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Abstract As a preliminary step in the nonlinear design oftained results are helpful for designing beams laminated with
shape memory alloy (SMA) composite structures, the forceshape memory alloys.

displacement characteristics of the SMA layer are studied.

The bilinear hysteretic model is adopted to describe the ConK'eywords Shape memory alloyLaminated beam Bilin-

§t|tut|ve relat|o'nsh|p O.f SMA material. .U.n dgr the assump- 5y hysteretic model Force—displacement characteristics
tion that there is no point of SMA layer finishing martensitic Energy dissipation

phase transformation during the loading and unloading pro-

cess, the generalized restoring force generated by SMA layer

is deduced for the case that the simply supported beam Vj- |ntroduction

brates in its first mode. The generalized force is expressed as

piecewise-nonlinear hysteretic function of the beam trans-

verse displacement. Furthermore the energy dissipated I§hape memory alloys (SMA) have attracted more and more
SMA layer during one period is obtained by integration, therscholars’ attentions due to their shape memdigat and

its dependencies are discussed on the vibration amplitugeudo-elasticity. They have been widely applied in me-
and the SMAs strain (Ms-Strain) value at the beginning ofchanical engineering, civil engineering, aerospace engineer-
martensitic phase transformation. It is shown that SMASng and so on [1-6]. At present, in the static and dynamic
energy dissipating capacity is proportional to thefiséiss  analysis of engineering structure, research on SMA compos-
difference of bilinear model and nonlinearly dependent ofe structure mainly involves active and passive control of the
Ms-Strain. The increasing rate of the dissipating capaciteformation, vibration and noise of the beam and shell struc-
gradually reduces with the amplitude increasing. The conure, of which the main composite structures adopted are: (1)
dition corresponding to the maximum dissipating capacity iISMA films are laminated with a substrate [6-10]; (2) SMA
deduced for given value of the vibration amplitude. The ob-wires and alloying pellets are embedded into a substrate [11,
12]; (3) SMA fiber woven layer composite structures [13].
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Qin and Ren [16] studied dynamic response character-
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this fact was not taken into account in their paper so that aky = ks = ks = ky = Ea,

important term was ignored in their model. A correct model TM: — OM

will be developed in this paper. 2 e — En.
The present paper consists mainly of four sections: ' °

Sect. 2 briefly describes the establishment and discretiz&-10 = 050 = 0,

tion of the dyna_m|c partlllal dierential equation of lami- 5,0 = _ge = (ke — ka)ewm..

nated beams which modifies the result in Ref. [16]; Sect. 3

carefully calculates the generalized restoring force caused ifi30 = 070 = 020 —~ (ki — k2)em,

S_MA layers by piecewis_e i_ntegratior_1 a_nd analyzes tr_le forceq,g = —ggg = (ki — ko)ea.,.

displacement characteristics, and similar work as this has not ) . o

been found in present reports; Sect. 4 studies the energy dfée dénotes the maximum strain of a point in the SMA ma-

sipation capacity of SMA layers; and finally Sect. 5 discusself@l during the loading and unloading process. When the
beam vibrates, the strain—stress states of therdnt points

the results. : Lo .
may be on dierent lines in Fig. 1. That is to say that the
Eqg. (1) is dependent on the axial position of a point on SMA
2 SMA laminated beam bending vibration model layers.

2.2 Dynamics model of laminated beam

2.1 SMA constitutive model

The presentresearch uses the bilinear model (see Fig. the SMA composite structure [8, 16] adopted here is shown
to express the superelasticity [17-19]. It had been showi Fig. 2. SMA films are used as surface layers to make full
by theoretical analysis and experimental verification that th@se of the SMA damping characteristics. The middle sub-
model can meet engineering precision requirementsaM  strate is made from linearly elastic material.
Ms in subscript represent, respectively, start and finish of
the martensite transformation, while And 4 represent the

start and finish of the austensite transformation. q(x.0)
sl Thickness: A _Ts1 + 40
- = -
Psi sl
9s % ’ 1 Ts1 V4+dV
Om, 5 ( ? Thickness: H ‘
Om, B M — M +dM
O 1 Z3 Po " 2
5 - r, - =D o
o T / Y ———Thickness: h
Ay [t ; s -
4 / 52 !__ dx __! oo +dog
Ea, EM, ELERL € EM, & . . . . .
8 ¢ M LM AL ) Fig. 2 Micro-unit mechanics model of laminated beam

Supposing that the beam span is long enough to meet
the Euler-beam theory, the SMA layers are very thin and of
equal thickness, meanwhile, there is no axial force in the
beam. Then, by using the dynamic equilibrium equations
Fig. 1 SMA bilinear hysteresis loop constitutive model of micro-unit, displacement coordination condition and de-

formation diferential equation of the substrate, the dynamic
0?quation of the substrate is obtained

6

The piecewise linear constitutive model is composed

8 lines which are expressedlin (i = 1,2,--- ,8) hereafter. _d0°w  ow _ bH®d'w

L, andLs are linear elastic ranges in the SMA's austenitic  it2 ot 712 oxé

state;L, andLg are SMA’s_martensite transformati_on ranges; Pao(X)  (H + h)k(x) &*w

Ls andL; are the unloading ranges at the SMA incomplete +bhH[ e T 5 = axt, (2

martensite transformation state; and Lg are the SMA's
autensite transformation ranges. The relationship betwe
SMA’s strain and stress df; is expressed in unified form

&herew is the deflection of the beam and its positive direc-
tion is downward.oo(X) = ojo(X) andk(x) = k(x) for all
pointsx, whose strain—stress state(X), o-(x)) lies on lineL;

s = io + Kigs = i + kia_uS’ (1) (@(=212---.8)inFig. 1. During vibration, the strain—stress
9 states of dierent points of the SMA layers may be offfdi-
where ent lines, therefore the model (Eg. (2)) is discontinuoug,on
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Force—displacement characteristics of simply supported beam laminated with shape memory alloys 10

while continuous but not smooth @nNoted that, the term, Applying the Galerkin method to Eg. (3), one can obtain the
oo(X), has an important influence on the force—displacemersingle degree of freedom dynamic equationy(tr)

characteristics and energy dissipation of SMA layers and ¢ an © (@

not be ignored [16]. Letting 0):2 +7 )(;t +1y(t) + Fs =G, (6)
X=x/L, w=w/L, whereG andFg, respectively, represent the generalized force
H, = h/H, H, = H/L, caused by distributed loads and SMA layers. They are two

— _ integrations along the beam.
ki = ki/Ep, Tio = 0o/ Ep, g g

1
_ T2m G = —x2Hy(1 + Hy) f §(% D) sin(rR)dx.
= t/to, to = —3, 0
EpbH3

Fs = 127°Hy(1 + Hy)F?,

a )Zt = > =

a(x. t) EybHE n= where

and substituting them into Eq. (2), gives the dynamics modét? = f ( 2K(X)y(t) sin(rX) —
in dimensionless form as follows

PN oW oW The functiony(t) is denoted bw in the following sections

=z + ’7(9_t_ + 7a for simplification.

12H, 620_'0()?) (l + Hl)Hgk()?) 64W 3
+ H, %2 + 2 = q(x1).-(3) 3 Force—displacement characteristic of SMA layers

—

0'0(_)

)sm(m_()dx @)

If the beam is simply supported at both ends, then its

deflection in the first mode can be expressed as To express analytically the generalized restoring fdtget

is only necessary to calculate the integratihdependent

on x. This paper discusses the situatioregf < ym < ew,

whereyp, denotes the maximum value wf The vibration of

5 the beam in half period can be divided into two processes,
_0Usy  Hp(l+Hp)ow namely loadingy : 0 — ym) and unloadingy( : ym — 0)

70X T 2 ax? = V() sinrx). ©) which include two and four stages respectively. For all

whereug; is the axial displacement of the upper SMA layer.stages, the sections forfirent strain—stress states of SMA

It is obvious thaty(t) is the largest strain in the SMA layer. layers are shown in Fig. 3.

_ ) .
- ysin. 4
W= Py " @)

In this case, the strain distribution of the SMA layers is

a b - -
—_ ;' I 'E k' a. £ '3
& e = | ] 5
X k, -5
0 1 0 1
¢ _ d
G - 5 B L —r—c
1% 13 I I Iy
3 -3 " Yo | O [1-%, | 1-5)
0 TNa LTy - 1 0 G~ .- 1
e f —
B 4 ; it = 'E-, L] M=
= ] s = 15
00 % 11- %

0 1 0 1

Fig. 3 Subsections of laminated beam afelient deformation interval&((i)—solid line,oo(X) —dashed line)a0 <y < ey, ¥y > 0;
Dems <Y<yYmY>0,Cy1 <Y<Y y¥<0;dy, <y<y,y<0;eep <Y<y, y<0;f0<y<en,y<0
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The loading process is divided into two stages: (4)y2 <y < v,y < 0 (Fig. 3d): The SMA in section.
(1) 0<y < ey, y > 0 (Fig. 3a). All SMA in the beam (X1, 1 - X3) are in austenite transformation where meets
is in elastic state of austenite (Ym — y) sin(rX1) = &u, — &a,- Wheny decreases from to
1 . y2, X1 decreases from/2 to x7'; Herey = &a,Ym/ewm,
Fg = —7T2|(1y. 2
2 0 2 e L T K T T _ gm
. _ _ Fg = [7°(ky — k2)X1 + —= |y — 7(Ky — ko)[ym7r(X1 — X))
(2) em, < Y < Ym, ¥ > 0 (Fig. 3b): The SMA in sec- 2
tion (Xo, 1 — Xp) is in martensitic transformation, while sec- +Cosfrx()em, — COSrX1)(em, — £a)]-

tions [Q Xg] and [1 - Xo, 1] are still in the elastic state of
the austenite phase. Hexg meetsysin(xy) = em.. Xo
decreases from/2 to xJ', wheny increases frongy, to yn;

(5) ea; <Y < ¥o, ¥ < 0 (Fig. 3e): The austenite trans-
formation sectionXa,, 1—Xa,] reduces fromx7, 1-x7' to
the middle point of the beam, whexq, meetsysin(rXa,) =

o_ ok o = < ke s
Fs=m >+ Xo(ki — k) [y — m cosfrXo)em, (ki — ko). ”
FO = 72| 22 4 Xa, (ki — ko) [y — 77 cOS@TXa, e, (ki — ko).
The unloading process includes four stages: s 2 alla —la)ly xadenlla ~ ko)
B)Yy1 <y < ym Y < 0 (Fig. 3c): In this stage, (6) 0 <y < ea, Y < 0 (Fig. 3f): The SMA in whole

the three sections remain unchanged. SMA points in se®eam comes to the austensite state again

tion [T, 1 — x77 unload along lines parallel withz with o -

030 = (k1 — k2)(em, — Ym Sin(xX)), while points in other sec- Fs= 7 kyy.

tions unAIoad along, with o independent ok . When It is easy to see that the generalized restoring férge

Y = Y1 = Ym — (em, — &a,), the middle point first reaches s hysteretic and nonlinear abop(see Fig. 4a). If the term

line L4 030 is ignored as paper [16Fs curves fail to be closed (see
o kg 72 Fig. 4b). That is whyoro(X) can not be omitted in Egs. (2)

FO = =2-y+ 5 (ki — k) (2rymXY — mym — 2COSEXT)em).  and (3)

0.03
0.02
0.01 4
0 _‘
~0.01

= 0.02 4

Generalized force caused by SMA F,
=
" 1
Generalized force caused by SMA F,

—0.03 +

T T T T 1 T

-0.08  -0.04 0 0.04 0.08 -0.08 -0.04 0 0.04 0.08
SMA deformation in middle point of beam y SMA deformation in middle point of beam y

—T L T

Fig. 4 The hysteresis relationship between SMA generalized force and deformation of beam

4 Influence of phase transformation parameters on en- 5 _ 2{ fEMS ﬂ—zglydy+ fym {nz[ﬁ + Xolka - k) ly
ergy dissipation capacity e 2 e 2

vibration. In the case whesg, < ey, the energy dissipated

in one period equals the area summatoof two hysteresis Yo (kym? o= —
loops as given below ‘fy {Ty+ §(k1 — ko)[27ymXG' = 7Ym

Whenym > eu., SMA layers dissipate energy during beam ~ —7 COS@Xo)em, (ki — kz)}dy
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Force—displacement characteristics of simply supported beam laminated with shape memory alloys 10

Y1 - 2.
-2 cosfrB)ew] - f {7 - )%+ T2y x10°*
¥ 2 12+ l
—n(ky — ko) ymn(X1 — XF) + cosXo)ew, 10
- =
- cosrxu)(em, - )|y s 4l
Y2 [ E @
[ oo
a ESS
f =
5,
AL L 3
~nen, cosrxE)(a ~ k) o) :
ke -k o
= 4nem, lE 2(sMS —&n;)
b 04
/e R 0.0 0.02 0.03 0.04 0.05 0.06 0.07 0.08
X[_ B arCS|r< VYm )] (8) The strain at beginning of martensite transformation &,

It is obvious that the energy dissipation capacity is proFig. 6 The relationship between area of hysteresis loop and phase
portional tok; —kp andey, —éa, for fixed ey,. Thus choosing  transformation parameter of SMA
SMA materials with a larger value of the twofléirences is
better for damping elements. In the following th@eet on
energy dissipation of the two important parametgrsand (2) em,, ea; andA

ém,, is discussed. The dfects of the two parametersy,, ea, are shown

in Fig. 6 for other fixed parameterd is not monotonic on
em, With @ maximum value in the investigated interval and
increasing asa, decreases.

(1) ym andA

The relationship between, andAis as shown in Fig. 5 oA
for other fixed parameters, which suggests the area of hys- From the equationa— = 0, one can find out the ex-

teresis loop increases @ increases, but the increasing ratio . EMs
P 9w 9 tremum condition
decreases.

n=2e{1+ J

s 9
[ V1 - &2(m — 2 arcsirg) — 2§]} ®)
x10~ in whichn = &a, /Ym, &€ = em./Ym, Noting that 0< < &€ < 1.

3 When Eq. (9) is satisfiedA reaches its maximunimax,
which is given below and plotted as a dashed line in Fig. 6

| £ -4
dn(ky — ko) " lg— \J1—E(n/2 - arcsirg)

><(7—2r - arcsirﬁ). (10)

The above analysis suggests that the area of hysteresis
loop can achieve the maximum when the phase transforma-
tion parameters meet a certain relationship (9). That is to
say that the perfect dampingfect can be obtained through
choosing SMA material with suitable parameters.

Area of hysteresls loop A

04 : : . ] _
0.04 0.05 0.06 0.07 0.08 5 Conclusions

The maximal strain of SMA y,,

The SMA laminated beam simply-supported at both ends is

Fig. 5 The relationship between area of hysteresis loop and thgwestigated in this paper. The main results are listed as fol-
maximal strain at the midpoint of beam low.
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(1) To build up the correct model for laminated beam vibra- cies of a multilayer SMA laminated composite cantilever plate.
tion, the terms, describing the influence of intercepts of Smart Materials and Structur&s, 1021-1032 (2006)
lines in a piecewise constitutive relationship of the SMA, 8 Chen, Q., Levy, C.: Active vibration control of elastic beam by
must be included. means of shape memory alloy layers. Smart Materials Struc-

(2) The generalized force caused by SMA layers presents a tures, 400-406(1996) - _
piecewise nonlinear characteristic instead of a piecewise® Sepiani, H., Ebrahimi, F., Karimipour, H.: A mathemati-
linear one for the strain—stress relationship in the SMA cal model for smart functionally graded beam integrated with
constitutive model. shape memory alloy actuators. Journal of Mechanical Science

(3) The energy dissipation of the SMA increases as the strain_ and Technolog3, 3179-3190 (2009) _
amplitude increases, and is proportional to tHéedénce 10 Ogisu, T., Shimanuki, N., Kiyoshima, S.: Damage suppression
between the two dfiness’s of the SMA bilinear model in CFRP laminates using embedded shape memory alloy foils.
In addition, for a given amplitude, energy dissipation of Ao]vanced Comp03|.te Materials, 27__42 (2004) ,
the SMA can achieve maximum value if the SMA's phasell Qiu, Z., Yao, X., Jiang, Y.: Experimental research on strain

. . . . . monitoring in composite plates using embedded SMA wires.
transformation parameters satisfy a certain relationship. Smart Materials and Structuras, 1047—1053 (2006)

12 Ren, Y., Sun S.: Large amplitude flexural vibration of the or-
thotropic composite plate embedded with shape memory alloy
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