result is also given inl[7, Proposition 4.3Lhe proof is not completely trivial, because
of the infimum that occurs in the definition &%,. But it is still reasonably straightforward, and the
application of Moser’s lemma suggested in both referersest really necessary.

In the present article, we discuss the continuityy®f on noncompact manifoldd/, where one has
to distinguish between the usual (metrizaltempact-operC?-topology and thdine (also known as
strongor Whitney C2-topology, which is neither metrizable nor connected; efct®n[3 for a review.
One can also consider another natural topologir (M ), which we call theuniform C*-topology

v e C®(M, Rzo)\{o}} e RU {—ool.

This work was done during our joint stay at the Hausdorffitngt for Mathematics. We thank the organizers for the
hospitality.
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see Sectiohl3. I/ is noncompact, this topology is strictly finer than the contgsppenC*-topology
and strictly coarser than the fili¢“-topology.

A straightforward generalization of Bérard Bergery’swargents yields the following result:

1.1.Theorem. Let M be a nonempty manifold of dimensiprB. ThenY), is upper semicontinuous with
respect to the compact-opér-topology onMetr(M). If M is compact oYy, (g) = —oc, thenY) is
continuous ay with respect to the compact-opérf-topology. IfM is noncompact andy; (g) > —oo,
thenYj, is not continuous ag for any compact-opet*-topology onMetr (M) with & € N U {oo}.

The Yamabe map has better continuity properties with régpebeuniform C2-topology (recall that
for f € C°°(M,R), the functionf_ € C°(M,R>) is defined byf_(x) = — min{0, f(z)}):

1.2.Theorem. Let M be a nonempty manifold of dimensior> 3. Then the Yamabe mafy, is upper
semicontinuous with respect to the unifoi-topology onMetr(M). At everyg € Metr(M) which
satisfiesYs(g) = —oo or admits ane € R with ||(scal, — €)—||n/2(y < oo, the Yamabe map is

continuous with respect to the unifor@?-topology.

However, there exist metrics at which the Yamabe map is mutrogous for any unifornC*-topology
with £ € NU {oo}. Such metrics can have scalar curvattyreo the sufficient criterion above cannot be
generalized tea = 0:

1.3.Example. Letn > 4, let N be a nonempty closga — 1)-manifold witho(N) > 0. ThenN admits
a Riemannian metrig with sca}, = 0 such that for the product metrig:= h+dt?> on M := N xR, the
Yamabe majy;; is not continuous ag for any uniformC*-topology onMetr(M) with & € N U {oco}.

Even with respect to théine C2-topology, it is not obvious that the Yamabe map is contirsuat
every metric: the infimum in the definition makes the situatom noncompact manifolds even more
nonlocal than in the compact case. An argument sharper thear@®Bergery’s yields our main result:

1.4. Theorem. Let M be a nonempty manifold of dimensien3. Then the Yamabe mag, is contin-
uous with respect to the fir@*-topology on the space of Riemannian metrics\én

This shows that the fin€?-topology is the correct topology in the context of the Yamalap on
noncompact manifolds, as one might have expected. Thergferdo not mention other topologies on
Metr(M) in the following results.

TheoreniI¥4 implies that for eache R U {—o0} the set ofy € Metr(M) with Yj;(g) = r is closed
with respect to the fin€2-topology onMetr(M). Forr = —oo, a stronger statement is true:

1.5.Theorem. Let M be a nonempty manifold of dimensien3. Then the set of € Metr(M) with
Y (g) = —occ is open and closed with respect to the fiti&topology onMetr(M).

S. Kim [17,[18] introduced another, closely related, fumatilY = Y5, on the spac@letr(M) of
Riemannian metrics on a noncompaemanifold M/: For a chosen compact exhaustig; );cn of M,
one defines

Yu(g) = Zlggo Yank(g) € [—oo, a(S™)],

where the restriction of to M\ K; is suppressed in the notation. The limit exists and does eyerd
on the chosen exhaustion (Cf. 2.8 below). We &al} (¢) the Yamabe constant at infinitf g.

1.6. Theorem. Let M be a noncompact manifold of dimension3. ThenY , is locally constant (in
particular continuous) with respect to the fii&-topology onMetr (/).

In contrast,Y), is certainly not locally constant, becau¥g;(g) can be changed continuously by
modifying g on any compact subséf of M while keeping it fixed outsidés .
Several general statements hold for the Yamabe constathantmabe constant at infinity:

1.7. Theorem. Every Riemannian metrig on a noncompact manifold of dimension> 3 satisfies:

(1) —ll(scal) -l pnr2(g) < Yar(g) <Y m(9):
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) If VM(g) <0, then?M(g) = —00.
() If Yas(g) = —o0, thenY ps(g) = —oo.

For some remarks and a conjecture related to Thebrelinl 1s&@ Kectiohl5.

1.8.Theorem. Let M be a nonempty manifold of dimensier> 3 each of whose connected components
is noncompact. Then:

(1) The image ol is an interval which contains-co and0. Thus0 < (M) < o(S™).

(2) If M is diffeomorphic to an open subset of a compachanifold, therd < o(M).

1.9.Remarks.

(1) If a metricg on a (possibly noncompact) manifold of dimension> 6 satisfiesYy/(g) =
o(S™), theng is locally conformally flat, by Aubin’s local argument [SR@, proof of Thm. B].
Whether this generalizes to dimensi®n, or 5 is unclear. A simply connected-manifold M
with n. > 3 admits a locally conformally flat metric if and only if it careimmersed intec™
[22, pp. 49-50]. A noncompact connecteanmanifold can be immersed int®" if and only if it
is parallelizable; cf_2.11 below. Thus for many noncompaanifolds M/ of dimensionn > 6
(e.g. all simply connected nonparallelizable one$}") does not lie in the image dfy;.

(2) We suspect that(M) = o(S™) holds for every noncompact connectednanifold M ; then for
suchM, the image ofY; would always be eithelr-oo, o(S™)[ or [—o0, o (S™)].

(3) By Theorem§118{1) arid 1.7, the imageYof; contains—oo and a nonnegative number, but no
negative real number. Hence it is not an interval. We dordwvkany other lower or upper bound
on the number of “gaps” it has. Nor do we know whether therstex manifold\ for which
the image ofY"); contains an interval of nonzero length. We suspect thatyavencompact
connectedh-manifold M admits a Riemannian metricwith Y 5;(g) = o(S™). For each such
M which is diffeomorphic to an open subset of a compact mashifiblis is true: [[19, Theorem
3.1] implies thatY y;(g) = o(S™) holds for anyg which is the pullback of a metric on the
compact manifold (note that the completeness assumptithatrtheorem is irrelevant because
each conformal class contains a complete metric).

In the following Section§]2,13, we review relevant definisaand basic facts, in particular about the
Yamabe constant and topologiesNitr (M ). The rest of the article contains the proofs of the theorems
and of Examplé€_1]3. The proofs are not presented in the ofdkee theorem numbers but in such a way
that every result has been proved before it is applied inrqtiraofs.

2. PRELIMINARIES

2.1.Conventions. 0 € N. The wordsmanifold metric map sectionetc. mean smooth objects, except
when explicitly stated otherwise. Manifolds are pure-digienal and second countable and do not have
a boundary; thus the notiofosed manifoldandcompact manifoldare synonymous.

2.2. Compact exhaustions.Let M be ann-manifold. A compact exhaustioof M is a sequence
(K;)ien Of compact subset&’; of M such that for every € N, K; is contained in the interior of
K1 in M, and such thadd = (J,cy K.

Every manifold admits a compact exhaustion. Every compdaestion( K;);cn of acompactman-
ifold M satisfiesK; = M for all sufficiently largei. If a compact exhaustio(k;);cn of a connected
manifold M satisfiesK;,1 = K; # @ for somei, then M = K; (becausek; is open, closed and
nonempty), thus\/ is compact.

2.3.Upper and lower semicontinuity. Let X be a topological space, lete X. A function f: X —
[—o0, 0] is upper[resp.lower] semicontinuous at iff for every e € R+ there exists a neighborhood
U of x such thatf(y) < f(z) + ¢ [resp. f(y) > f(z) — e] holds for ally € U. The functionf is upper
[resp.lower] semicontinuousf it is upper [resp. lower] semicontinuous at eacke X.

In the article[[6], the notions of upper and lower semicauitynare mixed up. This has been corrected
in [[7, Proposition 4.31].

In addition to the notations which occurred in the introdgutt we will use the following ones:
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2.4.Notations. Let M be ann-manifold.
e Our sign convention for the Laplaciah,: C>(M,R) — C°°(M,R) with respect to a Rie-
mannian metrig is A u = —divy(du), i.e. Ayu = — Y., % in Euclidean space.

i=1 92
e Letq € R>1. TheLi(g)-norm ofv € CO(M,R) is [|v|pa(g) = ( [, 0" d#g)2/q € [0, 00],
where i, denotes the density ol induced byg. The L9(g)-norm of al-form a on M is
llallLagg) == IllelgllLa(q)- FOr @ measurable subsétof M, the norml|.|[zq (4,4 Of @ function or
1-form on M is defined in the same way &g 1.4 (4, just with [, instead off, .

e For Riemannian metricg, h on M, d"T; € C>*(M,R+y) is defined by g}, = 352 ditg.

e For f € C°(M,R), the functionsfy € C°(M,Rx) are defined byf, () = max{0, f(z)}
andf_(z) = —min{0, f(x)}, respectively.

e Letk € N. We define the”*(g)-norm of a (smooth) sectioh in the vector bundle SyAT™* M
over M by ||hllor(g) = Sigsup {|Vihly(x) | # € M} € [0,00], whereVih = V- Vh
denotes théth covariant derivative of with respect to the Levi-Civita connection gf
For K C M, the “norm” ||| o« (k4 OF @ sectionh in Sym?T*M — M is defined in the same
way as||hl|cx (4, just with the suprema ove¥! replaced by suprema ovéf. If K is compact,
then all values ofl.|| o k4 are finite and|. || » ) is indeed a norm, and all such norms induced
by different metricg; are equivalent.

2.5. Yamabe constant ando-invariant. Notation and terminology are not standardized: the letters
u and @ are often used instead of obf, definitions might differ by a factow,,, and some people
call Y/ (g) the Yamabe invariantwhereas others call the-invariant theYamabe invariant ofi/. We
therefore avoid the terrfamabe invarianentirely. TheYamabe constang-invariant terminology and
the letterY” seem to become more and more standard anyway.

Let M be a nonempty:-manifold. The Yamabe constant is a conformal invariantr &aryg €
Metr(M) andu € C*®(M,Rs), the conformal metrigy := u*/ ("2 g satisfiesE;(v) = E,(uv)
for all v € CX(M,R>0)\{0}, henceYy(g9) = Y (g). (This follows by partial integration from
dug = u? =2 dy, and scgf = u~"+2/("=2) (q,, A ju + scalu) and|dw|§ = u_4/(”_2)|dw|§.)

Hence also the Yamabe constant at infinity of a noncompacifatéis a conformal invariant.

E4(v) = E4(cv) holds for allg € Metr(M) andc € Ry andv € C*°(M,R>0)\{0}. This implies

YM(g) = lnf{Eg(U) ‘ v E C?(M,RZO), HUHLQn/(n—Q)(h) == 1}

for any metrich € Metr(M ). We will use this fact repeatedly in the present article.

Whenevery is a metric onM andU is a honempty open subset &f, we will denote the Yamabe
constant of the restriction af to U by Yi(g); i.e., we suppress the restriction of the metric in our
notation. The same convention appliesto

2.6.Fact. Let M, N be nonempty:-manifolds withn > 3, let.: N — M be a smooth embedding.
Then each Riemannian metgon M satisfiesYn (c*g) > Yar(g). Thuso(N) > o(M).

Proof. For everyv € C2°(N,R>()\{0}, we consider the function € C°(M,R>()\{0} defined by
v ot =vand suppo) = ¢(supfv)). SinceE(0) = E,«4(v), we obtainYn (c*g) > Yar(g). O

2.7. As mentioned in the introductior¥y;(g) < o(S™) holds for every nonempty-manifold M/ and
g € Metr(M). This is stated and proved for closéd in [20, Lemma 3.4], and the proof for arbitrary
M consists of exactly the same local argument involving testtions with supports in a small ball.

2.8 Let M be a noncompact-manifold, let(K;);cn be a compact exhaustion df, let g € Metr(M).
In the definition of the Yamabe constant at infinity(g), the sequenc€Yy\;, (9)) ;. iN R U {—o0}
is monotonically increasing by Fdct 2.6, becandge ;.1 C M\ K; holds for each € N. Since the
sequence is also bounded from aboverbg™), the limitlim; . Yan k, (g) exists in[—oo, a(S™)].
Let (K/);en be another compact exhaustion/df. For every; € N, there exists a numbe(i) € N
with K C Kj(;). FactZb yieldsYy, x:(g) < Yk, (9) < limjeo Yank,(g) for eachi, hence
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lim; 00 Yar\ Kz((g) < lim; 0 Yar\k,(9). FOr symmetry reasons the reversed inequality holds as well
ThusY j/(g) does not depend on the chosen exhaustion, as we claimediitribduction.

2.9.Remark. Recall that we did not defing); in the case whei is empty; thus”,(g) is defined only
for noncompact manifolds (because every compact exhausfia compact manifold/ is eventually
constant)/). For a fixed dimension, a natural choice in the cadé = @ would beYy(g) := o(S™) for

the uniquey € Metr(@). Then the assumption @/ being nonempty could be omitted in the Theorems
[L.1,[1.2 and1]4. MoreoveY, 5;(g) would be defined in the same way as above for each mgtit a
closedn-manifold M, and it would be equal te(S™).

2.10.Remark. Without further comment we will often use Holder’s ineqtiain the following form:

Forn € N>3, letp = 22, Then

n—2"
102wl 21(g) < 0ll0 g 10l vz gq)
hold for all manifoldsM andg € Metr(M) andv,w € C°(M,R), becausd =

In RemarkK 1.8(1), we made the following claim:

242
p+n'

2.11.Fact. Letn > 0. A noncompact connectedmanifold can be immersed iny" if and only if it is
parallelizable.

Proof. Let M be a noncompact connecteemanifold. First we prove that/ can be immersed int8”
if and only if it can be immersed int®™. The “if” part is obvious. For “only if”, letf: M — S
be an immersion, let € S™. The setD := f~!({z}) is discrete and closed if/ becausef is a
local diffeomorphism. Sincé/ is noncompact and connected, there exists an open subiseft M\ D
which is diffeomorphic tolM (choose a smooth triangulation &1, use a diffeomorphismd/ — M
to move all elements oD away from the(n — 1)-skeleton, and apply [14, Theorem 3.7]). The map
flar: M =M — S™\{z} = R"is an immersion.

It remains to prove that/ can be immersed intR™ if and only if it is parallelizable. The “only if”
part is true because the immersion pullback of a tangentgframR” is a tangent frame of/. The “if”
part is an application of Smale—Hirsch immersion theory[Xf, Theorem 4.7]. O

3. THE THREE TOPOLOGIES

In this section we briefly review the compact-open and @iffietopologies. (The latter is also known
as thestrongor WhitneyC*-topology [15]; we follow Gromov([11] in calling it théine C*-topology.)
After that, we define another natural topology on the set @mnRRinnian metrics, which we call the
uniform C*-topology It has probably been considered in the literature befarewie don’t know where.

3.1. Definition (the fineC*-topology) Let E be a fiber bundle over a manifol/, letk € N U {oo}.

The fine C*-topologyon the set of (smooth) sections Hiis defined by declaring at each sectiom

neighborhood basig;(s) as follows [23, p. 9]. A sectiog in the k-jet bundle.J* E over M can be
identified with its graph, i.e. with the image grdghof ¢ in the total space of ¥ E. We definel4(s) to

be the set of open neighborhoods of grgjjia) in the total space of *E. ForU € U (s), we consider
the set\y; of sectionss in E with graph(j*3) C U. Then

%k(s) = {NU | U e Uk(s)}

Metr(M) is the set of sections in the fiber bundle Syfit M over M, whose fiber over consists of the
positive definite symmetric bilinear forms @i M. Thus a fineC*-topology is defined otvietr(11).

3.2.Examples. Let E be a fiber bundle over a manifold, letk € NU {oc}, let ' € CO(J*E,Rxy),

lete € CO(M,R<q), let s be a section in with F o j¥s = 0. Then the set of sectiorsin E with

F o j*5 < ¢ is an open neighborhood efwith respect to the fin€*-topology: sinceF, ¢ and the

projection pr J*E — M are continuous, the sé& = {n € J*E | F(n) < (pr(n))} is an open

neighborhood of graghi*s), and thus the seVy; of sectionss in E with F o j*5 < ¢ is fine C*-open.
For instance, ley € Metr(M). If F': JQSynﬁT*M — R is one of the following maps, then the set

of h € Metr(M) with F o j2h < ¢ is an open neighborhood gfwith respect to the fin€’2-topology:
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(1) F: j2h s |scal(x) — scal,(z)|.

(2) F: j2h = max {||of — 1| | a € T M, |aly; = 1}.
(3) F: j2h — | () — 1],

(4) F: j2h [d(g2)], ().

(5) F: j2h — ‘Ag(g‘ﬁ)(m)‘.

(The maps (2), (3) even define fin&-neighborhoods, and (4) defines a fifié-neighborhood. But we
will later use only that they are fin€2-neighborhoods.) All these mapsare well-defined because the
right-hand sides contain at most second derivativés ahd the continuity is easy to check in each case.

3.3.Definition (the compact-ope’*-topology) For topological spaceX, Y, the compact-open topol-
ogy on the set of continuous magis— Y is well-known. LetE be a fiber bundle over a manifold, let

k € NU{oo}. We consider the mag¥ from the set of (smooth) sections iito sections in/* E which
sends each to its k-jet prolongationj*s, and we equip the set of sections.JiE with the subspace
topology of the compact-open topology on the space of coatis maps/ — J*E. Thecompact-open
C*-topologyon the set of sections if is the coarsest topology which makgscontinuous.

The following basic facts are well-known [15, p. 35—-36]:

3.4.Facts. Let k € N U {co}. The compact-ope’*-topology onMetr(M) is metrizable and path-
connected (foyo, g1 € Metr(M), the path(g; ),c(0,1) given byg, := (1 —t)go +tg1 is continuous). For
k < oo, a sequencey; );cn in Metr(M) converges tg € Metr(M) with respect to the compact-open
C*-topology if and only if for some (and hence every) auxiliangtrich € Metr(M) (e.9.h = g) and
for every compact subséf of M, the sequencgl|g; — gllcx (x;n))ien CONverges to. If M is compact,

then the fineC*-topology onMetr(M) is equal to the compact-opefi“-topology onMetr(M). If

M is noncompact, then the fir@*-topology onMetr (M) is (much) finer than the compact-opérf-
topology. For instance it is neither first countable (henoemetrizable) nor connected. For metrics
90, g1 € Metr(M) which differ outside each compact subsef\6f every path frony, to ¢, in particular
the map|0, 1] — Metr(M) given byt — (1 —t)go + tg1, is not fineC*-continuous. The compact-open
(resp. fine)C'>°-topology (considered as a set of open sets)lenr (/) is the union of all compact-open
(resp. fine)C*-topologies onMetr(M) with k& € N. Forl € N U {oo} with [ > k, the compact-open
C'-topology onMetr(M) is finer than the compact-opefi*-topology, and the fine>’-topology on
Metr (M) is finer than the fin€?*-topology.

Consider a sectior in a fiber bundleF over a noncompact manifoltl/. Each neighborhood af,
with respect to the compact-opér-topology contains sectionssuch that the values(x) andsg(x)
are, intuitively speaking, farther and farther awayrdends to infinity inA/. Whereas, again intuitively
speaking, for each elementof a typical neighborhood of, with respect to thdine C°-topology, the
valuess(x) andsy(x) become closer and closerasends to infinity in)/. (Similar intuitive statements
involving derivatives ofsy, s apply to the higheC'*-topologies.) A topology with the property that,
for a typical element of a typical neighborhood oy, the distance of,(z), s(x) stays uniform ag
tends to infinity can in general make sense only after one duaipiged the fibers of with an auxiliary
metric which defines what is meant by “distance” and “unifarnThe resulting topology will then
depend strongly on that auxiliary metric. But in the spesitlation wherely = SyrrﬁT*M, a uniform
topology can be defined without reference to an auxiliaryritiet

3.5. Definition (the uniformC*-topology) Let M be a manifold, let: € N. We define thainiform C*-
topologyon Metr (M) by declaring at each € Metr(A) a neighborhood basi®) (¢): for ¢ € R,
we letNy . := {h € Metr(M) | [[h — gller(,) < e} and B (g) := {Nye | € € Rso}. We define
the uniform C>°-topologyon Metr (M) to be the union of all uniforn©’*-topologies (considered as sets
of open sets) obetr (M) with & € N.

Proof that this defines a neighborhood basis of a topologilen:(A/). Each4, (¢) is nonempty, and

each\, ., containsg. For every two elementd/, ., 1, Ny, 1 Of Z(g), the setN, o N Nyc, i

contains an element #; (g), NnamelyN; in(eo 1) k- O
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The uniformC*-topologies are natural objects in particular when one idens Riemannian metrics
on product manifolds\/ x N with compact)M and noncompacfV. The compact-open topologies
are much too coarse to control the Yamabe constant even raghugb metrics, as Theorem 1.1 shows.
Whereas the fine topologies are much too fine for instance feasonable discussion bfparameter
families of product metricgas(t) ® gy on M x N, because they make such-gparameter family con-
tinuous only if it is constant. In contrast, the unifoi@-topology makes such &parameter family
continuous if and only ifgas(t)):er is aC*-continuous family (the fine/uniform/compact-open distin
tion plays no role here becausé is compact); moreover, it makes the Yamabe map continuousuay
product metrics (provided > 2), as one can see from Theorem|1.3. This is what one wouldiirglyi
expect from a nice topology okletr(M x N). Unfortunately, Examplé_1l.3 shows that the uniform
topologies do not mak¥,,« ; continuous aeveryproduct metric.

3.6.Facts. Let M be a manifold, lek, ! € NU{oo} with! > k. The uniformC*-topology onMetr (M)
coarser than the uniforn®’-topology. It is finer than the compact-opéH topology, and it is coarser
than the fineC'*-topology; in particular, it is equal to both these topolegiif M is compact. [fAf
is noncompact, then the unifor6f-topology onMetr (M) is neither equal to any compact-opéii-
topology nor equal to any fin€”-topology.

Proof. For! € N, every uniformC*-neighborhoodV\, . ; of g € Metr(M) contains a uniformC!-
neighborhood ofy, namely N, . ;. Thus the uniformC*-topology is coarser than the uniforgi-
topology ifl € N. The same holds by definition of the unifor@°-topology also foll = co.

Every uniformC*-neighborhoodV, . ;. is a fineC*-neighborhood of: since|Vi(h — g)|,(x) de-
pends continuously ojf h, there exists a neighborhodd of graph(g) in J’“SymiT*M such that the
elements of

Nyer = {h € Metr(M) | Sl sup {[Vi(h = g)ly(w) | o € M} <}

are precisely thosk € Metr (M) with graph(j*h) C U. Thus the uniformC*-topology is coarser than
the fineC*-topology.

For K C M andU C J*SymiT*M, let My = {h € Metr(M) | Vo € K: jEh € U}.
By definition of the compact-ope@”*-topology, the sets\1 K,Uk Such thatK’ C M is compact and
UC J’“SymiT*M is open form a subbase of the compact-op&ntopology. We claim that each of
these subbase elements is unifaftfropen. In order to check this, we consider an elegarftM k 1 1.
SinceU is open andX is compact, there exists ane R~ such thaiVi(h — g)|,(z) < 71 holds
forall h € Mgy andz € K andi € {0,...,k}; hereV denotes the Levi-Civita connection gf
Therefore the unifornC*-open setV, . i, is obviously contained ok 7 5. As this is true for every
g € Mg vk, the setM  is indeed uniformC*-open. This proves that the unifor@t*-topology is
finer than the compact-opei*-topology.

The uniform C*-topology is not equal to any fin€”-topology if M is noncompact, because the
uniform C*-topology is by definition first countable, whereas the fiffetopology is not ifM/ is non-
compact; cf. Facis 3.4.

The uniformC*-topology is not equal to any compact-opéfi-topology if M is noncompact: We
take any metrigs on M and anyf € C*°(M,R~) which is not bounded from above, and we consider
~v: [0,1] — Metr(M) given by~(t) := (1 — t)g + tfg. This~ is compact-oper®'”-continuous ab,
becausdim;,o[|v(t) — v(0)[lcr (ki 0)) = Hmeotll(f — Dgller(x;g) = 0 holds for every compact
subsetk of M. But~ is not uniformC*-continuous ab: For the neighborhoodV; ; , C N1 of
g = (0), there does not exist adyc R with V¢ € [0,6]: v(t) € N, 1. That's because

(1) = 9ll gy = tll (L = £gll oy = tsup (1= fgly(x) =t sup v/dim(M)|f(x) — 1] = o0

for eacht € R~. Thus the uniformC*-topology differs indeed from the compact-open topologi€s

We leave it to the interested reader to state and prove fuptioperties of the uniforn@*-topology.
In the present article it serves only as an instructive mesliate step between the compact-open and fine
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topologies which clarifies nicely the continuity propestief the Yamabe map, in particular at product
metrics on product manifolds one of whose factors is compative have to know in that context are
the facts listed above and Lemia 10.1 below.

4. PROOF OF UPPER SEMICONTINUITY
The proof of the following fact generalizes directly the daeclosed manifolds [6, Proposition 7.2].

4.1.Lemma. Let M be a nonempty manifold of dimensiarn> 3. LetMetr(M) be equipped with the
compact-operC?-topology. TherY;, is upper semicontinuous. In particuldr,, is continuous at each
metric g with Yy, (g) = —oo.

Proof. For eachw € C°(M,R>()\{0}, the mapMetr(M) — R given byg — E,(v) is continuous
with respect to the compact-op&rP-topology: Since this topology is metrizable, it sufficesstoow
that whenever a sequencg;);cn in Metr(M) converges tgy, thenlim; , B4, (v) = E4(v). For
the compact sek := supgv), the convergence df; )icn to g implieslim; . |g; — gllc2(x9) = 0

which yields obviouslylim; ,«[|scal,, — scal|co(x) = 0 andlim; .« ||[dv|Z, — ’dUBHCO(K) =0 and

lim; oo H%"T"q — IHCO(K) = 0, thuslim; . Ey,(v) = E,(v). Henceg — E,(v) is indeed continuous.

Recall that wheneveX is a topological space and is a nonempty set anfl: X x Y — R has
the property thatf(.,y): X — R is continuous for everyy € Y, then the mapX — R U {—o0}
given byx — inf{f(z,y) | y € Y} is upper semicontinuous. Applying this £ = Metr(M) and
Y = CX(M,R>0)\{0} and f: (g,v) — E,4(v), we see that/, is upper semicontinuous with respect
to the compact-ope@’>-topology. O

4.2.Corollary. Let M be a nonempty manifold of dimensien3, letk € N>y U {oo}. LetMetr(M)
be equipped either with the compact-ogeh-topology or with the unifornt’*-topology or with the fine
C*-topology. TherYy, is upper semicontinuous. It is continuous at each metsidgth Y,,(g) = —oc.

Proof. Each of the considered topologies is finer than the compgaet62-topology. O

5. PROOF OFTHEOREM[L. 7

Proof of Theorerh 1I[7{1)By Fact2.6,Ya(g) < Yan x(g) holds for all compact subsets of M. Thus
Yar(9) < Yar(g). In order to prove—|[(sca}) |l ./2(, < Yar(g), we apply the Holder inequality
to eachv € C2°(M,R>0)\{0} (using|[v]|7, = [[v*||1s2 @nd? + 2 = 1 for p = ;2%) and take the
infimum overv afterwards:

Jar (anldol? +scag v?)dug . Ju scab v? dig .

_H(Scab)—HLn/Z(g)- O

5.1.Remarks. Inthe est|matéfM(g) <Y m(g), equality is possible. Clearly we havg;(g) = Y rs(g)
if Yar(g) = o(S™). If Yasr(g) = —oo, then Theorer 11[73) will give equality. Moreover,(i¥7, g) is
homogeneous in the sense that there exists an open bourset{$wof M such that for each € M
there is an isometry i/ with f(z) € U, thenYy,(g) = Y i/ (g): seel[12, Remark 14].

Equality in—||(scal,)—|[;,n/2(;) < Yam(g) can also occur. For instance, [ is closed and scglis a
nonpositive constant, then we have equality. For closedfolds, scal, being a nonpositive constant is
the only possibility to get equality (this is easy to deduaarf the Aubin—Schoen theorem [20] which
implies that the infimum in the definition &fy;(g) is achieved at some). On noncompact manifolds
equality holds also e.qg. ify;(g) = —oc.

While||(scal)—|[;n/2(5 < ocimpliesYy(g) > —oo, the converse is in general not true: for instance,
the n-dimensional hyperbolic space has Yamabe constafit ), but satisfies|(scal)— || ;n/2(,) = oo
because of its infinite volume and constant negative scalaature. That the two conditions are not
equivalent should not be surprising?;(g) is a conformal invariant of;, but the L™2(g)-norm of
(scal,)— is only invariant under rescalings gfby constants. We expect that this is the only reason for
the failure of equivalence:
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5.2.Conjecture. Let M be a manifold of dimension > 3. ThenY},;(g) = —oc holds if and only if
|| (scaf)— HLm@ = oo holds for all metricsj in the conformal class af.

For instance, hyperbolic space is conformal to a subset did&an space witj(scal) | ;.»/2(;) = 0.

Proof of Theoreri I@). Let Y ;(g) < 0. Assume that-co < Y(g). Letp = p,. We choose
a compact exhaustiof¥;);>; of M and defineK, := @. We will construct recursively a compact
exhaustion K;);>; of M and a sequeno@;);>1 in Cg°(M,R>()\{0} such that the properties
Supfv;) € Ki\K;_1, Eq(vi) <Yum(g) + 5, lvill Le(g) = 1

hold for allz > 1.

When K; andv; have already been constructed with these properties fgr allN with 1 < j <
i, we find v; as follows. SinceM\ K;_; containsM\K§ for all sufficiently largej, Fact(Z.6 yields
Yank,_.(9) < YM\KJ/_ (g) for all sufficiently largej. This impliesYyn\ g, ,(9) < Yn(g). Thus there
exists a functions; € C°(M\K;_1,R>o) with E¢(3;) < Yar(g) + 5 and [Tl 1(g) = 1. We let
v; € C®°(M,R>0) be the extension of; with supg(v;) = supg(?;) and definek; := K;n(i), where
m(0) := 0 andm(i) := min{j € N|j >4, j > m(i — 1), supdv;) C K;\OK}}. This completes the
recursive definition of K;);>1 and(v; )i>1.

For eachi > 1, the properties sup;) € K;\K;_1 andEy(v;) < Yar(g) + 5 and |[vil[po(g) = 1
hold by construction. The sefs; form a compact exhaustion dff becausg K/);>; is a compact
exhaustion of\/ (eachz € M lies in someK§ and thus ink;, and each; lies in the interior ofi(; 4

becausd(;n(i) lies in the interior OtK;n(i—i-l))' Thus(K;);>1 and(v;);>1 have the claimed properties.

Forj,k € Nwith 0 < k < j, we considen; ;, := 3°7_, . v [ank, € C°(M\Kx, Rxo). Using
that the supports of the functiomgare pairwise disjoint, we compute:

Yank, (9) < Eg(w; i)

AC

A 2 , 2
21 vi g + scaj, (Z]-:/m Ui) ) dyg

(f, (St o)™
Zj: /M (%Idvzl2 + scang?)dMg

i=k+1
J 2/p
(3 It

i=k+1
J
==k Y Ey(w)
i=k+1
/ ~
. —92 . e
< G-k ((] —R)Yulg) + > g)
i=k+1
< (G- k" Yulg) +2
SinceY r(g) < 0, this tends to—co asj — oo. Thus we obtainV,n k, (9) = —oo for eachk, in
particularY »;(g) = —oo, in contradiction to our assumption. Hence, (g) = —oo. O

Proof of Theoreri T@). Let Yy;(g) = —oo. We argue by contradiction and assuiig;(g) > —oc.
Then there exists a compact subsgt C M with Yy g, (g) > —oo. We choose a compact subset
K, of M whose interior contain&’y, and a smooth cutoff function € C*°(M, [0, 1]) which is1 on a
neighborhood of<;, and vanishes on a neighborhood of the closur&/afi;. Theoren LIT(1) implies
Yinor, (9) = —[l(scal) || pn/2 (kg > —00. Letp = py, letv € C°(M,Rxo) with Jop 0P dug = 1.
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Sincenv € C°(K1\0K1,R>¢) and(1 — n)v € C°(M\ Ky, R>0), we obtain:
E4(v) = /M <an|d(m} +(1- 77)1)) {z + Scab(m} +(1- n)v)2> dug
= / <an‘d(m)) |§ + Scab(m))2> dug + / (an|d((1 —n)v) ‘527 + scal, (1 — 77)1))2) dug
M M
+ 2/ (an<d(nv),d((1 - n)v) >g +scal,n(1—mn) 1)2> dug
M

2/p 2/p
> Yok, (9) (/M npvpd:“g> + Yanko(9) </M(1 - U)pvpdﬂg>

+ 2/ (an<ndv +ovdn, (1 —n)dv — vdn>g +scal,n(1—mn) 1)2) dug
M
> min {Yie,\ox, (9), 0} +min {Yan e, (9), 0} = 2||scaln (1 = 0)| sz,
+ Qan/ n(l — n)\dv\z dug + 2an/ (v — 2771)) (dv,dn), dug — Qan/ UQIdn\z dug
M M M
2 min {YKl\aKl(g)’ O} + min {YM\KO(g)v O} - QHSca'M’L"/Q(Kl\KQ;g)
+ 2an/ (1 —2n)Aqy(n) v? dug — 2anH|d77|§HLn/2(g)
M

> min {YKl\aKl(g), 0} -+ min {YM\KO(!J), 0} — 2HSC3.LHL7L/2(K1\KO;9)
- 2anH(1 —2n) Ag(n)HLn/z(g) - 2a"H|d77|527HL"/2(g)'

This is a finite number independent@fHenceY;,(g) > —oo, a contradiction. O

6. PREPARATIONS FOR THE FINE CONTINUITY PROOFS

6.1.Lemma. Letn € N, let (K;);>o be a compact exhaustion of a Riemanniamanifold (1, g), let
(e:)i>0 be a sequence of positive real numbers. Then there existscidns € C*°(M,R-() which
satisfies for every > 0 the inequalities) \M\Ki < g; and

<&, |dd ], <&,

H(SHLn/Q(M\Ki,g) (M\Ki,g)

< &, <ég;.

H(Ssca.lIHan(M\Ki,g) HAgéuan(M\Kug) -

Proof. We defineK’ ; := @ andK| := K;\(K,-1\0K,_1) for i > 0. For eachi > 0, we choose a
function 8; € C*°(K7, [0,1]) which is constant neark_, N K; and is constarft nearkK; N K/ ;. We
define recursively’ ; := 1 ande} := min {3&}_;,&;} € Ry fori > 0. Forallj > > 0, this implies
ey <27Ue;. Thus
Vi>0: Y <Yy 2707 =
j>i j>i
We leté_; := 1 and, for alli > 0,
5/

6; ;== min < d;_1, &, U > 0.
' { o 1 Loz ket gy +115C8Y || L2t gy £ 10Bill o (ic.g) + N1 AgBill vz i1 g) }

The functioné € C*°(M,R) given byd |K1{ = (8; — 0i+1)Bi + diy1 IS positive becausé););>o is a

monotonically decreasing sequence of positive numbersatisfiess [\ x, < ¢; for everyi > 0,

becaus€d;);>( is monotonically decreasing Wi'th\Kl( < §; < g;. SinceM\K; C Uj>¢ KJ’ holds for
10



everyi > 0, we obtain fori > 0:

181l zer2am gy < DMl vz gy < 2203l poragrcr gy < D285 <

7>t >t >t
165081 2,0y = S 19558 e gy < S ilIs08b| ey < S0 < i
7>t 7> j>i
1991 i) < D000 Lagrer gy < D i8N o gy < D25 < i
7>t 7> 7>t
HA 5HL"/2 (M\K;,q) < Z HA 5HL"/2 (K7,9) < Z(S HAHﬁJHLn/2 Ki.9) — = ZE < & O
7>t 7> 7>t

6.2.Lemma. Letn € N, let (K;);cny be a compact exhaustion of a Riemanniamanifold (1, g), let
(¢4)ien be a sequence of positive real numbers. Then there exist &fimeighborhood/ of g and a
functiond € C*°(M,R+¢) such that the following conditions hold for dlle /:

(1) Vi e N: 6|M\Kz <¢g and H(SHL"/Q(M\Ki,g) <¢g; and ||5SC3.L||Ln/2(M\th) <.
(2)Vze M:VaeT;M: ||a]} — |a|§| < 5(w)|a|§.
(3) |scal, —sca}| < 6.
_ Gun
(4) ‘1, G| < 5.

(5WeNW%].®wfﬂ‘

<g and HA(l 6)M>‘

Ln(M\K;,g) L"/2(M\Ki,g) —

Proof. For eachi € N, we choosé&; € R so small that

g < VEi+ & < VE, 35 + 282 < .

l\DI»—t

We apply Lemma®6]1 to the sequeri€g);cn and obtain a function € C>°(M, R~) with the properties
stated in Lemmp.6l1, but with instead of:;. Then condition (1) holds, becaugéc N: ¢; < ¢;. The
Example$ 312 imply thaj has a fine>2-neighborhood/ such that every, € U/ satisfies

(a) |scal, — sca}| < 0;

(b) Vx € M: max{“ozﬁl— 1| |aeTiM, |aly =1} < d6(z)
(©) \g%’;—l\ <6

(@ [d(g)], <o

) |Ay(§ d’“ )| <.

Property (b) ylelds condition (2): that's becaye|? — |a|2| < d(z)|a|2 holds fora: = 0, and because
for a € T;M\{0}, 8 := a/|al, satisfies|3|, = 1 and thus||3|7 — 1| < d(z), which implies that
satisfies||a|? — |a|2| < d(z)|a|2. The properties (a) and (c) yield (3) and (4), respectivislyemains
to verify (5). Using% <1-¢;<1-¢§<1and(c)and (d), we obtain

(1—6)d(ge) — g ds
A2\ d
(d(((l—é)ﬂﬁg) >‘g_ 2((1_2)(]'_%)1/2 ,
NI
> \/5(%)1/2 , \/5
) 1+ 1,

< +
V2(1=96)
< 6+ |ddlg,
11



hence, because 6f< 1 and the properties stated in Lemmal6.1:

vie N: d(((1-0)dm) ")

1/n
s/ ) lnaieig) (/M\Kié dug) + Il

1/n
n/2 ~ 1/2 . — . A
: </M\Ki ’ dug> & =0l Lz sy T 5 S VEi +& < Ve

Thus the first inequality in (5) holds. Similarly we get fron),((d), (e):

8, (= o)) = [0 o)ay () - $en,s - 2(ds,d($2)),| < 6 +2]2,8] + 26|l

dig
hence
HA < 1_5) )‘ Ln/2(M\K;.g) HéHL”/Q(M\KmQ)+2HA95HL"/2(M\K1'79)
+ 20160 2 sy 1900 o a1,
< E; 428, 4+ 2+/E;&;
< i
Thus also the second inequality in (5) holds. O

6.3.Corollary. Letn € N, let (M, g) be a Riemanniam-manifold, lete: € R~(. Then there exist a fine
C?-neighborhood/ of g and a functions € C> (M, Rq) such that the following conditions hold for
all h e U:

(1) 6<e and ||6][pn2g < e and [[dscallpnz(arg) < e
(2 Ve e M:VaeTiM: ||o2 — \a!ﬁ‘ < d(z)|al?.

(3) |scal, —sca},| < 4.

@) ‘1 . dﬂ_h‘ <4

@ [o((0 =087, <= and [a(0-032)]

Ln/2(g)

Proof. We choose any compact exhaustigi; );~o of A/ with Ky = @ and consider the sequence
(ei)i>0 With Vi : ¢; = e. The claim of the Corollary is the= 0 statement of Lemma 8.2. O

7. FINE CONTINUITY: PROOFS OF THE THEOREMA.Z4 AND [T.dAND [T.H

Proof of Theoreri 114By Corollary [4.2,Y); is upper semicontinuous with respect to the fifié-
topology. It remains to prove lower semicontinuity withpest to this topology.

Letg € Metr(M), letey € R~o. We choose € |0, 1] so small that
e(1+¢)? (% +2(1+ 8)) < eq,
(L +2 = 1) Yar(o)l < e, @
(1= @ =27 [¥ur(g)| < =o.

Letp = % There exist a fin€'2-neighborhood/ of g and a functions € C°°(M,R~g) with the

properties stated in Corollafy 6.3. For evéne U/ and everyy € C°(M,Rxq) with [, v? duy, = 1,
we have to estimat&, (v) from below.
12



Sinced < ¢ < 1 by[6.3(1), we can consider = (%’lj—’;(l - 6))1/21) € C(M,Rx()\{0}. With
[6.3(2,3), we obtain: ‘

Ep(v) :an/ \dv\%d,uh—k/Mscahvz dun,
> aq / (1—6) & dof2dp, + / i (scal, — ) v? dy
M
1/2
> o [ Jdultduy —an [ o [a((%20-5)")| o
d 1/2 o ( (d 12
—2an/M <vdv, (ﬁ(l—&)) / d((a’l%(l—é)) )>gd,ug
+/ scal,(1 — 6) g v* dyug — /scag(l—d) S v? dug + / %o (scal, — 8) v* dug
M M ‘
— 2 2 dun (1 _ 51\ /2
_Eg(w)HwHLP(g) n /M” ‘d<(dug (1-4)) )‘gdﬂg
Qn,

dup, dup, 2 d 2
-5 Mv ZA (HM_( 6))dug+/MaZ—Léscabv d,ug—/Ma%5v dutg.

Corollary[6.3(4) yleldsd“—h < 1+e, thus||v|| e < (14 &)YP[v]lony = (1 +€)Y/P < 1+e. Using
this and 6.8(1,5) and

H duh 5sca~l7HLn/2(g) = Hduq HLoo(g) Héscabum/%g) (1+e H5SC%HW2( )

we obtain:
2 172\ |2
Ehw)zyM(g)nwan(g) an(1+2 (@ -a) ")
— 1+ AR = )l osag) — (1 + ) 19568l gy = (1 + ) 18] gy

3a,
> Yar(g) ullds(q) — 21+ ) (7 +2(1+9)
Y (9)|wl|7oy) — €0-
Sincew? = (1 - 6) 2 v? < (1 = §)(1 + §)v* < v* by Corollany{6.3(1,4), we have
[wlFogy < (147 wliom < L+ )P ol om = (1+)*P.
On the other handy? = (1 — §)§2 02 > (1 — §)%0? > (1 — ¢)*? yields

lwlFogg) > (1= )2 PlwlFogy > (1= ) 2P|u)l3, ) = (1-)* /7.

Therefore we obtain fronf.{1):

Eh(v)>{(1+€)2/pYM(9) g0 if Ya(g) <0

(1 - 8)2+2/p YM(Q_) —¢gg |If YM(g) > 0} 2 YM(Q) — 2¢g.

This holds for allv € C°(M,Rxq) with [,,v"du, = 1 and thus for alb € C°(M,Rx0)\{0}.
Taking the infimum over all suchyieldsY,;(h) > Yar(g) — 2¢0. Since for every € R there exists
a neighborhood/ of g such that this is true for all € U/, the mapY}, is lower semicontinuous gt [

Following essentially the same proof we would see that #gpis continuous with respect to the
fine C2-topology. But we will show even more: that,, is locally constant.

Proof of Theoreri 116We have to show that eaghe Metr(M) has a fineC2-neighborhood on which
Y ) is constant. LetK;);cn be a compact exhaustion bf. We first study the case wheyg Kig (9) >

—oo holds for somé, € N. By Fac{2.6,Yy , (9) > —oc holds then for ali > 4.
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Fori > iy, there exists a; € C°°(M,R>() which has compact support i\ k; and satisfies
[vill Lo (g) = 1 @aNdEy(v;) < Yapg,(g) +i~ 1. ForA; == [, (scal)_ v7 dug (which is a finite number
because; has compact support), we choasec R~ so small that

(1-— ei)*Q/p((l )% 4 (67 4+ 3e) A + (1 + ei)ei) <2

2
(1= &) ™7 (1+ &) [Yank, (9)] < Yank, ()] +i7
and
81'(1 + 62‘)2 (% + 2(1 + 52)) < Z'fl,
(@+e)r = 1) Warlg) < i, @)

(1= =) Yarlg) < i

We choose:; € R+ arbitrarily fori < iy. For the resulting sequence;);cn, there exist a function
§ € C=(M,R+q) and a fineC2-neighborhood/ of g with the properties stated in Lemrhal6.2. We
obtain for everyh € U/ and everyi > i:

Yan, (h) < En(vi) = l|vill ;2 (an/ |dvil 2 du, +/ sca}, v th)
M\K; M\K;

7

< HUZ'HZ;?(;L) <an /M\K~(1 + 5@')2 |dvi|§ dug + / \K.(Cg + Scab) Uz‘z %% dﬂg)

7 7

< HWHZ;?(;L) <(1 + 5i)2 Ey(vi) — (1 + 51-)2 /M\K scal, viz dug

+ /M\K. scal, v? 3”7’; dug + (14 ai)HéHLn/z(M\Ki;g)> :

Using—e? —3e; = (1 —&;) — (1+¢)* < ‘3“7’; —(1+&)2<(1+¢)—(1+¢)? <0, we get

YM\Ki(h) < HUZ'HZz?(h) <(1 +€i)2Eg(Uz‘) +/

dup
y <aﬁ_’g —(1+ el-)Q) scal, v7 dug + (1 + ei)eZ)
\Ki

< Hvz'llzf(h) <(1 + 5z‘)2Eg(Uz‘) +/

i <(1 + )2 — %%) (scal,)— vZdu, + (1 + 6i)€i>

< vl 2y <(1 +e1) Eg(vi) + (e + 3e1) /M\K'

(scal,)— vZdu, + (1 + e¢)6i>

< HWHZz?(h) <(1 +a)? (Yang, (9) +i7) + (6] +3e) 4 + (1 + €z')€z>-
Since(1 —&:)*/? < [[vill 7o ap xeny < (1+€0)*/P andA; > 0and2 — 2 > 0, we obtain from[(R) in the
caseYj\k,(g9) < 0:

(I+e)i 4+ (2 4+3e)Ai+ (1 +e)e;  (1+€)* Yank,(9)
YM\Kl(h) = (1 — €i)2/p + (1 + €i)2/p
and in the cas& x, (g) > 0:

(1+e)% '+ (7 +3e)Ai + (1 + &)e n (1+€i)?Yank,(9)
(1—e4)/P (1—g)%p

As this holds for every > ig, we haveY y;(h) <Y (g) forall h € U.

2
<Ymk,(9) + 7

YM\Kz‘(h) <

3
< Yank,(9) + -

The proof ofY ), (h) > Y p(g) works now almost exactly as the estimates in the lower sentifugity

part of the proof of Theorem_1.4: We replace evelyy ¢;, replace evenM by M\ K;, replace every
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o by i~1, consider test functions € C2°(M\ K;,R>0)\{0} instead ofv € C2°(M,R>()\{0}, define
w = (%%(1—6)) 12 as before, us€13) instead bf (1), and apply the propertiésnéil/ from Lemma
instead of Corollary 613. For ea¢h> ig, we obtain in this wayw, (v) > Yan x, (9) — 2;~! for all
v e CX(M\K;,R>0)\{0}, henceYy , (h) > Yy i, (9) — 201 This impliesY 5 (h) > Y as(g).

Thus eacty € Metr(M) with Yy ,(9) > —oo has a fineC2-neighborhood/ on whichY;; is
constant.

It remains to consider the case wheéfg k,(g) = —oc for all i € N. For everyi > 0, there exists a
functionv; € C2°(M\K;,Rxo) with [[v|| 10y = 1 and Ey(v;) < —i. ForA; := [,,(scal,)_ v du,
we choose; € R+ so small that the first inequality dfl(2) is valid. There exigtne C?-neighborhood
U of g and a functiond € C*°(M, R~() with the properties stated in Lemihal6.2. The same estimate as
above yields

Yarvie, (h) < [lvill 2o <(1 +ei)2Eq(vi) + (€7 + 3¢i) /M\K’(Scab)— v dug + (1 + €z‘)€z‘>

(1 + 62‘)2Eg(vl') (1 + 622)1'_1 + (8? + 381')141' + (1 + 5@')52‘
(1 +¢;)2/p (1 —¢g;)2/p
< —i+2it

Since this holds for all > 0, we obtainY (k) = —oc for all h € U.
Hence, in each case, evanye U has a fineC2-neighborhood on which’,, is constant. O

Proof of Theoreri 115Y,,* ({—oo}) is fine C2-closed inMetr (M) because of Theorem 1.4. Theorem

[LA03) tells us thal;,;' ({—oo}) is equal toYy; ({—oo}). TheorenLh implies thaf ,; ({—oo}) is
fine C2-open inMetr(M). a

8. PROOF OFTHEOREM[L.8

8.1.Lemma. Let (M, h) be a closed Riemannian manifold of dimensior> 2. If n > 3, assume
Yar(h) < 0. If n = 2, assume thab/ has negative Euler characteristic. Then there exist$,aa R~
such that for every € [ij,, oo[ and every Riemannian metricon M x R which coincides witt + dt?
on M x [0, 34], the inequalityYy; g (g) < —i'/"*+1 holds. In particularYy; xg (h + dt?) = —oc.

Proof. Let p = (i(ff)l_)Q If dim(M) > 3, then by the solution of the Yamabe problem on closed
manifolds there is a function € C*°(M,Ro) with Ej(w) = Ya(h) and |lw|pay = 1, where

q = -=5. SinceY)s(h) < 0, there exists a numbey > 0 such that

8an HWH%2 h)

- 2ty Yu(h) Ly
) p

HwHLp(h) 32/ HwH%p Ry
holds for alli € [i},, co[. For such an, let g be a Riemannian metric al/ x R which coincides with
h +dt? on M x [0, 3i].

We choose a function; ¢ COO(R,[ 1]) with supfu;) C [0, 3] andu; |; 2 = 1 and |u}| < %
Theni < HuZHLQ(R and||u} |7, R) < %-2i =% andi?/? < HuZHLp(R) (30)2/?, hence
1172 gy 8 uil13 2 gy i oD
HUZH%I)(]R) N i1+2/p7 HuZH%p(R) o (32)2/10 32/p

We consider the function; € C°°(M x R,R>()\{0} defined byv;(z,t) := w(x)u;(t).
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Since sca)(z, t) = scal,(z) and qxt vi(2,1) = u;(t)dyw(z) +w(z)u(t) forall (z,t) € M x [0, 3i]
andz € T;; M, and sinceu, 1 = - 1 < (" 1) = a, andYy;(h) < 0, we obtain:

/ <an+1 |dvi|§ + scal, v?) dpig / (an|dvi|§ + sca), v?) dpig
MxR < JMx[03i)

2/p - 2/p

(R TS
MxR Mx[0,3i]
an/ w? dy, - / (ul)?dt + / <an|dw|i + scal, w2>d,uh : / u? dt
M [0,34] M [0,34]
2/p
(/ w? duy, - / u? dt>
M [0,34]

n [[wl[72 gy 172 gy + Yo ()i 72 )

HwHLp(h) HUZHLp(R)

Ey(vi) =

2
8an, HwHLQ(h) 2/(n+1) YM—(h) < Z-l/(n-i—l).

AR HwH%p(h) 3%/p HwHLp(h

ThusYarxr(9) < Ey(vi) < =i/ and Yy «gr(h + dt?) < inf{—i"/ D | i € [ij, 0o[} = —c0.

It remains to prove the case wheb¢ is a closed2-manifold with x(M) < 0. There exists an
i, € Ry g with
B[z 2/3 AT (M) 1/3
e 3P
We takew = 1 and defineu;, v; as before. Using the Gauss—Bonnet theolfepscal, dyy, = 4mx (M),
we obtain similarly as above (with= % = 6) fori > ip:

Vi € [ih, o0

aallwlzgy e + | <a3|dw|% + scal, wﬁ)duh i 22

E (’UZ) -
g lwliZ o gy Nl p gy
B lieg e _AmxOD) s
= j1+2/6 ||1||%6(h) 31/3 HlH%b‘(h) -
ThusYas«r(g) < Eg(v;) < —i'/3 andYyyr(h + dt?) < inf{—i'/? | i € [is, o0} = —oc. -

8.2.Lemma. Letm,n € N3, let gy be a Riemannian metric on the operball B™. Then there is a
metricg € Metr(B"™) with Ypn (g) < —m which coincides witly, outside a compact subsat of B".

Proof. Let M be an(n — 1)-dimensional compact submanifold & which admits a Riemannian
metric h of scalar curvature-1 (and henceYy;(h) < 0if n > 4, andx(M) < 0if n = 3): If
n > 4, we can choosé/ diffeomorphic toS™~!; if n = 3, we can choosé/ diffeomorphic to a
closed orientable surface of gentis There exist a relatively compact (tubular) neighborhdbaf
M in B™ and a diffeomorphismp: U — M x R. Leti, be as in Lemm&a38l1 (with the there
replaced byn — 1). We choose a number> i, with :}/* > m, and a Riemannian metrigon B”
whose restriction to (M x [0, 3i]) is ¢*(h + dt?) and whose restriction tB8™\U is go. This yields
Ypn(9) < Yuxr(g) < —i'/™ < —m by Fac{Z® and Lemnia8.1. O

Proof of Theoreri IIB[1)From Gromov's h-principle [10, Theorem 4.5.1] (which hofds manifolds
each of whose connected components is noncompact) we kabthére exists a metrigy € Metr(M)
with positive scalar curvature. Clearly;(go) > 0. Henced < o(M) < o(S™).

We choose an embedded opeiball B in M. For anym € N3, Lemm&8.2 gives us a metrig
on M which coincides withy, outside a compact subsét of B and satisfied'z(g1) < —m, hence
alsoYys(g1) < —m by Facf2.6. We consider the pagh [0, 1] — Metr(M) from gy to g; given by
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g(t) :== (1 —t)go + tgy. This path is continuous with respect to the fiti&-topology onMetr(M): for
everyt, € [0,1] and every neighborhooll of graph(;j2(g(to))) in J2Synt. T*M, the set oft € [0, 1]
with graph(j2(g(t))) C U is open in[0, 1] because al(t) coincide outside the compact subgétof
M.

According to Theorern 114, the m@p 1] — RU{—o0} (which actually takes only values R) given
byt — Yar(g(t)) is therefore continuous, being a composition of continuoaps. Thus—m, Y, (go)]
is contained in the image d&fy;. Since this holds for eveny, the interval|—oo, Ya/(go)] is contained
in the image ofY},.

It remains to show that there is also a metticc Metr(M) with Yy,(h) = —oco. We choose a
compact exhaustiof; );cn of M and a sequence of open balls C K; ;1\ K;; this is possible: since
M is noncompact, eacR;;1\K; has nonempty interior. Lemnia 8.2 yields for each N a metrich;
on B; which coincides outside a compact subseBpfwith gy and satisfied’s, (h;) < —i. We define
h € Metr(M) by h|p, = hfor everyi € N, andh = go on M\ |,y Bi- By FactlZ.6, we have
Yar(h) < Yp,(h) =Yg, (h;) < —iforalli; henceYy,(h) = —oc. O

Proof of Theoreri TIB[2)If the n-manifold M, each of whose connected components is noncompact, is
diffeomorphic to an open subset of a closedhanifold A/, then there exists an embeddingM — M

such that for each connected compon€ndf M the setC'\.(M) has nonempty interior. (Let’ be a
connected component 8f such thatV/ := C' N (M) is nonempty. There exists a smooth embedding
v: [0,1] — C with v~1(M¢) = [0,1]. Moreover, there is a closed tubular neighborhobih M¢

of the image ofy [jo ;| such thatM\A is diffeomorphic toM¢. Taking: |,-1() to be the inclusion

1~ HO) =2 M¢ = Mc\A — C for eachC, we obtain an embeddingwith the claimed property.) We
choose such an embedding and idenfifywith (/).

We extend the constant functian on M to a functions € C*°(M, R) which is somewhere negative
on each connected component/af; this is possible becausé\M has nonempty interior for each
connected componeit of M. By [16, Theorem 1.1]M admits a Riemannian metrig with scalar
curvatures. The metricg := +*g on M has constant scalar curvaturg.

Letp = p,. By the Sobolev embedding theorem @i, g), there is a constant € R~ such that
[ull o) < cllull gr2(g) holds for allu € C>°(M,R). Every test function) € C2°(M,Rx)\{0} can
be extended by to a functionv € C>°(M,Rx()\{0} and thus satisfies

_ _ c?
||U||%p(g) = HUH%P@) < 02||v\|%{1,2@ = CQH”H%{L?(Q) = an /M <an|dv|§ + “nUQ)dﬂg
02 2
= aEy(U)HUHLp(g)-
This yieldsE,(v) > a,/c? for all test functionsy, henceYy (g) > a,/c* > 0 anda (M) > 0. O

9. THE COMPACTOPEN DISCONTINUITY OF THEYAMABE MAP: PROOF OFTHEOREM[L]

Proof of Theoreri 1] 1For the compact-ope@-topology, upper semicontinuity af,; and continuity

at metricsg with Y3,(9) = —oo have been proved in Lemnla 4.1. M is compact, then the fine
C?-topology coincides with the compact-opéfi-topology, so Theorein 1.4 yields the compact-open
C?-continuity; of course this continuity was already knowarir [7, Proposition 4.31]. It remains to
show that ifM is noncompact, then at each metgie Metr(M) with Yas(g) > —oo the Yamabe map
Y is not (lower semi)continuous with respect to the compgeiha’°°-topology (and hence neither
with respect to any other compact-opéfi-topology).

TheorenT1B(1) says thatl admits a metrigj_~, with Y/(9_~) = —oo. We choose a compact
exhaustion K;);>o of M and defingg;);>o in Metr(M) by

g onK;
gi = :
' J—o0o ONM\K;iy
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and onk;;1\Kj; in an arbitrary way such that becomes a smooth metric dd. Then(g;);>o con-
verges tqg; in the compact-opet@’>°-topology: since every compact subgeof M is contained in some
K, we havellg; — gllcr(rg) < ll9i — 9gllor(x;;9) = 0 fori > jand allr € N.

By Theoren{ LII(B)Y 1 (9-o0) = —oc implieslim; . Yan k,(9-o0) = —oc. Since the sequence
(Yan i, (9-0)) ;0 IS monotonically increasing, it must be constanto.

HenceYn(gi) < Yank,,,(9:) = Yank,,,(9-) = —oo forall i > 0. But the limit metricg
satisfiesYy;(g) > —oo. This shows thak’; is not compact-opefy>°-continuous. OJ

10. PREPARATIONS FOR THE UNIFORM CONTINUITY PROOF

10.1.Lemma. Let M be a manifold, let € R~(. Everyg € Metr(M) has a neighborhood with
respect to the uniforni’?-topology such that the following properties hold for Al U/:

(1) Yo e T*M: ||af} — ]a\3| < elal2.

@) ‘dﬂh 1‘ <e.

(3) |scal, — scal,| < (1 + |scal]).

Proof. SinceR~o > ¢ — 1 is continuous, there existsdac R~ such that|; — 1| < ¢ holds for all

t € Ry with [t—1] < 4. We claim that every. € N 5 satisfies[{lL). In order to prove that, we consider
h € Nys0andz € M anda € T;M. The spectral theorem yieldsgaorthonormal basiges, . .., e,)

of T,, M which is alsoh-orthogonal; thus there arg, ..., h, € Rsq with Vi, j: h(e;, e;) = hid;;. The
conditionh € N s implies|h—g|y(z) < 4, i.e.6* > z” ((h(eise)—glei,e)? = >0 (hi—1)%

In particularVi: |h; — 1| < §, hencevi: |h7- — 1\ < e. For the numbers; := a(e;), we compute (using

that (hy V2 ... ,h;l/Qen) is anh-orthonormal basis df, M):

I S P>
i—1 hi i—1 i—1 hi

This proves our claim; in particular, every elemértf i/, := N 50 C N, 5,0 satisfies[(1).

Since(Rx¢)" 3 (t1,...,tn) — [Ii=, V1 is continuous, there exists a numldere R such that
|TTi, vt — 1| < e holds for all(ty,. .., t,) € (Rso)™ with Vi: [t; — 1| < J,. We claim that every
h € Nys,0 satisfies[(R). In order to prove that, we consider U», andz € M and again &-
orthonormal basige, . . ., e, ) of T,, M which is alsoh-orthogonal, and we define,, .. ., h, as before.
We obtain

ol — 1al2| = o2 < elof2.

dlu‘h(h 12 €1, - h
d,ug(el,...,

dun(er, ..., en)
dup _ Uh\€1, »en) _
‘dﬂg 1‘(@ ‘dug(el, ceey€n) 1‘

h1/2 - h}/Q B
I Il

SinceVi: |h; — 1| < d9 holds by the same argument as above, degt— 1|(m) < e. This is true for
everyz € M, which proves our claim; in particular, evelye Us := N 5, 2 C Ny 5, 0 satisfies[{L).
There exists a (small) numbés € ]0, 1] with

55 £ 2n? 3n6? 303 on3 3nds \? ¢
S ) + + S —-.
1—05 = 2 1—03\2(1 —d3)2  2(1 —d3) 1— 03\ 2(1 —d3) 2
Letis := N 5,,2. We claim that((B) holds for everly € Us.

Letx € M. We choose a basig;,...,e,) of T, M with the same properties as before and define
hi,..., h, inthe same way. Existence of normal coordinatestatls us that there are local coordinates
(z1,...,zy,) aroundz such that the corresponding coordinate vector fiélds. ., 0,, satisfy atz the
equationsd;(z) = e; andT'};(z) = O for all i, j,k € {1,...,n}, wherel'}; are the Christoffel symbols

of the metricg with respect to the local coordinates. As usugl, and 7 denote the elements of
the inverses of the matrix-valued functio(g; )i j—1..» and(h;;); j—1... given byg;; = ¢(9;,9;) and
hij = h(0;,0;). At z, they satisfyg” (z) = 6;; andh'/ (z) = ;L6;;. LetT¥; denote the Christoffel

symbols ofh with respect to our local coordinates. In the followmg falms run froml to n.
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Fromh € Ny s, 2, we deduce

53 > |h — g!?, (z) = Z (glkgjl(hz‘j — Gij) (hig — gkl))(ﬂﬁ) = Z(hi —1)?

/[:7j7k7l Z
and (withV denoting the Levi-Civita connection g}, usingVg = 0,

8> [Vh() = 3 ((Vah)(@.00) () = Z(ah]k DT~ Zrlkhu> )

1,5,k 1,9,k

= (Oihj) ()

1,5,k
and
03 > [V Vh[j(x)
-y (&(vaih)(‘oy?ak)

i7j7k7l

2
- Z( (o, 1000):00) + TV )0 90) + TR(Ta)(0,.00) ) ) (0

= <0Z<<9hjk erhmk Zfzkhw)) z)

0,5k,
2
Z <6l(3 h]k Z(@ll“;?)hmk - Z(@lrﬂ)hm]> (.%')
1,5,k m
Hence we obtain for all, j, k,1 € {1,...,n}:
53 2 |hl - 1|7
d3 > [Oihjxl(z), 4)

b > |00 — (OTS) b, — (AT )y ().

Recall that the Christoffel symbols are glven]bf% Z M (Dghbm + Opham — Omhap). Since
every functiond € C*°(R",GL(n)) satisfiesd;(A~!) = —A~ (6 A)A~L, we get

(0al'5p) (z) = — Z <;92th ((%hbm + Opham — (9mhab>> (x)

<5d3 hie + 0aOphac — 5d3chab> (x).

(®)
T

Using the symmetry’}; = T'%;, we obtain from[{#):

‘adaahbc + 8dabhac - adachab - thadFZb

(2)
- ‘(8d8ahbc — heBaT%, — hydaTh,)

+ (0aOhhac — hedals, — Padall.) — (8a0chap — hyal by — haOal'%) ‘(95)

< 303.
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Together with[(b) and_{4), this yields

- 8dhcm
c c < _
84T, — 0TS, |(x) < ; S (aahbm + yham amhab) (z)
0aO0ahve + 040phac — 0qOchay — 2he041¢,
+ 57 ()

302 3
<
2 St
< .
S50 - 53)2 o5y
The well-known local coordinate formula for scalar curvattells us that

scal(r) = 3" g (acrzb ore, + YT, - YT gd) (£) = 3 (8IS — B,T%,) ()
d d

a,b,c a,c

and

scal(z) = »_ h (a re, — g, + Z rd,re, Z fg;gd> (2)

a,b,c

Z acraa - aargc + Zd Faargd Zd Facrgd (.YJ)
hg ’

a,c

Using the estimate

IN

N 3né
ITK |(2) ™ (Qahim + Opham — 8mhab)\(w) < 5

~2(1—43)

1
22
we obtain finally:

o.r¢ —o,Ie rd e, — h,(0.0¢ — 9,I¢
|scal, — scal|(z) = | Y —2 ¢+, Ird re, — >, rdre, (9., c.)

()

a,c ha
Faa) h_a (aarac - 8arac) (l‘)
aa c Pacra ‘1 - ha‘ c c
n ;l d dl(z) + e az (0TS, — 0aTS,) |(2)

2n? 3n6§ N 305 N on3 3nds  \? N 55 \sca_[, |
1—03\2(1—=65)2 " 2(1—63)) ' 1-065\2(1—63) 1-—

= (1 + Iscal| (@)

This is true for every: € M, which proves our claim.
The uniformC2-neighborhood/ := U; N Uy N U3 of g has the desired property. O

IN

11. CONTINUITY WITH RESPECT TO THE UNIFORM TOPOLOGYPROOF OFTHEOREM[I. 2

Proof of Theorerh 112Upper semicontinuity and continuity at metrics with Yamalog&stant—oo fol-
low from Corollary[4.2. It remains to prove lower semiconily at each metrigy € Metr(M) with
Y (g) > —oo for which there exists a numbére R with ||(scal, — 6)— || 1n/2(y) < .

We start with the casé = 1. Leteg € ]0, 1[. Letp = p,,. There exists a (smalf) € ]0, 1 such that
5e(T—e) 1 —e) /P ||(scaly = 1)— | La(y) < €0

(1—¢)?
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Let

A= 5(1-5)7" <scal(a) .
B = {m eM ‘ 0 < scal(z) < 5(1— %)71},
C

— {g; eM ‘ scal(z) < 0}.

We choose a unifornt’?-neighborhood ot/ with the properties stated in Lemrha 10.1. For every
h € U andv € C>°(M,R), we have

—(1— 5)2/Asca_[7 v? dpuy + /A <scag ¢ |scal,| — —) v? G dpyg
> —(1- 5)2/Asca_[, v dpg + (1 — a)/A ((1=%)scal, — 5) v du,
=£(1-¢) /A(scag — 1) v? dyg

> =

w|m

(1-¢) /A (scal —1)- v dty > —5(1— ) [[(56ah — ) sa 0 013 (ai

> —5(1—¢)||(scal —1)- HLn/2 HUH%”(Q)

and

—(1- 6)2/ scal, v” dyu, +/ (Scab — 5|scal| — ;) du 2 dug

B B !
—(1- 5)2/ scal, v* dug + (1 + e)/ ((1 — £)scal, — %) v? dug
B B

> 5532 [ sealv?duy — §(1+2) [ Py > 55-32) [ (scal,— 1) P,

> —5(5—3¢) || (scal, — 1)_HLn/2(g) H””%P(g)
and

—(1—5)2/05‘3&5”2 dug+/c<scab—§|scag|—§> g dug
—(1—5)2/Cscabvzdug+(1+€)/c<(1+%)Scab—%) o d
(7—8)/Cscabv2d,ug—%(1—1—5)/01)2d,ug > %(7—6)/0(3061!]—1)1)2@1@

> —5(7—¢)|(sca —1)-

N

HLn/2(g) HUH%P(g);

hence, using/,, v? dugy = [}, vp(di) Yy, < (1—e)~t [y, vP dup:

- (1- 5)2/ scal, v” du, +/ <sca_l] < |scal| — —) v? gﬁh dug
M M

> —5e(7T—¢) H(Scab - 1)—HLn/2(g) HUH%p(g)

> -4
> —3e(7—&)(1 = &) /7 [|(scal = 1) | puyagq) 0170 cny
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We get for allh € U andv € C2°(M, Rx>o) with |[v]|pp ) = 1
d d
Ep(v) = ay, /M|dv|;2l H% dug + /M scal, v* H% dpg
> (1- 8)2/ an |do|2 dyg +/ (scag — £|scal| — %) v? ‘3“7’; dug
M M ‘

> (1= (Ey0) ol — | soal ey ) + [ (scal, — 5lscal - 5) o* 42 i,
> (1= 2 Yarl) o) — 37— )1 = &) 27 (568~ 1) -

since(1 +€)™7 = (1+ &)/ [0]2, < [0l < (1= &) 0l = (1 — )77, we
obtain in the cas&,(g) > 0:
(1—¢)°
(14¢e)2/P

(1—¢)?

Yu(g) = Yu(g) - <1 BGEEL

(1= 2 Yur(@) ol > )|YM<9>| > Yarlg) - eo:

and in the cas&),(g) < 0:
(1—¢)?
(1-2)*Yul(g) HUH%p(g) > (1_7)
because — 2/p > 0. This yields in each case:
En(v) = Yu(g) — 220,
henceYys(h) > Yar(g) — 2¢0. Since there exists for every € R~ a uniform C2-neighborhood/

such that this holds for all € U/, the Yamabe map is indeed lower semicontinuous in the €asé.
Now we consider an arbitraty € R~ . Because of our assumption gnthe metricg = d¢ satisfies

/M ((scal — 1) )" dpug = /M (%(sca_[7 — 5)_)71/2 52 duy = /M ((scal, — 6)_ )" dpy < oo.

Thus the case we have proved already yields lower semiagtytiof Y, atg and hence, by conformal
invariance ofY,,, also aty. O

12. DISCONTINUITY WITH RESPECT TO THE UNIFORM TOPOLOGYPROOF OFEXAMPLE [1.3

Proof ofl1.3. Sincec(N) > 0, there exists a metrié € Metr(N) with Yy(h) > 0. Like every
nonempty closed manifold of dimension 3, N admits a metridh’ with Yy (k') < 0. We choose a
smooth path{%;),co,1) IN Metr (V) with hg = b’ andhy = h. Letto := min{t € [0,1] | Y (h¢) = 0}
(the minimum exists becauséy is continuous). By the solution of the Yamabe problem foisetb
manifolds, the conformal class @f,, contains a metrick;, = f2hy, with scalar curvaturé). For
t €[0,1], letk; := f?h; andg; := k; + dt?. ThenYy (k) = Yn(hy) < O forall t < to. Thus, for
all t < to, Lemma8.1l implies’ys(g:) = —oo. On the other hand/a;(g¢,) > 0 because scgl = 0.
Every uniform C'*°-neighborhood ofy;, contains metricg; with ¢ < ¢y, because for each € N,

19t — grollor(gy) = Pt — heollcr(ny,) tends to0 ast — to. HenceY), is not continuous ay;,

with respect to the unifornC’>°-topology, and thus not continuous with respect to any umif¢'*-

topology. O
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