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1. !��"

������: Cm×n �� m × n ��  !, I ��"!"#$#� , � · � F ���
 # Frobenius %", λ(A), λ(A,B) & λ({ (Ak, Bk)} pk=1) 'Æ��� A, $%� ( (A,B)

&$%# � ( { (Ak, Bk)} pk=1 #&'()$ ()!*"()$) *+# !.

#$%+# , p ## Sylvester ,-

AkXk Š Xk+1Bk = Ek, k = 1, . . . , p. (1.1)

&.-# Sylvester ,-{
AkXk Š YkBk = Ek,

CkXk+1 Š YkDk = Fk,
k = 1, . . . , p. (1.2)

&% Ak, Ck � Cm×m, Bk, Dk � Cn×n & Xp+1 = X1. (.-) # Sylvester,-.# � (
)$#'/&()01# 23'./#4� [9–11, 15]. �5 [9,10]67*" λ

(
p∏

k=1

Ap−k+1

)
�

λ

(
p∏

k=1

Bp−k+1

)
= � , # Sylvester ,- (1.1) '89+&" λ ({ (Ak, Ck)} pk=1) � λ({ (Bk,

Dk)} pk=1) = � , .-# Sylvester ,- (1.2) '89+. ('0# ()$:;#<0&,-
12� [7,9-11].) (Æ"# p = 1 ., /0 (.-) # Sylvester ,-'Æ'3, Sylvester

,- AX Š XB = E &.- Sylvester ,- AX Š Y B = E, CX Š Y D = F. =1� ,-.
2(3&0123#>41'?45)@*� [2, 4, 5, 8, 12–14].

* 2011 � 6 � 30 6A5.
1) 67B8: 78�C99��:+B��67B8 (20104407110001), ,:���;;<D��-:<E
=
=67B8 (201106005), ;�>?@B8 (2011B010200027) �;.>��67B8 (S2011040003243).
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?� Z � Cn×n # Jordan '+,

Z = S

[
J− 0

0 J+

]
S−1,

&% J− � Ck×k, J+ � C(n−k)×(n−k) 'Æ�()$#F@/A�AB&@GA�AB#H"
C. /0� Z #��B" sign(Z) 4-,

sign(Z) = S

[
ŠIk 0

0 In−k

]
S−1.

D Newton CD4�F Z2 = I -E%+E� Z #��B"# Newton CD,F

Zk+1 = (Zk + Z−1
k )/2, Z0 = Z, k = 0, 1, 2, . . . . (1.3)

Roberts [14] 7*5 lim
k→∞

Zk = sign(Z). " Sylvester ,- AX Š XB = E F0 A & ŠB #(

)$#F/A@�AB., % AX Š XB = E #+F0

sign

([
A ŠE

0 B

])
=

[
ŠI 2X

0 I

]
. (1.4)

� ��B".2(3%GH1)@*�, '0I#JKLG-12�5 [2,3,6,12,14]. Ben-

ner & Quintana-Orti [4] H�� ��B"E+,-I'J*#>4.- Lyapunov ,-. K

I.'M4�%JL# Sylvester ,-%� #()$'Æ#$#N#M&$#N#O. N

%.E+# () Riccati ,-., P@E#F$#N#M#()$#KL2OM. QN(
� * Schur '+., POR(()$ÆS)T'/. .'/P-PQQ+=31U## 
Sylvester ,- [9–11].

QN, ��LGH�� ��B"E+'ÆI'V+(R# (.-) # Sylvester ,-.

€ (# Sylvester ,- (1.1)(.-# Sylvester ,- (1.2)), S� 
p∏

k=1

Ak &
p∏

k=1

Bk (#
 � ( { (Ak, Ck)} pk=1 & { (Bk, Dk)} pk=1) #()$'Æ#F@/A�AB&@GA�
AB;

€ (# Sylvester ,- (1.1)(.-# Sylvester ,- (1.2)), S� 
p∏

k=1

Ak &
p∏

k=1

Bk (#
 � ( { (Ak, Ck)} pk=1 & { (Bk, Dk)} pk=1) #()$'Æ#F$#N#M&$#N#O.

R+S#TUTLG�� ��B"E+# Sylvester ,- (1.1) #"$,F, =W.
5U (1.4). TVTLG�� ��B"E+.-# Sylvester ,- (1.2) #"$,F. TX
TVW9X"$N2Y*ZW#"$,F.

2. 456789:;<= Sylv TcTj
/F9 1T2 1 Tf

/F83.6-50.12 T2(0 -0.12 184.0798 160.74 Tm
5 T364.198989:;<)-999.8Tf
9.9626 >? Tc
(,F)Tj
/F-226
/T29.920
/T1 1 
86.0001 � TD
(N)Tj
/T4 1 Tf
86 0 TD
3.9999 Tc
(VW)TjVTN�� ,F"E+#M:;<#ester

,0807Tc
0.12 0 
($)Tj
696 445.5608 223.62 Tm
0 T158Tj
07Tc
0.12 0 
A-0.12 123.8403 208.74 Tm
0 Tc69,0808Tc
0.12 0 
&$#,F9F0 Tc
(.)Tj
/T1 1 Tf
-3342.00$"#,F9#"
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@A 1. ? A & B #()$'Æ#F$#N#M&$#N#O. /0 Sylvester ,-
AX Š XB = E #+ X F0

sign

([
(A Š I)−1(A + I) 2(A Š I)−1E(B Š I)−1

0 (B + I)(B Š I)−1

])
=

[
ŠI 2X

0 I

]
. (2.1)

BC. X\]7 X � Sylvester ,- AX Š XB = E #+"YZ" X � Sylvester ,-

(A Š I)−1(A + I)X Š X(B + I)(B Š I)−1 = Š2(A Š I)−1E(B Š I)−1 (2.2)

#+. ^ A & B #()$'Æ#F$#N#M&$#N#O, -& (A Š I)−1(A + I) &
(B + I)(B Š I)−1 #()$'Æ#F@/A�AB&@GA�AB. ^ (2.2) & (1.4) -&
(2.1) +[. 7Z.

R+SLGH�� ��B"E# Sylvester ,- (1.1) #+.

@A 2. ?
p∏

k=1

Ap−k+1 &
p∏

k=1

Bp−k+1 #()$'Æ#F@/A�AB&@GA_AB
M. /0# Sylvester ,- (1.1) #+ Xk, k = 1, . . . , p F0

sign(Zk . . .Z1Zp . . .Zk+1) =

[
ŠI 2Xk+1

0 I

]
, (2.3)

&% Xp+1 = X1,Zp+1 = Z1 &

Zk =

[
Ak ŠEk

0 Bk

]
. (2.4)

BC. \

Xk =

[
I Xk

0 I

]
, k = 1, . . . , p,

&% Xk, k = 1, . . . , p�# Sylvester,- (1.1)#+. /0( k = 1, . . . , p, ^ (2.4)ZWE[

X −1
k+1ZkXk =

[
Ak AkXk Š Xk+1Bk Š Ek

0 Bk

]
=

[
Ak 0

0 Bk

]
. (2.5)

QI

sign(Zk . . .Z1Zp . . .Zk+1)

= sign

(
Xk+1

[
Ak · · ·A1Ap · · ·Ak+1 0

0 Bk · · ·B1Bp · · ·Bk+1

]
X −1

k+1

)

= Xk+1sign

([
Ak · · ·A1Ap · · ·Ak+1 0

0 Bk · · ·B1Bp · · ·Bk+1

])
X −1

k+1

= Xk+1

[
ŠI 0

0 I

]
X −1

k+1 =

[
ŠI 2Xk+1

0 I

]
,
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&%]BTVX\�+[�Q,
λ(Ak · · ·A1Ap · · ·Ak+1) = λ(ApAp−1 · · ·A1) & λ(Bk · · ·B1Bp · · ·Bk+1) = λ(BpBp−1 · · ·B1).

7Z.

D 1. "# p = 1 ., ^]U (2.3) P'3,]U (1.4).

@A 3. ?
p∏

k=1

Ap−k+1 &
p∏

k=1

Bp−k+1 #()$'Æ#F$#N#M&$#N#O. /0

# Sylvester ,- (1.1) #+ Xk, k = 1, . . . , p F0

sign

([
(A k Š I)−1(A k + I) 2(A k Š I)−1Ek(Bk Š I)−1

0 (Bk + I)(Bk Š I)−1

])
=

[
ŠI 2Xk+1

0 I

]
. (2.6)

&% A k =
k∏

i=1

Ak−i+1

p−k∏
i=1

Ap−i+1, Bk =
k∏

i=1

Bk−i+1

p−k∏
i=1

Bp−i+1, Ek =
p∑

i=1

Φp Š i + 1(k)(A,E,B)

&

Φ
(k)
i (A,E,B) =

{
Ak · · ·Ai−1EiBi−1 · · ·B1Bp · · ·Bk+1, 1 � i � k,

Ak · · ·A1Ap · · ·Ai+1EiBi−1 · · ·Bk+1, k + 1 � i � p.



2 � Y[:: �������� (��) Æ� Sylvester �� 157

3. 456789:;EF<= Sylvester >?
�TLG�� ��B"E+.-# Sylvester ,- (1.2). dVW# p = 1 ..-

Sylvester ,-#+#^XJ3. R+S#4` 3.1 -^� [6] #a; 2.1 GRE[.

@A 4. [6] ?$%� ( (A,C) & (B,D) #()$'Æ#F@/A�AB&@GA�
AB. /0.- Sylvester ,- AX Š Y B = E,CX Š Y D = F #+ (X,Y ) F0

sign

⎛⎝[
C ŠF

0 D

]−1 [
A ŠE

0 B

]⎞⎠ =

[
ŠI 2X

0 I

]
, (3.1)

sign

⎛⎝[
A ŠE

0 B

] [
C ŠF

0 D

]−1
⎞⎠ =

[
ŠI 2Y

0 I

]
. (3.2)

@A 5. ?$%� ( (A,C) & (B,D) #()$'Æ#F$#N#M&$#N#O. /

0.- Sylvester ,- AX Š Y B = E,CX Š Y D = F #+ (X,Y ) F0

sign

⎛⎝[
A Š C ŠE + F

0 B Š D

]−1 [
A + C ŠE Š F

0 B + D

]⎞⎠ =

[
ŠI 2X

0 I

]
, (3.3)

sign

⎛⎝[
A + C ŠE Š F

0 B + D

] [
A Š C ŠE + F

0 B Š D

]−1
⎞⎠ =

[
ŠI 2Y

0 I

]
. (3.4)

BC. (X,Y ) �.- Syvester ,- AX Š Y B = E,CX Š Y D = F #+"YZ" (X,Y )

�.- Syvester ,-

(A + C)X Š Y (B + D) = E + F, (A Š C)X Š Y (B Š D) = E Š F

#+. X\]7"� ( (A,C) & (B,D) #()$'Æ#F$#N#M&$#N#O., �

 ( (A + C,A Š C) & (B + D,B Š D) #()$'Æ#F@/A�AB&@GA�AB. Q

I^4` 3.1 -& (3.3) & (3.4) +[. 7Z.

R+SVWH�� ��B"E+.-# Sylvester ,- (1.2) #J3.

@A 6. ?$%# � ( { (Ak, Ck)} pk=1 & { (Bk, Dk)} pk=1 #()$'Æ#F@/A�
AB&@GA�AB. /0.-# Sylvester ,- (1.2) #+ { (Xk, Yk)} pk=1 F0

sign
(
W−1

k Zk . . .W−1
1 Z1W−1

p Zp . . .W−1
k+1Zk+1

)
=

[
ŠI 2Xk+1

0
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BC. \

Xk =

[
I Xk

0 I

]
, Yk =

[
I Yk

0 I

]
, k = 1, . . . , p,

/0X\]7" { (Xk, Yk)} pk=1 �.-# Sylvester ,- (1.2) #+., ^ (3.7) -E

Zk = Yk

[
Ak 0

0 Ck

]
X −1

k , Wk = Yk

[
Bk 0

0 Dk

]
X −1

k+1, k = 1, . . . , p.

QIZW'

sign
(W−1

k Zk . . .W−1
1 Z1W−1

p Zp . . .W−1
k+1Zk+1

)

= sign

⎛
⎜⎜⎝Xk+1

⎡
⎢⎢⎣

k∏
i=1

(C−1
k−i+1Ak−i+1)

p−k∏
i=1

(C−1
p−i+1Ap−i+1) 0

0
k∏

i=1

(D−1
k−i+1Bk−i+1)

p−k∏
i=1

(D−1
p−i+1Bp−i+1)

⎤
⎥⎥⎦X−1

k+1

⎞
⎟⎟⎠

= Xk+1sign

⎛
⎜⎜⎝

⎡
⎢⎢⎣

k∏
i=1

(C−1
k−i+1Ak−i+1)

p−k∏
i=1

(C−1
p−i+1Ap−i+1) 0

0
k∏

i=1

(D−1
k−i+1Bk−i+1)

p−k∏
i=1

(D−1
p−i+1Bp−i+1)

⎤
⎥⎥⎦

⎞
⎟⎟⎠X−1

k+1

= Xk+1sign

([
−I 0

0 I

])
X−1

k+1 =

[
−I 2Xk+1

0 I

]
,

QIU (3.5) +[. 1e-7U (3.6). 7Z.

@A 7. ?$%# � ( { (Ak, Ck)} pk=1 & { (Bk, Dk)} pk=1 #()$'Æ#F$#N
#M&$#N#O. /0.-# Sylvester ,- (1.2) #+ { (Xk, Yk)} pk=1 F0 Xk �# 
Sylvester ,-

C−1
k AkXk Š Xk+1D

−1
k Bk = C−1

k Ek + C−1
k FkD

−1
k Bk, k = 1, . . . , p (3.8)

#+& Yk �# Sylvester ,-

Ak+1C
−1
k Yk Š Yk+1Bk+1D

−1
k = Ek+1D

−1
k Š Ak+1C

−1
k FkD

−1
k , k = 1, . . . , p (3.9)

#+, &% Ap+1 = A1, Bp+1 = B1, Yp+1 = Y1, Ep+1 = E1.

BC. ^fb-& Ck & Dk �ccg� . ( k = 1, . . . , p, ^ (1.2) %#,- CkXk+1 Š

YkDk = Fk E[

Yk = CkXk+1D
−1
k Š FkD

−1
k (3.10)

D (3.10) D_ (1.2) %#,- AkXk Š YkBk = Ek -E (3.8); `^ (1.2) %#,- CkXk+1 Š

YkDk = Fk E[

Xk+1 = C−1
k Fk + C−1

k YkDk. (3.11)

D (3.11) D_ (1.2) %#,- Ak+1Xk+1 Š Yk+1Bk+1 = Ek+1 -E (3.9). 7Z.

D 2. ".-# Sylvester ,- (1.2) F0# � ( { (Ak, Ck)} pk=1 & { (Bk, Dk)} pk=1

#()$'Æ#F$#N#M&$#N#O.,�� (3.8) & (3.9) -D.-# Sylvester ,
-'3,# Sylvester ,-, K`H�4` 2.3 #J3E+.
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4. :HIJ
^4` 2.3 -EE+# Sylvester ,- (1.1) #%+hF.

KL 1. MN: Ak � Rm×m, Bk � Rn×n, Ek � Rm×n, k = 1, . . . , p.

MO: # , Sylvester ,- (1.1) #+ Xk, k = 1, . . . , p.

1. dd
p∏

k=1

Ap−k+1 &
p∏

k=1

Bp−k+1 #()$�e#F$#N#M&$#N#O. e�%

fi, eK�%jP.

2.gh A p = ApAp−1 · · ·A1,Bp = BpBp−1 · · ·B1 &

Ep = EpBp−1 · · ·B1 + ApEp−1Bp−2 · · ·B1 + · · · + Ap · · ·A2E1.

3. H� Newton CD (1.3) gh

S = sign

([
(A p Š I)−1(A p + I) 2(A p Š I)−1Ep(Bp Š I)−1

0 (Bp + I)(Bp Š I)−1

])
.

4. X1 = 1
2S(1 : m,m + 1 : m + n).

5. gh Xk+1 = (AkXk Š Ek)B−1
k , k = 1, . . . , p Š 1.

D 3. "# p > 1 ., hF 4.1 %#T 2 hQQ[� S#ch, %i=M� �jk
#k, =-flQhF#K>4. +B#4`VW� S#l`>41'?.

@A 8. ? Ak � C
n×n, k = 1, 2, . . . , p. /0'

fl(A1A2 · · ·Ap) = A1A2 · · ·Ap + E, |E| �

(
p−1∑
k=1

(
p Š 1

k

)
(1.01nu)k

)
|A1||A2| · · · |Ap|,

&% fl() ��^X�"#mR"ch, u ��ngho& |A| ��� A #mnij($`
E[#� .

BC. (� #X" p > 1 *"opkF. " p = 2 ., ^�5 [1] '

fl(A1A2) = A1A2 + E, |E| � 1.01nu|A1||A2|.

q?( j Š 1(j > 2) X� #_S, 4`J3+[. +B#$ j X� <_#lp. ^q?Z
W'

fl(A1A2 · · ·Aj)

= fl(fl(A1A2 · · ·Aj−1)Aj)

= fl((A1A2 · · ·Aj−1 + E1)Aj), |E1| �

(
j−2∑
k=1

(
j Š 2

k

)
(1.01nu)k

)
|A1||A2| · · · |Aj−1|

= ((A1A2 · · ·Aj−1 + E1)Aj) + E2, |E2| � 1.01nu|A1A2 · · ·Aj−1 + E1||Aj |

= A1A2 · · ·Aj−1Aj + E,
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& % E = E1Aj + E2 Y F 0

|E| � | E1 ||Aj | + |E2 |

�

�
j Š 2�

k=1

�
j Š 2

k

	

(1.01nu)k + 1 .01nu +
j Š 2�

k=1

�
j Š 2

k

	

(1.01nu)k+1

	

|A1||A2| · · · |Aj |

=

�
j Š 1�

k=1

�
j Š 1

k

	

(1.01nu)k

	

|A1||A2| · · · |Aj |.

] B # \ U + [ � Q , R ! " ] U

�
j Š 2

k

	

+

�
j Š 2

k Š 1

	

=

�
j Š 1

k

	

. 7 Z .

D 4. h F 4.1 # T 3 h � E ] V m C �  # � � B " , � 5 [4,5] ( I ' = 3 J * # �

 # � � B " E + q W 5 r n c h o # s ` , F .

Granat & Kagstrom [9]
H � �  # Kronecker S ( 2 � 5 [2]) D #  # Sylvester , -

(1.1) ' 3 , E + I ' J * # 0 1 , - R Zx = b, & %

Z =




�
�
�
�
�
�
�
�
�

I � A1 ŠB T
1 � I

I � A2 ŠB T
2 � I
. . .

. . .

. . .

ŠBp � I I × Ap

�

�
�
�
�
�
�
�
�
�

, b =




�
�

vec(E1)

vec(E2)

vec(E3)

�

�
� .

, 5 Y * h F 4.1 # p t r i , Z W V W 9 X " $ s ] . s ] & � # q b , Matlab/version

6.5, n g h o , 2.22× 10Š 16. ( g h + { �X i }
p
i =1 # < ( u o 4 - ,

re =

��
�
�
�
�
�

p


k=1
� Ak X k Š X k+1 Bk Š Ek � 2

F

p


k=1
(� Ak X k � 2

F + � X k+1 Bk � 2
F + � Ek � 2

F )
.

S 1. # $ % + #  p = 3 # #  Sylvester , - (1.1), & %

A1 =

�

�
�

1 0 0.1

0 1 10

0 0 1

�

�
� , A2 =

�

�
�

1 0.3 8

0 1 10

0 0 1

�

�
� , A3 =

�

�
�

0.1 0.03 9

0 0.1 0.9

0 0 0.1

�

�
� ,

B1 =

�
1 12

0 2

�

, B2 =

�
2 9

0 1

�

, B3 =

�
1 21

0 10�

�

,

E1 =

�

�
�

1 1

1 1

2 10

�

�
� , E2 =

�

�
�

0 1

2 1

5 8

�

�
� , E3 =

�

�
�

2 0

3 1

2 2

�

�
� .

+ � % # cond(Z ) � � �  Z # r f b " , v cond(Z ) = � Z � 2� Z Š 1� 2. reo & rem ' Æ

� � � h F 4.1 & � � Matlab B " Z \ b E + . w E s e + # < ( u o . " t t � � � h F

4.1 + N #  Sylvester , - u � � Matlab B " Z \ b � v w - u # .
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τ cond(Z) reo rem

6 3.780550914947599e + 08 3.376373173757723e − 16 3.376373173757721e − 16

8 3.780546625727512e + 10 3.375967413174573e − 16 3.375967413174573e − 16

10 3.780545227898128e + 12 1.902045359176366e − 16 1.902045359176367e − 16

12 3.780500998282648e + 14 5.060156282183591e − 16 5.060156282183592e − 16

5. TUV
��VW5E+F094fb# (.-) # Sylvester ,-#� ��B"#"$,F.

��VW#"$,F, QQ[p+� S#P-, =DlQhFv.#K>4. xwp+� 
S#lp+, %yH�� ��B"E+=31U## � ,-�ZWP@Æ9hLG#
:;.

WX: *x(xzyqW#y{zz��|{.

Y Z [ \
[1] |}�, 7{, ~��. ��
��� [M]. }|: }|��~�}, 2000.

[2] |}�. ~]�,���<D [M]]. }|: 78��~�}, 2011.
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SOLVING THE (GENERALIZED) PERIODIC SYLVESTER

EQUATION WITH THE MATRIX SIGN FUNCTION

Chen Xiaoshan

(School of Mathematics, South China Normal University, Guangzhou 510631, China)

Abstract

The (generalized) periodic Sylvester equation arises from linear periodic discrete-time

systems. This paper is devoted to use the matrix sign function to solve (generalized) periodic

Sylvester equations, which eigenvalues are contained in the open left half complex plane and

the open right half complex plane or inside the unit circle and outside the unit circle. A

numerical example illustrates our results.

Keywords: The matrix sign function; (generalized) periodic Sylvester equations; New-

ton iteration
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