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1 � Introduction
The purpose of this paper is to investigate the following differential problem

x�( t ) = f ( t , x ( t ) ) � � t � J = [ 0, T ] , T > 0,

x ( 0) + ��
T

0
x ( s) ds = �x ( T ) ,

( 1)

where f � C( J � R, R) and ��0, �= 1 or - 1.Note that if �= 0, �= 1, ( 1) is periodic boundary value problem. If

�= 0, �= - 1, ( 1) reduces to ant-i periodic boundary value problem.There are many existence results for ordinary dif-

ferential equations with the above two boundary conditions( see references [ 1- 5] and references therein) .

It is well known that the monotone iterative technique is a powerful method used to approximate solutions of sever-

al problems
[6- 9]

. In this paper, we consider ( 1) by using the method of upper and lower solutions method combined

with monotone iterative technique.This technique plays important role in construct ing monotone sequences which conv-

erge to the solutions of our problem. In presence of a lower solution �and an upper solution �with �� �, we show the

sequences converge to the solut ions of ( 1) under suitable condit ions. Two examples are given to illustrate the obtained

results.

2 � Case �= 1
Definition 1 � A funct ion �� C

1
( J , R) is said to be a lower solut ion of ( 1) for �= 1 if

��( t ) � f ( t , �( t ) ) � � t � J ,

�( 0) + ��
T

0
�( s) d s � �( T ) ,

and an upper solut ion of ( 1) if the inequalit ies are reversed.

Let � ( u, v ) = { y : u( t ) � y ( t ) � v ( t ) , t � J } if u ( t ) � v ( t ) for t � J . We introduce the following assump-
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tions:

(H1) �0 , �0 � C
1
( J , R) are lower and upper solutions of ( 1) for �= 1 respectively, and �0 ( t ) � �0 ( t ) for t � J ;

(H2 ) f � C( J � � ( �
0

, �
0
) , R) ;

(H3 ) There exists M> 0 such that f ( t , u) - f ( t , v ) � M ( u- v ) if v � u, u, v � � ( �
0
, �

0
) , t � J .

Lemma 1 � Put �= 1, assume that (H1 ) , (H2 ) , ( H3 ) hold. If

y�( t ) = f ( t , �0 ( t ) ) + M ( y ( t ) - �0 ( t ) ) � � t � J , �0 ( 0) + ��
T

0
�0 ( s) ds = y ( T ) ,

z�( t ) = f ( t , �0 ( t ) ) + M ( z ( t ) - �0 ( t ) ) � � t � J , �0 ( 0) + ��
T

0
�0 ( s ) ds = z ( T ) ,

then

�0 ( t ) � z ( t ) � y ( t ) � �0 ( t ) � � t � J , ( 2)

and y , z are lower and upper solut ions of ( 1) respect ively.

Proof � Note that there exist unique solutions for y and z . Put p = y- �0 , q= �0- z , then

p ( T ) = y ( T ) - �0 ( T ) � �0 ( 0) + ��
T

0
�0 ( s) ds - �0 ( 0) - ��

T

0
�0 ( s ) ds = 0,

q( T ) = �0 ( T ) - z ( T ) � �0 ( 0) + ��
T

0
�0 ( s) ds - �0 ( 0) - ��

T

0
�0 ( s) d s = 0,

and

p�( t ) � f ( t , �0 ( t ) ) + M ( y ( t ) - �0 ( t ) ) - f ( t , �0 ( t ) ) = Mp ( t ) � � t � J ,

q�( t ) � f ( t , �0 ( t ) ) - f ( t , �0 ( t ) ) - M ( z ( t ) - �0 ( t ) ) = Mq( t ) � � t � J .

Hence p ( t ) � e
- M( T- t)

p ( T ) � 0, q ( t ) � e
- M( T- t)

q ( T ) � 0, t � J , then y ( t ) � �0 ( t ) , �0 ( t ) � z ( t ) , t � J .

Now let p= z- y , then

p ( T ) = �0 ( 0) + ��
T

0
�0 ( s ) ds - �0 ( 0) - ��

T

0
�0 ( s) ds =

�0 ( 0) - �0 ( 0) + ��
T

0
( �0 ( s ) - �0 ( s) ) d s � 0.

Assumption ( H3 )

p�( t ) = f ( t , �0 ( t ) ) - f ( t , �0 ( t ) ) + M ( z ( t ) - �0 ( t ) ) - M ( y ( t ) - �0 ( t ) ) �

- M ( �0 ( t ) - �0 ( t ) ) + M ( z ( t ) - y ( t ) ) + M ( �0 ( t ) - �0 ( t ) ) = Mp ( t ) .

Hence p ( t ) � e
- M( T- t)

p ( T ) � 0, t � J showing that z ( t ) � y ( t ) , t � J . It proves that ( 2) holds.Now we need to

show that y , z are lower and upper solut ions of ( 1) respectively.Using again assumption (H3 ) , we have

y�( t ) = f ( t , �0 ( t ) ) + M ( y ( t ) - �0 ( t ) ) - f ( t , y ( t ) ) + f ( t , y ( t ) ) � f ( t , y ( t ) ) � � t � J ,

z�( t ) = f ( t , �0 ( t ) ) + M ( z ( t ) - �0 ( t ) ) - f ( t , z ( t ) ) + f ( t , z ( t ) ) � f ( t , z ( t ) ) � � t � J ,

and

y ( 0) + ��
T

0
y ( s ) ds � �0 ( 0) + ��

T

0
�0 ( s ) ds = y ( T ) ,

z ( 0) + ��
T

0
z ( s ) ds � �0 ( 0) + ��

T

0
�0 ( s) ds = z ( T ) .

It shows that y , z are lower and upper solutions of ( 1) respectively. The proof is complete.

Theorem 1 � Put �= 1, suppose that (H1 ) , ( H2 ) , ( H3 ) hold. Then there exist monotone sequences { �n , �n }

such that �n � �, �n � �, t � J as n � � and this convergence is uniformly and monotonically on J . Moreover, �, �

are maximal and minimal solutions of ( 1) in [ �0 , �0 ] = { u � C
1
( J , R) : �0 � u � �0} .

Proof � Let
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��n+ 1 ( t ) = f ( t , �n ( t ) ) + M ( �n+ 1 ( t ) - �n ( t ) ) � � t � J ,

�n ( 0) + ��
T

0
�n ( s ) ds = �n+ 1 ( T ) ,

��n+ 1 ( t ) = f ( t , �n ( t ) ) + M ( �n+ 1 ( t ) - �n ( t ) ) � � t � J ,

�n ( 0) + ��
T

0
�n ( s) d s = �n+ 1 ( T ) ,

( 3)

for n = 0, 1, 2, �. Lemma 1 shows �0 ( t ) � �1 ( t ) � �1 ( t ) � �0 ( t ) , t � J , and �1 , �1 are lower and upper solut ions

of ( 1) respect ively. Assume that

�0 ( t ) � �1 ( t ) � � � �k ( t ) � �k ( t ) � � � �1 ( t ) � �0 ( t ) � � t � J

for some k �1 and let �k , �k be lower and upper solutions of ( 1) respectively. Then, using again lemma 1, we get

�k ( t ) � �k+ 1 ( t ) � �k+ 1 ( t ) � �k ( t ) , t � J , and �k+ 1 , �k+ 1 are lower and upper solutions of ( 1) respectively. By in-

duction,we have

�0 ( t ) � �1 ( t ) � � � �n ( t ) � �n ( t ) � � � �1 ( t ) � �0 ( t ) � � t � J for all n.

Hence �n ( t ) ��( t ) , �n ( t ) � �( t ) , t � J if n � � . Indeed, taking the limit n � � on both sides of ( 3) , we know

that �and � are solut ions of ( 1) .

Next ,we are going to show that �, �are maximal and minimal solutions of ( 1) in [ �0 , �0 ] . To do it, we need to

show that if w ( t ) is any solution of ( 1) such that �0 ( t ) � w ( t ) � �0 ( t ) , t � J , then �0 ( t ) � �( t ) � w ( t ) �

�( t ) � �0 ( t ) , t � J .Assume that for some k, �k ( t ) � w ( t ) � �k ( t ) , t � J . Let p= �k+ 1- w , q= w- �k+ 1 . Then

p ( T ) = �k+ 1 ( T ) - w ( T ) = �k ( 0) - w ( 0) + ��
T

0
[ �k ( s ) - w ( s ) ] ds � 0,

q( T ) = w ( T ) - �k+ 1 ( T ) = w ( 0) - �k ( 0) + ��
T

0
[ w ( s ) - �k ( s) ] d s � 0.

From assumption (H3 ) , we have

p�( t ) = f ( t , �k ( t ) ) - f ( t , w ( t ) ) + M ( �k+ 1 ( t ) - �k ( t ) ) �

- M ( w ( t ) - �k ( t ) ) + M ( �k+ 1 ( t ) -

�k ( t ) ) = Mp ( t ) � � t � J ,

q�( t ) = f ( t , w ( t ) ) - f ( t , �k ( t ) ) - M ( �k+ 1 ( t ) - �k ( t ) ) �

- M ( �k ( t ) - w ( t ) ) - M ( �k+ 1 ( t ) -

�k ( t ) ) = Mq( t ) � � t � J .

Hence p ( t ) � e
- M( T- t)

p ( T ) � 0, q ( t ) � e
- M ( T- t)

q( T ) � 0, t � J showing that �k+ 1 ( t ) � w ( t ) � �k+ 1 ( t ) , t �

J . It proves, by induction, that �n ( t ) � w ( t ) � �n ( t ) , t � J for all n. Taking the limit n � � , we have �0 ( t ) �

�( t ) � w ( t ) � �( t ) � �0 ( t ) , t � J , so the assertion of theorem 1 is true.The proof is complete.

3 � Case �= - 1

Definition 2 � Functions �, �� C
1
( J , R) are coupled lower and upper solutions of ( 1) for �= - 1 if

��( t ) � f ( t , �( t ) ) � � t � J , �( 0) + ��
T

0
�( s ) ds � - �( T ) ,

��( t ) � f ( t , �( t ) ) � � t � J , �( 0) + ��
T

0
�( s) ds �- �( T ) .

(H4) �0 , �0 � C
1
( J , R) are coupled lower and upper solutions of (1) for �= - 1 and �0 ( t ) � �0 ( t ) for t � J .

(H5 ) f x � C( J � � ( �
0

, �
0
) , R) and 1+ � �T

0 e
� t

0
f
x
( s, �( s) ) ds

dt- e
�T

0
f
x
( s, �( s) ) ds �0 for any �� � ( �

0
, �

0
) , ��0.

Lemma 2 � Put �= - 1, assume that ( H4 ) , (H2 ) and( H3 ) hold. If
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y�( t ) = f ( t , �0 ( t ) ) + M ( y ( t ) - �0 ( t ) ) � � t � J , �0 ( 0) + ��
T

0
�0 ( s) ds = - y ( T ) ,

z�( t ) = f ( t , �0 ( t ) ) + M ( z ( t ) - �0 ( t ) ) � � t I J , A0 ( 0) + L
Q

T

0
A 0 ( s ) ds = - z ( T ) ,

then

B0 ( t ) [ z ( t ) [ y ( t ) [ A0 ( t )   t I J , ( 4)

and y , z are coupled lower and upper solutions of ( 1) .

Proof  Note that there exist unique solutions for y and z . Put p = y- A0 , q= B0- z , then

p ( T ) = y ( T ) - A0 ( T ) [ - B0 ( 0) - L
Q

T

0
B 0 ( s) d s+ B0 ( 0) + L

Q

T

0
B 0 ( s) ds = 0,

q ( T ) = B0 ( T ) - z ( T ) [ - A0 ( 0) - L
Q

T

0
A 0 ( s ) ds + A0 ( 0) + L

Q

T

0
A 0 ( s) ds = 0,

and

pc ( t ) \ f ( t , A0 ( t ) ) + M ( y ( t ) - A0 ( t ) ) - f ( t , A0 ( t ) ) = Mp ( t )   t I J ,

qc ( t ) \ f ( t , B0 ( t ) ) - f ( t , B0 ( t ) ) - M ( z ( t ) - B0 ( t ) ) = Mq( t )   t I J .

Hence p ( t ) [ e
- M( T- t)

p ( T ) [ 0, q ( t ) [ e
- M ( T- t)

q ( T ) [ 0, t I J , then y ( t ) [ A0 ( t ) , B0 ( t ) [ z ( t ) , t I J . Now

let p= z- y , then

p ( T ) = - A0 ( 0) - L
Q

T

0
A 0 ( s) ds + B0 ( 0) + L

Q

T

0
B 0 ( s) ds =

B0 ( 0) - A0 ( 0) + L
Q

T

0
( B0 ( s) - A0 ( s ) ) ds [ 0.

Assumption ( H3 ) yields

pc ( t ) = f ( t , B0 ( t ) ) - f ( t , A0 ( t ) ) + M ( z ( t ) - B0 ( t ) ) - M ( y ( t ) - A0 ( t ) ) \

- M ( A0 ( t ) - B0 ( t ) ) + M ( z ( t ) - y ( t ) ) +

M ( A0 ( t ) - B0 ( t ) ) = Mp ( t ) .

Hence p ( t ) [ e
- M( T- t)

p ( T ) [ 0, t I J showing that z ( t ) [ y ( t ) , t I J . It proves that ( 4) holds.Now we need to

show that y , z are coupled lower and upper solutions of ( 1) for K= - 1.Using again assumption ( H3 ) we have

yc ( t ) = f ( t , A0 ( t ) ) + M ( y ( t ) - A0 ( t ) ) - f ( t , y ( t ) ) + f ( t , y ( t ) ) [ f ( t , y ( t ) )   t I J ,

zc ( t ) = f ( t , B0 ( t ) ) + M ( z ( t ) - B0 ( t ) ) - f ( t , z ( t ) ) + f ( t , z ( t ) ) \ f ( t , z ( t ) )   t I J ,

and

y ( 0) + L
Q

T

0
y ( s) d s [ A0 ( 0) + L

Q

T

0
A 0 ( s ) ds = - z ( T ) ,

z ( 0) + L
Q

T

0
z ( s) ds \ B0 ( 0) + L

Q

T

0
B 0 ( s ) ds = - y ( T ) .

It shows that y , z are coupled lower and upper solutions of ( 1) respectively. The proof is complete.

Theorem 2  Put K= - 1, suppose that (H2 ) , (H3 ) , ( H4 ) and ( H5 ) hold.Then there exist monotone sequences

{ An , Bn } such that An y A , Bn y B , t I J as n y ] and this convergence is uniformly and monotonically on J . More-

over, ( 1) has a unique solution x I [ B0 , A0 ] = { u I C
1
( J , R) : B0 [ u [ A0} and x= A= B.

Proof  Let

Acn+ 1 ( t ) = f ( t , An ( t ) ) + M ( An+ 1 ( t ) - An ( t ) )   t I J ,

Bn ( 0) + L
Q

T

0
Bn ( s) d s = - An+ 1 ( T ) ,

Bcn+ 1 ( t ) = f ( t , Bn ( t ) ) + M ( Bn+ 1 ( t ) - Bn ( t ) )   t I J ,

An ( 0) + L
Q

T

0
A n ( s ) ds = - Bn+ 1 ( T ) ,

( 5)
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for n = 0, 1, 2, , . Lemma 2 shows B0 ( t ) [ B1 ( t ) [ A1 ( t ) [ A0 ( t ) , t I J , and A1 , B1 are coupled lower and upper

solutions of ( 1) respectively.Assume that

B0 ( t ) [ B1 ( t ) [ , [ Bk ( t ) [ Ak ( t ) [ , [ A1 ( t ) [ A0 ( t )   t I J ,

for some k \ 1 and let Ak , Bk be coupled lower and upper solut ions of ( 1) respectively. Then, using again lemma 2, we

get Bk ( t ) [ Bk+ 1 ( t ) [ Ak+ 1 ( t ) [ Ak ( t ) , t I J , and Ak+ 1 , Bk+ 1 are coupled lower and upper solutions of ( 1) respec-

tively. By induction, we have

B0 ( t ) [ B1 ( t ) [ , [ Bn ( t ) [ An ( t ) [ , [ A1 ( t ) [ A0 ( t )   t I J for all n.

Hence Bn ( t ) y B( t ) , An ( t ) y A( t ) , t I J if n y ] . Indeed, taking the limit n y ] on both sides of ( 5) , we know

that ( A, B) is a solution of the following system:

Ac( t ) = f ( t , A( t ) )   t I J , B( 0) + L
Q

T

0
B ( s ) ds = - A( T ) ,

Bc( t ) = f ( t , B( t ) )   t I J , A( 0) + L
Q

T

0
A ( s) d s = - B( T ) .

Note that if we show that A= B, then A= B is a solution of ( 1) for K= - 1. Put P= B- A, then we have

P( T ) = P ( 0) + L
Q

T

0
P( s) ds , ( 6)

and

Pc ( t ) = f ( t , B( t ) ) - f ( t , A( t ) ) = f x ( t , N( t ) ) P ( t )   t I J ,

where N is between B and A. It yields

P ( T ) = eQ
T

0
f
x

( s , N( s) ) ds
P ( 0) , P ( t ) = eQ

t

0
f
x

( s, N( s) ) ds
P( 0)   t I J . ( 7)

From ( 6) and ( 7) ,we obtain

eQ
T

0
f
x

( s , N( s ) ) ds
P ( 0) = P ( 0) + L

Q

T

0
eQ

t

0
f
x
( s, N( s) ) ds

dtP ( 0) .

Hence, P ( 0) = 0, by assumpt ion (H5 ) , and finally, P( t ) = 0 on J , by ( 7) . It proves that A= B, so A= B is a solu-

tion of ( 1) for K= - 1.

Next ,we are going to show that A= B is a unique solution of ( 1) in [ B0 , A0 ] . To do it ,we need to show that if

w ( t ) is any solution of ( 1) such that B0 ( t ) [ w ( t ) [ A0 ( t ) , t I J , then B0 ( t ) [ B( t ) [ w ( t ) [ A( t ) [ A0 ( t ) ,

t I J . Assume that for some k , Bk ( t ) [ w ( t ) [ Ak ( t ) , t I J . Let p= Bk+ 1- w , q= w- Ak+ 1 . Then

p ( T ) = Bk+ 1 ( T ) - w( T ) = w ( 0) - Ak ( 0) + L
Q

T

0
[ w ( s) - Ak ( s) ] ds [ 0,

q ( T ) = w ( T ) - Ak+ 1 ( T ) = Bk ( 0) - w ( 0) + L
Q

T

0
[ Bk ( s ) - w ( s ) ] ds [ 0.

From assumption (H3 ) , we have

pc ( t ) = f ( t , Bk ( t ) ) - f ( t , w ( t ) ) + M ( Bk+ 1 ( t ) - Bk ( t ) ) \

- M ( w ( t ) - Bk ( t ) ) + M ( Bk+ 1 ( t ) -

Bk ( t ) ) = Mp ( t )   t I J ,

qc ( t ) = f ( t , w ( t ) ) - f ( t , Ak ( t ) ) - M ( Ak+ 1 ( t ) - Ak ( t ) ) \

- M ( Ak ( t ) - w ( t ) ) - M ( Ak+ 1 ( t ) -

Ak ( t ) ) = Mq( t )   t I J .

Hence p ( t ) [ e
- M( T- t)

p ( T ) [ 0, q ( t ) [ e
- M ( T- t)

q( T ) [ 0, t I J showing that Bk+ 1 ( t ) [ w ( t ) [ Ak+ 1 ( t ) , t I

J . It proves, by induction, that Bn ( t ) [ w ( t ) [ An ( t ) , t I J for all n. Taking the limit n y ] , we have A( t ) =

w ( t ) = B( t ) , t I J , so the assertion of theorem 2 is true.The proof is complete.
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4  Examples
Example 1  Consider the equation

xc ( t ) = ( x ( t ) + 5- e
- 2t

) sin x ( t ) -
t

100
  0 < t < 1,

x ( 0) +
1
4Q

1

0
x ( s ) ds = x ( 1) .

( 8)

It is easy to see that A0= t+ 1, B0= 0 are lower and upper solution of ( 8) respect ively. f ( t , u) = ( u( t ) + 5 -

e
- 2 t

) sin u -
t

100, f u = sin u + ( u( t ) + 5- e
- 2t

) cos u < 9 for 0 [ u [ t+ 1, 0 [ t [ 1. f ( t , y ) - f ( t , x ) < 9( y

- x ) for 0 [ x [ y [ t+ 1. (H3 ) is sat isfied. By theorem 1, ( 8) has at least a solution x ( t ) : 0 [ x ( t ) [ t+ 1.

Example 4. 2  Consider the equat ion

xc ( t ) = x
2
( t ) - 1 + tsin x ( t )   0 < t < 1,

x ( 0) = - x ( 1) .
( 9)

A0= 1, B0= - 1 are coupled lower and upper solut ion of ( 9) respectively. f ( t , u ) = u
2
- 1+ tsin u, f u = 2u+ t

cos u [ 3 for - 1 [ u [ 1, 0 [ t [ 1, f ( t , y ) - f ( t , x ) [ 3( y- x ) for - 1 [ x [ y [ 1. (H3 ) is satisfied. Further, 1

- e
Q1

0
f
u

( s , N( s ) ) ds
X 0, ( H5 ) is satisfied. By theorem 2, ( 9) has at least a solution x ( t ) : - 1 [ x ( t ) [ 1.
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微 分 方 程 的 反 序 上 下 解 方 法
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摘  要 : 利 用 反 序 上 下 解 组 合 单 调 迭 代 技 术 , 讨 论 了 一 类 带 积 分 边 界 条 件 的 微 分 方 程 解 的 存 在 性 问 题 , 得 到 了 几 个 新

的 存 在 性 定 理 .
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