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COLLAPSING AND ESSENTIAL COVERINGS
TAKAO YAMAGUCHI

ABSTRACT. In the present paper, we consider the family of all
compact Alexandrov spaces with curvature bound below having
a definite upper diameter bound of a fixed dimension. We intro-
duce the notion of essential coverings by contractible metric balls,
and provide a uniform bound on the numbers of contractible met-
ric balls forming essential coverings of the spaces in the family.
In particular, this gives another view for Gromov’s Betti number
theorem.

1. INTRODUCTION

It is an important problem to find the relation between curvature
and topology of Riemannian manifolds. In the study of the finiteness
of compact Riemannian manifolds with uniformly bounded curvature,
originated by Cheeger [3] and Weinstein [16], it was a crucial idea to
cover a manifold in a certain class by convex metric balls whose number
is uniformly bounded depending only on the class. The minimal num-
ber of such metric balls covering a manifold represents the complexity
of the manifold. For a certain class of compact Riemannian manifolds
with a lower curvature bound, Grove, Petersen and Wu [9] used con-
tractible balls in place of convex balls to get a topological finiteness
of the manifolds in the class. Those are results in the non-collapsing
cases.

In the present paper, we consider the collapsing case for compact
Alexandrov spaces M with curvature bounded below. The Perelman
stability theorem [14] shows that a small metric ball around a given
point of M is homeomorphic to the tangent cone, and hence con-
tractible.

If M is collapsed, the sizes of contractible metric balls must be very
small, and therefore the minimal number of contractible metric balls
covering M becomes large. In other words, it is not efficient to cover the
whole M by contractible metric balls. In the present paper, to overcome
this difficulty, we introduce the notion of an essential covering of M in
place of a usual covering.

To illustrate the notion of essential covering, let us take a flat torus
T? = S1(1) x S'(e) for a small € > 0, where S*(¢) is the circle of length
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¢. The torus T can be covered by two thin metric balls By, o € {1,2}.
Each ball B, is isotopic to a much smaller concentric metric ball B,
of radius, say 2e¢. If one tries to cover B, by contractible metric balls,
we need too many, about [1/e]-pieces of such balls. In stead, we take
a covering of B,,. Tt is possible to cover B, by two contractible metric
balls {Baﬁ}%zl. Thus we have a collection of four contractible metric
balls {B,s}, which is an essential covering of 7. Although it is not
a usual covering of 7?2, deforming and enlarging B,s by isotopies, we
obtain a covering {Bag} of T? by contractible open subsets éag. In
that sense, the essential covering seems to contain an essential property
of T2

In the general collapsing case with a lower curvature bound, it is be-
lieved that a collapsed space has a certain fiber structure in a general-
ized sense such that the fibers shrink to points (see [15], [17]). Although
it is not established yet, a fiber which is not visible yet may shrink to
a point with different scales in different directions, in general. This
suggests that we have to repeat the above process of taking a smaller
concentric metric ball and of covering it by much smaller metric balls
at most n-times, n = dim M, to finally reach contractible metric balls
(see Examples and [A3)). In this way, we come to the notion of an
essential covering of M with depth < n.

As illustrated above, an essential covering is not a usual covering of
M, but it contains an essential feature on the complexity of the space
M. Actually by deforming and enlarging the balls in the essential
covering by isotopies of M in a systematic way, we obtain a real open
covering of M.

We define the geometric invariant 7,,(M) as the minimal number of
contractible metric balls forming essential coverings of M with depth <
n. See Section @ for a more refined formulation of 7,,(M). In particular,
if M is a Riemannian manifold, we can replace contractible metric balls
by metric balls homeomorphic to an n-disk in the definition of 7,,(M).

For a positive integer n and D > 0, we denote by A(n, D) the isome-
try classes of n-dimensional compact Alexandrov spaces with curvature
> —1 and diameter < D. In this paper, we shall prove

Theorem 1.1. For given n and D, there is a positive integer N(n, D)
such that 7,(M) < N(n, D) for all M in A(n, D).

This gives a new geometric restriction on the spaces in A(n, D) even
in the case of Riemannian manifolds. A more detailed information on
the essential covering of M is given in Theorem [4.4]

The minimal number cell(M) of open cells needed to cover a compact
manifold M is an interesting topological invariant. It is known however
that cell(M) < dim M + 1 (see [4]). This suggests that to have better
understanding of the complexity of a compact Riemannian manifold or

a compact Alexandrov space concerning the minimal number of some
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basic subsets needed to cover it, we have to consider a metric invariant
rather than a topological invariant. This is the reason why we mainly
consider coverings by metric balls.

Working with concentric coverings, Theorem [[.1] yields the following
uniform bound on the total Betti number:

Corollary 1.2 ([5],[13]). For given n and D, there is a positive integer
C(n, D) such that if M is in A(n, D), then

S b(M: F) < C(n, D),
=0
where F' is any field.

In the original work [5], Gromov developed the critical point theory
for distance functions to obtain an explicit bound on the total Betti
numbers for Riemannian manifolds. The argument in [13] is a natural
extension of that in [5] to Alexandrov spaces. Unfortunately our bound
is not explicit. However our approach provides a conceptually clear
view of what the essence of Corollary is like.

For the proof of Theorem [L.1], we use the convergence and collaps-
ing methods. If a space M in A(n, D) does not collapse, the stability
theorem immediately yields the consequence. If M collapses to a lower
dimensional space, we use the rescaling method, which was used in [15]
and [I7] in some special cases. We first generalize those results to the
general case. Using this rescaling method, we can grasp the proper
size of a collapsed “fiber” although it is not visible. This enables us
to have a covering {B,, } of M such that each ball B,, is, under some
rescaling of metric with the fiber size, close to a complete noncompact
Alexandrov space Y; of nonnegative curvature with dimY; > dim X
for the pointed Gromov-Hausdorff topology. If the “fiber” uniformly
shrinks to a point, the new convergence B,, — Y; does not collapse.
In the other collapsing case of dimY; < n, we again grasp the size of
a new “fiber” in the collapsing B,, — Y1 with the help of the rescal-
ing method. From this, we see that a much smaller concentric subball
B,, of B,,, which is isotopic to Bg,, can be covered by small metric
balls {Ba,as ta, Whose number is uniformly bounded such that each
Ba,a, 18, under some rescaling with the size of a new “fiber”, close
to a complete noncompact Alexandrov space Y, of nonnegative curva-
ture with dim Y5 > dim Y; for the pointed Gromov-Hausdorff topology.
Repeating this process at most n — dim X times and using the stabil-
ity theorem, we finally get an essential covering of M by contractible
metric balls, as required.

Corollary [.2 follows almost directly from Theorem [[.Tland the topo-
logical lemma of [5]. Actually we formulate and prove a more general
result for every subset of an n-dimensional complete Alexandrov space

in terms of d-content (see Theorem [.2).
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2. PRELIMINARIES

We refer to Burago, Gromov and Perelman [2] for the basic materials
on Alexandrov spaces with curvature bounded below.

Let M be an Alexandrov space with curvature bounded below, say
> k. For two points  and y in M, a minimal geodesic joining x to y
is denoted by wy for simplicity. For any geodesic triangle Axyz in M
with vertices x,y and z, we denote by Axyz a comparison triangle in
the k-plane M2, the simply connected complete surface with constant
curvature k. The angle between the geodesics xy and yz in M is
denoted by Zzyz, and the corresponding angle of Azyz by Zzyz. It
holds that

Lryz > Layz.

Let ¥, = X,(M) denote the space of directions at p € M. Let K, =
K, (M) be the tangent cone at p with vertex o,, the Euclidean cone over
3,. For a closed set A C M and p € M — A, we denote by A" = A’ the
subset of X, consisting of all the directions of minimal geodesics from
p to A.

From now on, we assume that M is finite-dimensional. It is known
that 3, (resp. K,)is a (n—1)-dimensional compact (resp. n-dimensional
complete noncompact) Alexandrov space with curvature > 1 (resp.
curvature > 0), where n = dim M.

It is well-known that as r — 0, (%M, p) converges to (K,,0,) with
respect to the pointed Gromov-Hausdorff topology, where %M denotes
the rescaling of the original distance of M multiplied by %

We denote by A,(n) the isometry classes of n-dimensional complete
pointed Alexandrov spaces (M, p) with curvature > —1.

The following results play crucial roles in this paper.

Theorem 2.1 ([7],[8]). A(n,D) (resp. A,(n)) is relatively compact
with respect to the Gromov-Hausdorff distance (resp. the pointed Gromov-
Hausdorff topology).

Consider the distance function d,(x) = d(p, x) from a point p € M.
A point q # p is a critical point of d, if Zpqx < 7 /2 for all z € M.

For 0 < r < R, A(p;r, R) denotes the closed annulus B(p, R) —
B(p,r), where B(p,r) is the open metric ball around p of radius r.

Lemma 2.2 ([10],[5],[14]). If d, has no critical points on A(p;r, R),
then A(p;r, R) is homeomorphic to OB (p,r) x [0, 1].

Theorem 2.3 ([14], cf. [11]). Let an infinite sequence (M;, p;) in A,(n)
converge to a space (M, p) in A,(n) with respect to the pointed Gromov-

Hausdorff topology. Take an r > 0 such that there are no critical points
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of d, on B(p,r) —{p}. Then B(p;,r) is homeomorphic to both B(p,r)
and K, for large 1.

3. RESCALING METRICS

Let a sequence (M;,p;) in A,(n) converge to a pointed Alexandrov
space (X, p) with curvature > —1 with respect to the pointed Gromov-
Hausdorff topology. It is a fundamental problem to find topological
relation between B(p;,r) and B(p,r) for a small but fixed positive
number r and large 7.

In the case when dim X = n, take r > 0 so that the distance function
d, has no critical points on B(p,r) — {p}. Then Theorem shows
that B(p;,r) is homeomorphic to B(p,r) for large i.

In this section, from now on, we consider the collapsing case when
1 <dimX < mn—1. Since we are concerned with the topology of a
neighborhood of p;, we may assume

Assumption 3.1. B(p;,r) is not homeomorphic to an n-disk for any
p; with d(p;, p;) — 0 and for any sufficiently large 7.

The following is a generalization of the Key lemma 3.6 in [I5] and
Theorem 4.1 in [17].

Theorem 3.2. Under Assumption[31, there exist p; € B(p;,r) and a
sequences 0; — 0 such that

(1) d(ps,pi) — 0;

(2) ds, has no critical points on A(p;; Ro;,r) for every R > 1 and
large i compared to R. In particular, B(p;,r) is homeomorphic
to B(ﬁz, Réz),

(3) for any limit (Y,yo) of (S%Mi,ﬁi), we have dimY > dim X + 1.

The essential idea of the proof of Theorem [B.2]is the same as in [15].
In [I5] however, we had to suppose that the function f : K, - R
constructed there takes a strict local maximum at the vertex o, of K.
Since this does not hold in general, we must modify the construction.
Some simplification of the proof is also made here.

For positive numbers ¢ and € with ¢ < 6 < 7/100, take a positive
number r = r(p, 0, €) such that

(1) Lapy — Zapy < € for every x,y € OB(p, 2r);

(2) {y, }ycoB(p.2r) is e-dense in X,
Note that the above (2) implies that there are no critical points of
d, on B(p,r) — {p}. Let {z,}a be a fr-discrete maximal system in
OB(p,r). For a small positive number ¢, take an er-discrete maximal
system {z.p}p, 1 < f < N,, in B(z,,0r) N OB(p,r). Let {up € X,
be the direction of geodesic pz,s. Note that {£,5}3 is €/2-discrete. A
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standard covering argument implies that

g dim X1
(3.1) N, > const (—) .

€

We consider the following functions f, and f on M:
N
1 — .
fa<x> = decvaﬁax% f('r) :m(infO:(x)'
«@ 8=1

A similar construction was made in [12] to define a strictly concave
function on a neighborhood of a given point of an Alexandrov space.
The effectiveness of the use of those functions was suggested to the
author by Vitali Kapovitch.

Lemma 3.3. For every x € B(p,r/2), we have f(z) <r —d(p,z)/2.
In particular, the restriction of f to B(p,r/2) has a strict mazimum at
p.

Proof. Take y € 0B(p,r) and x, with Zxpy < € and d(y, z,) < Or. It
follows that Zxpr,s < 56. Let 7 : [0,d] — X be a minimal geodesic
joining p to . By the curvature assumption with trigonometry, we
see that Zzy(t)x.s < m/4. The first variation formula then implies
that d(z.,2) < r —d(p,x)/2, and therefore f(z) < fo(z) < r —
d(p,x)/2. O

Proof of Theorem[3.2. Take a p;~approximation

¢i - B(p,1/pi) = B(pi, 1/ ),
with ¢;(p) = p;, where p; — 0 as i — oco. Let xflﬁ = ¢i(Tap), and
define the functions f! and f* on M; by

file) = 5 S dlehpn), ) = min fi).
g

Note that fi o ¢; — fo and fio¢; — f. By Lemma B3| there is a
point p; € B(p;,r/2) such that

(1) (pispi) = 0; '

(2) the restriction of f* to B(p;,r/3) takes a maximum at p;.
Consider the distance function dz,. By Assumption [B.I there is a
critical point of d, in B(p;, 7). Let ; be the maximum distance between
p; and the critical point set of dj, within B(p;,r). Note that ¢; — 0.
Let ¢; be a critical point of dj, within B(p;,r) realizing §;. We may
assume that (}iMi,pi) converges to a complete noncompact pointed
Alexandrov space (Y1) with nonnegative curvature. Let zy € Y be
the limit of ¢; under this convergence. We denote by d = (Siid the

distance of (%M, Consider the function

Zzﬁ<x> = CZ(SL’Qﬁ, SL’) - d<xgﬁ7pi)7
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which is 1-Lipschitz, and bounded on every bounded set. Therefore
passing to a subsequence, we may assume that h,s converges to a 1-
Lipschitz function h,g on Y.

Let

1 Qe
he = N lehaﬁ, h = min h,

Since h' = [f* — f'(p:)]/di, h takes a maximum at yo. Let z,s5(00)
denote the the element of the ideal boundary Y (co) of Y defined by the
limit ray, say vas, from yo of the geodesic pi:cgﬁ under the convergence
((%Mi,ﬁi) — (Y y0). Let v,3 € £, and v € ¥, denote the direction
of 7,5 and yz respectively. Since zj is a critical point of d,,, we have
Zyo20tap(00) < m/2. Since Y has nonnegative curvature, it follows
that Z(v,vag) > Z20YoTas(00) > m/2, for every o and . Choosing
with h (v) = (ha)y, (v), We obtain

1 o

0> Iy, (v) = N Z — c0s Z(v, Uag),

« 8=1

and therefore Z(v,v,53) = 7/2. Since
£(Vag, Vagr) = 0 L05(8)y0Vap (1)

> Zxaﬁpxaﬁ’
>€/2,

for every 1 < 8 # ' < N, {vaﬁ}gil is €/2-discrete in 0B (v, 7/2) C
Yy Since X, has curvature > 1, there is an expanding map from
OB (v, 7/2) to the unit sphere S4™mY=2(1). It follows that

(3.2) N, < const ¢~ (dim¥=2)

Since this holds for any sufficiently small ¢, from (3.1]) and (B.2]) we can
conclude dimY > dim X + 1. This completes the proof of Theorem
3.2 O

4. ISOTOPY COVERING SYSTEMS AND ESSENTIAL COVERINGS

Let M be a compact n-dimensional Alexandrov space with curvature
bounded below. For an open metric ball B of M, we denote by AB the
concentric ball of radius Ar. We call a concentric ball B C B an isotopic

subball of B if there is a homeomorphism M — M sending B onto B
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and leaving the outside of a neighborhood of B fixed. For instance,
this is the case when d, has no critical points on B — B (Lemma2.2]).

Consider the following system B = {B,,...a, } consisting of open met-
ric balls By, ..., of M, where the indices oy, ..., a; range over

1< <N, 1< < Ny(ag),
1 < ap <Np(og---ag-1),

and 1 < k < [ for some ¢ depending on the choice of the indices
a1, g, . ... Note that the range of ay also depends on aq - - - 1. Let
A be the set of all multi-indices o = ay - - - oy, such that B,,..q, € B.
For each o = a1 -+ - € A, put || := k and call it the length of a.

Let X be a subset of M. We call B an isotopy covering system of X
if it satisfies the following:

(1) {Ba, }21_, covers X;
(2) Bayapy D Bayeays

(3) {Bay.on, f:i‘{l"'“k-” is a covering of an isotopic subball By, ..q,_,
of Boy gy

(4) there is a uniform bound d such that |a| < d for all a € A.
We call Ny the first degree of the system B, and Nj(a---ag_1) the
k-th degree of B with respect to ay - - - 1.

Let A be the set of all maximal multi-indices oy - -ay in A in the
sense that there are no apyy with By, ..qpa,, € B. Then U := {B,}, 4
is called an essential covering of B. In other words, U is the collection
of the metric balls lying on the bottom of the system B.

We show that the essential covering U = {B,},c4 produces a cov-
ering U = {Ba}ae 4 of X such that B, is homeomorphic (actually
isotopic) to B,. Let hqy..qp_, : M — M be a homeomorphism sending
Bal._.akﬂ onto By,..q,_, and leaving the outside of a neighborhood of
Bal___alﬁl fixed. Foreacha=a;---ay € 121, consider the open set

B, = Py © Payas 0+ 0 hay oy, (Ba)-

For each 1 < a; < Ny, let A(ay) be the set of all multi-indices a € A
of the forms a = a - - - a, whose leading term is equal to o and k > 2.
From construction, we have

B.,,c |J B

acA(ar)

and therefore U = {Ba}ae 4 provides a covering of X.

We call
do = max ||
acA

the depth of both B and U. Note that if dy = 1, then B = U is a usual

covering of X.
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Let C(n) be the set of all isometry classes of the Euclidean cone
over (n — 1)-dimensional compact Alexandrov spaces with curvature
> 1. We say that B and U are modeled on C(n) if each B, in U is
homeomorphic to a space in C(n).

For any positive integer d, we denote by 74(X) the minimal number
of metric balls forming an essential covering U of X with depth < d
modeled on C(n). Note that 74, (B) > 74,(B) if d; < do.

For open metric ball B of M having a proper isotopic subball, we
set

74(B) = mina(B),
B
where B runs over all isotopic subballs of B. If B itself is homeomorphic
to a space in C(n), we define

To(B) = TS(B) =1.
From definition, we immediately have

Ny
a1

Lemma 4.1. Suppose that X is covered by metric balls { By, }
ing proper isotopic subballs. Then we have

Ny

Tar1(X) < Z 71 (Bay)-

a1=1

_1 hav-

Example 4.2. For a positive number ¢, let us consider the flat torus
T" = S'(1) x S*(e) x S*(€?) x -+ x SH(" ™).

An obvious observation similar to that in the introduction shows 7, (7") <
2". Note that lim, o 74(77") = oo for every 1 < d <n — 1.

Example 4.3. Let N be an n-dimensional simply connected Lie group,

and n its Lie algebra. Take a triangular basis x1, . . ., x, of nin the sense
that [z;, x] € n;_; for every r € {, where n;_; is spanned by zy,...,x;_1.
For € > 0, put ¢; := € ', and define the inner product on n by

|z]|? = €la] + -+ exar,

for x =" a;x;. We equip N the corresponding left invariant metric g..
For a given uniform discrete subgroup I' of N, consider the quotient
M. := (I'\\V, g.). Note that the sectional curvature of M, is uniformly
bounded and 6! := diam(M,) — 0 as € — 0 (see [6]). Now under the
rescaling of metric éME collapses to a circle. We then have a fibration

[\N, = M, — S,

with a nilmanifold T';\N; as fiber. Thus M, can be covered by two
thin metric balls B,,, a1 € {1,2}, each of which is homeomorphic to
[\ N x [0,1]. Let 62 := diam(I';\N7). Under the rescaling of metric
LB, collapses to S x R. Now an isotopic subball B,, of By, has a
fibration
FQ\NQ — Bal — Sl X [O, 1],
9



with a nilmanifold T's\ Ny as fiber. Thus Bal can be covered by two
metric balls By,a,, @2 € {1,2}, each of which is homeomorphic to
5\ N, x [0,1]%. Repeating this, we finally have 7,(M.) < 2". Note
that lim, o 74(M.) = oo for every 1 < d <n — 1.

Let A(n) denote the set of all isometry classes of n-dimensional com-
plete Alexandrov spaces with curvature > —1. Theorem [[.T]is an im-
mediate consequence of the following

Theorem 4.4. For given n and D > 0, there are constants C,, and
C, (D) such that for every metric ball B of radius < D in M € A(n),
there is an isotopy covering system B = {Ba,...a;,} 0f B with depth <n
modeled on C(n) such that

(1) the first degree < C,,(D);

(2) any other higher degree < C,,.
In particular 7,,(B) < C,(D)(C,)" L.

We first prove the local version of Theorem [£.4]

Lemma 4.5. There is a positive number C,, satisfying the following:
For a given infinite sequence (M;,p;) in Ay(n) with inf diam(M;) > 0,
there is a subsequence (Mj,p;) for which we have a positive number
r >0 and p; € M; with d(p;,p;) — 0 such that 7}_(B(pj, 1)) < Cy.

Proof. We prove it by contradiction. If the conclusion does not hold,
we would have an infinite sequence (M;, p;) in A, (n) such that for every
r > 0 and every p; € M; with d(p;,p;) — 0, we have 7;_,(B(p;,r)) —
oo for any subsequence {j} of {i}. By Theorem 2], we have a subse-
quence {j} such that (M;, p;) converges to a pointed space (X, p). Set
k =dim X.

We claim that 7}_, (B(p;,r)) < C for some r > 0 and constant C'
independent of j, where p; is a point of M; with d(p;,p;) — 0. Since
this is a contradiction, this will complete the proof.

We prove the claim by the reverse induction on k. If k£ = n, then
Theorem shows that there is an r > 0 such that B(p;,r) is homeo-
morphic to K, yielding 75 (B(p;,r)) = 1. Therefore together with the
diameter assumption, we only have to investigate the case 1 < dim X <
n — 1. Suppose the claim holds for dim X = k+1,...,n, and consider
the case of dim X = k. Take r =1, > 0, p; and J; — 0 as in Theorem
B2l Namely passing to a subsequence, we may assume that ((%Mj, D;)
converges to a pointed complete noncompact nonnegatively curved
space (Y, yo) with dimY" > dim X +1 such that B(p;, Rd;) is an isotopic
subball of B(p;,r) for every R > 1 and large j compared to R. Apply-
ing the induction hypothesis to the convergence (%Mj,ﬁj) — (Y, o),

we have the following: For each z € B(yo,2), there are 27 € (3-M;, p;)
J

and 7, > 0 such that 7%, (B(27,7; %Mj)) < C for some constant
10



C independent of j. By compactness, there are finitely many points
Zo € B(yo,2) and 2/, € M; converging to z, together with r, > 0 such
that

, 1
U B<Za7 TQ/Q) 2 B<y07 2)7 T:;fkfl(B<zgu Ta; 5_M])) S CCV'
J
Note that UB(z%, ry; %Mj) D B(pj,2
conclude

;%Mj) for large i. Thus we can

To_(B(D5,7)) < Tni(B(pj,20;))
< T (B3 )

SZCQ<OO.

n

Proof of Theorem[{.4. The proof is by contradiction. If the conclusion
does not hold, we would have an infinite sequence of metric balls B;
of spaces M; € A(n) such that for every essential covering system
B’ of B; with depth < n modeled on C(n), either liminf N{ = oo or
liminf N} > C,, where Ni, N;i are the degrees of B, and C,, is the
positive constant given in Lemma Let p; be the center of B;.
By Theorem 21 we may assume that (M, p;) converges to a pointed
complete Alexandrov space (X, p) with curvature > —1 with respect
to the pointed Gromov-Hausdorff topology. We may also assume that
B; converges to a metric ball B around p under this convergence. If
X is a point, we rescale the metric of M; so that the new diameter
is equal to 1. Thus we may assume that 1 < dim X < n. Applying
Lemma to the convergence B; — B, we obtain finitely many points
{2, }Y_, of B and positive numbers r, with B C UB(zq4,74/2) such
that for a subsequence {j} of {i}, we get pJ, € M, converging to z,
with 7 (B(pl,ra)) < C, for every 1 < a < N. Together with the
covering {B(pl,ra)}a of M;, this enables us to obtain an essential
covering system B of B; with depth < n modeled on C(n) such that
N{ < N and le < (,,. This is a contradiction. O

Remark 4.6. Let M(n) denote the subfamily of A(n) consisting of
Riemannian manifolds. By Theorem [£.4] each metric ball of radius < D
in M € M(n) has an essential covering with depth < n modeled on
C(n) whose number is uniformly bounded. In this case, one can easily
check from the proof that each metric ball in the essential covering is
homeomorphic to an n-disk. Namely, for M(n), we can take the single
n-dimensional Euclidean space R" as the model family in stead of C(n).

Remark 4.7. Let 0 > 0 be given. Under the situation of Theorem [£.4]

if we restrict ourselves to metric balls of radii < , we can construct an
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isotopy covering system B = {B,,..q, } of B with depth < n modeled
on C(n) such that
(1) the radius of B,, is less than § for every 1 < a; < Niy;
(2) the first degree Ny < C,,(D, d) for some uniform constant C,, (D, §);
(3) any other higher degree < C,,.
In particular 7,,(B) < C,,(D,d)(C,,)" .

Parhaps Examples and will be ones of maximal case.

Conjecture 4.8. Let M be an n-dimensional compact Alexandrov
space with nonnegative curvature. Then 7, (M) < 2"

5. BETTI NUMBERS

In this section, we apply Theorem [£4] to prove Corollary We
consider homology groups with any coefficient field F'. Let 3( ) denote
the total Betti number for simplicity.

We make use of the following machinery in [5], whose proof is based
on Leray’s spectral sequence.

Lemma 5.1 (Topological lemma ([5])). Let B, 1 <a < N,0<i<
n+ 1, be open subsets of an n-dimensional space M, with
BYc B, c-- B
and set A" = UN,B!. Let I, denote the set of all multi-indices
(a1, ... ) with1 < ay < ... <y < N and with non-empty inter-
section Aﬁ;‘;lBg;Ll. For each p = A(al, ) € Iy, et f) 2 Ho(BE, N
~+N B ) — H(B}'N---N B be the inclusion homomorphism.
Then the rank of the inclusion homomorphism H,(A°) — H,(A") is
bounded above by the sum
Z rank f;

0<i<n,uely

For any subset X C M and § > 0, let Us(X) := {z|d(z,X) <
d}. We define §-content, denoted by d-cont(X) of X as the rank of
the inclusion homomorphism H,(X) — H,(Us(X)). Observe that 0-
cont(X) = B(X) may be infinite. However we have

Theorem 5.2. For given n, D > 0 and § > 0, there is a positive
integer C(n, D, ) such that if X is a subset of diameter < D in an n-
dimensional complete Alexandrov space M with curvature > —1, then

d-cont(X) < C(n, D, 6).

Corollary is a direct consequence of Theorem 5.2l Although it
is not explicitly stated in [5] or [I], Theorem [(.2] also follows from the
methods there. Below we give the proof of Theorem based on

Theorem [4.4]
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For a subset X of diameter less than D in a space M € A(n), let B
an open metric D-ball in M containing X. For § > 0, take an isotopy
covering system B = {By,...q, } of B with depth < n modeled on C(n)
satisfying the conclusion of Theorem (4.4l and Remark [.7such that the
radii of B,, are less than 10~"*2)§ for all 1 < a; < N;. To apply
Lemma [5.1], we let \; := 10" for 0 < i < n + 1, and put

B! = A\iBay o -

at-ag
In view of the conclusion (2) of Theorem B.2] we may assume that
(1) Brftl, C Bal---akﬂ;

a1y A
(2) B, ..q, is an isotopic subball of B! |

for each 1 < ay < Np(ag---ag_1) and 0 <i<n+ 1.

Let U = {B.},c4 be the essential covering of B associated with B.

~

Lemma 5.3. For every a = aq---ay € A and every 1 < k < { we
have

B(Bay-ay) < Ch.

Proof. We prove it by the reverse induction on k. The case k = ¢ is clear
since By, ..., is contractible. Suppose the conclusion 8(Ba,..ay,,) < Cn

for all 1 < agyq < Ngyq. Let Bm_..ak be the isotopic subball of By, ...q,
such that

Ni41
Boyoor © | Bayeanss-
agy1=1

Since (ayq, ..., q4) is fixed, we put

A

B = BO[l"'CVk? B = Bal“'ak7
By := Bay..apa, Bl = \iBa,

for each 1 < a < Ny, Let A = Ugi{l Bg. From the inclusions
B c A° ¢ A"*' ¢ B, we have B(B) = B(B) < rank of [H,(A%) —
H.(A"™)]. Let I, denote the set of multi-indices of intersection for
the covering {B?™},. For each p = (71,...,7m) € I, let B,, have
minimal radius among {B,,}7,. Let f, : H. (B, Nn---N B )) —
H.(Bif' n---N BtY) be the inclusion homomorphism. From the in-
clusions

4 . . 1. . 4
+1 +1 +1
B n---nB, cB ¢ BcBn...nB

52
we have
vank(f?) < rank of [H.(B! ) - H*(%nyjl)]
= B(Bvs)
< C.
Lemma [B5.1] then shows 3(B) < (n + 1)2C,,. O

13



Proof of Theorem [2.2. Without loss of generality, we may assume that
{Boél}oé1 | is a covering of X for some N(X) with N(X) < N;. By
Lemma B3, we have in particular 3(B,,) = 8(B.,) < C, for all 1 <
ap < NX)and 0 <i<n —|— 1 Therefore applying Lemma B.1] to the
concentric coverings { BY, }a = ) of X together with

N(X)
X cC U Ba, C U B C Us(X),
a1=1
we have
S-cont(X) < (n +1)29 P90
This completes the proof of Theorem (.2l O

For a subset X of a metric space, we define the homological injectivity
radius of X, denoted by hom.inj(X), as the supremum of § > 0 such
that the inclusion homomorphism H,(X) — H,.(Us(X)) is injective for
any coefficient field.

The following is an immediate consequence of Theorem [5.2]

Corollary 5.4. For a space M in A(n), let X; be a sequence of subsets
of M with lim 5(X;) = co. Then one of the following must occur:

(1) liminf hom.inj(X;) = 0;
(2) limsup diam(X;) = oo.

REFERENCES

[1] Abresch, U., Lower curvature bounds, Toponogov’s theorem, and bounded topol-
ogy. II., Ann. Sci. Ecole Norm. Sup. 20(1987), 475-502.

[2] , Burago, Yu. and Gromov, M. and Perel'man, G., A. D. Aleksandrov spaces
with curvatures bounded below, Uspekhi Mat. Nauk, 47(1992), 2(284), 3-51,
222. translation in Russian Math. Surveys 47 (1992), no. 2, 1-58.

[3] Cheeger, J., Finiteness theorems for Riemannian manifolds, Amer. J. Math.,

2 (1970), 61-75.

[4] Cornea, O. Lupton, G. Opera, J. and Tanré, D., Lusternik-Schnirelmann Cat-
egory, Mathematical Surveys and Monographs, 13 American Mathematical
Society, 2003.

[5] Gromov, M., Curvature, diameter and Betti numbers, Comment. Math. Helv.

6 (1981), 179-195.

6] — Almost flat manifolds, J. Differential Geom.13(1978), 231-241.

Structures métriques pour les variétés riemanniennes, Edited by J. La-

fontaine and P. Pansu, Textes Mathématiques [Mathematical Texts],1 CEDIC,

Paris, 1981.

Metric Structures for Riemannian and Non-Riemannian Spaces, with
Appendieces by M. Katz, P. Pansu and S.Semmes, Progress in Mathematics,
152, Birkhauser, Boston, 1999.

[9] Grove, K. and Petersen V, P. and Wu, J.-Y., Geometric finiteness theorems
via controlled topology, Invent. Math. 99(1990), 205-213. Erratum in Invent.
Math. 104 (1991), 221-222.

[10] Grove, K. and Shiohama, K., A generalized sphere theorem, Ann. of Math. 106
(1977), 201-211.

14



[11] V. Kapovitch, Perelman’s stability theorem, arXiv:amth.DG/07/03002v3.

[12] Regularity of Limits of Noncollapsing Sequences of Manifolds, Geom.
Funct. Anal. 12 (2002), 121-137.

[13] Liu, Z. and Shen, Z., On the Betti numbers of Alexandrov spaces, Ann. Global
Anal. Geom., 12(1994), 123-133.

[14] G. Perelman, A. D. Alexandrov’s spaces with Curvatures Bounded from Below
11, preprint.

[15] Shioya, T. and Yamaguchi, T., Collapsing Three-Manifolds under a Lower
Curvature Bound, J. Differential Geom. 56 (2000), 1-66.

[16] Weinstein, A., On the homotopy type of positively-pinched manifolds, Arch.
Math., 18(1967), 523-524.

[17] Yamaguchi, T., Collapsing 4-manifolds under a lower curvature bound,
preprint, 2002.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF TSUKUBA, TSUKUBA 305-8571,
JAPAN
E-mail address: takao@math.tsukuba.ac.jp

15



	1. Introduction
	2. Preliminaries
	3. Rescaling metrics
	4. Isotopy covering systems and essential coverings
	5. Betti numbers
	References

