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Abstract As a preliminary step in the nonlinear design of
shape memory alloy (SMA) composite structures, the force–
displacement characteristics of the SMA layer are studied.
The bilinear hysteretic model is adopted to describe the con-
stitutive relationship of SMA material. Under the assump-
tion that there is no point of SMA layer finishing martensitic
phase transformation during the loading and unloading pro-
cess, the generalized restoring force generated by SMA layer
is deduced for the case that the simply supported beam vi-
brates in its first mode. The generalized force is expressed as
piecewise-nonlinear hysteretic function of the beam trans-
verse displacement. Furthermore the energy dissipated by
SMA layer during one period is obtained by integration, then
its dependencies are discussed on the vibration amplitude
and the SMA’s strain (Ms-Strain) value at the beginning of
martensitic phase transformation. It is shown that SMA’s
energy dissipating capacity is proportional to the stiffness
difference of bilinear model and nonlinearly dependent on
Ms-Strain. The increasing rate of the dissipating capacity
gradually reduces with the amplitude increasing. The con-
dition corresponding to the maximum dissipating capacity is
deduced for given value of the vibration amplitude. The ob-
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tained results are helpful for designing beams laminated with
shape memory alloys.
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1 Introduction

Shape memory alloys (SMA) have attracted more and more
scholars’ attentions due to their shape memory effect and
pseudo-elasticity. They have been widely applied in me-
chanical engineering, civil engineering, aerospace engineer-
ing and so on [1–6]. At present, in the static and dynamic
analysis of engineering structure, research on SMA compos-
ite structure mainly involves active and passive control of the
deformation, vibration and noise of the beam and shell struc-
ture, of which the main composite structures adopted are: (1)
SMA films are laminated with a substrate [6–10]; (2) SMA
wires and alloying pellets are embedded into a substrate [11,
12]; (3) SMA fiber woven layer composite structures [13].
For the first laminated structure, the SMA is usually used
as a surface, while the other elastic material is used as a
substrate. Most of substrates are plate and a few of them
are wave-shaped shell. The structures with plate substrate
are reliable and easy to composite so that they are applied
widely in deformation and noise control of beams and pan-
els in engineering applications, and the results show that this
composite structure can make full use of SMA’s damping
characteristics to achieve better vibration and deformation
suppression effects [5–8,14,15].

Qin and Ren [16] studied dynamic response character-
istics of SMA laminated simply supported beams. During vi-
bration different points of its SMA layers may unload along
different lines of SMA’s pseudo-elasticity model. However,
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this fact was not taken into account in their paper so that an
important term was ignored in their model. A correct model
will be developed in this paper.

The present paper consists mainly of four sections:
Sect. 2 briefly describes the establishment and discretiza-
tion of the dynamic partial differential equation of lami-
nated beams which modifies the result in Ref. [16]; Sect. 3
carefully calculates the generalized restoring force caused in
SMA layers by piecewise integration and analyzes the force–
displacement characteristics, and similar work as this has not
been found in present reports; Sect. 4 studies the energy dis-
sipation capacity of SMA layers; and finally Sect. 5 discusses
the results.

2 SMA laminated beam bending vibration model

2.1 SMA constitutive model
The present research uses the bilinear model (see Fig. 1)

to express the superelasticity [17–19]. It had been shown
by theoretical analysis and experimental verification that the
model can meet engineering precision requirements. Ms and
Mf in subscript represent, respectively, start and finish of
the martensite transformation, while As and Af represent the
start and finish of the austensite transformation.

Fig. 1 SMA bilinear hysteresis loop constitutive model

The piecewise linear constitutive model is composed of
8 lines which are expressed inLi (i = 1,2, · · · ,8) hereafter.
L1 and L5 are linear elastic ranges in the SMA’s austenitic
state;L2 andL6 are SMA’s martensite transformation ranges;
L3 andL7 are the unloading ranges at the SMA incomplete
martensite transformation state;L4 and L8 are the SMA’s
autensite transformation ranges. The relationship between
SMA’s strain and stress ofLi is expressed in unified form

σs = σi0 + kiεs = σi0 + ki
∂us

∂x
, (1)

where

k1 = k3 = k5 = k7 = EA,

k2 = k4 = k6 = k8 =
σMf − σMs

εMf − εMs

,

σ10 = σ50 = 0,

σ20 = −σ60 = (k1 − k2)εMs,

σ30 = −σ70 = σ20 − (k1 − k2)εm,

σ40 = −σ80 = (k1 − k2)εAs.

εm denotes the maximum strain of a point in the SMA ma-
terial during the loading and unloading process. When the
beam vibrates, the strain–stress states of the different points
may be on different lines in Fig. 1. That is to say that the
Eq. (1) is dependent on the axial position of a point on SMA
layers.

2.2 Dynamics model of laminated beam

The SMA composite structure [8, 16] adopted here is shown
in Fig. 2. SMA films are used as surface layers to make full
use of the SMA damping characteristics. The middle sub-
strate is made from linearly elastic material.

Fig. 2 Micro-unit mechanics model of laminated beam

Supposing that the beam span is long enough to meet
the Euler-beam theory, the SMA layers are very thin and of
equal thickness, meanwhile, there is no axial force in the
beam. Then, by using the dynamic equilibrium equations
of micro-unit, displacement coordination condition and de-
formation differential equation of the substrate, the dynamic
equation of the substrate is obtained

m
∂2w
∂t2
+ c
∂w
∂t
+ Eb

bH3

12
∂4w
∂x4

+bhH
[
∂2σ0(x)
∂x2

+
(H + h)k(x)

2
∂4w
∂x4

]
= q(x, t), (2)

wherew is the deflection of the beam and its positive direc-
tion is downward.σ0(x) = σi0(x) andk(x) = ki(x) for all
pointsx, whose strain–stress state, (ε(x), σ(x)) lies on lineLi

(i = 1,2, · · · ,8) in Fig. 1. During vibration, the strain–stress
states of different points of the SMA layers may be on differ-
ent lines, therefore the model (Eq. (2)) is discontinuous onx,
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while continuous but not smooth ont. Noted that, the term,
σ0(x), has an important influence on the force–displacement
characteristics and energy dissipation of SMA layers and can
not be ignored [16]. Letting

x̄ = x/L, w̄ = w/L,

H1 = h/H, H2 = H/L,

k̄i = ki/Eb, σ̄i0 = σi0/Eb,

t̄ = t/t0, t0 =

√
12Lm

EbbH3
2

,

q̄(x̄, t̄ ) =
12q(x, t)

EbbH3
2

, η =
ct0
m
,

and substituting them into Eq. (2), gives the dynamics model
in dimensionless form as follows

∂2w̄
∂t̄ 2
+ η
∂w̄
∂t̄
+
∂4w̄
∂x̄4

+
12H1

H2

[
∂2σ̄0(x̄ )
∂x̄2

+
(1+ H1)H2k̄(x̄ )

2
∂4w̄
∂x̄4

]
= q̄(x̄, t̄ ). (3)

If the beam is simply supported at both ends, then its
deflection in the first mode can be expressed as

w̄ =
−2

π2H2(1+ H1)
y sin . (4)

In this case, the strain distribution of the SMA layers is

εs =
∂ūs1

∂x̄
=

H2(1+ H1)
2

∂2w̄
∂x̄2
= y(t̄ ) sin(πx̄ ), (5)

whereus1 is the axial displacement of the upper SMA layer.
It is obvious thaty(t̄ ) is the largest strain in the SMA layer.

Applying the Galerkin method to Eq. (3), one can obtain the
single degree of freedom dynamic equation ony(t̄ )

∂2y(t̄ )
∂t̄ 2

+ η
∂y(t̄ )
∂t̄
+ π4y(t̄ ) + Fs = G, (6)

whereG andFs, respectively, represent the generalized force
caused by distributed loads and SMA layers. They are two
integrations along the beam.

G = −π2H2(1+ H1)
∫ 1

0
q̄(x̄, t̄ ) sin(πx̄ )dx̄,

Fs = 12π2H1(1+ H1)F0
s ,

where

F0
s =

∫ 1

0

(
π2k̄(x̄)y(t̄ ) sin(πx̄ ) −

∂2σ̄0(x̄ )
∂x̄2

)
sin(πx̄)dx̄. (7)

The functiony(t̄ ) is denoted byy in the following sections
for simplification.

3 Force–displacement characteristic of SMA layers

To express analytically the generalized restoring forceFs, it
is only necessary to calculate the integrationF0

s dependent
on x̄. This paper discusses the situation ofεMs ≤ ym ≤ εMf

whereym denotes the maximum value ofy. The vibration of
the beam in half period can be divided into two processes,
namely loading (y : 0 → ym) and unloading (y : ym → 0)
which include two and four stages respectively. For all
stages, the sections for different strain–stress states of SMA
layers are shown in Fig. 3.

Fig. 3 Subsections of laminated beam at different deformation intervals (k̄(x̄) — solid line,σ̄0(x̄) — dashed line).a 0 ≤ y < εMs, ẏ > 0;
b εMs ≤ y < ym, ẏ > 0; c y1 < y ≤ ym, ẏ < 0; d y2 < y ≤ y1, ẏ < 0; eεAf ≤ y ≤ y2, ẏ < 0; f 0 ≤ y < εAf , ẏ < 0
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The loading process is divided into two stages:

(1) 0≤ y < εMs, ẏ > 0 (Fig. 3a). All SMA in the beam
is in elastic state of austenite

F0
s =

1
2
π2k̄1y.

(2) εMs ≤ y < ym, ẏ > 0 (Fig. 3b): The SMA in sec-
tion (x̄0,1− x̄0) is in martensitic transformation, while sec-
tions [0, x̄0] and [1− x̄0,1] are still in the elastic state of
the austenite phase. Here ¯x0 meetsysin(πx̄0) = εMs. x̄0

decreases from 1/2 to x̄m
0 , wheny increases fromεMs to ym;

F0
s = π

2
[ k̄2

2
+ x̄0(k̄1 − k̄2)

]
y− π cos(πx̄0)εMs(k̄1 − k̄2).

The unloading process includes four stages:

(3) y1 < y ≤ ym, ẏ < 0 (Fig. 3c): In this stage,
the three sections remain unchanged. SMA points in sec-
tion [x̄m

0 ,1 − x̄m
0 ] unload along lines parallel withL3 with

σ̄30 = (k̄1 − k̄2)(εMs − ym sin(πx̄)), while points in other sec-
tions unload alongL1 with σ̄0 independent of ¯x . When

y = y1
∆
= ym − (εMs − εAf ), the middle point first reaches

line L4

F0
s =

k̄1π
2

2
y+
π

2
(k̄1 − k̄2)(2πymx̄m

0 − πym − 2 cos(πx̄m
0 )εMs).

(4) y2 < y ≤ y1, ẏ < 0 (Fig. 3d): The SMA in section.
(x̄1,1− x̄1) are in austenite transformation where ¯x1 meets
(ym − y) sin(πx̄1) = εMs − εAf . Wheny decreases fromy1 to
y2, x̄1 decreases from 1/2 to x̄m

0 ; Herey2 = εAf ym/εMs

F0
s =

[
π2(k̄1 − k̄2)x̄1 +

π2k̄2

2

]
y− π(k̄1 − k̄2)[ymπ(x̄1 − x̄m

0 )

+ cos(πx̄m
0 )εMs − cos(πx̄1)(εMs − εAf )].

(5) εAf ≤ y ≤ y2, ẏ < 0 (Fig. 3e): The austenite trans-
formation section [ ¯xAf ,1− x̄Af ] reduces from [ ¯xm

0 ,1− x̄m
0 ] to

the middle point of the beam, where ¯xAf meetsysin(πx̄Af ) =
εAf

F0
s = π

2
[ k̄2

2
+ x̄Af (k̄1 − k̄2)

]
y− π cos(πx̄Af )εAf (k̄1 − k̄2).

(6) 0 ≤ y < εAf , ẏ < 0 (Fig. 3f): The SMA in whole
beam comes to the austensite state again

F0
s =

1
2
π2k̄1y.

It is easy to see that the generalized restoring forceFs

is hysteretic and nonlinear abouty (see Fig. 4a). If the term
σ̄30 is ignored as paper [16],Fs curves fail to be closed (see
Fig. 4b). That is whyσ0(x) can not be omitted in Eqs. (2)
and (3).

Fig. 4 The hysteresis relationship between SMA generalized force and deformation of beam

4 Influence of phase transformation parameters on en-
ergy dissipation capacity

Whenym ≥ εMs, SMA layers dissipate energy during beam
vibration. In the case whereym ≤ εMf , the energy dissipated
in one period equals the area summationA of two hysteresis
loops as given below

A = 2
{ ∫ εMs

εAf

π2

2
k̄1ydy+

∫ ym

εMs

{
π2
[ k̄2

2
+ x̄0(k̄1 − k̄2)

]
y

−π cos(πx̄0)εMs(k̄1 − k̄2)
}
dy

−

∫ ym

y1

{k1π
2

2
y+
π

2
(k̄1 − k̄2)[2πymx̄m

0 − πym
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−2 cos(πx̄m
0 )εMs]

}
dy−

∫ y1

y2

{[
π2(k̄1 − k̄2)x̄1 +

π2k̄2

2

]
y

−π(k̄1 − k̄2)[ymπ(x̄1 − x̄m
0 ) + cos(πx̄0)εMs

− cos(πx̄1)(εMs − εAf )
]}

dy

−

∫ y2

εAf

{
π2
[
x̄Af (k̄1 − k̄2) +

k̄2

2

]
y

−πεAf cos(πx̄ A
0 )(k̄1 − k̄2)

}
dy
}

= 4πεMs

k1 − k2

Eb
(εMs − εAf )

×

[
π

2
− arcsin

(εMs

ym

)]
. (8)

It is obvious that the energy dissipation capacity is pro-
portional tok1−k2 andεMs−εAf for fixedεMs. Thus choosing
SMA materials with a larger value of the two differences is
better for damping elements. In the following the effect on
energy dissipation of the two important parameters,ym and
εMs, is discussed.

(1) ym andA

The relationship betweenym andA is as shown in Fig. 5
for other fixed parameters, which suggests the area of hys-
teresis loop increases asym increases, but the increasing ratio
decreases.

Fig. 5 The relationship between area of hysteresis loop and the
maximal strain at the midpoint of beam

Fig. 6 The relationship between area of hysteresis loop and phase
transformation parameter of SMA

(2) εMs, εAf andA

The effects of the two parameters,εMs, εAf are shown
in Fig. 6 for other fixed parameters.A is not monotonic on
εMs with a maximum value in the investigated interval and
increasing asεAf decreases.

From the equation
∂A
∂εMs

= 0, one can find out the ex-

tremum condition

η = 2ξ

{
1+

ξ[ √
1− ξ2(π − 2 arcsinξ) − 2ξ

]}, (9)

in whichη = εAf /ym, ξ = εMs/ym, noting that 0< η < ξ < 1.
When Eq. (9) is satisfied,A reaches its maximum,Amax,
which is given below and plotted as a dashed line in Fig. 6

Amax

4π(k̄1 − k̄2)
= y2

mξ
[

ξ2

ξ −
√

1− ξ2(π/2− arcsinξ)
− ξ
]

×

(
π

2
− arcsinξ

)
. (10)

The above analysis suggests that the area of hysteresis
loop can achieve the maximum when the phase transforma-
tion parameters meet a certain relationship (9). That is to
say that the perfect damping effect can be obtained through
choosing SMA material with suitable parameters.

5 Conclusions

The SMA laminated beam simply-supported at both ends is
investigated in this paper. The main results are listed as fol-
low.



1070 Z.-Q. Wu, Z.-H. Zhang

(1) To build up the correct model for laminated beam vibra-
tion, the terms, describing the influence of intercepts of
lines in a piecewise constitutive relationship of the SMA,
must be included.

(2) The generalized force caused by SMA layers presents a
piecewise nonlinear characteristic instead of a piecewise
linear one for the strain–stress relationship in the SMA
constitutive model.

(3) The energy dissipation of the SMA increases as the strain
amplitude increases, and is proportional to the difference
between the two stiffness’s of the SMA bilinear model.
In addition, for a given amplitude, energy dissipation of
the SMA can achieve maximum value if the SMA’s phase
transformation parameters satisfy a certain relationship.
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