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1　Introduction
Inordertodescribetherealworldandeconomicbehaviorbetter,recently,muchattentionhasbeen

attractedtomulticriteriaequilibriummodels.Motivatedbyref.[1 5],westudythefollowingsystemof
generalizedvectorquasi-equilibriumproblems.

LetI={1,2,…,n},foreachi∈I.LetXiandYibeHausdorfftopologicalvectorspaces.Kiisa
nonemptysubsetofXi,andCi⊂YiisaclosedconvexpointedconewithintCi≠Ø,whereintCidenotes

theinteriorofCi.AndletK=∏
n

i=1
Ki.Foreveryi∈I,letfi:K×Ki→Yibeavector-valuedmappingand

Si:K→2Kiaset-valuedmapping,where2KidenotesthefamilyofallnonemptysubsetsofKi.Thegener-

alizedvectorquasi-equilibriumproblemconsistsinfinding■x∈Ksuchthatforeachi∈I,■xi∈Si(■x),

fi(■x,yi)∉-intCi,∀yi∈Si(■x),where■xidenotestheithcomponentof■x.Forconvenience,thegen-
eralizedvectorquasi-equilibrium problemiscalledthegeneralizedsymmetricvectorquasi-equilibrium
problem (briefly,GSVQEP),and■xiscalledasolutionoftheGSVQEP.

Ref.[5]hasstudiedthegeneralizedvectorquasi-equilibriumproblemswithoutconstraint(briefly,

SGVEP),where,foreachi∈I,fiisaset-valuedmapping.Ref.[2]studiedtheexistenceofsolutionsfor
thesystemofgeneralizedvectorquasi-equilibriumproblemswithconstraint(briefly,SGQVEP),where
foreachi,fiisaset-valuedmapping.ItiseasytoseethatSGQVEPincludesSGVEPasaspecialcase.
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AlthoughSGQVEPofref.[2]includesGSVQEPasaspecialcase,theinvestigationofref.[2]depends
ontheadvantageofBanachspacesandSi(x)≠Ø.ItisclearthatifSiisasingled-mapping,thenintSi=
Ø.Inthispaper,byusingnewmethods,wederivetheexistenceresultsforweaklyPareto-Nashequilibri-
umpointsformultiobjectivegeneralizedgameproblemsandmultiobjectivegameproblemsinreallocally
convex Hausdorfftopologicalspaces.Asits corollary,one ofthe open problems proposed in
ref.[1]issolved.

Forotherexistenceresultsrelatedtoequilibriumproblems,wereferthereadertoref.[1 13]and
referencestherein.

2　Preliminaries
Definition1　LetYbeatopologicalvectorspace,CbeaclosedconvexpointconeinY,Dbeanon-

emptysubsetofY,andthenapointa∈DiscalledaminimalpointsofDifD∩(a-C)= a{ }.IfintC≠
Ø,apointa∈DiscalledaweakminimalpointofDifD∩(a-intC)=Ø.Min(D,C)and minW (D,C)

willdenotethesetsofallminimalpointsandallweakminimalpointsofD,respectively.
Thefollowingdefinitioncanbefoundinref.[14].
Definition2　LetX beaHausdorfftopologicalspaceandYbeaHausdorfftopologicalvectorspace

withaconvexconeC.Letf:X→Ybeavector-valuedfunction.
(i)fissaidtobeC-continuousatx0∈Xif,foranyopenneighborhoodVofthezeroelementθin

Y,thereisanopenneighborhoodN(x0)ofx0inXsuchthatf(x)∈f(x0)+V+C,∀x∈N(x0);fis
saidtobeC-continuousonXifitisC-continuousateveryelementofX.

(ii)fissaidtobe(-C)-continuousatx0∈Xif,foranyopenneighborhoodVofθinY,thereex-
istsanopenneighborhoodN(x0)ofx0inXsuchthatf(x)∈f(x0)+V-C,∀x∈N(x0);fissaidto
be(-C)-continuousonXifitis(-C)-continuousatanypointofX.

Remark1　Avector-valuedmappingmaybeatthesametimeC-and(-C)-continuous,butnotcon-
tinuous(seeref.[14]).ItiseasilytoseethatfisC-and(-C)-continuityisequivalenttocontinuityin
thescalarcase,i.e.Y=RandC=[0,+¥).

Definition3　LetY beatopologicalvectorspacewithaclosedconvexpointedconeC,letK bea
nonemptyconvexsubsetofavectorspaceX,andletf:K→Ybegiven.

(i)fissaidtobeC-convexif,foranyx,y∈Kandt∈[0,1].tf(x)+(1-t)f(y)-f(tx+(1-t)

y)∈C;fissaidtobeC-concaveif-fisC-convex.
(ii)(Seeref.[8])fissaidtobeC-properlyquasi-convexif,foranyy1,y2∈K andt∈[0,1],one

haseitherf(ty1+(1-t)y2)∈f(y1)-C,orf(ty1+(1-t)y2)∈f(y2)-C.
Definition4　 LetXandYbetwoHausdorfftopologicalspaces,T:X→2Yisaset-valuedmapping.
(i)Tissaidtobeuppersemi-continuous(briefly,u.s.c.)atx0∈XifforanyneighborhoodN(T

(x0))ofT(x0),thereexistsaneighborhoodN(x0)ofx0suchthatT(x)⊂N(T(x0)),∀x∈N(x0).
WesaythatTissaidtobeuppersemi-continuousonXifTisu.s.c.ateverypointx∈X.

(ii)Tissaidtobelowersemi-continuous(briefly,l.s.c.)atx0∈Xifforanyy0∈N(x0)andany
neighborhoodN(y0)ofy0,thereexistsaneighborhoodN(x0)ofx0suchthatT(x)∩N(y0)≠Ø,∀x
∈N(x0).WesaythatTissaidtobelowersemi-continuousonXifitislowersemi-continuousatevery
x0∈X.

(iii)Tissaidtobecontinuousifitis,atthesametime,u.s.c.andl.s.c.onX.
(iv)TissaidtobeaclosedmappingifgraphT={(x,y)∈X×Y:y∈T(x)}isaclosedsetin

X×Y.
Lemma1[45]　LetX bealocallyconvexHausdorffspace.K ⊂Xisanonemptyconvexcompact
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subset.LetT:K→2K beu.s.c.withnonemptyclosedconvexvalues.ThenThasafixedpointinK.
Lemma2(KyFan’sSectionTheorem)　Letx0beanonemptycompactconvexsubsetofaHaus-

dorfftopologicalvectorspaceandAbeasubsetofX0×X0suchthat:
(1)Foreachy∈X0,thesetx∈{X0:(x,y)∈A}isclosedinX0;
(2)Foreachx∈X0,thesetx∈{X0:(x,y)∉A}isconvexorempty;
(3)Foreachx∈X0,x,x( ) ∈A.

Thenthereexistsapointx∗ ∈X0suchthat{x∗ }×X0⊂A.
Lemma3　Foreachi∈I,letXibelocallyHausdorfftopologicalvectorspaceandYibeHausdorff

topologicalvectorspaceKibenonemptycompactconvexsubsetofXi,K =∏
n

i=1
Ki.Letfi:K×Ki→Yi

beavectorvaluedmappingandSi:K→2K1aset-valuedmapping,supposethatY1⊂Y2⊂…⊂Ynandfor
eachi∈I,Ci=Cn∩YiisaclosedconvexpointedconewithintCi≠Ø.Foreachi∈I,assumethat:

(i)SiiscontinuousonK withnonemptyconvexcompactvalues;
(ii)Foreachx∈K,fi(x,xi)=θ,wherexiistheithcomponentofx;
(iii)Foreach(x,yi)∈K×Ki,thefi(·,·)is(-Ci)-continuousonK×Ki;
(iv)Foreachfixedx∈K,fi(x,·)isCi-convex.

ThenGSVQEPhasasolution.

3　MainResults
Foranyi∈I={1,…,n},letXiandYibetwoHausdorfftopologicalvectorspacesandKianon-

emptysubsetofXi,andCiaclosedconvexpointedconeofYiwithintCi≠Ø.WriteK=∏
n

i=1
Kiandfor

eachi∈I.LetKi⌒ = ∏
i=1,i≠i⌒

Ki.Thuswecanwritex= xi,xi⌒( ) ,foreachx∈K,andforeachi∈I.Let

gi:K→Yibeavector-valuedmapping.Themultiobjectivegameproblemconsistsinfinding■x∈K such

that,foranyi∈I,gi yi,xi⌒( ) -gi ■xi,■xi⌒( ) ∉-intCi,∀yi∈Ki.A multiobjectivegameproblemisof-
tendenotedby{Ki,gi}i∈I.

Foreachi∈I,letGi:Ki⌒ →2Ki beafeasiblestrategycorrespondence.Themultiobjectivegeneralized

gameproblemconsistsinfinding■x∈K suchthatforeachi∈I,■xi∈Gi ■xi⌒( ) ,andgi yi,■xi⌒( ) -gi

■xi,■xi⌒( ) ∉-intCi,∀yi∈Gi ■xi⌒( ) ∉-intCi,∀yi∈Gi ■xi⌒( ) .A multiobjectivegeneralizedgameprob-
lemisusuallydenotedby{Ki,Gi,gi}i∈I.

Inabovetwocases,■xissaidtobeaweaklyPareto-Nashequilibriumpoint.
Corollary1　Foreachi∈I,letXi,Yi,Ki,Ci,Kasstatedinlemma3,andletGi:Ki→2Ki andgi:

K→Yibevectorvaluedmapping.Foreachi∈I,assumethat:
(i)Giiscontinuouswithnonemptyconvexcompactvalues;
(ii)gi x( ) isatthesametimeCi-and -Ci( )-continuousonK;
(iii)Foreachxi⌒ ∈Ki⌒ ,gi ·,xi⌒( ) isCi-convex.

ThenthemultiobjectivegeneralizedgameproblemΓ={Ki,Gi,fi}i∈IhasaweaklyPareto-Nashequilib-
riumpoint.

Proof　Foranyi∈I,letfi x,yi( ) =gi yi,xi⌒( ) -gi xi,xi⌒( ) andSi x( ) =Gi xi⌒( ) ,foranyx∈K.
Itiseasytoseethattheconditionsoflemma3hold.Hencetheresultfollows.

Remark2　Corollary1isanewexistenceresultofweaklyPareto-Nashequilibriumpointsforthe
multiobjectivegeneralizedgameprobleminreallocallyconvexHausdorfftopologicalspaces.

Insomesense,itimprovesoncorollary2ofref.[2].
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Corollary2　Foreachi∈I,letXi,Yi,Ki,Ci,Kandgi,asstatedincorollary1.Thenthemultiob-
jectivegameproblemΓ={Ki,gi}i∈IhasaweaklyPareto-Nashequilibriumpoint.

Proof　Foreachi∈I,letfi x,yi( ) =gi yi,xi⌒( ) -gi xi,xi⌒( ) andGi xi( ) =Kiforeachxi⌒ ∈Ki.
Itiseasilyseenthattheconditionsofcorollary1hold.Hencetheresultfollows.

Lemma4　letYbeatopologicalvectorspace,andC⊂Yaclosedconvexpointedcone.LetKbeanonemp-
tycompactsubsetofatopologicalspaceXandf:K→YisC-continuous.Themin(f(K),C)≠Ø.

Proof　Iff:K→YisC-continuous,wecanseethatforeachy∈Y,{x∈K:f(x)∈y-C}isclosed.
f K( ) isaC-semicompactsetandmin(f(K),C)≠Ø.Theproofiscompleted.

Theorem1　Foreachi∈I,letXibeareallocallyconvexHausdorfftopologicalvectorspace,Yiare-
alHausdorfftopologicalvectorspace,KianonemptyconvexcompactsubsetofXi,andCiaclosedcon-

vexpointedconeofYiwithintCi≠Ø.WriteK=∏
n

i=1
KiandKxi⌒ = ∏

n

j=1.j≠i
Kj.Foreachi∈I,letfi:K→

YibeavectorvaluedmappingandSi:K→2kiaset-valuedmapping,foreachi∈I.Assumethat:
(1)Foreachi∈I,SiiscontinuousonK withnonemptyconvexcompactvalues;
(2)Foreachi∈I,fiisCi-continousand-Ci-continousonKatthesametime;
(3)Foranyfixedfi(·,xi⌒ )isCi-properlyquasi-convex.

Thenthereexists■x∈Ksuchthat,foreachi=I,■xi∈Si ■x( ) ,fi yi,■xi⌒( ) -fi ■xi,■xi⌒( ) ∉-intCi,∀yi

∈Si ■x( ) .
Proof　DefineAi:K→2Ki byAi x( ) ={v∈Si x( ) :fi v,xi⌒( ) ∈minw fi Si x( ) ,xi⌒( ) ,Ci( ) ,∀x∈K.
StepI　∀x∈K,i∈I,Ai x( ) isanonemptyconvexclosedsubsetofKi.
Infact,sincefiisCi-continuousandSi x( ) isanonemptyconvexcompactsubsetofKi,by

lemma4.minfi Si x( ) ,xi⌒( ) ,Ci( ) ≠Ø andhenceminw fi Si x( ) ,xi⌒( ) ,Ci( ) ≠Ø.Thus,Ai x( ) ≠Ø.
Letv1,v2∈Ai x( ) ,t∈[0,1],v=tv1+ 1-t( )v2.Weneedtoshowthatv∈Ai x( ) .Itfollowsfromv1,

v2∈Si x( ) andfi vj,xi⌒( ) ∈minw fi Si x( ) ,xi⌒( ) ,Ci( ) ,j=1,2,that
fi yi,xi⌒( ) -fi vj,xi⌒( ) ∉-intCi　　∀yi∈Si x( ) ,j=1,2. (1)

Sincefi .,xi⌒( ) isCi-properlyquasi-convex,wehaveeither
fi v,xi⌒( ) ∈fi v1,xi⌒( ) -Ci, (2)

or
fi v,xi⌒( ) ∈fi v2,xi⌒( ) -Ci. (3)

By(1),(2),(3),

fi yi,xi⌒( ) -fi v,xi⌒( ) ∉-intCi　　∀yi∈Si x( ) ,.i.e.,

fi v,xi⌒( ) ∈minw fi Si x( ) ,xi⌒( ) ,Ci( ) .
Hencev∈Ai x( ) .

StepII　NowweneedtoshowthatAi x( )isclosed.Indeed,letanet{vα}⊂Ai x( ) withvα→v.We
needtoshowv∈Ai x( ) .BytheclosenessofSi x( ) andvα∈Si x( ) ,v∈Si x( ) .Sincefi vα,xi⌒( ) ∈minw

fi Si x( ) ,xi⌒( ) ,Ci( ) ,wehavefi yi,xi⌒( ) -fi vα,xi⌒( ) ∉-intCi,∀yi∈Si x( ) .
Supposethatv∉Ai x( ) .Thenthereexistsyi∈Si x( ) suchthatfi yi,xi⌒( ) -fi v,xi⌒( ) ∈-intCi.

Since-intCiisanopenset,thereexistsasymmetricopenneighborhoodOofthezeroelementinYisuchthat
fi yi,xi⌒( ) -fi v,xi⌒( ) +O⊂-intCi.Thusfi yi,xi( ) -fi vα,xi⌒( ) +O-Ci⊂-intCi.BytheCi-continu-
ityoffi,thereexistsα0.Suchthat

fi yi,xi⌒( ) -fi vα,xi⌒( ) ∈fi yi,xi⌒( ) -fi v,xi⌒( ) +O-Ci⊂-intCi　　forallα≥α0,

whichcontradictsthat
fi yi,xi⌒( ) ∈minw fi Si x( ) ,xi⌒( ) ,Ci( ) . (4)

If(4)isnottrue,thenthereexists■yi∈Si x( ) suchthatfi ■yi,xi⌒( ) -fi v,xi⌒( ) ∈-intCi.Since
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-intCiisopen,thereexistsasymmetricopenneighborhoodUofthezeroelementinYisuchthat

fi ■yi,xi⌒( ) -fi v,xi⌒( ) ∈-intCi.SinceCiisconvex,wehave

fi ■yi,xi⌒( ) +U- fi v,xi( ) +U+Ci( ) ⊂-intCi. (5)

SinceSiislowersemi-continuousandxα→x,forabove■yi∈Si x( ) ,thereexistsanet yα
i{ } withyα

i∈S

xα( ) suchthatyα
i→■yi.SincefiisCi-continuousand -Ci( )-continuousonK andyα

i→■yi,vα→vand
xα

i⌒ →xi⌒ ,thereexistsα0,suchthat

fi yα
i,xα

i⌒( ) ∈fi ■yi,xi⌒( ) +U-Ci　　forallα≥α0

and
fi vα,xα

xi⌒
( ) ∈fi v,xi⌒( ) +U+Ci　　forallα≥α0.

By(5),wehavefi yα
i,xα

i⌒( ) -fi vα,xα
i⌒( ) ∈-intCi.Thiscontradictsthatvα∈Ai xα( ) ,sinceyα

i∈
Si xα( ) .

StepIII　Defineφ:K→2K byφx( ) = A1 x( ) ,…,An x( )( ) ,∀x∈K.Then,foreachx∈K,φx( ) is

anonemptyconvexclosedsubsetofK,andφisu.s.c..Bylemma1,hereisapoint■x∈Ksuchthat■x
∈φ ■x( ) .Thatis,foranyi∈I,xi∈Ai ■x( ) .BythedefinitionofAi ■x( ) ,foreachi∈I,■x∈Si ■x( ) ,fi

yi,i
⌒

( ) -fi xi,i
⌒

( ) ∉-intCi,∀y∈Si ■x( ) .
Theproofiscompleted.
Remark3　Itiseasytoseethatlemma3isanexistencetheoremfortheGSVQEP.
Corollary3　Foreachi∈I,letXi,Yi,Ci,Ki,Ki⌒ ,Kasstatedinlemma3.Foreachi∈I,letgi:K

→Yibeavector-valuedmappingandGi:Ki→2Kiaset-valuedmapping.Foreachi∈I,assumethat:
(i)Giiscontinuouswithconvexcompactvalues;
(ii)gi x( ) isatthesametimeCi-and -Ci( )-continuous;
(iii)Foreachxi⌒ ∈Ki⌒ ,g ·,xi⌒( ) isCi-properlyquasi-convex.

ThenthemultiobjectivegeneralizedgameproblemΓ={Ki,Gi,fi}i∈IhasaweaklyPareto-Nashequilib-
riumpoint.

Proof　Foreachi∈I,letSi x( ) =Gi xi⌒( ) foranyx∈Kandfi=gi.Itiseasytoseethatthecon-
ditionsoflemma4hold.Hencetheresultfollows.

Remark4　Corollary3isanewexistenceresultofweaklyPareto-Nashequilibriumpointsforthe
multiobjectivegeneralizedprobleminreallocallyHausdorfftopologicalspaces.Itimprovesthecorollary
2ofref.[2].

Crollary4　Foreachi∈I,letXi,Yi,Ci,Ki,Ki⌒ ,K,giasstatedincorollary3.Foreachi∈I,as-
sumethat:

(i)giisatthesametimeCi-and -Ci( )-continuous;
(ii)Foreachxi⌒ ∈Ki⌒ ,g ·,xi⌒( ) isCi-properlyquasi-convex.

ThenthemultiobjectivegameproblemΓ={Ki,gi}i∈IhasaweaklyPareto-Nashequilibriumpoint.
Proof　Foreachi∈I,letgi=giandGi xi⌒( ) =Kiforeachxi⌒ ∈Ki.Itiseasilyseenthatthecondi-

tionsofcorollary3hold.Hencetheresultfollows.
Remark5　 Corollary4isanewexistencetheoremofweaklyPareto-Nashequilibriumpointsforthe

multiobjectivegameprobleminreallocallyconvexHausdorfftopologicalvectorspaces.Itisageneraliza-
tionofcorollary4ofref.[2].
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广义向量锥拟凸拟平衡系统的存在性定理

陈剑尘,王进朵
(南昌航空大学数学与信息科学学院,南昌 江西　330063)

摘　要:在实局部凸 Hausdorff拓扑空间中证明了广义向量锥拟凸拟平衡系统的存在性定理.作为它的应用,得到了多

目标广义系统问题弱Pareto-Nash均衡点的存在性结果.
关键词:广义向量锥拟凸拟平衡系统;存在性定理;弱Pareto-Nash均衡点
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