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1 Introduction  

Negacyclic codes over finite fields are a class of important codes that were initiated by 15 

Berlekamp in the early 1960s [1,2]. After successful applications of codes over 4Z  to good 

error-correcting codes [3] and unimodular lattices [4], codes over finite rings have received a 

lot of attention. In 1999, Wolfmann first introduced negacyclic codes over 4Z of odd length 

and studied their binary images [5,6]. Later, Blackford [7] used a transform approach to 

classify negacyclic codes over 4Z  of even length. Recently, Dinh [8,9] computed various 20 

kinds of distances of all negacyclic codes of length 2s
 over 

2aZ . 

In the present work, we investigate the distances of negacyclic codes over 
2aZ  for an 

arbitrary length. We consider the homogeneous distance of negacyclic codes over 
2aZ  and 

the Euclidean distance of self-dual negacyclic codes over
2aZ .  It is well known that for a 

linear code C  over 4Z , the Lee distance can be bounded by  Res C  and  Tor C  25 

[10]. We extend this bound to the homogeneous distance of negacyclic codes over 
2aZ  in 

terms of the Hamming distances of torsion codes. To do this, we determine all torsion codes 

of a negacyclic code over 
2aZ . The material is organized as follows. In Section 2, we 

introduce some basic definitions and notations. We also review main results about negacyclic 

codes over 
2aZ . Section 3 determines all torsion codes of a negacyclic code 

2aZ . Bounds on 30 

the homogeneous distance of a negacyclic code 
2aZ  are presented in Section 4. 

2 Preliminaries 

Let 
2aZ  denote the finite commutative ring of integers modulo 2a

 where 2a   is a positive 

integer. Denote by 
2

[ ]aZ x  the ring of polynomials in the indeterminate x  with coefficients in 

2aZ . A polynomial in 
2

[ ]aZ x  is called a basic irreducible polynomial if its reduction modulo 2 , 35 
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denoted by  f x , is irreducible in 2[ ]F x . Each element 
2ar Z  can be written uniquely as 

2 1

0 1 2 12 2 2a

ar r r r r

     ， 

where {0,1}ir   for 0 1i a   . 

Two polynomials      1 2 2
, af x f x Z x  are said to be coprime if there exist 

     1 2 2
, ax x Z x   such that        1 1 2 2 1x f x x f x   . It is known that  1f x and 40 

 2f x  are coprime in 
2

[ ]aZ x  if and only if  1f x  and  2f x  are coprime in 2[ ]F x  (cf. 

[11]). 

A code of length N  over 
2aZ  is a nonempty subset of 

2a

NZ , and a code of length N  over 

2aZ  is linear if it is a 
2aZ -submodule of 

2a

NZ . A linear code of length N  over 
2aZ  is 

negacyclic if C  is invariant under the permutation of 
2a

NZ : 45 

   0 1 1 1 0 2, , , , , , .N N Nc c c c c c      

We identify a codeword  0 1 1, , , Nc c c c   with its polynomial representation 

1

0 1 1( ) N

Nc x c c x c x 

    . Then ( )xc x corresponds to a negacyclic shift of ( )c x in the 

ring  
2

1a

NZ x x  . Thus negacyclic codes of length N  over 
2aZ  can be identified as 

ideals in the ring  
2

1a

NZ x x  . Let 2kN n , where k  is a nonnegative integer and n  is 50 

an odd number. Denote  

 
2

1a

N

a Z x x   . 

In particular, when 1a  ,  1 2 1NF x x   . This means that a binary cyclic code of 

length 2 ( )kN n n odd  is an ideal of 1. It has been shown in [12,13] that negacyclic codes 

over 
2aZ  of any length are principally generated. The following theorem gives the generators of 55 

negacyclic codes over 
2aZ for an arbitrary length. 

 

Theorem 2.1 ([13]).  Let  
1

1
rn

ii
x f x


   be the unique factorization of 1nx   into a 

product of monic basic irreducible divisors in 
2

[ ]aZ x . If C  is a negacyclic code over
2aZ of 

length 2 ( )kN n n odd , then  
1

i
r k

ii
C f x


  . Moreover 60 

0
(2 )deg( )

| | 2 .
r k

ii
a i f

C 
  

The homogeneous weight on 
2aZ  is a weight function on 

2aZ  defined by 

2 1

1 1

hom

2 , 2

( ) 2 2

0, 0.

a a

a a

if r

w r if r

if r

 

 

 


 
 

 

The homogeneous weight of  0 1 1, , , Nc c c c    over
2aZ  is the rational sum of the 
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homogeneous weights of components of C . The homogeneous distance  homd C  of a linear 65 

code C  is the smallest homogeneous weight of nonzero codewords of C . The homogeneous 

weight on 4Z coincides with the Lee weight. Carlet [14] introduced a generalized Gray isometry 

on 
2aZ  with the above homogeneous weight to obtain the generalized Kerdock codes. Duursma 

et.al [15] used this Gray isometry on 8Z  to construct a nonlinear 
37(96, 2 , 24)  binary code. 

3 Torsion codes 70 

Let C  be any code over 
2aZ  of length N . We now associate C  with some related 

codes. We define  |C c c C  . For each i , 0 1a   , we define the code 

   2
: 2 | 2a

NC c Z c C    .For a linear code C  over 
2aZ  of length N , it is easy to 

verify that    1: 2 : 2j jC C   and    1: 2 : 2j jC C  , 0 2j a   . In general, 

 0: 2C C is called the residue code and is denoted by  Res C . Let  be a fixed integer 75 

with 0 1a   . Let C  be a linear code of length N  over 
2aZ  ， If C  is negacyclic 

over 
2aZ , then it is easy to check that  : 2C 

 is negacyclic over 
2aZ  and  : 2C 

 is cyclic 

over 2F . Norton and Salagean introduced these codes [16] and used them to study the Hamming 

distance of linear codes over finite chain rings[17]. The code  : 2C 
 is called the  th torsion 

code of C  in [18]. The following is a special case of [18, Theorem 6.2]. 80 

Theorem 3.1 ([18]). For any linear code C over 
2aZ , we have  

1

0
: 2

a
C C 






 . 

Next, we will determine the  th torsion code of C , for 0 1m   . For this, we first 

give several helpful lemmas. 

Lemma 3.2. In a , we have  
2

1 2
k

nx   .  

Proof. The proof is similar to that for [7, Lemma 1]. By induction on n , it can be shown that 85 

   
2

21 1 2
k

kn n n

kx x x    , where  n

k x  is a unit in a . Therefore, 
2( 1)

knx    

2  in a . 

Lemma 3.3. Let  f x  be a divisor of 1nx   in  2F x . Then, in 1 ,  
2k l

f x


  

 
2k

f x , for any positive integer l  

Proof. Let      1ng x x f x  . Since  f x and  g x  are coprime in  2F x , it follows 90 

that  
l

f x  and  
2k

g x  are coprime in  2F x ,for any positive integer l . Hence, there exist 

     2,x x F x   such that        
2

1
kl

x f x x g x    in  2F x . Computing in 
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1 , we have   

         
2 2 2

1
k k kl

x f x x g x f x 
   

  
 

                                
22

1
kk

nf x x x    95 

                             
2k

f x  

Consequently,    
2 2k kl

f x f x


  for any positive integer l . 

Lemma 3.4. Let C  be a negacyclic code over 
2aZ  of length 2kN n  ( n  odd) with 

generator polynomial  
1

ikr

ii
f x

 , where   1if x i r   are monic basic irreducible 

divisors of 1nx   in  
2aZ x  and 0 2k

ik a  . Let  be a fixed integer with 0 1a   . 100 

Then  : 2C 
 contains the negacyclic code over

2aZ  of length 2kN n  ( n  odd)  with 

generator polynomial  
 

1

i
r l

ii
f x



  , where
   min 2 ,k

i i il k k


  . 

Proof. Let  
 

1

i
r l

i ai
D f x




  with 

   min 2 ,k

i i il k k


  . For any  f x D , we 

have      
 

1

i
r l

ii
f x g x f x




  , for some   ag x  . By Lemma 3.2, there exists an 

invertible element  x in a  such that   
2

1 2
k

nx x   . Hence, 105 

     
 

1

2 2 i

r
l

i

i

f x g x f x


 



   

       
 2

1

1
k

i

r
ln

i

i

x x g x f x





    

     
 

1

i

r

i

i

g x x f x


 




   

Where 
   2 min 2 ,k k

i i ik k


     .Obviously,  2 f x C  ,so    : 2f x C  .This 

gives that  : 2D C  . 110 

Combining the above lemmas with Theorem 3.1, we can determine the torsion codes of a 

negacyclic code over 
2aZ  of length 2kN n  ( n  odd) explicitly. 

Theorem 3.5. Let C be a negacyclic code over 
2aZ  of length 2kN n  ( n  odd) with 

generator polynomial  
1

i
r k

ii
f x

 , where   1if x i r   are monic basic irreducible 

divisors of 1nx   in  
2aZ x  and 0 2k

ik a  . Let   be a fixed integer with 115 

0 1a   . Then  : 2C 
 is a binary cyclic code of length 2kN n  ( n  odd)  with 

generator polynomial  
 

1

i
r

ii
f x




 , where 
      min 2 1 , min 2 ,k k

i i ik k


      
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Proof. By Lemma 3.4, for each  , 0 1a   , it is obvious that  : 2C    

 
 

1

i
r l

ii
f x



 ,where  ( ) min 2 ,k

i i il k k   . Let  
 

11

i
r l

ii
D f x




  . Applying 

Lemma 3.3, we get that 120 

  
 

 
 

1 1

i i

r r
l

i i

i i

D f x f x
 



 

   , 

Where               
    min 2 , min 2 ,k k

i i ik k


    

    min 2 1 , min 2 ,k k

i ik k    . 

This gives that  : 2 2
t

C    where  

   
1

deg
r

i i

i

t N f


 


   . 125 

Hence,           0 1 1
1 ...

0
: 2 2 a

a t t t
C 




   


  

   
1

1 0
deg

2
r a

i ii
aN f








 
  

  

 
1

deg
2 .

r

i ii
aN k f


    

From Theorem 3.1, we know that 

   
1

1
deg

0

: 2 2 .
r

i ii

a
aN k f

C C 






 



   130 

 Hence, for each  , 0 1a   , it must have  : 2C D   This shows that 

 : 2C D  . The desired result follows . 

From the above theorem, we can express that the residue code    
 0

1
Re i

r

ii
s C f x




  , 

where 
   0

min 2 ,k

i ik  , and    
 1

1

1
: 2

a
i

ra

ii
C f x







  where 

 1a

i ik

  . 

  min 2 1 ,k

ia k  135 

4 Homogeneous distance 

Let  
1

i
r k

ii
C f x


   be a negacyclic code over 

2a  of length  2kN n n odd , 

where  if x   1 i r   are monic basic irreducible divisors of 1nx   in 
2

[ ]a x  and 

0 2k

ik a  . For each  , 0 1a   , let d  denote the Hamming distance of the binary 

cyclic code  
( )

1
: 2 i

r

ii
C f




  , where     ( ) min 2 1 , min 2 ,k k

i i ik k     . 140 

Clearly, 0 1 1ad d d    . We first consider the Hamming distance of a negacyclic code over 

2a  of length  2kN n n odd . The Hamming distance is completely determined by the 
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binary cyclic code  1: 2aC 
.  

Theorem 4.1. Let C  be a negacyclic code over 
2a  of length  2kN n n odd  with 

generator polynomial 
1

( ) i
r k

ii
f x

 , where   1if x i r   are monic basic irreducible 145 

divisors of 1nx   in 
2

[ ]a x  and 0 2k

ik a  . Then   1H ad C d  . 

Proof. The result follows from [12, Theorem 4.2] and Theorem 3.5. 

Theorem 4.2.  Let C  be a negacyclic code over 
2a  of length  2kN n n odd  with 

generator polynomial 
1

( ) i
r k

ii
f x

 , where   1if x i r   are monic basic irreducible 

divisors of 1nx   in 
2

[ ]a x  and 0 2k

ik a  . Then  150 

   2 1

2 1 hom 12 min ,2 2a a

a a ad d d C d 

    . 

Proof. Let c  be any nonzero codeword in C . Then there exists  , 0 1a   , such that 

c  can be expressed in the form 2 b
, where 

2a

Nb  is not divisible by 2. This gives that 

 0 : 2b C   , which implies  Hw b d . If 0 2a   , then   2

hom 2aw c d
 . 

Because 0 1 2ad d d    , we have   2

hom 22a

aw c d

 , which means  homd C   155 

2

22a

ad

 . If 1a   , then   1

hom 12a

ad C d

 . Hence,    2

h o m 2m i n { 2 ,a

ad C d

  

1

12 }a

ad

 . On the other hand, note that 
1 12 2a ab b C   , so   1

hom 12a

ad C d

 . Therefore, 

   2 1

2 1 hom 12 min ,2 2a a

a a ad d d C d 

    . 

For the case 2a  , the upper bound in the above theorem specializes to the bound given by 

Rains in [10, Lemma 4]. As special cases, we have the following two corollaries which provide 160 

the exact homogeneous distance of some negacyclic codes over 
2a . 

Corollary 4.3. Let C  be a negacyclic code over 
2a  of length  2kN n n odd  with 

generator polynomial 
1

( ) i
r k

ii
f x

 , where   1if x i r   are monic basic irreducible 

divisors of 1nx   in 
2

[ ]a x  and 0 2k

ik a  . If  2 12a ad d  then   1

hom 12a

ad C d

 . 

Corollary 4.4. Let 
1

( ) i
r k

ii
C f x


   be a negacyclic code over 

2a  of length 165 

 2kN n n odd , where   1if x i r   are monic basic irreducible divisors of 1nx   in 

2a  and 0 2k

ik a  . Let  
1
max i

i r
k

 
 . 

(1) If  1 2 2k a   , then   2

hom 2ad C  . 

(2) If    2 2 1 2 1k ka a     , then   1

hom 2ad C  . 

Proof. (1) If  1 2 2k a   , then, by Theorem 3.5, we get that    2 1: 2 : 2 1a aC C   . 170 

From Theorem 4.2, it must be  2 1

hom2 2a ad C   . Note that
2 ( 2)

1
( )

kr a

ii
f x 


  
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   
2 ( 2) 2

1 2
k a anx C

 
   for some unit   in aR , which means

22a C  . This implies that 

  2

hom 2ad C  . So, it must have   2

hom 2ad C  . 

(2) if    2 2 1 2 1k ka a     , then  2: 2aC 
 is  not 0  or 1 , but  1: 2aC    

1 . Hence, 2 12a ad d  . From Theorem 4.2, we obtain that   1

hom 2ad C  . 175 

Using torsion codes we can find the exact homogeneous distance of some negacyclic codes 

over 
2a  of length 2 ( )kN n n odd . However, for the case when  

1
max i

i r
k

 
   

 2 1k a , it is difficult to determine the exact homogeneous distance for a negacyclic code over 

2a  of length 2 ( )kN n n odd  in general. Thus, there are still a large number of negacyclic 

codes over 
2a  of length 2 ( )kN n n odd  with homogeneous distance uncertain. Now we 180 

will give an upper bound for this case using simple-root binary cyclic code  0C f x  of 

length n . Let C  be a negacyclic code over 
2a  of length 2 ( )kN n n odd  with generator 

polynomial  
1

( ) i
r k

ii
g x f x


 , where   1if x i r   are monic basic irreducible divisors 

of 1nx   in 
2

[ ]a x  and  0 2k

ik a  . Define  f x  as the product of those basic 

irreducible polynomials  if x  of  g x  with multiplicity  2 1k

ik a  . The following 185 

lemma easily follows from [19, Theorem 1]. 

Lemma 4.5. Let 
2

1 ( )
k

C f x  be the binary cyclic code of length 2 ( )kN n n odd , and 

let 
2 ( )C f x  be the binary cyclic code of length n . Then    1 2H Hd C d C . 

Corollary 4.6. Let C  be a negacyclic code of length 2 ( )kN n n odd  with generator 

polynomial 
1

( ) ( ) i
r k

ii
g x f x


 . Let 0C  be defined as above and d  be the Hamming 190 

distance of 0C . Let 
1
max{ } 2 ( 1)k

i
i r

k a
 

   and l  be the number of nonzero coefficients of 

the 2-adic expansion of 2 ( 1)k a   . 

(1) If 2k a  , then
1

hom ( ) 2ad C d . 

(2) If 2 ( 1) 2k ka a   , then 

1 1

hom ( ) min{2 , 2 }a l ad C d   . 195 

Proof. (1) Note that ( )f x is the product of those basic irreducible polynomials ( )if x of 

( )g x with multiplicity 2 ( 1)k

ik a  , so 
1 2( , 2 ) ( )

kaC f x  .This implies that 1ad    

2( ( ) )
k

Hd f x .Combining Lemma 4.5 yields 
1

hom ( ) 2ad C d . 

 

(2) If 2 ( 1) 2k ka a   , then 200 
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1
( ) ( 1)

r n

ii
f x x





   

2 ( 1) 2 ( 1)

1 2 ( 1)

( 1) ( 1)

2 ( )( 1) ,

k k

k

n a n a

a n a

x x

u x x C





  

  

  

  
 

for some unit ( ) au x  . Hence, 
1 2 ( 1)2 ( 1)

ka n ax     be in C . This gives 
1

hom ( ) 2a ld C   . 

Also, we have 
1

hom ( ) 2ad C d from (1). Thus, 
1 1

hom ( ) min{2 ,2 }.a l ad C d    

Example 4.7.Let ( 1)i

iC x  be a negacyclic code of length 2k
 over 

2aZ ,for some 205 

{0,1, ,2 }ki a  . Then by Corollary 4.4, we easily get that if 0 2 ( 2)
k

i a   , then 

2

hom ( ) 2a

id C    ; if 2 ( 2) 1 2 ( 1)k ka i a     ,then 
1

hom ( ) 2a

id C  . If  2 2 1k s ma     

12 2k s mi a     for 0 1m k   , then
1( : 2 ) ( 1)a jC x    with 2 2 1k k m   

12 2k k mj     and
2( : 2 ) 0aC   . By Corollary 4.3, hom 1( ) 2 2a m

i ad C d 

  .This in fact 

gives an alternative method of computing the homogeneous distance of negacyclic codes of length 210 

2k
 over 

2aZ  [9]. 

5 Conclusion 

In this paper, we give a bound for the homogenous distance of negacyclic codes over 
2aZ  

using their higher torsion codes. The bound of the homogenous distance enables us to determine 

the exact distance of some negacyclic codes over 
2aZ . A further work is to consider the 215 

Euclidean distance of negacyclic codes over 
2aZ . 
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关于 Z_2^a 上的负循环码的齐次距离 250 

朱士信，开晓山 

（合肥工业大学数学学院） 

摘要：本文研究了 Z_2^a 上任意长度的负循环码的齐次距离。确立了 Z_2^a 上任意长度的负

循环码的各阶挠码；利用高阶挠码给出了 Z_2^a 上任意长度的负循环码的齐次距离界，得到

了 Z_2^a 上某些负循环码的确切的齐次距离。 255 
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