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A NO BREATHERS THEOREM FOR SOME NONCOMPACT RICCI
FLOWS

QI S. ZHANG

ABSTRACT. Under suitable conditions near infinity and assuming boundedness of cur-
vature tensor, we prove a no breathers theorem in the spirit of Ivey-Perelman for some
noncompact Ricci flows. These include Ricci flows on asymptotically flat (AF) manifolds
with positive scalar curvature. Since the method for the compact case faces a difficulty,
the proof involves solving a new non-local elliptic equation which is the Euler-Lagrange
equation of a scaling invariant log Sobolev inequality.

1. STATEMENT OF RESULT

A basic question in the study of the Ricci flow is: Are periodic orbits called breathers
trivial? Here triviality means that metrics only move by diffeomorphisms and scaling
through out the period. A Ricci flow (M, g(t)), t € [t1,t2], is called a breather if there is a
positive constant ¢ and a diffeomophism ¥ on M so that g(t2) = c¢¥U*(g(t1)). Perelman’s
no breathers theorems (|P] Sections 2, 3) say that all periodical solutions of compact Ricci
flows are gradient Ricci solitons, and hence trivial in certain sense. See also earlier proof
of this result by Ivey [I] in three dimension case, and [Ca] and [L] for further development
on compact breathers.

The purpose of this paper is to prove a no breathers theorem for some noncompact Ricci
flows. Some times an extension of a theorem from the compact case to a noncompact one
merely involves some technical improvements of the method, plus some extra conditions
near infinity. However the no breathers theorem is different for two reasons. First, noncom-
pact Ricci flows arise naturally as the blow up limits of finite time singularity of compact
Ricci flows. In fact, most of the essential singularity models for compact Ricci flows are
noncompact. This includes the well known cylinder S% x R in the 3 dimensional case. Thus
even if one is only interested in compact Ricci flows, one still needs to study noncompact
Ricci flows. Second, the method of proof by Perelman for the no breathers theorem does
not seem to work for the noncompact case, especially for the steady breather case. Recall
that Perelman introduces the F' functional which is defined as F(v) = [,,(4|Vv[*+ Rv?)dg
where R is the scalar curvature of the manifold and v € W2(M) and |v|| 2(M,g) = L.
He proved that the infimum of F' is a nondecreasing function of time along a Ricci flow
(M, g(t)); moreover it is a constant if and only if the Ricci flow is a steady gradient soliton.
Using the fact that the infimum is reached by a minimizer when M is compact, Perelman
proved that there is no nontrivial steady breathers for compact Ricci flows, i.e. a steady
breather is necessarily a steady gradient soliton. If one attempts to extend this argument
to noncompact Ricci flow, one faces an immediate difficulty. Namely, the infimum of the
F functional is not reached by a function on a typical noncompact manifold such as R™ or
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S2 x R.. In fact, on R®, the F functional is nothing but the Dirichlet energy (multiplied
by 4) and it is well known that there is no L? minimizer. For this reason, we need to look
for a different method.

In this paper, we consider the functional (II). When the parameter o = 1, it is the
limiting case of Perelman’s W entropy and which can be regarded as a scaling invariant
version of the Log Sobolev inequality introduced by Weissler [W]. The corresponding
Euler-Lagrange equation is a nonlocal, nonlinear elliptic equation. Unlike the F' functional,
the minimizer of (II) exists on many typical noncompact manifolds. Using this we prove
a no breathers theorem on some noncompact Ricci flows. The study of the functional (LTl)
and its minimizer equation potentially has further applications.

Let’s introduce notations and definitions to be used in the paper. We use M to denote
a n(> 3) dimensional Riemann manifold and ¢(¢) to denote the metric at time ¢; d(x, y,t)
is the geodesic distance under g(t); Unless stated otherwise, we assume the curvature
tensor is bounded at each time ¢t. B(z,r,¢g(t)) = {y € M | d(z,y,t) < r} is the geodesic
ball of radius r, under metric g(t), centered at z, and |[B(x,r,t)|yy) is the volume of
B(x,r,t) under g(t); when no confusion arises we may also use B(z,r) or B(x,r,t) to
denote B(z,r,g(t)); dg(t) is the volume element; x( is a reference point on M. We also
reserve R = R(x,t) as the scalar curvature under g(t). A generic positive constant is
denoted by C or ¢ whose value may change from line to line.

Definition 1.1. (Log Sobolev functionals, infimum, infimum at infinity) Let (M, g) be a
n dimensional Riemann manifold with metric g and D C M be a domain.

(a). Given functions v € Wol’2(D,g) with ||v]|2py = 1, and a number a > 1, the log
Sobolev functionals with parameter « is defined by

L(v,g,a,D) = —/ v? Inv?dg + ag In (/ (4|Vo]? + Rv2)dg> + sy
D

(1.1) D
=—N(v) + ag In F(v) + sp.
Here R is the scalar curvature; s, = —%In(2mn) — 3.

(b). The infimum of the log Sobolev functional is denoted by
Ag.a, D) = inf{L(v.g.0, D) |v € Wy*(D.g). [[vllz2(p) = 1}.
(¢c). When a =1 and D = M, the infimum of the log Sobolev functional at infinity is
Aoo(g, 1, M) = Tlgglo Xg,1, M — B(x,7))

where xq is a reference point in M.

If D = M, then for simplicity we write

L(v,g,a) = L(v, g, 0, M), Mg, @) = Ag, a, M).

If @« = 1, we may suppress a and write
L(v,g) = L(v,g,1),  A=Ag) =Ag,1) = Ag, L, M) Ase = Aso(9) = Aco(g, 1, M).

Remark 1.1. When M = R"™ and o = 1, then L(v, g) is the log Sobolev functional intro-
duced by Weissler [W|, which is a scaling invariant version of the log Sobolev functional
originally introduced by Gross |G| and Federbush [F]. Observe that A(g) is invariant under
scaling and diffeomorphism. See the beginning of proof of Theorem [I1 below.
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A(g) is related to Perelman’s v invariant in Section 3 of [P]. We are not sure if they
are the same.

Definition 1.2. (gradient Ricci solitons) A Riemann manifold (M, g) is called a gradient
Ricci soliton if there exists a smooth function f on M and a constant € such that

Rz’c—i—Hessf—i—%g:O.

(M, g) is called a expanding, steady and shrinking gradient Ricci soliton if € > 0,e =0
and € < 0 respectively.

The following is the main result of the paper.

Theorem 1.1. Let (M, g(t)), 0igij = —2R;j, t € [0,T] be a complete, noncompact Ricci
flow with bounded curvature tensor and nonnegative scalar curvature. Suppose (M, g(t))
is a breather, i.e. for two moments t1,ty € [0,T], t1 < ta, there is a positive constant c
such that (M,cg(t1)) and (M, g(t2)) differ only by diffeomorphism.

Suppose also the following conditions hold.

(a) —00 < Ag(h)) < Molg(t1)).

(b) Either |B(zo,7,t1)|g¢,) < Cr", for some C > 0 and all v > 0, or R(z,t1) >
m for some constant C > 0.
Then (M, g(t)) is a gradient Ricci soliton.

Naturally one is obliged to present some examples of Ricci flows where the conditions
of the theorem is met. Condition (a) is easy to be met since one can modify the metric on
a compact domain of a manifold so that A\(g) becomes arbitrarily negative, while A (g)
remains the same. Let zy be a reference point, we can construct a metric g(¢1) such that
the volume of the unit ball B(z, 1) is very small but the scalar curvature is bounded by 1.
A flat cylinder with small aperture is such an example. So given a positive number k, the
manifold is x collapsed at scale 1. Hence A(g(t1)) is very negative. Indeed, by Proposition
24 if M(g(t1)) > —C > —oo, then (M, g(t1)) is £ non-collapsed below scale 1. Here C
depends on k. But A (g(t1)) is totally independent of A(g(t1)).

Condition (b) is satisfied automatically by ancient s solutions of 3 dimensional Ricci
flow, which include gradient shrinking solitons with nonnegative sectional curvature. See
[P] and [P2].

Another type of examples is the Ricci flow on asymptotically flat (AF) manifolds (c.f.
Definition [2.1]), which is interesting due to connections to general relativity. Useful prop-
erties of these kind of Ricci flows have bee proven in [DM], [OW]. For example, they
proved that the AF property is preserved under Ricci flow.

Corollary 1.1. Let (M,g(t)) be a Ricci flow on an asymptotically flat manifold with
positive scalar curvature. If (M, g(t)) is a breather then it is a gradient Ricci soliton.

Proof. By Proposition 2] (a), we know A(M, g(t)) > —oo. If (M, g(t)) is a gradient Ricci
soliton, then the proof is done. Otherwise, applying Proposition 21 (b) and Proposition
2.2] we find that A(M,g(t)) < 0 < Ao(M, g(t)). By Definition of AF manifolds, we also
have |B(zo,7,t)|gq) < Cr", for some C' = C(t) > 0. Therefore, all the conditions of the
theorem are satisfied and the conclusion follows. O
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Remark 1.2. In a recent paper [Hal, Haslhofer considered Ricci flows on some AF man-
ifolds with positive scalar curvature. Under the extra assumption that the scalar curvature
1s integrable, he modified the domain of Perelman’s F' entropy to include only smooth func-
tions converging to 1 sufficiently fast at infinity. Using the monotonicity of this modified
F entropy, one can also prove that steady breathers are steady solitons in this case, under
further assumptions near infinity on the diffeomorphism in the definition of breathers. Also
a no breather theorem for some noncompact Ricci flows in the case of shrinking solitons
is proven in [Z2].

Remark 1.3. One may wonder if a no breathers theorem still holds when the scalar cur-
vature changes sign. When the operator —A + R has a negative eigenvalue, under mild
assumptions near infinity, one can prove that the eigenfunction decays to zero exponen-
tially fast. Then one can use Perelman’s original method described earlier to prove that
steady breathers are steady gradient solitons. However, steady gradient solitons are ancient
solutions. According to [ChL], the scalar curvature is nonnegative. So the operator —A+ R
can not have negative eigenvalue. This contradiction shows that no steady breathers exist
in this case.

Let us outline the proof of the theorem. The main hurdle is to prove the following
theorem which states that the infimum of the functional L(v, g(t2),1, M) is reached by a
smooth function in W12(M, g(t2)).

Theorem 1.2. Let (M, g) be a noncompact manifold with bounded curvature and nonneg-
ative scalar curvature, which also satisfies

(a) =00 < A(g) < Ax(9)-

(b) Either |B(zo,7,t1)|g,) < Cr", for some C > 0 and all v > 0, or R(z,t1) >
m for some constant C > 0.

Then there exists a minimizer v for the Log Sobolev functional L(-,g,1, M), which sat-
isfies the equation
(1.2)

n 4Av — Rv

2 [(4]Vv|2 + Rv?)d

+2vlnv+ </\(g, 1, M) + g - gln/(4|V1}|2 + Rv?)dg — sn> v=0.
g

The proof is done by an approximation process that involves a priori estimates and a
blow up analysis. This strategy has been used to study variational problems involving
critical functionals. Recently in [DE] Dolbeault and Esteban treated a similar functional
on the cylinder S™ x R. We benefitted from the ideas in that paper. However, we are
facing new difficulties since our functional is scaling invariant and its component In F'(v)
may not be bounded from below. These make it difficult to apply P. L. Lions’ concentrated
compactness method near infinity directly. However under the extra assumption A(g(t2)) <
Aoo(g(t2)), we can show that the Lions’ method [Lio] works on special regions where the
L? norm of v has faster than usual decays. We also use a fact that that a sequence
of Boltzmann entropy N (vy) satisfies the reverse Fatou lemma when {v;} is a sequence
of bounded functions with the same L? norm. Once a minimizer is found, we can use
Perelman’s monotonicity formula to show that (M, g(¢)) is a gradient Ricci soliton since

A(g(t1)) = Ag(t2))-
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2. PRELIMINARIES

In this section, we present a number of elementary results to be used in the proof of the
theorems and the corollary.

Definition 2.1. A complete, noncompact Riemann manifold M is called Asymptotically
Flat of order T if there is a partition M = MyUM., which satisfies the following properties.

(i). My is compact and it contains a reference point 0.

(ii). My is diffeomorphic to (R™ — B(0,rg)) for some rg > 0.

(iit). Under the coordinates induced by the diffeomorphism, the metric g;; satisfies, for
T € My,

9ij(x) = 6ij(x)+0(|z[77),  Okgij(x) = 6ij(x)+O(|=|7™7),  Okbigij(x) = ij(x)+O(|=|7772).

According to Theorem (1.1) in [BKN], if M has one end, the curvature tensor decays
sufficiently fast near infinity and |B(0,7)| > cr”™ when r is large, then M is AF. Here n is
the dimension.

Proposition 2.1. Let (M, g) be an AF manifold of dimension n > 3. Suppose the scalar
curvature R is positive everywhere.
(a). Then there exists a constant A > 0, such that

(n=2)/n
(2.1) </ 112"/("_2)dg> < A/ (4)Vol> + Rv*)dg, Vv e WY3(M,g);
M M

moreover A(g) is bounded from below i.e.

(2.2) / v? Inv?dg < " 1n (A/ (4| Vv|? +RU2)dg> ,
M 2 M

Yo € WHA(M, g), |[vllz2(arg) = 1-
(b). Ao(g) > 0.

Proof. (a). We just need to prove (2.1]) since (2.2)) follows from Jensen inequality.

Pick and fix ro > 0 sufficiently large, so that a coordinate system on M — B(xg,r)
exists, which satisfies the defining condition of AF manifolds. Let ¢ € C§°(M) be a cut-
off function such that ¢ = 1 on B(0,79), ¢ =0 on M — B(0,2ry), 0< ¢ <1 and
Vo¢| < C/rg. For any v € Cg°(M), the function v(1 — ¢) is supported in M — B(0, 7).

Let J: M — B(0,r9) — R™ be the coordinate map. Then the function

f=hd =)o}

is a smooth, compactly supported function in R™, after extending by zero value. By the
Euclidean Sobolev inequality, it holds

(n—2)/n
( f2"/(”_2)dx> < Sy / |Ven f|2da
R» R»

where dz is the Fuclidean volume element and Vgn is the Euclidean gradient. According
to the definition of AF manifolds, there exists a positive constant ¢ such that

¢ tdr < dg(x) < cdr, ¢ VRaf| < |Vl —¢)]| < c|VRafl.
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Here |V[v(1—¢)]| is the length of the gradient of v(1—¢), both with respect to g. Therefore,
there exists a positive constant C such that

(n—2)/n
( / [o(1 — )P/ %) <c [ vl - o)k
M

By this and Minkowski inequality, together with the standard Sobolev inequality in the
ball B(0,2rp), we deduce

(n—2)/n
</ 2n/(n—2)dg>
(n—2)/n (n—2)/n
<2< / lo(1 — ¢)|?n/ ("= 2>dg> +2< / (v¢)|2"/(”_2)dg>
M

N2 vd)2 0d)?
< C/M\vwl o) dg+c/M\v< ?) dg+c/M< $)%d

Hence

(n—2)/
( / v2"/(”_2)dg> RYe / IV[2dg+C sup V| / vidg+C (v9)*dg.
M B(0,2r9) B(0,2r0)

Since R(x) > 0 for every x € R™ be assumption, this implies, for some constant A > 0,

that
(n—2)/n
v - < v+ Rv .
([ aro-2iag) A [ 9ol + Ry
M M

This is (21]), i.e. part (a).
Now we prove part (b).

First we prove the following assertion.
When the radius r is sufficiently large, it holds

Mg, 1,M — B(0,7)) > Xgg, 1, R" — J(B(0,7)) + o(1).

Here J is the coordinate map near infinity in the definition of AF manifold; o(1) is a
quantity whose absolute value goes to 0 when r — 00; gg is the Euclidean metric.

Pick a function v € C§°(M — B(0,r)) with ||v||;2 = 1. Given any € > 0, by definition
of AF manifolds, for x € M — B(0, r) with r sufficiently large, there hold

(1 —e)dx < dg(x) = /detg(x)dx < (1 + €)dx,
(1 —e)|Vaaf ! < [Vul < (1+¢€)[VRaf|
where f = vo J™! and J is the coordinate map. Also Vgn is the Euclidean gradient.

Hence
/ (4|Vo]* + Rv?)dg > (1 — 6)2/ 4|Vrn f|?/detg(z)dzx
M Rr

Write \/detg(z) = w?, a routine calculation shows
/ 4|VRa f|?\/detg(z)dx = / 4|VRa f|Pwida
Rn Rn

= [ aVms(ro)fde 4 [ (fupSras
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By definition of AF manifolds, we know that |Aw“(’§;§)|
Hardy’s inequality in the Euclidean space, we have

/ AV e f12\/detg(@)dz > (1 -+ o(1) / 4|V (fu) P,
R R

< —5= with 7 > 0. Hence, by the

|z[?

which implies

(2.3) /M(4|W|2 + Ro?)dg > (1—e2(1 + 0(1))/ 4V () 2da

n

Also
/Mvzlnvzdg:/n(fw)2lnf2da::/Rn(fw)21n(fw)2dx—/Rn(fw)zlnw2da:

:/ (fw)? In(fw)?dz + o(1).
Rl’l
This and (23] imply that
L(v,9,1,M — B(0,7)) > L(f,9p, 1,R" = J(B(0,7))) + o(1) — ne.
Since || fw| r2rn) = 1, by taking the infimum of this inequality, it is easy to see that
Mg, 1,M — B(0,7)) > Agp,1,R" — J(B(0,7)) + o(1) — ne.

Since € is arbitrary, the assertion is proven.
Using A(gg,1,R" — J(B(0,7)) > A(ge,1,R™) = 0, we see that

Ao(g) = lim Mg, 1,M — B(0,r)) > 0.
This proves part (b). O

Proposition 2.2. Let (M, g(t)) be a noncompact Ricci flow on the time interval (A, B)
such that the curvature tensor is bounded for each time t € (A, B). Suppose also (M, g(t))
is k noncollapsed below scale 1 and the scalar curvature is nonnegative. If (M, g(t)) is not
a gradient shrinking soliton, then

Ag(to)) = Alg(to), 1, M) <0, tg € (A,B).
Moreover, for any xog € M, when rq is sufficiently large, it holds
)‘(g(t(])7 1, B(ﬂj‘o, TO)) <0.
Here B(zo,10) = B(o,70,9(t0))-
Proof. For compact Ricci flows, Perelman ([P] Section 3) already proved a similar inequal-
ity for his v invariant. The following proof for the noncompact case is similar, except that
one needs to justify integration by parts near infinity.
Without loss of generality we assume tg < 0 € (A, B). Let u = u(x,t) = G(x,t;0,0)
be the fundamental solution of the conjugate heat equation
Au — Ru+ dyu = 0, t<tp.
Let s = —t and
Vul?
ey WOt = [ |
M

” + Ru) —ulnu — g In(47s)u — nu| dg(t)
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be Perelman’s W entropy corresponding to v = u(z,t). According to [P] Section 3,

d

. 1
EW(g(t),u(.7t),t) =25 / |Ricg(y — Hessgy Inu — 2—sg(t)|2udg(t) >0

with strict inequality holding unless (M, g(t)) is a gradient shrinking soliton. Moreover
limy_0 W(g(t),u(-,t),t) = 0. We comment that Perelman proved the result for compact
Ricci flows. In the noncompact case one needs to justify the integrability of the quantities
involved. Since (M, g(t)) has bounded geometry within any finite time interval and wu,
as fundamental solution has Gaussian decay near infinity, the integrability issue has been
worked out in [CTY] and [C++] Chapter 19 e.g..

Since (M, g(t)) is not a gradient shrinking soliton, %W(g(t), u(+,t),t) is strictly positive.
From the assumption ty < 0, we obtain

W(g(tO)vu('vt0)7t0) < %l_gé W(g(t),u(-,t),t) = 0.

Observe that with p > 0 regarded as a free parameter and taking v = \/u(-,tp), we have

L(\/u(-,t9),g(tg),1) = — /M v? lnv2dg(t0) + gln </M(4]Vv]2 + Rv2)dg(to)> + Sn

. |Vul? n
= gg /M [p( " + Ru) —ulnu — 3 In(47p)u — nu| dg(to)

2
< / [\to\(‘vu’ + Ru) —ulnu — Eln(47r]to\)u—nu] dg(to)
M u 2

= W(g(to),u(',to),to) < 0.

Here u = u(-,t9) and R = R(-,z9). This shows, since A(g(tp)) is the infimum of the log
Sobolev functional L, that A(g(tp),1) < 0.

The second statement of the lemma is an easy consequence of the fact that A(g(tp)) =
lim,, 00 A(g(t0), 1, B(x0,70))- O

Proposition 2.3. Let (M, g) be a noncompact manifold such that A(g) > —oo.
(a). For any xzo € M, ro > 0, and for all « > 1, the infimum of the log Sobolev
functionals L(-, g, , B(xg,70)) satisfy:

Mg, a, B(zg,70)) > —C

where C' is a constant depending only on o, n, the constant A(g) and |B(xq,r0)|-.
(b). lim, 1+ A(g, o, B(2o,70)) = A(g, 1, B(zo,70)).

Proof. For simplicity we use B to denote B(zg, ) in the proof. Pick a function v € C§°(B)
such that |v||p2(g) = 1. Then

L(v,g,a,B) = L(v,9,1,B) + (o — 1)% In (/ (4|Vu)? + Rv2)dg> ,
B
and hence
L(v,g,a,B) > A\g) + (o — 1)% In </ (4|Vv|2 + Rzﬂ)dg) .
B
This shows,
n _
L(UvgvavB) > )‘(g) + (Oé - 1)5 In (A 1||U||i2n/(n*2)(B)) )
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which implies, via Holder inequality,
g

L(’L),g,O&,B) > _g —|—(Oé—1)2

n (A7 olF2s)/1BP")
Thus

n n 2/n
L a,B)> —— —(a—1)=In(A|B
(v,9,q, B) 5 ( 1)21 ( |B| )7

proving part (a) of the proposition.
In order to prove part (b), we notice that in the last paragraph we actually showed that

L(UagaaaB) > L(”?Qy 17B) - (a - 1)% In (A ’BF/”) .
On the other hand, since v?Inv? > —e™!, we have
L(v,9,1,B) = aL(v, g, @, B) + (ar — 1) / v’ Inv’dg > aL(v,g,a, B) — (a« — 1)e”!|B].

B
Part (b) of the proposition follows from the last 2 expressions when o — 1. O

Proposition 2.4. Let (M, g) be a noncompact manifold with bounded curvature such that
Ag) > —oo. If also the scalar curvature R > 0, then there exists a positive constant A
depending only on A(g) and n such that

(n—2)/n
(/ v2"/(”_2)dg> < A/ (4|Vo|? + Rv®)dg, Vv e WY(M,g).
M M
Moreover, M is k non-collapsed below scale 1.

Proof. This statement is nothing but the well known equivalence of the Sobolev inequality
and log Sobolev inequality, which is proved via an upper bound for the heat kernel e*2—1)t,
When R = 0 one can find a proof in Davies [Da] Chapter 2. When R > 0, then the L' to
L' norm of the heat kernel is less than or equal to 1. The same proof still goes through
as written in [Z] Section 6.2.

It is well known that the above Sobolev inequality implies that M is k non-collapsed. [

3. PROOF OF THEOREMS

We will prove a number of lemmas first and proceed to prove Theorems and [I11
First we show that a minimizer for the functional L(-, g, o, B) exists when o > 1 and B is
a ball.

Lemma 3.1. Let (M, g) be a noncompact manifold such that A(g) > —oo and the scalar
curvature R > 0.

(a). For any xo € M, and r9 > 0, write B = B(xo,79). Then for all o > 1, the
infimum of the log Sobolev functionals L(-,g,«, B) is reached. Namely, there exists a
function v € C§°(B) with unit L? norm such that

L(,U7 g7 a? B) = A(Q? a? B)'
(b). The function v, called the minimizer, satisfies the equation

aﬁ 4Av — Rv
2 [5(4]Vv|? + Ru?)dg

(3.1) +2vInv 4+ Bv =0,
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where

(3.2) B =Ag,a,B) + ag - ag In {/ (4|Vo|? + Rv*)dg| — sp.
B

Here s, is the number given in Definition [I1.

Proof. By Proposition 2.3 the log Sobolev functional is bounded from below. Hence there
exists a sequence of functions {vy} C VVO1 ’2(B ) with unit L? norm such that

(3.3) L(vg,g,a,B) = Mg, a,B) > —oc0, k — 0.
So, for all large k, there hold
_ 210 02d n 2 2
vk Invidg + ag In | [ (4Vug|* + Rug)dg| + sn < A(g,a, B) + 1.
B B
By the assumption A(g) > oo and Proposition 2.3]
_/ v} Invidg + gln [/ (4| Vo |* + Rv,%)dg] > ANg,1,B) > =\(g,1) < —C > —o0.
B B

Substituting this to the previous inequality, we obtain

(3.4) (o — 1)% In [/ (4| Vo |? + Rvg)dg] <Ag,a,B) +C — s, + 1.
B

By Proposition 2.4]

41 on/(n—z) , \ "72/" 2 2
vy, dg < [ (4|Vug|* + Rvji)dg
B B

<exp[(a—1)""(\g,a,B) +C — s, +1)] .

Pick a number ¢ € (2,2n/(n —2)). Since the embedding to L4(B) is compact, we can find
a subsequence, still denoted by {vy}, which converges strongly to a function v in L(B)
norm. By (B4), clearly v € W01’2(B).

Now we show that v is a minimizer for L(-, g, «, B). By Fatou’s lemma

(3.5) / (4|Vo|> + Rv?)dg < lim / (4|Vur|? + Ru})dg.
B k—oo /B
According to Theorem 2 in [BLJ,
/ v’ Inv?dg = lim | v?lnvidg + lim / (v —v)* In(vy — v)%dg.
B k—oo /B k—oo /B
Write By = {x| |vg(x) — v(z)| < 1}. Then
/ (g — v)% In(vy, — v)%dg = / (v, —v)?In(vy — v)%dg + / (v, — v)? In(vy — v)?dg,
B By,

B-B,

and therefore

/B(Uk —v)?In(vy — v)ng‘ <

/ (v — v)% In(vy, — U)ng‘ + C’q/ lvg — v|%dg.
By, B-By,
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Applying dominated convergence theorem on the first term of the right hand side, we
obtain, since also vy — v in LY(B) norm, that

lim [ (vx —v)?In(vp — v)%dg = 0.
k—o0 B

Consequently
/ v’ Inv?dg = lim v2 Invidg.
B k—o0 B
By this and ([B.3]), we find that
L(v,g,a, B) < limy_yooL(vk, g, 0, B) = A(g, 0, B) < L(v, g, r, B).

Hence v is a minimizer. By the Lagrange multiplier method, there is a constant § such
that

(3.6) o 4Av — Rv
' 2 [5(4]Vv|? + Ru?)dg
Since F = [, (4|Vv|? + Rv?)dyg is a finite number, we can multiply it on both sides of the

equation to obtain

4+ 2vlnv + fv =0.

ag4Av—Rv+F2vlnv+Fﬂv =0.

Since the nonlinear term vInwv is very mild, it is known that v € C§°(B). See [Rot] e.g.
Multiplying ([8.6) by v and integrating, we deduce

—aZ —|—/ v? Inv?dg + 3 = 0.
2 Jp
Since we have proven that v is a minimizer for L(-, g, «, B), it holds

AgaB) = [

B
Combining the last two identity, we see that

v Invidg + ag InF + sp.

B = Ag,a, B) —i—ag —aglnF—sn,

which is just (3.2]). O
The next lemma deals with the case o« = 1.

Lemma 3.2. Let (M,g) be a noncompact manifold such that A(g) > —oo and that the
scalar curvature R > 0.

(a). For any xy € M and rg > 0, let B = B(xg,r0). If A(g,1,B) < 0, then, the
infimum of the log Sobolev functionals L(-,g,1,B) is reached. Namely, there ezists a
function v € C§°(B) with unit L? norm such that

L(v,9,1,B) = Xg, 1, B).
(b). The function v, called the minimizer, satisfies the equation

n 4Av — Rv

(37) 2 J5(4]Vv|? + Ru?)dg

+2vlnv + fv =0,

where

(3.8) B =Xg,1,B) + g - gln [/ (4|Vv|? + Rv?)dg| — sp.
B
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Here s, is the number given in Definition [I.1.

Proof. The proof is consisted of a number of steps.

step 1. constructing an approximating sequence.

Pick a sequence o — 17, as k — oo. Let v be a minimizer for L(-, g, ay, B), which
exists according to Lemma [3.1] and which satisfies

n 4Av;, — Ruy,

(3.9) kg T ANu Ro?ydg + 2u Inwvg 4 Brvg =0,

where

(3.10) Br = Mg, ag, B) + akg — akg In [/B(ZHVWF + Rui)dg| — sp.
Write

(3.11) F, = /B(4|Vvk|2 + Ru})dyg, my = max{vg(z) |z € B}.

Since vy, = 0 on 9B, we know Avg < 0 at the maximum point of vg. Hence ([B.9]) implies,
at the maximum point,

2u Inwvg, > — B + ozkgR’Uka_l > —BrVk.

By Lemma 2.3]
lim )\(g,Oék,B) = )‘(9717B) <0.
k—00

Therefore, for sufficiently large k, we also have A(g, ax, B) < 0. This fact and (B.I0) infer
that

(3.12) my = max vy > e_ak”/4F,?kn/4es"/2.

Next we perform the scaling

gk = mi/"g, Ry = m,;4/nR, Uy = m,;lvk.
Notice that 0 < 75, < 1 and that

10kl L2(ar,g,) = 1-
By (84), vy, satisfies the equation

n_,_ n —4/n ~ ~ ~
angk 1mi/ (40, —m, 4/ R)(my0g) + 2my 0k In(my0y)

+ (Mg, %, B) + akg — Oékg In Fy, — sp,)(mgg) =0

which becomes, after simplification,

n ~ o . n_ . _
ak§(4Agk — Ry)Uk + (20, In 0 + Mg, oy, B) 0k + k5 Ok — 5p0g) Fomy, 4/n

(3.13)
- angkm,;‘*/” In(Fypmy, ")) 5, = 0,
Here B = B(xg,r0,9) again.

step 2. We prove that for all sequences {ay} C (1,2] such that ap — 1, and fixed rg
sufficiently large, there exists a uniform constant Cy such that
(3.14) lim sup Fj < Cy = Cy(rg).

k—00
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Suppose for contradiction that there exists a sequence of numbers {ax} C (1,2] such
that ap — 1, and that vy is a minimizer of L(-, g, ag, B(xg,70)) but

(3.15) lim Fj, = lim (4|Vug|? + Rv?)dg = oo.

k—o0 k—o0 B(wo,m0)
Then (B.12) shows that mj — oo as k — oo and that there exists a constant C' such that
ka]:4/(nak) <c,
and when k is large

Fpmy ™ < Fymy V%) < ¢ angkm;A‘/"! In(Emy, ") < C.

Therefore the coefficients of equation (8.13]) are uniformly bounded. Moreover the manifold

(M, g.) has uniformly bounded geometry since g = mi/ "g and my, — co. Now we extend
Uk to be a function on the whole manifold M by setting 0 = 0 outside of B(xg,r0,9) =

B(mo,mi/ "ro,gx). The extended function, still denoted by @y, is a subsolution of the
equation in (B.I3); further more 0 < ¥ < 1 and [|Tk|[z2(ar,g,) = 1-

Let z; be a maximum point of ¥ and r > 0 be a large number. Construct a standard
cut-off function ¢ such that ¢ =1 on B(z,r, gk ), ¢ = 0 outside of B(x,2r,gx), 0 < ¢ < 1
and |Vg, ¢| < C/r. Since the extended function ¥y, is a sub-solution of (B.I3]), we can use
Ur¢? as a test function to conclude, using the bounds in the previous paragraph, that

[ Vel
B(mk7T7gk)

C - —4/n -
) <5 itdgi+ C(1+ s B [ 52dgy

r B(mk727“79k) B(mk727“79k)

C 4/n

S 7‘_2 + C(l + \)\(g,ak,B)])ka;

Here B = B(xg,r0,9) again.
We consider 2 cases.

Case 1. A subsequence of {ka,?l/ "1, denoted by the same symbol, converges to 0.

Let z; be a maximum point of vg. Since myp — oo and g = m,;A‘/"g, we know that
a subsequence of the pointed manifolds {(M, gy, )}, converges in C}2 topology, to the
pointed Euclidean space (R™,0). This is due to the Cheeger-Gromov compactness the-
orem. By the bound (BI6]) and the fact Ry — 0, A(g,1,Br) — Ag,1,M) = A(g), we
know that a subsequence of ¥ converges pointwise, modulo composition with diffeomor-
phisms, to a function v, on R™, which is a sub-solution of the Laplacian. Furthermore

[vooll 2(mm) < 1 and v (0) = 1. By (B.16]) again

/ |V |2da < 92
B(0,r) r

Here all expressions are in the Euclidean setting. Letting r — oo, we see that Vv, =0
and therefore vo, = 1. But this is impossible since [[veol|r2(grn) < 1.

Case 2. {ka;4/n} is bounded away from 0.
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Then we can find a subsequence of {ka;l/ "1, denoted by the same symbol, which
converges to a number A > 0. As in the previous paragraph, {(M, gi, zx)}, converges in
> topology, to the pointed Euclidean space (R™,0). Also a subsequence of the extended
function 7 converges pointwise, modulo composition with diffeomorphisms, to a function

Voo on R™. Furthermore [|voo||z2mn) <1, v0(0) =1 and, in the weak sense,
(3.17) g4Avoo + A(2000 In oo + A(g, 1, B)voo + gvoo — Splco) — (gAln A) v > 0.

Dividing both sides by A and recalling from Definition [L.1l that s, = —% In(27n) — §, we
obtain

Mg, 1, B)vs > —%4Avoo — 2V IN Vg — NV + gln(27mA) Voo-

We multiply the last inequality by v.,. By Moser’s iteration, it is easy to prove that
Voo has Gaussian decay near infinity. See [Rot] or Lemma 2.3 in [Z2] e.g. Therefore, we
can carry out integration by parts to deduce

n n
g, 1,B)HUOOH%2(R,,) > /Rn <ﬂ4|Vvoo|2 — v Invi —nvk — 3 In(27n/A) vgo) dx

= / (34]Vfuoo]2 — v Inv? — gln(élﬂs) v2, — nvgo) dx,

= 1 ) = — VYoo 2 <
where s = 5%. Write ¢ TosT i Then, by ||U00HL2(Rn) <1, we have

. . N n N N
N1 B aquny = o Bacuny [ (s41V0P = 71n 2, = 5 Infdrs) 02, = ni ) da

— ool 2 (rmy 1 1050 |72 ey = O-

Here we just used the fact that the best constant for the log Sobolev inequality for func-
tions with unit L? norms in R™ is 0. This is a contradiction with the assumption that
Ag, 1, B) < 0. This proves (314, i.e.

F, = / (4| Vur|? + Rv?)dg < Co.
B(Z‘o,?“())

step 8. We prove vy converges to a minimizer of L(-,g,1, B).

By (39]), we know that vy satisfies
g(4A’Uk — Rug) + O‘];IFkZ’Uk Inwvg + agleﬁkvk =0,

where

n n
Br = Mg, ax, B) + g — Qg In Fj, — sp,.

Since, by Step 2, Fj is uniformly bounded, we know that the coefficients in the above
equation are uniformly bounded. Since the nonlinear term v, In vy, is only mildly nonlinear,
it is easy to prove that ||vg|| e is also uniformly bounded. See Lemma 2.1 in [Z2] e.g. Now,
since the ball B is bounded,a routine argument shows that a subsequence of v; converges
to a minimizer v of L(-,g,1, B). Using the same argument near the end of the proof of
Lemma 3] we see that v satisfies equation ([B7). This proves the lemma . O

The next lemma shows that the minimizers of L(-, g, 1, B) are uniformly bounded even
if the radius of B tends to oo.
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Lemma 3.3. Under the same assumption as in Lemma [3.3, let v be a minimizer for
L(-, 9,1, B), where B = B(zg,ro). Then the quantity

F= / (4|Vv[* + Rv?)dg
B
is uniformly bounded for all large ro. Furthermore |[v| o (p) is uniformly bounded for all
large .

Proof. The idea of the proof is similar to that for the previous lemma. Suppose for
contradiction that there exists a sequence of radii {rox} and that v is a minimizer of
L('vgv 17B($07T0k)) but

(3.18) lim Fj, = lim (4| Vur|? + Ru})dg = oo.

k—o0 k—o0 B(z0,ror)

From the previous lemma vy satisfies

4Av, — R
(3.19) D22 Wk 4 oue Inwg, + Brvg = O,
2 F,
where
(3.20) Bi= Mg 1, By) + 5 — 5 InFy — s,

Here and later By, = B(xg,7ox) = B(zo, 0k, g). Since vy = 0 on 9By, we know Av, < 0
at the maximum point of vy. Hence (BI9]) implies, at the maximum point,

2ui Inwv,, > —Brop + ngka_l > —Brug.

Since by definition
klim Mg, 1,B) = A(g,1,M) <0,
—00

for sufficiently large k, we also have A(g, 1, Bx) < 0. This fact and (3.20]) infer that
(3.21) my = max vy > e_"/4F:/4eS"/2.
Next we do the scaling
g = mi/"g, Ry = m,;4/nR, Uy = m;lvk.
Notice that 0 < 75, <1 and that

19kl L2(ar,g,) = 1-
By [3.19), vy, satisfies the equation
n - N - -
EFk_lmi/n(élAgk —my " R) () + 2myy, In(my )
n o n

+ (Mg, 1, By) + 53

In Fk - sn)(mkﬁk) =0

which becomes, after simplification,

n . L . on. . _
( ) 5(4A9k — Ry)0k + (20 In 0 + A(g, 1, By )0k + 50k~ Sp0k) Frmy, 4/n
3.22
- ngm,;‘*/” In(Fymy, ™) o = 0.
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Since Fy — oo by assumption, (3:2I) shows that m; — oo as k — oo and that there

exists a constant C' such that

Bt < C,
Therefore the coefficients of equation (3.22]) are uniformly bounded. Moreover the man-
ifold (M, gx) has uniformly bounded geometry since g = mi/ "g and mj, — oo. Now
we extend ¥y to be a function on the whole manifold M by setting ¥ = 0 outside of
By, = B(zo,rok,9) = B(xo,mi/nmk,gk). The extended function, still denoted by ¥y, is a
subsolution of ([3.22)); further more 0 < ¥ < 1 and ||Uk|r2(ar,g,) = 1-

Let z; be a maximum point of ¥ and r > 0 be a large number. Construct a standard
cut-off function ¢ such that ¢ =1 on B(z, 1, gx), ¢ = 0 outside of B(x,2r,gx), 0 < ¢ < 1
and |Vg, ¢| < C/r. Since the extended function ¥y, is a sub-solution of (3.22]), we can use
Tr¢? as a test function to conclude, using the bounds in the previous paragraph, that

/ |vgkﬁk|2d9k
B(wkvrvgk)

C —4/n -
sz <G R+ OO+ N1 B R 5dg
r B(wk,2r,gk) B(:Ek,27‘,gk)

C —
< 2 C(1+ |y, 1,Bk)|)kak4/”.
We consider 2 cases.

Case 1. A subsequence of {ka;l/ "1, denoted by the same symbol, converges to 0.

Let x; be a maximum point of v, again. Since mj — oo and g = m,?l/ng, by Cheeger-
Gromov compactness theorem, we know that a subsequence of the pointed manifolds
{(M, gi, x1)}, converges in CX. topology, to the pointed Euclidean space (R™,0). By the
bound ([B.23) and the fact Ry — 0, A(g,1, Bx) — A(g,1, M), we know that a subsequence
of U}, converges pointwise, modulo composition with diffeomorphisms, to a function v, on
R™, which is a sub-solution of the Laplacian. Furthermore [[ve [|f2(rny < 1 and v (0) = 1.

By (8:23]) again
/ Voo |2z < 92
B(0,r) r

Here all expressions are in the Euclidean setting. Letting r — oo, we see that Vv, =0
and therefore vo, = 1. But this is impossible since [[veol|r2(rn) < 1.

Case 2. {ka;4/n} is bounded away from 0.

Then we can find a subsequence of {ka;4/ "1, denoted by the same symbol, which
converges to a number A > 0. As in the previous paragraph, {(M, gk, zx)}, converges in
Ce. topology, to the pointed Euclidean space (R™,0). Also a subsequence of the extended
function 9y, converges pointwise, modulo composition with diffeomorphisms, to a function
Voo on R™. Furthermore [|voo||z2mn) <1, v0(0) =1 and, in the weak sense,

(3.24) gmvo@ + A(2000 In Vo + Mg, 1, M)veg + gvoo — SpUs0) — (gAln A) voo > 0.

Dividing both sides by A and recalling from Definition [L.1l that s, = —% In(27n) — §, we
obtain n n
Mg, 1, M)vy > —ﬂ4AvOO — 2o N Voo — NV + 5 In(2mnA) v .
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We multiply the last inequality by v.. By Moser’s iteration, it is easy to prove, as
in Lemma 2.3 in [Z2], vs has Gaussian decay near infinity. Therefore, we can carry out
integration by parts to deduce

g, 1,M)H1)OOH%2(R,,) > /Rn (%ZHV’UOOP — 0% Inv, — nvk — gln(27m/A) Ué) dx

n
= / <s4|Vvoo|2 — v Inv? — 5 In(47s) v2, — nvé) dx,
— 3 N — Voo 2
where s = g%. Write 0 = Tompa g Then, by ”UoouLz(Rn) < 1, we have

n
A(gs 1, M) [[voo |72 (mmy = 00|72y /Rn (34\%]2 — ®Ino® — 5 In(4ms) - n@2) dz

- HUOOH%Z(RH) In ”UOOH%Q(Rn) > 0.

Here we just used the fact that the best constant for the log Sobolev inequality for func-
tions with unit L? norms in R™ is 0. This is a contradiction with the assumption that
A(g,1, M) < 0. This proves that Fj is uniformly bounded.

The uniform boundedness of v comes from the following arguments. By (B3.19), we
know that v}, satisfies

g(4AU’“ — Rvk) + F2vu Invg + FiBrv, = 0,

where
n o n
=Xg,1,B - — =
Since Fj is uniformly bounded, we know that the coefficients in the above equation are
uniformly bounded. As explained at the end of the proof of Lemma [B.2] it is easy to show
that ||vg||ze is also uniformly bounded. This proves the lemma. O

In Fj, — sp.

Now we are ready to give

Proof. of Theorem

We will use the minimizers vy on balls of radius r; to construct a minimizer on the
whole manifold. The core argument is to show that v; has a non vanishing limit.

Step 1.

Pick 7, — oo and let v, be a minimizer for L(-,g,1, B(xo, 7)) whose infimum is Ag.
Then

)‘k = L(Uk7g7 17 B(ﬂ?o,’f’k))

= —/ v? Invidg + " n / (4)Vur|? + Rv})dg | + sn.
B(zo,rk) 2 B(zo,rx)

According to the previous 2 lemmas, v exists and is uniformly bounded. By standard
elliptic theory, a subsequence of {v}}, still denoted by the same symbol, converges in C}X.
sense, to a limit function ve, € C°°(M). In this step, we prove that v, is not 0. We will
use P. L. Lion’s concentrated compactness method at infinity. But a new twist occurs.
That is, even though \x is bounded, the components on the right hand side of (3:25) may
not be bounded from below uniformly.

(3.25)
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Suppose for contradiction that v, = 0. Then v — 0 a.e. as k — oo. Then there
exists a sequence of positive integers {ij } and a subsequence of {vy}, denoted by the same
symbol, such that ¢, — co as k — oo and that

(3.26) / vidg — 0, k — oc.
B(z0,2%k)

For any positive integer ¢ we introduce the following notations
Qi = B(ﬂj‘o, 21) - B($07 Zi_l)v

F(v,) = /M(4|Vvk|2 + Ru})dg, N(vg) = /M v? Invidg.

Here vy, is considered 0 outside of the ball B(zg, 7).
By A = Ag) = A(g,1) > —oo in assumption (a) of the theorem and Proposition 2.4]
there exists a positive constant A such that

(n—2)/n
/ vin/(n_2)dg < AF (vg).
B(zo,rk)

Hence
(3.27)

(n—2)/n (n=2)/n
<E?i'2k/ Uin/(n—2)dg> e—N(vk)2/n§ / vi"/(”_mdg e~ N(wi)2/n
Q; B(zo,ry)

7

< CF(Uk)e—N(vk)Q/" — CeMe—sn)2/n < C,

where we also used (B:25) and the fact that Ay is uniformly bounded. Thus, there exists
an integer ji € [ig, 2ix] such that

(3.28) ( /Q

By partition of unity, we can choose a sequence of cut-off functions ¢, nx on M such
that ¢ = 1 on B(x0, 2771, supp ¢ C B(x0,2%); g = 1 on M — B(xo,2’%), suppmg C
M — B(wg, 2771, |Vey| + |Vr| < C/27k; ¢2 4+ 17 = 1. We introduce the notations

(n—2)/n
Uin/(n—Q)dg> < Cz‘k_:(n_2)/neN(Uk)2/n

Ik

ak = lvkdnll7es bk = lormilFe;

A = eXp(%N(Umk)% By = eXP(%N(UWk))-

By (8:26]), we know that

(3.29) ar — 0, bp—1, as k— oo.
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Now we will split the terms in the log Sobolev functional into terms involving vi ¢ and
V- By direct computation

/(4]Vvk]2 + Rvg)dg
(3.30) — [V @o0 P + RowonP)dg + [ (V@m0 + Rion)dg
~4 [ (Vo + IV P,
where we have used the identity

0= A(¢} + 1) = 2|V r|* + 205 Ay + 2|V + 2 An.

Suppose Condition (b) on volume of geodesic balls holds, namely |B(xg,r)| < Cr™.
Using Holder’s inequality we deduce
(n—2)/n
vin/(n—@ dg)

4 / (IVéul? + [V 2)uidg < €22 / vidg < C2-2in|Q, 20 ( /

Q5
<o)
Q

(n—2)/n
vin/(n_2)dg) )
Using (3.:28)), we know that

Ik
Ik

(3.31) 4/(!V¢kl2 + |V H)vidg = o(1)eN R/,
Here o(1) is a quantity that goes to 0 when & — oo. This and (8.30) imply

(3.32) F(vy) = F(vpop) + Fopng) — o(1)eN@e)2/m,

Now, suppose Condition (b) on the scalar curvature holds, namely R(x) >
Then

c
1+d?(zo,x) *

4/(|v¢,€|2 + |V vidg < €272 /

vidg < C’/ Ruvidyg.
Q Q,

Jk

By the second line of (3.27), we have

1=1f

» 2k / (4| V| + Ru})dg < Ce?NR)/m,
Q.

3

Therefore one can also find a ji € [ig, 2i)] such that (331) and (332) hold.
Next, observe that

/v,% Invidg — /(Uk¢k)2ln(’l)k¢k)2dg — /(Ukmc)Q In(vgmy,)*dg
— [ (o) Mnl(orn)? + oune)?) - In(vin)?] dy
+ /(Uknk)z [In((vker)? + (vrmk)?) — In(vene)?] dg

sc/%%%@scf ot dg.

Qj,
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Here we just used the uniform boundedness of v, proven in Lemma 3.3l This means

(3.33) N(vk) = N(vedr) + N(vxr) + o(1).
Recall that vy is a minimizer for the log Sobolev functional. By (3.23)),
F
(3.34) enMn—sn) — —2(”’“) :
exp(=N(vi))

By (3:32)) and ([B.33]), this implies
L 20w—sn) _ F (k&) + F(vpm) + 1) exp(2N (vg))
exp(2 N (vy))
_ F(oggr) + F(opmy)

exp(2N (vp¢r)) exp(2N (vgny)) eod)

On the other hand, by definition of A\, it holds

. 2 2

F(opd) > en =)oy |2 exp <_Eln H”WkH%z) exp ( N(Uk%)/HUk(ka%z) '

n

+o(1).

Since the support of 7 is outside of the ball B(xq,27+~1), by definition of Aoy = Aso(g) in
Definition [Tl we know

2 (oo 2 2
F (o) > enCoemsn W)y |2, exp <_ﬁ In ”Uknk|’2L2> exXp <EN(U1<771¢)/HUWI€”2L2> '
Write A = A(g,1). Combining the last three expressions, we deduce, since A\ = X + o(1)

that
ay " ap Ay 4 by by By P Do N2/ nkol1)

1> 1

— AkBkeo(l) +O( )7

where
ak = |oedelze, bk = |Jvemkl|7e;
2 2
Ay = eXP(ﬁN(Uk%)), B, = eXP(ﬁN(UWk))-

Therefore

ol o AV g BY/O j(Aec—N)2/n40(1)

min{a; /", b 2/my Bk FORDE € +o(l) <1,

Ay Bj.e°)
Since ay and by, are positive numbers in the interval (0, 1), this shows
In(ar Ay ™ + b B/ P ePoe=N2/nto()y < 1n( A, By) + o(1).
Notice that ar + b = 1. By concavity of In function we obtain
b (Ao — A)2/n 4+ 0(1) < o(1).
Letting k — oo and using the fact that by — 1 (from (3.29]) ), we arrive at
0< Ao — A0
This is a contradiction which proves that v, is not identically zero.

Step 2. We prove |[veollr2(ar) = 1.
This is done by adopting a method by Dolbeault and Esteban [DE], which is in the
spirit of P. L. Lions’ concentrated compactness.
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Suppose for contradiction that |[ve||rec(ar) = 6 < 1. Then for all large integer &, there
exists [, > 0 such that [, —+ oo when &k — oo and

[ dag=s-g W dg <
B(xo,l1) k B(z0,41;)—B(xo,l1)

Fixing this k for the moment, by C}. convergence of v; to v and the fact that the L?
norm of vy is 1, we can find a subsequence {ny} of positive integers so that

2 1 2
5__S/ U%d9§5—_7 / U?zdgg_a
k B(xo,lk) § 2k B(z0,4l;)—B(xo,l1) * k

=

and that
2

2
1—5——3/ 02 dg <1—0+ .
k M—B(zo,4lx) § k

Renaming ny, as k, we have found a subsequence of {v;}, which is still denoted by {wvy},
such that

lim vidg =9, lim vidg =0,
(3.35) ko0 JB(wo.di) k=00 ) B(wo Ali)~ B(o,l1)
lim vidg =1 — 6.

k=00 JM—B(xo,4i)

By partition of unity, we can choose a sequence of cut-off functions ¢y, nx on (M, g, g)
such that ¢ = 1 on B(zg,lx), suppor C B(zo,2lk); m = 1 on M — B(xg,2ly),
suppme C M — B(xo,lg); |Vér| + Vx| < C/ly; ¢2 +ni = 1. Using ([B.35), we know that

(3.36) lim (vpr)?dg = 0, lim (vpne)?dg =1 — 6.
k=00 ) B(ao,lk) k=00 J M —B(wo i)

Next we will again split the terms in the log Sobolev functional into terms involving
vpdp and vgng. Since V| + |Vng| — 0 when k — oo, it is easy to see that

/(4]Vvk]2 + Rui)dg
(3.37)
— [V @ + RowonPidg + [ @V + Rion)idg + o(0).
Here o(1) is a quantity that goes to 0 when k — oco. As in Step 1,
[ ttnatdg — [ miwon?dg — [ one)? o dg
= /(’Umk)z [In((vkgr)? + (vime)?) — In(vigr)?] dg
/(Uknk)2 [In((vedk)? + (vkmi)?) — In(vgmy)?] dg

+
<c / vidRnidg < C / o2 dg.
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Here we just used the uniform boundedness of v, proven in Lemma B3l This and (3.35])
shows

(3.38) /vi Invidg = /(vkék)2ln(vk¢k)2dg+ /(vknk)zln(vknk)zdg +o(1).
Recall that v is a minimizer for Ay = A(g, 1, B(zo,71)). By ([3.29),
em(Mk—sn) _ _ Pl .
exp(2 N (vg))

By (337) and (B38]), this implies
2 (\msn) F(vgor) + F(vgn)
en = D) D) (1 .
exp (5 N (vior)) exp(5 N (venk))

Here we just used the fact that exp(2N(v;)) is bounded away from zero. The reason is

(3.39)

2
lign inf exp(EN(fuk)) = lim inf e_%o‘k_s”)F(vk) > e_%(’\_s”)F(voo) > 0,
—00

k—o0

which is due to Step 1.
On the other hand, by definition of A\, it holds

2 2 2
F(vpey) > en )|y |22 exp <_ﬁln ||”k¢k||%2> exp <EN(”k¢k)/||vk¢k||%2> ;

200, — 2 2
F(vgme) > en o) |lugn |13 exp <_Eln HvknkH%2> exp <EN(UM71€)/HUIJ7'€H%Z> :
Plugging the last two expressions into (3.39), we deduce
a;Q/"akA,lf/ak + b;wnka;/bk

<1 1
Ak;Bk; _ + O( )7
where
ag = Joedillzes  br = logml2:
2 2
A = exp(-N(vrdr)), - Bi = exp(—N (o).

Therefore

YR Ay, gL/o

min{ak2/", bkz/n} Wy kD <1+o0(1),
Ay By,
) .. o agAY kb, B

Notice that ag + by = 1. Therefore we have the Young’s inequality: —xE 2 1.

Letting k — oo and using (3.30]), we arrive at
min{6~2/", (1 —6)"2/"} < 1.
This is a contradiction with the assumption that 6 = [[veol| 22 (a1 g0 (0)) < 1-

Step 3. Finally we prove that vy, is a minimizer.
Using Fatou’s Lemma, it is clear that F'(v) < limy_,oo F'(vg). We claim that

N(vs) > lim N(vg),
k—oo
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which is a reversed inequality comparing with that in Fatou’s lemma. Here goes the proof.
Let C be a uniform upper bound for ||vg||ec. Then In(C/v;)? > 0. By Fatou’s lemma

/vgo In(C/vse)?dg < klim /vi In(C /vy, )?dg,
—00

Since ||voollz2 = ||vk|lz2 = 1, the above shows
N(veo) = /vgo Inv2 dg > lim /v,%lnvgdg: lim N (vg),
k—oo k—o0

which is the claim.
Taking k£ — oo in ([B3.34]), using the claim and Fatou’s lemma on F'(vg), we deduce

) = lim en %30 — lim F2(”k) . Fz(uoo) |
k—o0 k—o0 exp(= N (vg)) eXp(ﬁN(Uoo))

n

e% ()\_Sn

Taking In on both sides, we see that v, is a minimizer. From here, it is straight forward
to see that vy, satisfies equation (L.2]). O
Now we are ready to give

Proof of Theorem [I.1l

For simplicity, we use the notations L(v, g) = L(v,g,1, M) and A\(g) = \(g,1, M) during
the proof.

First we claim that A(g) is invariant under scaling and diffeomorphism. The proof
is quite easy. But we present it here to stress its independence on the behavior of the
diffeomorphism at infinity. Given any positive number a. It is clear that L(v,g) =
L(a="*v,ag) and vllp2(g) = ||a_"/4v||Lz(ag). Hence A(g) is invariant under scaling.

Next, let ¢ be a diffeomorphism on M and write h = ¢*g. For any v € C§°(M), we
have

/(4]V’u]2+Rv2)dg:/ AV (w0 v V)2 + R(v o ¢ 1)2)dh,
M M

/ v? Inv?dg = / (voy ™) In(vorp™1)2dh.
M M

These imply L(v,g) = L(v o¢~! ¢*g). Taking the infimum on both sides, we see that
A(g) is also invariant under diffeomorphism.
Hence, we know from the assumption g(t2) = cyp*g(t1) that

(3.40) Ag(t1)) — Alg(t2)) = 0.

According to Theorem [[LZ, there exists a function vy € W1H2(M, g(t2)), which is a
minimizer for A(g(t2)), i.e.
(3.41) L(va, g(t2)) = L(v2, 9(t2),1, M) = A(g(t2))-

Moreover, by Moser’s iteration, it is known, as done in Lemma 2.3 in [Z2], vy has Gaussian
type decay at infinity.

Next, we solve the conjugate heat equation for ¢ < ty, with final value as v%. This
solution is denoted by u = u(z,t). Write v = \/u, then by Definition [[T]

L(v,g(t)) = —N(v) + glnF(v) .
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where, due to v = \/u,

’LL2
N(v) = /Mulnudg(t); P(v) = /M(&+Ru)dg(t) _ /M(4|Vv|2+Rv2)dg(t).

u

According to Perelman [P] Section 1, %N (v) = F(v) and
d

—F(v) = 2/ |Ric — Hess(Inw)|>udg(t).
dt M

We mention that although Perelman only proved the formulas for compact manifolds, but
his proof also works for noncompact manifolds with bounded geometry when the functions
involved have sufficiently fast decay such as the Gaussian function. See [C++] Chapter
19 and |CTY] e.g. for a detailed computation. In our case, the function v has Gaussian
type decay at each time level just like the final value v(t3) does. Hence

(3.42) %L(v,g(t)) = <n /M |Ric — Hess(In u)]2udg(t) — F2(v)> F_l(v).

Following Perelman’s computation,
2

|Ric — Hess(Inw)|* > ‘Rz’c — Hess(Inu) — %(R —Alnu)g| + %(R — Alnu)?

Using the relation F(v) = [,,(R — Alnu)udg(t), we deduce

(3.43) FLVEa0) = B > 0
where

Q(u)(t) = n/ |Ric — Hess(Inu) — %(R — Alnu)g|?udg(t)
(3.44) M

2
—l—/ (R — Alnu)?udg(t) — </ (R— Alnu)u dg(t)> .
M M
Observe that /u(-,t3) = v(+) by definition. So by ([B:41)) we deduce

[ GVt = LT g(t2) - LG o)
< Ag(t)) = Mg(t1)) =0,

The last line is due to (3:40). By (8.43]), we then have

(3.45) F71(0)Q(u) = 0.

By (3.44), this shows that (R — Alnwu)(-,t) = I(t), where | = I(t) is a function of ¢ only.
Also

1
Ric — Hess(Inu) — El(t)g = 0.
Therefore, (M, g(t)) is a gradient Ricci soliton. O
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