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Abstract

We provide a detailed treatment of Ruijsenaars-Toda (Réianchy with special
emphasis on its the theta function representation of a#talg-geometric solutions.
The basic tools involve hyperelliptic cur¥g, associated with the Burchnall-Chaundy
polynomial, Dubrovin-type equations for auxiliary diviscand associated trace for-
mulas. With the help of a foundamental meromorphic functiorBaker-Akhiezer
vector¥ on IC,,, the complex-valued algebro-geometric solutions of RTdrighy are
derived.
Keywords: Ruijsenaars-Toda hierarchy, complex-valued algeba¥ggric solutions,
hyperelliptic curve, Dubrovin-type equation, Baker-A&her vector.

1 Introduction

Nonlinear integrable lattice systems have been studieghsitely in relation with
various aspects and they usually possess rich mathemsttigetiure such as Lax pairs,
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Hamilton structure, conservation law, etc. The Toda latiscone of the most impor-
tant integrable systemsl![B,]11]. It is well-known that smiitequations such as the
KdV, modified KdV, and nonlinear Schrodinger equationsaosely related to/or de-
rived from the Toda equation by suitable limiting proceduf®l, 13]. Various kinds
of Toda lattice have been discussed since it was proposdd[9.1/ 12 20]. Among
them, a remarkable discovery was made by Ruijsenaars in¢heodintegrable lattice
systemsl[ll]. He found a relativistic integrable generdaiimaof non-relativistic Toda
lattice through solving a relativistic version of the Cadog-Moser system. The Lax
representation, inverse scattering problem of the RusigesiToda lattice and its con-
nection with soliton dynamics were investigated. A genapgdroach to constructing
relativistic generalizations of integrable lattice sys$e applicable to the whole lat-
tice KP hierarchy, was proposed by Gibbons and Kupershiijd&fter that, a series
of techniques to construct relativistic lattice equatiarese developed by systematic
procedure and Hirota’s bilinear methad [[4)] 18].

The Ruijsenaars-Toda lattice, sometimes also calledvisiit Toda (RT) lattice,
takes the form([4]

Bt = (14 hfk)(ar — ap—1),

(1.1
gt = a (Brr1 — B + hougr — hoy_q)
in Flaschka variables or
€$k+1—$k
Thitt = (1 + hxk’t) (1 + hxk+1’t) 1 + h2e*k+1—2k
ok 1.2)

- (1 _'_ hxk—l,t)<1 _'_ hxk7t>1 _'_ h2emk—$k,1

in Newtonian form, where the small time stép= ¢! andc is light speed. In the
non-relativistic limitc — oo, the RT equation (111) reduced to the well-known Toda
lattice equation[8],

5k,t = Q — 01, At = Oék(ﬁkﬂ - 5k) (1-3)
in Flaschka variables, or

Tt = eTk+1T Tk 0Tk T Th-1 (14)



in Newtonian form. Eq[(1l1) is the Poincare-invariant gafizations of the Galilei-
invariant Toda systemg(1.3).

Mathematical frame work such as Lax representation, Béxkkransformation,
Hamiltonian structure of RT lattice EQ (1.1), etc, were shgated by some authors
([14]-[17]). Cosentino obtained a soliton solution by usthe IST method. Hietarinta
and Junkichi Satsuma transformed the RT eq (1.1) intoéaliriorm through a suitable
dependent variable transform. Later Yasuhiro Ohta, etcomigposed the RT lattice eq
(@.J) into three Toda systems, the Toda lattice itself KBawd transformation of Toda
lattice, and discrete time Toda lattice and explicitly ded the solutions in terms of
the Casorati determinarit [18]. The solution they obtainma/erges to that of TL eq
(@.3) in the limit ofc — co.

Algebro-geometric solutions (finite-gap solutions or gyseiod solutions), an
important character of integrable system, is a kind of @xpsolutions closely re-
lated to the inverse spectral theory|[28| 30]. Around 19@8erml independent groups
in UUSR and USA, namely, Novikov, Dubrovin and Krichever irod¢ow, Matveev
and Its in Leningrad, Lax, McKean, van Moerbeke and M. Kac ewNYork, and
Marchenko, Kotlyarov and Kozel in Kharkov, developed thecabied finite finite-
gap theory of nonlinear KdV equation based on the works otBr&8urchnall and
Chaunchy, and Baker [26, 29,131]. The algebro-geometrihatkthey established
allowed us to find an important class of exact solutions tcstii#gon equations. As a
degenerated case of this solutions, the multisoliton swlatand elliptic functions may
be obtained[[28, 36]. Its and Matveev first derived expligipression of the quasi-
period solution of KdV equation in 1975 [29], which is clogetlated to the finite-gap
spectrum of the associated differential operator. Fueietting results appeared later,
including the finite-gap solutions of Toda lattice, the Kadsev-Petviashvili equation
and otherd[8, 31, 36], which could be found in the wonderfatknof Belokolos, et al
[28]. In recent years, a systematic approach based on tHmearization technique
of Lax pairs or the restricted flow technique to derive theehlg-geometric solutions
of (1+1)- and (2+1)-dimensional soliton equations has ba@nained [[32]{35]. An
alternate systematic approach proposed by Gesztesy awlét{oan be used to con-
struct algebro-geometric solutions has been extendecetavtiole (1+1) dimensional



continuous and discrete hierarchy modgels [37]-[39],[4, 4

In this paper, we mainly discussed the algebro-geometasieperiod solutions of
RT hierarchy for fixed constart = ¢~* # 0. In following section 2, the RT equation
(@.J) is extended to a whole RT hierarchy through the polyimbrecursive relation.
The asymptotic spectral expansions of eigenfunction fanstassociated associated
with spectral problem are further investigated in sectionit3 section 4, we give a
detailed study of algebro-geometric solutions for theietary RT hierarchy. We first
derive the hyperelliptic curvéC, in connection with the stationary KdV hierarchy.
Then a fundamental meromorphic functipron K, , the Baker-Akhiezer vecto¥
and the common eigenfunction of zero-curvature paiv,, are introduced to study
the trace formula and asymptotic propertiespodind ¥, respectively. With the help
of Riemann theta function associated with, one finds the theta function representa-
tions for¢ and¥ by alluding to Riemann’s vanishing theorem and the RienfRooh
theorem. In section 5, we derive the complex-valued algeleametric solutions of
RT hierarchy with a given inital value problem by using thsui¢s in sections 3 and 4.
Finally, in section 6 we give Lagrange interpolation reprgation that will be used in
this paper.

2 Discrete Ruijsenaars-Toda hierarchy

In section, we derive RT hierarchy.

Definition 1. We denote b¥(Z) the set of all the complex-valued sequencés:) }, >

This is a vector space with respect to the naturally defineeraon. A subspace
12(Z) C I(z) is defined by the set §ff € [(Z)|>_7>° __|f(n)|* < +o0,n € Z}.

n=—oo

Definition 2. We denote b~ the shift operators acting on = {¢)(n)},/> € I(Z)

n=—0oo

according to(S*¢)(n) = ¢ (n & 1). We also define* = S*y, ¢ € I(Z).



Introduce the following spectral problem [15]]27]

(00 (o
St =U(\ ,
(¢2> <><¢2>

0 1
U\ = ( P A+5>’ h e C\{0}.

2.1)

Herea = «(n,t), 8 = B(n,t) € I(Z),(n,t) € Z x R in time-dependent case and
a=an),s = p5(n) € l(Z),n € Zin stationary case.
We introduce the following recursion relation

b1+ Bb + +a, =0,

hab, ., — ha b,

(2.2)
L —aby +at b — Ba; + fag— a, +arq = 0.

I+1
If we take the initial termuy, = —1, b, = 0, then{a;, b },en, can be derived froni{2.2)
recursively. For example,

by =1,

01
5
by = —h(a™ +a) — B+ 04,

a; = ha™ —

1
as = —h*a™at — h*(a")? + h*ata — hatBT —hatB —at + hatd — 552,
bs = h2a™ at + h3(a™)? — h?aTa + hat BT + 2haT B+ at + hPaTa + h¥a?,
— h*aa™ 4+ 2haf + haB~ + a+ (—ha™ — ha — B3) 01 + b,

(2.3)

where the), € C (I € N,) are constants.



Remark 3. (i) If we denote byi; = als;—o,j-1;..., b = bls;=0,j=1,-1, 1 € N, thatis,

_ 1

Qo = Ty

by = 0,

a; = hOé+,

b =1,

ay = —h*a™at — h*(a)? — R*ata — haTST — hatp —aT,

by = h*a™Tat + h*(a")? — haTa + hat BT + 2hat B+ at + hPaTa + hPa?,
— haa™ + 2haf + haff~ + a,

SN

(2.4)

then we have
! !
a = Z 0—sls, b = 251—5557 0o =1, €Ny, (2.5)
s=0 s=0

(i7) The constants; € C, j € Ny can be expressed in terms of the zeroBof i =
0,---,p+ 1 of the associated polynomi&l,,.»()) defined in[(4.6). (Theorei 6)

The zero-curvature equation is
U+UV,-VU=0 (2.6)

in time-dependent case and
UV, =V, ;U=0 (2.7)

in stationary case. We make the ansatz

A” B~
Vo(A) = ( prb e ) : (2.8)
Cp—i—l Dp+1



where

1
AP-H = ao)\l""l +a NP 4+ apy1 + bp+2 = i ap+1_j)\j + bp+2,
+1 - +1—j .
— b \P = \PT1=J
Bpy1 = bgA" 4o+ by = jgo biX ; (2.9)
Cpy1 = (A — 1)O‘+B;+1 = (hA = 1)a” (b(J)r)‘pJrl oot b;+1) ’
p+1

— +1 _ ]
Dypp1 = —aoAN"™" =+ —ap1 = — § ap1—j N

§=0
and{a, "7, {b, "2} € 1(Z) are undetermined sequences.
Plunging [2.8)[(2.9) intd (216) and (2.7), we have the follogwresult:

Theorem 4. Supposd/(\), V,(A) defined in [(2Z11)[(ZI8)(219) satisfy zero-curvature
equation [Z.B)[{217). Then the coefficiefits} ", {b;}""0 of A,1, Bpi1, Cpi1, Dpia
in (2.8) satisfy

bl+1 —|—5bl + a; —i—al_ = 0,

haby,, — ha"bf | —aby +a* b — Ba; + fay —a a1 =0 1=0,1,--,p.
(2.10)
Moreover, [2.6)[(2]7) is equivalent to
ay, = abpsa — by 5), (2.11)
Br, = B(ay,y — apy1) + by —a™br (2.12)
in time-dependent case and
a(bypo — bpi2) =0, (2.13)
Blayy — appr) +ab,y —abl =0, (2.14)
or
aAy +ady,+ A+ B)aB, =0, (2.15)

(WA= DaB; — (A + B) Ay, — (WA= Da*Bf — A+ )4, =0  (2.16)

in stationary case. Especially, {1}, {6}/ are defined by((212) of (2.3[ (Z11)-
(Z12) give rise to RT hierarchy.



Proof. Equation[(2.77) is equivalent to

0=UV, -V, U=

i1 — (hA = 1)aB, D,y —Apn — (A + B) By
(2.17)

(PA =1 A+ (A +B)C, (hA=1)aB, + (A +8)D,,

—(hA = 1)aDpy —Cp1 = (A + B)Dpa
that is,

1 — (hA = 1)aB,; =0, (2.18)
Dy — Ay — (A + B)Byyr =0, (2.19)
(hA = DA+ (A + B)Cyy — (hA — 1)aD,yq =0, (2.20)
(hA—1)aB, + A+ B)D, 1 — Cpp1 — (A + B) Dy = 0. (2.21)

It's easy to derive the relation of the coefficiefits} =, {b,}77) of A, 1, Bpi1, Cpi1, Dpin

in (2.9) from [2.18){(2.21). Recursive relatidn (2.10) e tsame with[{(2]2) fot =
1,2,---,p. Therefore if we define the coefficients 4f.,1, B,+1, Cp+1, D, 41 accord-
ing to (2.2) or[[2.B), the zero-curvature equation](2.6jsiealent to

0 0
ozUtp+UVp—Vp+U=< )
(h)\ — 1)atp 5&)
(2.22)

0 0
+ .
( (hA = 1)(ab, s — abyi2) —ab,,y + 04+b;+1 — Blay 1 — ap+1) >

We havel(Z2.111)(2.12), which gives rise to RT hierarchy vagyi € N, (Remarl{b).
Next we illustrate the equatioh (2]15) ahd (2.16). In thémtary case, from equation
(2.12), we note thalt), is similar toV*. Hence the trace df, andV,* have the following
relation

A+ Dy = Appr + Dy (2.23)

In other words,A,., + D, is a lattice constant only depends an(not rely on
n € 7). If we add a constant coefficient polynomial wittiimes unit matrix ori/, ().
The stationary zero-curvature equatibn 2.7) is invariafdithout loss of generality,
we can assumd,, . ; + D,,; = 0. Equation[(2.I5)(2.16) holds. O
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Remark 5. In the caseyp = 0, equation[[Z.I1)(2.12) is
a, = ha(a™ —a®) +a(f” = B),
Bi, = hB(la—at) —a+at,

which is the relativistic Toda latticé [1] [6]([15] [19][21][27].

In the casep = 1,

(2.24)

o, = a(hPa™tat + h2(a")? - hPata + hat BT + ot + haB — haB” — h*aa”
— R )+ h*aa"” —2ha B —ha B —a ) +a(—hat — B+ ha+
B7)d1,
Bi, = —ha® — haa™ —af™ + hata™™ + h(a™)? + a8 + B(—=h*ata — h*a?
+ h*aa™ — haf — haf™ — a+ h*at ot + K3 (a™)? — h*aTa + hat BT + ha' B
+at) + (o —at + hapB — ha'B)é;.

(2.25)

3 Asymptotic Spectral Parameter Expansions

Next we study the asymptotic behavior Bf,/y near the point’,... Assume
Uy = (¥, 4, ¥, )7 is a fundamental system of solutions of spectral problem

(loens) () -(i) e
(A —Da A+5 ) \ ¥, Uy

Introducing¢y, = Vo /Wy 4,00 = Wy /Uy _, Then ¢y, ¢, satisfy the following
Riccati-type equation

¢191 — (A +B)dr — (hA = 1) =0, (3.2)

$20; — (A4 B)dy — (hA —1)a = 0. (3.3)

Lemma 1. Let A = —(¢1 + ¢2)/2(¢p1 — ¢2), B = 1/(¢1 — ¢2), thenAdandB
have the following relationship:

A+ A=+ (N+58)B=0, (3.4)



(hA —1)aB™ — A+ B)A™ — (hA—Da*B* + (A +8)A=0,  (3.5)
1

A — (A~ DBB*A = .. (3.6)
1 P19y
B = = . 3.7
o1 =92 a(hA—1)(d; —¢7) s
Proof. Equation(3.R) minus equatiopn (8.3), one derives
P17 — P25 — (A + B) (o7 —d3) =0 (3.8)

that is,
(@1 — 92)(D1 + d2) + (61 — 92) (¢ +&3) —2(A+ B)(dy —¢;) =0.  (3.9)
Then we have{314). We calculate
Gy 9107 — G205 91 = a(hA — 1)(¢y — ¢1). (3.10)

Hence equality((3]7) holds. Using (B.7), it's easy to show

1 1 o1 + ¢y 1 1+ P2

h\—1 —(hA=1)aT———+=(\ —=——(A .
(3.11)
Equality [3.8) is the direct result df(3.7) and the defimitif A, 3. O

From lemma 4 we have
Lemma 2. Assume the definition of, B hold in lemma 10, thep, 3 satisfy
A+8)? = (A+ AN A+ A)(RA —1)at = i(/\+6)2 (3.12)
and

(A +B)2B+ (hA — 1)aB™ — (hA — 1)a"B*) —4BB*a* (hA—1)(A+8)? = (\+5)?
(3.13)
respectively.

Proof. This is the direct result of Lemma 4. OJ
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Theorem 6. Assumey,  satisfy thep-th stationary RT hierarchy, and suppoge=
(A, y) € K,\{P~=}. ThenA, B has the following convergent expansion,

_ Ko

+ 3.14

e 160 ZalC ( )

B—20 o i B! (3.15)
<:>\71€CT' '

wherea;,b; (I = 0,1,---) are the homogeneous coefficients;ob; and simultane-
ously asP — P+

A/ (iy) ﬂFZazc ¢ —0, (3.16)

B,/(iy) = F Z b ¢ —0, (3.17)

where¢ = A\~ !isthe local coordinate neaP..... Moreover, one infers for the constant
o, 1=0,--,pin By, that

0y :Cl<E) lIO,,p (318)
and l
b= B =0 p+1, (3.19)
min{l,p+1}
b= Y B
k=0
— (3.20)

= Z él_k(ﬂ)bk [ € Ny.
k=0

Proof. Identifying
U, (\ ) with U(P-0) and ¥_(\ ) with U_(P* . 0) (3.21)
and similarly, identifying
o1(A, ) with ¢(P,-) and ¢o(\,-) with ¢ (P, ), (3.22)

11



a comparison of (314J-(5.73) and lemma the result of lemntaodvs that we may also
identify

. A B
A with +222 B with =2 (3.23)
1Y Y

The sign depending on whethrtends toP,... Hence we only investigaléiy&l and
Zz1 Dividing B, by iy, one obtains

%) p+1 [
Ap;i;(” = (Z ék(ﬂ))\‘k> (Z al)\_l> => a\, (3.24)
=0

k=0 =0
B ()\) 00 p+1 00 3
T = (E q(ﬂ»"“) (Z AT ) =) b (3:25)
Y k=0 =0 =0

whered;, b; is undermined. Obviouslf,(\)/(iy) remain satisfie$ (Z.15) (2116), hence
the coefficient ofy; still have the recursion relation (2.2). So they have thenfof

a;, by, but for the constang;. Plunging [(3.24)(3.25) intd_(3.12)-(3]13), we arrive at
o = & = —@g, a1 = —hat = —a,,by = 0 = by,b; = 1 = b, and we can induc-
tively to show thaty;, = Fy(ag, a1, - -, ai_1) = as, by = Gy(bg, by, - -, bi_1) = by, where
F((xo,z1, -+, x1-1)), G((wo, 1, - -, 7—1)) is the polynomial of xg, z1,- - -, x;_1). Then
we have[(3.I4)E(3.17). Frorh(3125), comparing the coefitsiof \=* of both sides,
we have[(3.20). Obviously

1 k=0

k
C_1(E) e (E) = 00 = )
;Ck l(_) l(_) E,0 {0 k0

If we labelc_,(E) = ¢_x(£) =0, k€ N, then one computes

l l min{k,p+1} l k
ch—k(ﬂﬂ_?k = Z c-k(E) ( Z 5ks(E)bs> = Z a-r(E) (Z ék—s(ﬂ)bs>

(3.26)

(3.27)
Equalities[(3.18) and(3.20) hold. O
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4 Algebro-geometric solutions of stationary RT hierar-
chy

Throughout this paper we suppose the following hypothesis.
Hypothesis 1. In stationary case we assume
a(n),B(n) € (Z), «on)#0, neZ (4.1)
In time dependent case we assume
a(n,t),B(n,t) € (Z), a(n,t)#0, (n,t)€eZ xR 4.2)
The stationary zero-curvature equation is
UV, —V,;U =0, (4.3)

whereU, V), are defined byl[(2]1] (2.8) and_(2.9). Taking determinant&if)( one
derives
Ropia(A) = = A2, (A1) = Bppa(A,n)Cpia (A, n) (4.4)

is lattice constant, that ig?,,.»(\) only depends on ( n-independent ).
Let

R2p+2()‘) - _<A;+1>2_Bp_+lcp_+l - _A12>+1_Bp+lcp+1 = —Af,+1—(h)\—1)m+Bp+1B;+1.
(4.5)

Assume
2p+1

Ropeo(N) = 307 = —; [L (0~ B (4.6)
m=0

Here we introduce the algebra curve associated with sttydRT systen((2.13) (2.14)

as
2p+1

Ko Fhy)=yv'— [[A-En) =0 (4.7)

m=0
Hypothesis 2. Throughout this section we assume the affine pakf,pfo be nonsin-
gular, that is

En#E., m#m  m=0,--,2p+1. (4.8)
For notational convenience we still denote its compactifocaby /C,.

13



Obviously, C,, is an nonsingular affine algebra CLH\m‘ 2-order. One can intro-
duce the complex structure @), to yield a compact Riemann surface of gepyg2].
This is a hyperelliptic Riemann surface. It can be regarded double covering of
sphere surfac€,, = C|J{oc}. Hypothesis 2 has ensured that there just exists
linear independent holomorphic differential forms/op We write

p p
1
B, =TI~ m). Coah) = b = D TT— ).
J=1 (4.9)
,U;_,,Uj € Z(Z)a j:17"'7p7 :u;_(n) :Mj(n+1)7 n € 7.

Next we 'lift’ the point ., 11; from theC,, to the compact Riemann surfakg

15(n) = (15(n), 2iAy 1 (115 (n) ),
i (n) = (1 (n), ~2iA,(uF (n), ), (4.10)
j=1---p neZz

and
Py = (h_lvA(h_lvn))a Poo+> Py,

where P, are two points at infinity orkC,. We define a fundamental meromorphic
function oniC,,
gb(P, n) _ %iy - Ap+1(>‘a n)
Byii(A,n)
_ (WA =1)a" B, (A n) (4.11)
%iy + Api(\n)
=Ny ek, nel.

The divisor(¢(-,n)) of (-, n) is

(¢(-sn)) = DPOEJr(n) — Dry jn);
fu(n) = (fu(n), - pp(n)), AT (n) = (@ (n), -, mp(n)) € Sym(IC,).

(4.12)

Here Sym?(K,) denotes the space of all the nonnegative divisors of degrédth a
differential structure on it we can prov&ym?(kC, ) is isomorphism tdC, x IC,- - - X K,

1KC,, may have one singular point in projective space.
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(p times) [23]. Given the functiow(P, n), we define the stationary Baker-Akhiezer
vector¥ (P, n,ng) by

vy (P
WP ) = [ Bl (4.13)
\IIZ(Pv n, TL())
HZI_:17L0 ¢(P, nl) /n’/ > No
\Ifl(P, n, 71,0) = 1 n, = ny (414)
[T, o(Pn)™" 0" < n,
12 (S804 At Bn)) > o
\IIQ(P, n, no) = ¢(P, no) X 1 n/ =Ny (415)
/ -1
T2 (S5t + A+ 060) ' <
The divisor(W, (-, n,ng)) of ¥(-,n,ng) is
(\Ill('7 n, nO)) = Dﬁ(n) - Dﬂ(no) + (n - nO)(DPo - DPooJr)' (416)

We introduce the holomorphic sheet exchange maf,pn
0 Ky, = K, P=(\y)— P =(\—-y), Pxr— P, =P (4.17)
There are some basic propertiesfo, ¥, ¥, in the following lemma:

Lemma 3. Assumey, 3 satisfy thep-th stationary RT systern (2]18) (2114). hypothesis
1 and hypothesis 2 hold. SuppaBe= (z,y) € K,\{P+}. Then¢ satisfy Riccati-
type equation

O(P)6(P) — (A + B)o(P) — (hA — 1) = 0. (4.18)
Moreover,
o(Pro(Py = - LA B
p+1
O(P) + 6(P7) = 22+ (4.19)
Bp1
Cup i Y
oP) 0P = i

15



Uy (P,n,ng) = Vi(P,n,ng)o(P,n), (4.20)
UMY~ (P) =V(P), (4.21)
V(MY (P) = —iy¥(P). (4.22)

Proof. Directly calculate

O(P)o~(P) = (A+ P)¢™(P) — (hA = 1)a

l . _ A l . _ A_ l . _ A_
_ W~ Ap1 3ty o1 (}\+5>21y (A~ Da
BP+1 Bp+1 Bp+1
1 1. 1. _ 1. _ _
= (51 — A1) (5iy — A1) — (A + B)Bpa(5iy — Ayyy) — (A= 1) By B
Byi1B, 2 2 2
=0.

Here we used the definition of in (4.11) and [(2.15)[(2.16).[ (4.19) is the immedi-
ate consequence df (4111). Next we will proze (#.20)-(X.ZF2pm the definition of
Uy, U,, they have the following relation

Uy(Ponng) _ (A= 1Dag~(Pn)”' + A+ 55 423)
U, (P, n,ng) ¢ (P,n) o '
Next we use induction to prove
Uy (P, n,ng) = Vi(P,n,ng)o(P,n). (4.24)

Forn = ng, (4.24) holds.
Forn > ng, assume(4.24) holds far— 1. One finds[(4.23) is

Wa(Pinyng) _ (WA= Vad (P THALB oy (ha—1)ag(P,n) "' A+B.

\Ijl(PananO) ¢_(P7 n)
Henceijgﬁ:zgg satisfy Riccati equation

\IIZ(Pa n, nO)
\Ill(Pa n, nO)

Noticed [4.18), one can derivie (4120).

Forn < ny, this case is similar with. > ny. From the definition[(4.14), we finds

¢~ (P,n) — (A + p)o~ (P,n) — (hA —1)a =0.

\Ill(P,n,no) = \III_(P, n, n0)¢_(P, n)
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Then we have
Uy (P,n,ng) = Yy (P,n,ng) (4.25)

Similarly, from the definition ofl', in (£.13) and[(4.20), one shows

h\ —1
\IIQ(P, n, nO) = (ﬁ + A+ 5) \IJE(P, n, no) (426)
= (hA — 1D)a¥i (P,n,ng) + (A + B)¥5 (P, n,ng).
We have[(4.21). Equatioh(4]22) is the direct resulfof (talid [4.20). O

Combining the polynomial recursion approach in the sectionth (4.9) yields
the following trace formula, which means, b, can be expressed by the symmetric
functions of the zerog; of B,,,. For simplicity, we only show one of them.

Lemma 4 (trace formula). Suppose € [(Z) satisfy thepth stationary RT hierarchy.
Then

—hla+at) =B+ == pu. (4.27)
j=1

Proof. Comparing the powers of~! in (2.10) and (3.6) foB3, 4, that is,

p
BN+ B -+ by = [T = 1) (4.28)
j=1
Then equatior(4.27) holds.
L]

Remark 7. It's a bit pity that we can not derive the algebro-geometitusions of
RT hierarchy directly from trace formula becauseand 5 are mutually determined
in one equality. However, it can be useful once one has diike theta function
representation of one of them (Remark 8).

Next we turn to study the asymptotic propertiesg)ofv, to prepare for later calcu-
lation. The asymptotic behavior @f, is derived naturally from((4.20). It is a crucial
step to construct the stationary algebro-geometric soistof RT hierarchy.
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Lemma 5. Suppose that, 7 satisfy thep-th stationary RT hierarchy. Moreover, let
P=(\y) e K, \{Pxx, o}, (n,n0) € Z x Z. Then,

U (B = ha) +0O(C) P— P, A=(1
¢(P) = ¢ hat + (h2ata+a —haB)C+0(C%) P— Py A=(' (4.29)
o ¢+ 0(¢?) P—=P A=
¢ (1 4+ 0(()) as P— P, AN=(1
U1(P,n,mg) = 4 A (ha') (14 O(C)) as P— P, A=("' (430)
A (hff/;) ¢ (1+0(C) as P—PB A=(,

Here

Alp) =11 n' = ng (4.31)

[T9 " o '(n) n' > n.

The divisor(W (-, n,ng)) of Uy (P, n,ng) is

(\Ill(', n, no)) = Dﬁ(n) — Dﬂ(no) + (n — no)(Dpo — DpooJr). (432)

Proof. Assumey has the following asymptotic expansion

¢+ do+ 1 +--, as P — Py
O=1q o+ ¢+ ¢(?+---, as P — Py (4.33)
¢1C+¢2C2+"', as P— F,.
Here we used local coordinate= \~! nearP,.. and( = A — h~! nearP,. Then
plunging it into [4.18) and comparing the powers in both sidee provel(4.29)[(4.32)

is from (4.16) and Abel Theorem.
]
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We choose a fixed base poi@% on K,\{, Px+}. Let WP)P be a normal
differential of the third kind holomorphic ok, \{ P~.+, I } with simple poles aP,
and P, and residues -1 and 1, respectively, that is,

-1 p . UL O P P
wggpwszQ_i = (—¢ (1))d¢ 3
. R (t+o@)de  P—h
and
Whh P = = H (A=) dr (4.35)

be a normal differential of the third klnd holomorphic &7\ { P, Fo} with simple
poles atP,., and P and residues 1 and -1, whefe= \~! for P nearP... , ( =

A — htfor P nearPy, o € {£1}. and{\;};-1,..,, {\;};-1,.., are constants uniquely
determined by normalized process.

Moreover,
/ w}—%)PooJr - 07 ] =1, P (436)
P 0 _ P— P _
/ W ) 1o , (4.37)
Qo In¢ € + P — P,
P
/Q Wy == —InC+dy+0() P R, (4.38)
0

where we choose a homology bagis, b;}7_, on/C, in such away that the intersection
matrix of the cycles satisfies

ajob, =0k, a;joar,=0, bjob,=0, jk=1,---p (4.39)

andey +,dy € C. One easily verifies that)/y is a differential on/C, with zeros of
orderp — 1 at P.+ and hence

N1

Ny = d)‘7 ]:1,,]9

form a basis for the space of holomorphic differentialskgn Introducing the follow-
ing invertible matrixC’; ,, € C

C=(Cjr)jk=1,-p> Cjk :/ ;s (4.40)
ag
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c(k) = (cr(k); -+ ep(R),  ci(k) =(CTNjn k=1..p. (4.41)

It's easy to show that the normalized holomorphic diffei@st{w; },_; ..., can be writ-

ten into )
w; =Y ¢(m, / n =0k Gk=1:-p, (4.42)
=1 a
w= (Wi, -, Wp) . (4.43)
Assumen € C and|n| <min{|Eo|~%, |E1| Y, |E2| ™t - -, | Eopya| ™'} and abbreviate
E = (E07 Ela' Ty E2p+1)-
Then
2p+1 —1/2 +oo
(T Emm) S,
m=0 k=0
where
2p+1
éO(E) - 1 Z Em>
: (20)! -+ (27ps1)!
er(E) = Z 22‘10 ]2p+'12 E-. Eg;‘ff, keN, etc.
Jos s J2p+1=0,jo++Jjop+1=Fk (‘70 ) (]2p+1 )
Similarly,
2p+1 1/2 +o0
(T Emm) S,
m=0 k=0
where
2p+1
CO(E> = 17 = 35 Z Emu
k . .
2531 .. (2 IEJ) . gt
cr(E) = Z Y ‘< Jo)t- - (2fap) 2l keN, etc
josmiomir—timisiny ik 2 G0l)2 o (Gopan (20 = 1) -+ (27241 — 1)
Obviously,
2p+1
C’”ch (1——<Z<+0<2>> as P Prs, (=2

(4.44)
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It's easy to calculate the expansiormﬁo)Pm+ nearP,., concretely. That is,

®) 1 1R 1 )
Whpy = —CTH{ 14 (5 45 > E, - SAICHOE) |, (4.45)

wherea is a integration constant.
In the following it will be convenient to introduce the abbisgions

2(P,Q) =EZq, ~4q,(P)+aq,(Pa), P ey, Q={Qi G} €Sym"(K,),

(4.47)
whereZ,, is the vector of Riemann constants and the Abel mdgs(-), oy, (-) are
defined by (period latticé, = {z € Z9|z = n+m7,n,m € Z9})

Agy Ky = T(Ky) = 2P/ Ly P = Ag (P) = (Agya(P), -+, Agep(P)) = (

and

ag, : Div(K,) = T(K,), D+ ag, (D) = > D(P)Ag,(P).
Peky

Theorem 8. Suppose thaj satisfy they-th stationary RT hierarchy,ldt € K,\{ P, o}
and(n,ng) € Z*. ThenDy(,) is non-special.Moreover,

B 0(z(P, " (n))) i
20 = €00y o ([, e, ) (4.49)
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and

HZ/_:an C(n')  n>ng
C(n,ng) =<1 n =ng (4.51)
HZ?;; C(n)™' n < ne.
The Abel map linearizes the auxiliary divisby,,,) in the sense that

QQ, (Dﬂ(")) = Qq, (Dﬁ(no)) - APOO+ (P0)<n - nO) (4.52)

anda, [ are the form of

1 HePa () 0P, ()
O R P i () OGP f))) (4.53)
and
oy PP B0)) 0P ()
0= (Poorr i (1)) (P ()
AT 2 2 g (9P it (1) + w))
IR PO DO R BE L <e<g<Pw+,g<n>>>w>>‘“:°'
(4.54)

Proof. The proof that the divisoDE(n) is non-special see Lemma 11, wheras re-

garded as a parameter. Hence the theta functions defined Iettma are meaningful
0(z(P,i(n)))
8(z(P,at (n)))
phic function on compact Riemann surfaCg(Riemann-Roch Theorem [14]). So itis

and not identical to zero. Obviousky( P, n) exp(fql;o w§;+PO) is holomor-

a constant’(n) related ton and¢(P, n) has the form[(4.48). One have the following
expansiona® — P, ((=A71

0(z(P, " (n)))
0(z(P, fu(n)))

(
0P 17 (0 (2(Poos: 1" (n) + w)) 2
B Q(Z(POO_,_,M( ( ZC] &uj ( 9( ( oo—i—;,&(n)) _|_g) ) |£=0C+O(C )) :
(4.55)
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Then asP — P, .,

¢(P,n)

s MR B () 0 (HelPer ) ) :

2p+1 1 ;
x (7 <1+ —+ ZE 2ZAJ)C+O(C2))-
j=1

(4.56)
Comparing with[(4.29) we have
1 OGP, )
= s ) “s
o1 & 0 0(2(Poot, 17 (n) + w))
p-ha=+7 > En ——ZA "2 5! <e<z< IR >>'f°'

(4.58)

¢(P;n)

o 0P 17 (0)) - 0(2(Pooms 1 (n) + w))
GG ) (1 + 2 ez (ewoo_,g(n))) ¥ >> ok >>
x <1 + (—%_1 + i > E, ; ZAJ)C + O(cz))

(4.59)
which gives rise to
_ 0(2(Poo—, 7 (1))
hat =a*C(n) =
0(2(Po-, (1)) (4.60)

0(2(Pooy, f1(n))) 0(2(Poc—, " (n)))
0(2(Posr, i (n))) 0(2(Poo—s (n))) -

Then we have(4.53) (4.54). (4158)-(4.51) arise from thenitédn of V,. (£.52) is the
direct result of[(4.16) and Abel Theorem ([22]).

=@

O
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Remark 9. From trace formulal(4.27)[(3.18), (4.8%) (4153) and regdarmula about
the theta function representation of symmetric func@@:1 1 B8], 5 admits an-

other representation

_ (3) 0(2(Poct, (1)) 0(2(Poo— 1" (n))) N 0(2(Poot, i (n))) 0(2(Po-; fi(n)))
0(2(Posr, i (n))) 0(2(Poo—; u(n))) )

, 0(2(Poor f1(n)) +w))
S B A2 Gl (e@(Poo_,g(n))) ) e

(4.61)
We consider the trivial cage= 0 which excluded in Theorem 7.
Remark 10. Assume» = 0, P = ()\,y) € Ko\{Px+} and(n, ny) € Z?. Then
—IXN—ha - 9 1
R B S 48
(hA — 1)t IN—hat+2
Ko: Fohy)=v - A—E)A-E)=0  EyE €C. (4.63)
«, B satisfy

(4.64)

hat + ha + g = —2E0
—4 ((hOz+ —|— %) (—ha+ —|— %) —|— a+) = EQEl

Ey+E, 1 |[[Ey+E\? Ey,— B \? E,+ E
o _ 0+ 1:&—\/( 0+ 1) +< 0 1)’ 8= 0+ 1 (4.65)

2h 2 2h 2 2
Blz]_, C’lz(h)\—l)a+, Alz—%)\—ha—ﬁ—‘—%, Dlzé)\—hﬁ—i_—‘—%
(4.66)
1 1
d(P,ng) = =iy — (——)\ —ha— [+ ﬁ) , (4.67)
2 2 2
Uy (P,n,ng) = (%zy — (—%)\ —ha — [+ %)) : (4.68)



5 Algebro-geometric solutions of time-dependent cases

In this section we analysis the quasi-period solution oftitme-dependent RT hierar-
chy.

Hypothesis 3. Assume

a(n,t),B(n,t) € (Z), a(n,t)#0, (n,t)eZ xR
a(n,-), B(n, ) € C1(R).

Assume Hypothesis 1 ,Hypothesis 2 and 3 hold in this seclibra.basic problem

(5.1)

of analysis of algebro-geometric solutions of the RT higngirconsists of solving the
time-dependentth RT flow with initial data a stationary solution of théh system in
the hierarchy. That is

U, (M te) + U ) Va(A 1) = VAL ) U (M) = 0, (5.2)
Ut ) V(A ) — V*()\ DU(A L) =0, (5.3)
U()\) o ( 0 ): ( r+1 7"+1 ) ( p+1 Bp+1 ) .
(hA=1)a A+ p Cry1 Ara Cpi1 Dppa

(5.4)
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We make the anatz

p+1

App1 = § :ap—irl N+ by,
7=0
p+1

Byi1 = Zb AP J

Cpi1 = (h)\ —1D)a™BY = (hA = Da™ (g AT+ + b)),
p+1

Dy = E apy1—5N

r—i—l

7’+1 E a'r—i-l ])\ +br+2a
7=0
r+1

By = Zb A,

Crpy = (h)\ ~1)a* B, = (hA - Dat (EOW““ Foet 6j+1) ,

r+1

7’+1 —E Ayl J)\]

Here{a;, b },and{a,, b;} are defined by (2.3), but correspond to different constant
and{s;}, [eN,.
Explicitly, equation[(5.2) and (5.3) are equivalent to

(5.5)

@A, + (A + B)aByi1 — adp1 =0 (5.6)

(hA = DaBy + A+ B)A, — (hA = 1)a Bl — (A + 84 =0 (5.7)

D1 =Avp1+ (A4 B) B (5.8)

ay, + A+ A+ B)aB, — aDyyy =0 (5.9)

B, 4+ (WA —=1)aB + A+ B)D; oy — (WA —1)at Bl — (A 4+ B)A,4, =0 (5.10)
In particular, [4.4) holds in the presentdependent setting, that is,

Ropra(Aty) = =42 (A t,) = (hA = 1)a (A 6,) By(\ 1) By (A t,). (5.11)

As in the stationary context, we introduce
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/:L] (n7 t?“) = (:u] (n7 t?‘)7 QZA;H-I(,LL] (n7 t?‘)7 n))7
/:l’;_ (n7 tT) = (:U’;_ (n7 tT)u _QZAp—i-l(,u;_ (n7 tr)u nu t?‘))7 (512)
j:]-a"'ap (natr)GZXR
and note the regularity assumptiohs [5.1)com imply the continuity ofy; with re-
spect tat, € R.

In analogy to the stationary case, one may define the follgwirromorphic function
o(-,n,t.)oniC,,

Liv— A, 1(\ n,t, hXA — 1DatBt (A n,t,
s(Pn,t,) = 27 pnhmt) _ - JoT By (A m. ) (5.13)
Bp-i-l()\anat?“) §Zy+Ap+1()\7n7t7“)
The divisor(¢(.,n, t,.)) of ¢ is
(@(1: 1)) = Dyt (nr) — Dpresistntn)- (5.14)

The time-dependent Baker-Akhiezer vector is then defingerims of¢y by

(5.15)

Uy (P, n,nos tr, tor
\II(P7 n, n07t7‘7t0,7‘) == < 1( o * ) ) 5

‘IIZ(Pa n, no, tra tO,r)

tO,r

tr B _
\III<P7 n,no, tr7 tO,T) = exp (/ (AT+1()‘7 no, 8) + BT+1()‘7 no, 8))¢(Pu no, 8)) d8>516)
Hzl_zlno o(P,n',t,)  n >mng
x <1 n = n§d5.17)
[T o(Pn t,) n' < ne,

’
n =n

Wy (P,n,no) = exp ( / ' (AM(A,nO, 8) + Byy1 (M, 10, 8)( P, o, s)) ds> (5.18)

to,r

I (B0 3y g 1)) 0 >y

n'=ng+1 o= (P tr)
(P, ng, t,) x <1 n =ng (5.19)
’ -1
I, .. (%—I—)\jtﬁ(n,tr)) n < no,
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P=(\y) € K\{Pxs, P}, (n,t,) €ZxR. (5.20)

One observes that

\Ill(Pv n, no, t?‘7t0,7“) = \Ill(Pv no, n07t7‘7 tO,T)\III(Pv n, no, t?‘7t7‘)
Pe ICP\{POO:IU P0}7 (nu no, tr, tO,r) € Z2 X Rz- (521)

The following lemma shows the properties@fl as discussed in the stationary case.

Lemma 6. Assumex(n, t,.), 3(n,t,) satisfy equation[(5]2)(5.3),theR = (\,y) €
K, \{ P+ } then¢ satisfy Riccati-type equation

G(P)¢~(P) — (A + B)¢~(P) — (hA — 1)a =0, (5.22)
61, (P) = (A, 11+ Dyi1)dp — Bryrd? + (WA — Do B, (5.23)
Moreover,
h\ — +*Bt
s(Po(pr) = LA B
p+1
O(P) + $(P*) = 22t (5.24)
Bp1
(P =i Y
¢(P) — ¢(P") B
and
\IIQ(P, n,no, tr, tO,r) = ¢(P, n, tr)\lfl(P, n,no, tr, t(]’r), (525)
UNU™(P)=Y(P), (5.26)
VA (P) = Sig¥(P), (5.27)
Uy, (p) = VHA)U(P). (5.28)

Moreover, as long as the zerosof(ng, s) of B, (-, no, s) are all simple for alls € €,
Q C R, is an open intervaly'; is meromorphic oiC,\{ Ps } for (n, no, t,) € Zx Q2.

Proof. From [5.22) we have

¢, ¢ + b, = B ¢” + (A + B)¢y, + ai (hA —1). (5.29)
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Using (5.9) [5.1D), one finds
(0" + (0= (A+8)S7) b,
= ((h)\ —DaB + A+ B)Dryy — (hA = 1)a B, — (A + 5)Dr+1) o
+ (hA = 1) (aA;+1 + (A4 B)aBy; — a[)m) .
(5.30)

In other sides, we calculate

(0~ +(@—(A+8)S)) (Ar—l—l(b +Br1¢? — Crpy — Dr+1¢)

= A 16¢™ + Br1¢’¢” — Crind” — Dyngd™ + (M — )AL,

+ (AN =1)aB 167 = Crpé+ (A + 8)Cryy — Diyy(BA = 1a

= A1 (A =1D)a+ A+ 8)¢7) + Brs1¢ (hA — D)+ (A + 8)¢7)

—Cr1¢” = Dyt (BA = Do+ (A + 8)¢7) + (hA — DA, + (kA — 1)aB, ¢~

—Cryd+ A+ B)Cryy — Dy (hA = T1)a

(5.31)
From (5.30) and (5.31), one finds
(6" + (0= A +8)87)) (=1, + Ars16+ Brird? = Craa = Drsao)
= —(A+B8)D;1 6" + Ars(A+ B)0™ + (A + B)°Brag” (5.32)
= 0.
In the last equality in(5.32), we used
Dy = A+ (A +B)By. (5.33)
Eq (5.32)is
[T_,B(Pn',t) neN
— ¢, + Ary1¢ + Brp16® — Crpy — D¢ = C(Pt,) x 1 n=0 (5.34)
[, B(P,n',t,)"t —neN,
where
B(P,n,t,) = OB, 1) — A+ n, 1)) ', t,)eZxR  (5.35)

¢~ (P, 1)
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and C(n,t,) is somen-independent meromorphic function @g),. The asymptotic
behavior ofp( P, n, t,) in (553) then yields

P—Py

B(P)

—Lron). (5.36)

Comparing the order of both sides bf (5.34) and taking 0 sufficiently large, one
finds contradiction unles§' = 0. This proves[(5.23). To prové (5128), we rewrite

(.23) as

¢
= (—/LH + /l:ﬁrl + ()\ + 5+) B:ﬁrl - Br+1¢ + B:+1¢+ - ()‘ + ﬁ+) B:—H) ¢

= (Aj—i-l + B:+1¢+ - Ar—l—l - Br+1¢) ¢

. . - . hA —1)at B}
b, = <—Ar+1 + AL+ (A B7) B, - Br+1¢+( ) “) ¢

(5.37)
Let .
A= / (Ar+1()‘7 No, 8) + Br+1()‘7 No, 8)¢(Pa No, S)) ds (538)
for the casen’ > ny
n—1
Uy, = (exp(A) 11 ¢(n’))
n—1 '
= A, Uy +exp(A) Y 6, (n) ] o(n")
n’=ng n' #n’
— <Ar+1()\7 No, tr) + Br+1()\, No, tr>§b(P, no, tr)) \Ifl
n—1
Fesp(d) 3o (Bra()6* () + ALy () = B (o) — A 6(') T] o)
n,:no n”;ﬁn,
= (Ar—i-l + Br-ﬁ-lgb)\pl
(5.39)
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The case' <n, is similar ton’ > ny.

Vot = 0p, Wi + oWy,
- ((—Am + Dr) ¢ — Bry1d® + (hA —1) oﬁBjH) Uy + ¢ (AM + qub) T,
- ((h)\ —1) a+éj+1) U, 4 Dyt Uy

(5.40)

Then [5.28) holds. Here we used ().

The fact thatl, (P, n, ng, to, t,) is meromorphic oriC,\{ Pocs } if Byi1(-, no,t.) has
only simple zeros distinct fron®, is a consequence df (5]18) (5. 14) (3.16).(5.41) and
of

P—fi;(no,s

Brid L 9,10 (Bys1 (A, 1o, 5)) + O(1).

The proof of other equalities in this lemma is similar witimiea 1, whicht, is re-
garded as a parameter. O

Lemma 7. Assumen, 3 satisfy [5.6){(5.10). In addition, lgt\,n,t¢,) € C x Z x
R.Then,

Byii, = Ary1Bysr — Dy1 Byt — 24,1 B,41, (5.41)
Apirg, = =(0A = D)o (Bt By = Bl By ) (5.42)
Proof. From [5.24), _
(3
6(P) = o(P") = 5° (5.43)
p+1
then we have »
. 1
01, (P) = 61, (P*) = =35 By, (5.44)
p
Plunging [5.2B) into[(5.44), one deriie (5.41).
Similarly, )
P(P)+o(P") = —QBP—H
p+1
we have
Apiiy Ap1 By
(P)+ ¢, (P*) = —2 | 2 - Z 20D
00 (P) -t (P) = 2 (Gpette — Bl
noted (5.411),[(5.42) holds. O
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Next we turn to the Dubrovin equation for the time variatidrttee zerosy; of
B,+1 governed by the_(518)=(5.1.0).

Lemma 8 (Dubrovin equation). Assumel(5]2) (5.3) hold dA x Q with Q@ C R is
an open interval. In addition, assume that the zgips j = 1,---,p of B, remain
distinct onZ x Q. Then{/;};-.., defined in[(5.12) satisfy the following first-order
system of differential system @nx (2,

p
it = —Brya(py)y(fiz) (i — o)~ (5.45)
k=1,k4j

with
fi(n,-) e C*(Q,IC,), j=1,-+,p,n€Z.

Proof. Using the product representation By,

P

By =[](A— ) (5.46)

j=1
and employing thé(5.12) and (5]41), one computes
p
Byt (1) = =2Ap1 (1) Brya (1) = y(i)) Bra (1) = =i, ] (g — 1) -
kg =1
(5.47)
Then one find4(5.45) holds.

Remark 11. (i) When attempting to solve the Dubrovin systdms [5.45), thsy be
augmented with appropriate divisof3;, 1, ,) € Sym?(K,) to, € Q as initial
conditions.

(17) The differential-difference hierarchy differs from thditm hierarchies for the
continuous models such as KdV, AKNS, or Cassama-Holm bleraetc. It does not
seem to have simple Dubrovin equations that governitiiependence of(n,t,).
The Dubrovin equations for continuous interpolations ofi@ilet-type eigenvalues

appeared in[[40].

As in the stationary case, we have

32



Lemma 9 (trace formula). Supposey, 3 € I(Z) satisfy [5.2)[(513). Then
—hla+a™) =B+, = Z 1 (5.48)

Proof. Comparing the powers of~! in (5.5) and[(5.26) foB3, ., that is,

p
bo)\p+1 + 0 NP+ bp—i—l = H()‘ - lu]) (549)
j=1
. Hence equatioi (5.48) holds.
L]

Lemma 10. Suppose that, ; satisfy thepth time-dependent RT hierarchy. Moreover,
let P = (N, y) € K,\{ooE, o}, (n,no,t.) € Z x Z x R. Then,

¢+ (B —ha)+0(Q) P—Po. A=("!
o(P) =< hat + (hata+a—haB)+0(C?) P— P A=(' (5.50)
pa=(+0(¢Y) PP A=¢

The componeny, of the Baker-Akhiezer vectdr has the asymptotic behavior

. 1 r+1 ~
\Ill(Pa n, no, tra tO,r) C—O €xXp <:F§(tr - tO,r) Z 5r+1—SC_(S+1)(]- + O(<))> (551)

s=0

o (140 exp ([ (Sibosa(no,9)) ds) P Pay

tO,r

A(hat) (1+O(C))exp( (S By o (o, ))ds) PP,

tO,r'

X (5.52)

0 ha™
\Ijl(P,n,n())tT’atO,T’) % (h‘l— 5_’_

) (11 O(C)) exp ( [ At s)ds)(s.ss)

Proof. The proof of [5.5B) is analog with lemma 3. One observe that

~ r+l ~

Ar-i—l = 57“-%-1—5;157 (554)
s=0

BT’+1 = 5r+1—sBsa (555)
s=0



where

and
Ao—a0+b1——, BO—O
Then we have
Agi1 + Bo1 6
_ iy —A
= A8+l + Bs-‘rl 29 an
By
1_ Apnn
= As + Bs+1zBTfy
1y
1_ Appr
— ys+l — = 7 7 ys+1 7 2 iy
= (@A o BN+ Ggpr + Dorz) + (DA D) S
Tiy
1 _
= :F§C_(s+l) — bs2 + O(C)
1
= ¢§C‘(5+1) +0(1). P — Py
we infer that as® — P+
~ ~ 1 r+1 ~ r+1 B
Ar—l—l + Br+1¢ = 5 Z 57"+1—3C_S + Z bs+2
s=0 s=0
and asP — P,
Ar’-i-l(nOa S) + Br’-i-l(n()a S)¢(Pa Nno, S) C_>:0 AT’-‘rl(nOa S) + O(C) A= C - h_ESSG)
From [5.53), we havé (5.51)-(553). O

Lemma 11. Supposey, § satisfy the [(56)E(5.10), Moreover, léb,t.) € Z x R.
Denote byD;,  ji = (fi1, -+, f1,) € Sym(KC,), then the Dirichlet divisor of degree
associated withy, 3 and ¢ defined according td (5.14), that is,

fi(n,t,) = (pi(n,t), 214,01 (pi(n, o),y b)) € IG, 4 =1+, p.
ThenDy, ., is non-special for al(n, t,) € Z x R,
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Proof. Dy, is non-special if and only if /i, (n), - -, fi,(n)} contains one pair of
{fij, fi*(n)}. Hence, Dy, is non-special as long as the projectjonof i; are mu-
tually distinct,;(n) # pu.(n) for j # k. If two or more projection coincide for some
ng € Z, for instance,

i (no) =+ = pj,(no) = po, k> 1.

There are two cases in the following associated withlf py € {Eo, E1,- - -, Eopi1},
then A, 1 (1o, n0,t) # 0. fij,(no,t.), -+, 1, (no, t,) all meet in the same sheet and
hence no special divisor can arise in this mannei, kquals to somé&,,,, andk > 1,
one concludesB, (A, ng, t,) A B O((X\— Ep)?) and A, 1 (B, no, t.) = 0.
Butone observeR,, (), no, t,) = —A2, | —(hA=1)By1a™ B, | = O (A — Ep,)?) .
This conclusion contradict with the hypothesis that theveus nonsingular. We have
k = 1. Therefore no special divisor can arise in this manner. WMehave completed
the proof. O

Let wgoli,q be the normalized differentials of the second kind with aquei pole
at P... and principal parts

wgoli,q ﬂ (C_z_q + O<1)) dC? P — Poo:l:u C = )\_17 q c NO (557)
with vanishing a-periods,
/ W(on)oi#l =0, j=1--,p (5.58)

Moreover, we define

~ 1 r+1 ~
Q£2) — 5 (Z 857‘—1-1—3 <W(PE)+ s—1 w%;,s—l)) . (559)

s=1

The corresponding vector of b- perlodsmf (27i) is then denoted by
- - - 1 -
U7(~2) - <Ur17Ur27 "7U(2)>7 U(z‘) = 5 97(02)7 J=12--,p.

Theorem 12.let P € K,\{Pws, P} and (n,no,t,,ty,) € Z* x R%.Then for each
(n,t.) € Z x R, Dy(n, t,) is non-special. Moreover,

- 0(z(P,fi"(n,1,))) "
OPm.17) = Clo ) G pter s e < /Q O WPOPM) , (5.60)
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\III<P7 n,no, tr7 tO,T) = C(nu no, tr7 tO,r)

0(z(P, i(n, tr)))
H(Z(Pa B(no, tOm)))

P P
X exp <(n — ng) / Wi =ty — to,) / QQ) , (5.61)
Qo Qo
where 8(s(P s it
Cln,t,)=a" (el Peor %(n ) (5.62)
0(2(Poss 17 (n, tr)))
and
HZ_—an C(n) n>ng
C(n, ng, tr, t(],r) = 1 n = ng (563)

[T C(n)™ n<mn.

The Abel map linearizes the auxiliary divisby,, ;) in the sense that

~(2)
g, Daent)) = @0y (Dinorten)) — Ap. (FPo)(n —no) = U, (t, —to,).  (5.64)
Moreover,«, 8 are the form of

2 0(2(Pocy, fi(n, 1)) 0(2(Pooe, fi* (1))
0(2(Poor, i (n,1,))) 0(2(Pooms fi(n, 1)) °

Ly 0&(Poots 0, 1)) 0(2(Poo—s 1 (1))
0(2(Pocts 7 (1)) 0(2(Pa—, i'n, 1,)))

1 ( ( oo—i—a ( tr))_‘_g)
; Z:: aw] ( e(é(POO—i-»E( n,t,)) +w) ) o
(5.66)

_ %(a) (5.65)

Proof. The proof of [5.6D) is analog with Theorem 6. To prave (b.6hg observes
\III<P7 n,no, tr7 tO,T) = \Ill(Pa g, No, t?‘7 tr)\Ill(P7 n, no, t?‘7 tr) (567)
Uy (n, ng, t,, t,) is of the form

\III<P7 n, no, tru t?“) = C(n7 Ny, t?‘7 tr)

P
X exp ((n —ny) wg;)Poo+) . (5.68)



In the following, we study

tr B _
\Ill(Pu No, No, t?‘7 tO,T) = €xp (/ AT+1()‘7 no, 8) + BT+1()‘7 no, 8)¢(Pv no, 8)

to,r

(5.69)
Introducing®; (P) on K, \{ P~} by
0(2(P, fi(no, t,)))
\II P t?“7t T - C ) Y t?"?t T /\_
(P, no, ty, to,) (1o, 1o 0 )6’(_(P, (110, f0,)))
P
X exp (—(tr — to,r)/ QTZ)) , (5.70)
Qo
We intend to prove that
\Ill(Pv ng, No, t?‘7 tO,T) = \ill(Pv no, t?‘7 tO,T)a
pE ICP\{POO:t},TLQ c Z, t, tQJ» eR (571)

for an appropriate choice of the normalization constéfit, ng, ¢,, to.). (6.51)-[5.58)
(5.70) shows tha¥, and ¥, have the same essential singularitie®at.. F, is also
not zero point or singular point of; and¥;. (5.70) has zeros and polesjdt, t,)

andji(no, to,,). We remain to study the poidt € ,\{ P, Py}

\III<P7 N, N, tr7 tO,r)

tr N B
= exp </ ds <Ar+1(>\>n0, s) 4+ Bry1(A, no, s)

%Zy — Ap+1()\, Nno, 8)))

P+1()‘> no, S)

Cex tor By (15 (no, 5)) y(ii; (o, s))
- <A—m( ; o, ) “)(”))

i\1o, S )) Hk:l,k;ﬁj (Mj<n07 8) -

— exp (/ ds (A “J:; 7:;’78)) +0 (1)))
(/]

— exp trds( In (41;(no, 5) — A)+O(1))).

(5.72)
Therefore
(15(no, t,) — A)O (1) asP — fi;(no, t,) # fi;(no, to)
\Ijl(Pa n0>n0>tr>t0,r) =140 (1) as P — ,&j(no,tr) = ﬂj(no,tom)

(1 (no,tos) =X O (1) @s P — fi;(no,to,) # fij(no, t,).
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HenceW, and ¥, has the same local behavior and identical essential sintjedaat
P+ andP,. SO% is a multiple constant which may dependmant,, t,, (Riemann-
Roch type uniqueness theorem for the Baker-Akhiezer fanst[37]). Then we have
(6.613) forty,, t, € I and forny. By continuity with respect to divisors this extends to
allng ez sinceDE(ms) remain non-special for all, s) € Z x R. We calculate

B 0 & fj(ntr)
a0 5200, 1(Di(nt,)) = 52/ wi

Qo
= walig)me,
— - S c L - o . P
- =1 (; l<k)y(ﬂj(n,tr))> ( By (p(n, ) y(fej(n, t,) k 11_1# >
B p p ) M;?—l - .
) i=1 (; w kv (K _,Uk)> ( B (15 ,tr))>

t=max{0,s—p}

— Y atk anlk“ﬂ'(_ (Z(LHS > @(E)\Ifﬁ”tw)))

(5.73)

where we used the result of sectidn 6 in the 5th equality. hreiotvay, one finds as
P_>Poo:|:()\:<—_l)

_j:Zc k: 2p+1 S d¢ = i(Zch )Cri—prq(E C)d(

m 0(1 - mC))%

=0 k=1
(5.74)
then
_ 1 5 1 r+1 1 R
@_ [ gw- 5 = @ [ @
Urs 27i /bj " 27i ; 2'95’"“_S (/b] WPy 51 /bj WPoo,s—1>
r+1 (5.75)
- Z 57‘—1—1 s Z )Ck—p—i-s (E)
k=1
Comblnmg [5.7B) with[{5.75), we have
0 ~(2)
a_gQO CD&("JT)) = _Qr ; (576)

r
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which proves[(5.64). O

Remark 13. Assume = 0,7 € Ny, P = (\,y) € Ko\{Px+} and(n,ng) € Z*. Then

AN —ha-p+2 1
Vit = 20 Ft3 (5.77)
(hA — 1)at IN—hat+ 2
ICO . fo()\,y) :yz— ()\—E())()\—El) =0 EQ,El eC (578)
a, B satisfy
hat + ha + = -2t

(5.79)

—4 ((hat + BH) (—hat 4+ &) + a*) = B Ey

Ey+E 1 |[[Ey+E\? Ey,— B \? E,+ E
o _ 0t 1:&—\/( 0t 1) +( 0 1)’ 8= 0+t ! (5.80)

2h 2 2h 2 2
1 ) 1 1)
B, =1, Clz(h)\—l)o[", A1:—§)\_ha_5_|_§1’ Dlzi)\—hOﬁ—l—;l.
(5.81)
1. 1 01
¢(P,no) = sty — ( —5A—ha—=fF+ — |, (5.82)
2 2 2
1. 1 )\ b liy— A
Uy (P,n,ng) = <§zy— <—§A—hoz—ﬁ—|—§l)) exp (/to AT+1+BT+12T11) )
(5.83)

6 Appendix: The Lagrange Interpolation Representa-
tion of B, ,1(ui(n,t,))

We search for the interpolation representatiorBofu; (n, t,.)) as in the KdV, AKNS,
Toda cases. Introducing the notation[in![38][39],

() = (DR e, Se=A{L= (i, ) eNF|ly <o <l <p} k=1,-p,

LeSy,
6.1)
(I)Ec])(ﬁ) = (_1)k Z Py ==y Ky, Tlgj) = {l: (llv"'vlk) S Nk‘ll <o <y <p I, #]}
LET,Sj)
kzlvp_17 j:177p
6.2)
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and the formula

one finds

and
by

k
Z\Pk—l(ﬁ)ﬂé - (bl(g])(ﬁ)a k 207"'7n7 ] = 17"'7”? (63)
=0
p+1 P P
Bpii(A) = Z bp1-sA° = H (A= py) = Z \I]p—l(ﬂ))‘l
=0 Jj=1 =0

=V (p), 1=0,--,p+1. (welabel W_,(u)=0)

In the case < p,

- r+1 - r+1 [ min{r+1—s,p+1}
BT’+1 = Z b?“-i—l—s)\S = Z Z ér—i—l—s—k(ﬂ)bk A’
s=0 s=0 k=0
r+1 r+1—s
=> ( > @H_s_k(ﬂ)bk) A
s=0 k=0
r+1 r+1—s
= Z ( Z ér+1—s—k(ﬂ)‘1’k_1(g)> A° (6.4)
s=0 k=0
r+1 r+l—s
= ZéS(E) Z \IIT—S—t(N>>‘t
s=0 t=0
= &s(E) Z Uy
s=0 t=0
Br+1 (1) = ¢s(E) Z \Ijr—s—t(ﬁ)ﬂy
; s=0 t=0 (65)
=N e (B) VY, (n)
s=0
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In the case > p,

r+1 r+1 min{r+1—s,p+1}
r—i—l Zbr—i-l s)\s _Z Z Cr—i—l s— k( )b A
s=0 k=0

r—p p+1 r—+1 r+l—s
= Cri1mak(E)Tha (N + Y ) e k(E) T ()N

s=0 k=0 s=r—p+1 k=0

r—p p+1 r+1  p+1
=3 bk E) T (N DD e k(B) T ()N

s=r—p+1 k=0

"N »
+
=]
-
+
= o

(]
(]

ér—l—l—s—k(ﬂ)\llk—l (H))\S

=3
+
= o
"N »
+
— o

ér—l—l—s—k(ﬂ)\llk—l (H))\S

(]
(]

s=0 k=0

r+1 p+1
_ A r+l—s—=k
- E CS(E)\I]]C—I)\

s=0 k=0

r—p p+1

>

M

)\p+1 k)

s (Z \Ilk 1
MNTTE S b

s=r—p+1

Tm
"8 O

>
w
~—~
=
~—
—~
—~

@
Il
o

Then we have

r+1

> ¢

s=r—p+1

r+l1—s
B (k) = <Z Wy (p
Combining [6.5) with[(6]7), one finds

r+1

>

s=max{0,r—p+1}

BT’+1 ()\) =

Hence

e(B) P (1) =

7’+1 IUJ

r+1

Z 67’-1—1 s

r+1

]) - Z Sr—i—l—s
s=0
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r41

)\rps+z

s=r—p+1

r+1—s
(Z Vi1 (p

7’+1 s— k) —

T

D

s=max{0,r—p}

s

(>
t=max{0,s—p}

ofge

)\r—i—l s— k)

)\7‘—1—1 S— k‘)

(6.6)
r+1 _
Y aEBE ().
s=r—p+1
(6.7)
LBV (). (68)

@(E)\Ifﬁ”tw)) . (6.9)
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