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Tracking and identiÞcation for system with dual uncertainties

QIAN Fu-cai 1,2, LI Jiang1, ZHAO Ping 1

(1. School of Automation and Information Engineering, Xi’an University of Technology, Xi’an 710048, China;
2. State Key Laboratory for Manufacturing Systems Engineering, Xi’an Jiaotong University, Xi’an 710054, China)

Abstract An e�cient adaptive control scheme is presented for Gaussian white noises stochastic linear

system with unknown parameters. On the one hand, the controller can control the system operation

toward the desired state, on the other hand, it can identify the unknown parameters. The optimal trade-

o� between tracking and identi“cation can be obtained for given utility function. Simulation results show

the validation of the approach developed in this paper.
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2 9:;<=

-/2%)WW�0X��:

y(k + 1) =
m∑

i=0

biu(k − i) +
n∑

i=0

aiy(k − i) + e(k) (1)

X�, {u(k)}
��HH, {y(k)}
+#HH, {e(k)}
UYV�
HH,O�
 0+�F
 σ2
1 . b0, b1, · · ·, bm,

a0, a1, · · ·, an 
�� (1) 	,�. W��,�Z!$, Z[�XY	��P\����R"; W[�
/!
$, ���	��	��, ��.>S�����, 
24.-/,�	*(R". �$., ,�/!$	�
�R"��������, ��
���
 e(k), ����������, \����, 
��]^��; 0
���
���	/!,�, ��������#		5����6�]Z��. �$��	[^S?	T
Y\_'
,�/!, %

��. �&, /!,�	W�����'#(�����	�CR", ��&�
��.�����Z@%'	����, 0��&, ���
.�/!,�0�	5. 
��%`	]^Æ
1.P\	��R", ��##�%� , _ k $a	�b_��,�_��[
:

Φ(k) = [u(k), u(k − 1), · · · , u(k − m), y(k), y(k − 1), · · · , y(k − n)] (2)

x(k) = [b0(k), b1(k), · · · , bm(k), a0(k), a1(k), · · · , an(k)]T (3)

�`, �� (1) ��%J


y(k + 1) = Φ(k)x(k) + e(k) (4)

	^� 	_� x(k) 
��	,�_�. �������		��, ,�R1 Tf
0.3851 Tf
84.001 Tf
1672 0 Tc
(n)T114 Tm Tf
84.0001 0 T51 1 Tf
0.12 0 0 -013.c
(��)Tj
/T4 1 Tf
161
2.,� 
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� (5) O
EX��, � (4) O
^M��, � Kalman e\, ��"�,� x(k) 	2%bc+�:

x̂(k + 1|k + 1) = x̂(k|k) + K(k + 1|k + 1)v(k + 1),

K(k + 1|k + 1) = P (k + 1|k)ΦT(k){Φ(k)P (k + 1|k)ΦT(k) + σ2
1}−1,

P (k + 1|k) = P (k|k) + σ2
2I,

P (k + 1|k + 1) = [I − K(k + 1|k + 1)Φ(k)]P (k + 1|k),
X� v(k + 1) = y(k + 1)− Φ(k)x̂(k + 1|k) 
G�HH.

����
f+# y(k) ��%'�� yr(k), h
 Jc. 0�$��
�*(	��,��UV
���
�,�, "*(��, h
 Ji. Jc � Ji ���[�%&	�����,

Jc = E{[y(k)− yr(k)]2} (9)

Ji = E{[y(k)− ŷ(k)]2} (10)

X�, ŷ(k) = Φ(k)x̂(k|k).
�&, Æ1P\	��R"
, ���$���, �P$,H� Jc � Ji c�3M. dJ, �
�$S�

�3Q��R", XÆ�
SdÆP. ��\_%dÆP
�e�	, 
�$P . 2�gidÆP���
�*(�	MK��, ��e�V�C�jh. �U7X	�, U7� (6W$���) >S	��
if3
N, fg3M, #�#	V�C�c�3N��(; ���R"�, ���kÆ	�����*(��

h
'c�3M, �&, Fi	V�C��U7X	6g, -�
f “V�” 3M.

�&, Æ1P\	��R"Æ�2%,

(P ) min
u

φ(Jc, Ji)

s.t. x(k + 1) = x(k) + θ(k)

y(k + 1) = Φ(k)x(k) + e(k)

X�V�C� φ 
jj�k	lC�, k,
∂φ

∂Jc
> 0,

∂φ

∂Ji
> 0 (11)

ml (11) $., V�C� φ e$�����*(��
 35C�, "P$0��	hl, 
ciGF
iV�	hl.

�����R"�, ��1-�
Hn	, �`o�	K��(. �&, R" (P ) 	P, "��+,-�
(� u(k) = fk[I(k)], k = 0, 1, · · · , N − 1 	PQ+O.

3 Ip9:;J

�$#�	V�C� φ, "�d�% , 3Q��R" (P ) \�^6VSP. �&, ��mj�����
R" (P ) 	��, ##Q
% 	SP��, �k�$��.

�K2%lLQJR",

(F (wc, wi)) min
u

wcJc + wiJi

X�, Jc, Ji �[
���� (9) �*(�� (10), wc � wi 
M��. M��
�QJR"	,�, #�
�M,�, �-	'��$3Q��, 3Q��
,� wc � wi 	C�. 0�, lLR"	o�E d�.
�, Fi��
�����*(��	UM�. �$., m�$��DC��	��`U$��, ��i(�
$���	MK. -2, wc n wi N, A�-	���m
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qQ �g?�. �� {u∗(k)} �
R" (P ) 	3Q��, A��0��$Hn�� {û(k)}, �"
φ(Jc(û), Ji(û)) < φ(Jc(u∗), Ji(u∗)) (12)

I$ φ(Jc, Ji) 
 Jc � Ji 	lC�, pblC�	��, �,

φ(Jc(û), Ji(û)) > φ(Jc(u∗), Ji(u∗))

+
∂φ

∂Jc
(u∗) [Jc(û)− Jc(u∗)] +

∂φ

∂Ji
(u∗) [Ji(û)− Ji(u∗)] ,

", {
∂φ

∂Jc
(u∗)Jc(û) +

∂φ

∂Ji
(u∗)Ji(û)

}
−

{
∂φ

∂Jc
(u∗)Jc(u∗) +

∂φ

∂Ji
(u∗)Ji(u∗)

}
< φ(Jc(û), Ji(û))− φ(Jc(u∗), Ji(u∗)) (13)

o!O (12) �O (13), %H�1OXn,
∂φ

∂Jc
(u∗)Jc(û) +

∂φ

∂Ji
(u∗)Ji(û) <

∂φ

∂Jc
(u∗)Jc(u∗) +

∂φ

∂Ji
(u∗)Ji(u∗) (14)

dJ, �1O (14) � {u∗(k)} 
lLR" (A(w∗)) 	3Q��	��6po. �&, ��"?.

�� 1 	E �$, R#�lLR"�pR"3Q���	e�, �lLR"	o�E �SP��

npR"% "S.

�$#�	,� w, �2%����S#lLR" (A(w)) 	3Q��	PqP. IO (2) �O (6) �
�	�b_� Φ(k) �,�+�_� x̂(k|k), ���P
,

Φ(k) = [u(k), m1(k)] (15)

x̂(k|k) = [b̂0(k), p̂T
1 (k)]

T (16)

X�, m1(k) = [u(k− 1), u(k− 2), · · · , u(k−m), y(k), y(k− 1), · · · , y(k−n)], p1(k)=[b1(k), · · ·, bm(k), a0(k),
a1(k), · · ·, an(k)]T.

� Kalman e\�, ��FqÆ P (k|k) 0�2%�r,

P (k|k) =




Pb0(k) · · · Pb0p1(k)
...

...
PT

b0p1
(k) · · · Pp1(k)


 (17)

pb���� Jc 	� , �,

Jc = E{[y(k)− yr(k)]2}
= E{[Φ(k)x(k) + e(k)− yr(k)]2}
= E{[Φ(k)(x̂(k|k) + x̃(k|k)) + e(k)− yr(k)]2}
= [Φ(k)x̂(k|k)− yr(k)]2 + Φ(k)P (k|k)ΦT(k) + σ2

1 (18)

R (15)+(16) � (17) Op, (18) O, �

Jc = [b̂2
0(k) + Pb0(k)]u

2(k) + 2u(k)b̂0(k)[m1(k)p̂1(k)− yr(k)]

+2u(k)m1(k)PT
b0p1

(k) + c̄1(k)

X�, c̄1(k) 
� u(k) �er. �*`	��, 	5�� Ji �2%+O,

Ji = E{[y(k)− ŷ(k)]2}
= E{[Φ(k)x(k) + e(k)− Φ(k)x̂(k|k)]2}
= E{[Φ(k)x̃(k|k) + e(k)]2}
= Φ(k)P (k|k)2 ,)(
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X�, c̄2(k) 
� u(k) �er. _ f = Jc + wJi, � ∂f
∂u(k) = 0 	 u(k) '
lLR"	3Q��. �&, 3Q

��1


u(k) = − b̂0(k)[m1(k)p̂1(k)− yr(k)] + (1 + w)m1(k)PT
b0p1

(k)

b̂2
0(k) + Pb0(k) + wPb0(k)

(19)

SE, 	&	ci$., lLR"	��C�
�$% 	q.lC�, X3QP
e�	. �&, W w


3Q,�$, �-	P
e�	, pb�� 1 �P��
pR"	3QP. �� (19) 
lLR"	P, �
lLR"	��C�
���*(��	MK, �&����� (19) 
MK��.

4 rsTUV;WX

I�� 1 �!, R" (P ) 	3QP�lLR" (A(w)) 	P �, �*	,��-�*	P, (�qr`
��	,��-pR"	3QPs? %&	�� 2 sr��$R".

NO 2 �lLR" (A(w)) �	,� w∗ �R" (P ) 	3QP�-, A{
∂φ

∂Ji
− w

∂φ

∂Jc

}∣∣∣∣
w=w∗

= 0 (20)

qQ �$#�	,� w, PlLR" (A(w)), Z"3Q��, �*	,� w �-�*	3Q��. �
&, lLR"	P��
 w 	C�, h
 u∗(k, w). R3QP u∗(k, w) p,���*(��, A J∗

c = Jc(w),
J∗

i = Ji(w). 0�sR�$3Q	0��p,V�C�, � φ∗ = φ(w). W w∗ 
3Q,�$, ∂φ∗

∂w = 0. �t
!C�Si�A, �, {

∂φ

∂Jc

∂Jc

∂w
+

∂φ

∂Ji

∂Ji

∂w

}
w=w∗

= 0 (21)

0�, 3Q,� w∗ �lLR"c�3Q, pb1T [13], �,{
∂Jc

∂w
+ w

∂Ji

∂w

}
w=w∗

= 0 (22)

o!�� (21) � (22), '�3Q�ml (20) Xn.

� φ 	s�h
 �φ, A �φ =
[

∂φ
∂Jc

, ∂φ
∂Ji

]T

. � :

N(w) = [Nc(w), Ni(w)]T = −� φ +
τT � φ

τTτ
τ (23)

X� τ = [1, w]T.

pb Cauchy-Schwarz�1O, �,

�Tφ · N(w) = −‖� φ‖2 +

(
τT � φ

)2

τTτ
≤ 0.

�$. N(w) 
 φ 	�$%t�_. [^S?W N(w) = 0 $, 3Q�ml (20) Xn.

NO 3 �lLR" (A(w)) �	�. (h
 m .) 	�
 wm, A%�.up (h
 m + 1 .) 	�
wm+1 ��%O��,

wm+1 = wm − αNi(wm),

X�, α 
sv,�.

qQ �w m .uplLR" (A(w)) 	P
 û(wm), �K�%	PQQJR":

(EOP ) min Jc

s.t. Ji(u) ≤ Ji(û) + βNi(wm)

X�, β 
�$u�	��, [	"�
�PQ !dv. 	^PQQJR"��#	

)



844 > ? @ C A A C B B � 32�

λ 
 Lagrangian x0. pR" min
u

T (u, λ) 	�tR"
:

D(λ) = min
u

T (u, λ).

pbpuy�tp�, R" (EOP ) 	P�

max
λ

min
u

T (u, λ) = max
λ

D(λ)

1i. �tR"3QP	tu�MS��, Æ1e�% 	s��'�Z" D(λ) 	3N�, "

λm+1 = λm + α1
∂D(λm)

∂λ
(24)

X� α1 
sv,�. SE� ∂D(λ)
∂λ = −α1Ni(wm) p,O (24), A

λm+1 = λm − αNi(wm)

X� α = α1β 
sv,�.
I$ D(λ) �3N��, ∂D(λ)

∂λ = 0, � ∂D(λ)
∂λ = −α1Ni(w), �&, Ni(w) = 0. 0�, �I	 λ �lLR

" (A(w)) �	 w 	"�]Z6*, �` m + 1 .	 w ��� m + 1 .	 λ ��pv. �&, �$%�.
w 	wY�2%1O:

wm+1 = wm − αNi(wm) (25)

X�, α 
sv,�.

5 Zt[\

]	�^, P\���	5�	MKR"���2%����`.
MK����:
Step 0 #�HnaF ε �,� w 	�, ^up.� m = 0;
Step 1 � Kalman e\Z" k $a	EX+� x̂(k|k) �+��FÆ P (k|k);
Step 2 �wO (19) ��lLR" (A(wm)) 	3Q��;
Step 3 �wO (23) �� Ni(wm);
Step 4 v� ‖Ni(wm)‖ ≤ ε 
zXn. 2EXn, �Q, lLR" (A(wm)) 	P u∗(k) '
 k $a`

U$��	3QMK��;
Step 5 2E�Xn, �wO (25) wY,� w, {s Step 1.
m u∗(k) �$����, c"�G	��, ""���	+#. ����#	 Kalman e\��Z"%

�$a��	EX+��+��F,  G�	^��'��"� k + 1 $a	��+,.
%&��##�$(�/!,�,%
,�
��	3M�F��	-0,#	�	^��0�T4,�

�.���	���	5OO.
_ 1 -/W���,

y(k + 1) = b0u(k) + a0y(k − 1) + a1y(k) + e(k), k = 0, 1, · · · , N − 1.

X�, ���	��$� N = 50, e(k) ∼ N(0, 1). _,�_� x(k) = [b0, a0, a1], X4�
 [1.2, 2, 1],�b_
� Φ(k) = [u(k), y(k − 1), y(k)]. 
�.�	���	�qÆ1##	MK���w�		5��, O[�
�/!	,�_� x �F$��	��/!, %

��. �$.���	��S�$a	,��D�$a
,�]Z61. ������2%�
�ad,

x(k + 1) = x(k).

Æ1T4�|u,�	+��#
 x̂(0) = [0.7, 1, 0.5], |u+�aFqÆ#
 P (0) = 5I3, �I I3a u
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yJ, pb3Q��S#��,�]ZZ!$	3Q�������, JS, ��,�]Z/!, �Æ1
##	��, ��#��kÆ���	5	MK���. #	�3Q��	nQ, xxÆ1##	��	�
��	5OO. �"�#	
, ,�Z!\_%	3Q��, [	����
MK���-	�����	
%�, �$%�z{��c�.

��	ml%, �-0�	W���, �MK���3Q��0� 1000 . Monte Carlo T4, �E&
$ 1.

` 1 aubcdecfghivjwklmn
Control policy Trade-off control Optimal control

Minimum cost 0.6971 0.6699

�E$.MK���3Q�����E %, 'Æ1T4	-0�o, ��	����Fy�N, �.
MK��(�3Q�.

| 1, 2, 3 
,�	5z�, �NP 40 $ x$��+��ZV
4�, ��.MK��������
���	����. | 4 
3Q���MK��, ��o#�3|,H, I$���.�C������$
	5, �H$��MK��n3Q��N"S. W@$�c}, W���	5#,�4�S, MK���3Q
��DÆ !. ,�+�	z�)U, �$��1)V
. '(�/!,�	W����L, 2E����)
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