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1 Introduction

In order to describe the real world and economic behavior better,recently, much attention has been
attracted to multicriteria equilibrium models. Motivated by ref. [1 —5],we study the following system of
generalized vector quasi-equilibrium problems.

Let I={1,2,+,n},for each i € I. Let X; and Y; be Hausdor{f topological vector spaces. K; is a
nonempty subset of X,;.,and C; Y, is a closed convex pointed cone with int C; %@ ,where int C; denotes

the interior of C;. And let K ZHK,». For everyi€1,let f,: K XK,—Y, be a vector-valued mapping and

i=1

S, :K—>2% a set-valued mapping,where 2% denotes the family of all nonempty subsets of K. The gener-
alized vector quasi-equilibrium problem consists in finding x € K such that for each i€ 1,2, €S, (x),

fi(xsy)&—intC,,Vy,€S,(x),where x,; denotes the ith component of x. For convenience,the gen-
eralized vector quasi-equilibrium problem is called the generalized symmetric vector quasi-equilibrium
problem (briefly, GSVQEP) ,and x is called a solution of the GSVQEP.

Ref. [5] has studied the generalized vector quasi-equilibrium problems without constraint (briefly,
SGVEP) ,where,for each i €I, f, is a set-valued mapping. Ref. [2] studied the existence of solutions for
the system of generalized vector quasi-equilibrium problems with constraint (briefly, SGQVEP), where
for each i, f; is a set-valued mapping. It is easy to see that SGQVEP includes SGVEP as a special case.
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Although SGQVEP of ref. [2] includes GSVQEP as a special case,the investigation of ref. [2] depends
on the advantage of Banach spaces and S; (x) 7 Q. It is clear that if S, is a singled-mapping,then int S; =
(. In this paper,by using new methods,we derive the existence results for weakly Pareto-Nash equilibri-
um points for multiobjective generalized game problems and multiobjective game problems in real locally
convex Hausdorff topological spaces. As its corollary, one of the open problems proposed in
ref. [1] is solved.

For other existence results related to equilibriumproblems,we refer the reader to ref. [1-13] and

references therein.

2 Preliminaries

Definition 1 Let Y be a topological vector space,C be a closed convex point cone in Y,D be a non-
empty subset of Y,and then a point a € D is called a minimal points of D if D1 (a —C)=/{a}. lf int C#
@ ,sa point a €D is called a weak minimal point of D if D) (¢ —int C)=@. Min(D ,C) and miny (D ,C)
will denote the sets of all minimal points and all weak minimal points of D ,respectively.

The following definition can be found in ref. [14].

Definition 2 Let X be a Hausdorff topological space and Y be a Hausdorff topological vector space
with a convex cone C. Let f:X—Y be a vector-valued function.

(i) f is said to be C-continuous at x, € X if,for any open neighborhood V of the zero element 8 in
Y .there is an open neighborhood N (x,) of z, in X such that f(2)€ f(z,) +V+C, V2 EN(x,);f is
said to be C-continuous on X if it is C-continuous at every element of X.

(ii) f is said to be (—C)-continuous at x, € X if,for any open neighborhood V' of  in Y, there ex-
ists an open neighborhood N (x,)of x, in X such that f(x) € f(x,)+V—C,V2xE€N(x,);f is said to
be (—C)-continuous on X if it is (—C)-continuous at any point of X.

Remark 1 A vector-valued mapping may be at the same time C-and (—C)-continuous,but not con-
tinuous (see ref. [14]). It is easily to see that f is C-and (—C)-continuity is equivalent to continuity in
the scalar case,i.e. Y=R and C=[0, + o).

Definition 3 Let Y be a topological vector space with a closed convex pointed cone C,let K be a
nonempty convex subset of a vector space X ,and let f:K—>Y be given.

(1) f is said to be C-convex if,for any x,y €K and t €[0,1]. tf(x)+ (1 —1) f(y)— fGx+(1—1)
y)E€C;f is said to be C-concave if — f is C-convex.

(ii) (See ref. [8]) f is said to be C-properly quasi-convex if.for any y,,y, €K and t €[0,1],0ne
has either f(ty, +(1—)y,) € f(y,)—C,or fUy, +(1—)y,) € f(y,)—C.

Definition 4 Let X and Y be two Hausdorff topological spaces, T : X—>2" is a set-valued mapping.

(i) T is said to be upper semi-continuous (briefly,u. s.c.) at x, € X if for any neighborhood N (T
(x0)) of T(x,),there exists a neighborhood N (x,)of x, such that T(x)CN (T (x4)), V2 € N (x,).
We say that T is said to be upper semi-continuous on X if T is u.s.c. at every point x € X.

(i1) T is said to be lower semi-continuous (briefly,l. s.c.) at x, € X if for any y, € N(x,) and any
neighborhood N (y,) of y,,there exists a neighborhood N (x,) of x, such that T(x) N (y,)#Z0D,VY x
€ N (x,). We say that T is said to be lower semi-continuous on X if it is lower semi-continuous at every
. € X.

(iii) T is said to be continuous if it is,at the same time,u. s. c¢. and l. s. ¢. on X.

(iv) T is said to be a closed mapping if graph T={(x.y) €EX XY .y € T(x)} is a closed set in
X XY.

Lemma 11" Let X be a locally convex Hausdor{f space. K C X is a nonempty convex compact
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subset. Let T:K—>2% be u. s. c. with nonempty closed convex values. Then T has a fixed point in K.
Lemma 2 (Ky Fan’s Section Theorem) Let x, be a nonempty compact convex subset of a Haus-
dorff topological vector space and A be a subset of X, X X, such that:
(1) For each y € X, ,the set 1 €{X,:(x,y)EA}is closed in X,
(2) For each x € X, ,the set € {X,:(x,y) & A}is convex or empty;
(3) For each z € X, (x,2) €EA.
Then there exists a point x * € X, such that {# " } X X,CA.
Lemma 3 For each i € I,let X, be locally Hausdorff topological vector space and Y; be Hausdorff

topological vector space K; be nonempty compact convex subset of X, ,K = H K,.Let f, : K XK,—~>Y,

i1
be a vector valued mapping and S;: K—>2%1 a set-valued mapping,suppose that Y,CY,C++CY, and for
eachi€I,C;,=C, Y, is a closed convex pointed cone with int C,#@. For each i € I ,assume that;

(i) S, is continuous on K with nonempty convex compact values;

(ii) For each x € K, f,(x,x;) =0 ,where x; is the ith component of x;

(iii) For each (x,y, )€ K XK, ,the f;(+, ¢« ) is (—C;)-continuous on K XK ;

(iv) For each fixed x €K, f,(x, * ) is C,-convex.
Then GSVQEP has a solution.

3  Main Results

Forany i€1={1,++,n},let X, and Y; be two Hausdorff topological vector spaces and K; a non-

empty subset of X;,and C; a closed convex pointed cone of Y; with int C; 2. Write K = H K. and for

i=1

ecachi€I.lLet K= 1l K,.Thus we can write x = (xisx7)slor each x € K ,and for each i € I. Let

i=1,i#7
g:: K=Y, be a vector-valued mapping. The multiobjective game problem consists in finding x € K such
that,for any i€ 1,g; (yi»x7) —g: (;C; ,;7) & —int C;, Yy, € K,. A multiobjective game problem is of-
ten denoted by {K,;.g;}ie;.

For each i € I ,let G, : K7 >2%: be a feasible strategy correspondence. The multiobjective generalized
game problem consists in finding * € K such that for each i € I,x; € G, (;7 )s,and g; (v, ,;7) — g,
(;, 7 Y& —int C,, Yy, €G, (;7) ¢ —int C;,Vy, €G, (;7 ). A multiobjective generalized game prob-
lem is usually denoted by {K,;,G;,g; ).

In above two cases,z is said to be a weakly Pareto-Nash equilibrium point.

Corollary 1 For each i €1,let X,;,Y,,K;.C;,K as stated in lemma 3,and let G, :K,—>2% and g, :
K—Y,; be vector valued mapping. For each i € I ,assume that:

(i) G, is continuous with nonempty convex compact values;

(ii) g, (x) is at the same time C,-and (—C,)-continuous on K ;

(iii) For each x7 € K7,g,(* »x7) is C,~convex.

Then the multiobjective generalized game problem I'={K,,G,;, f;};e; has a weakly Pareto-Nash equilib-
rium point.

Proof Foranyi€l,let fi(x>y;)=gi(yi>x7)—g:(xi>x7) and S; (x)=G,;(x7) ,for any x € K.
It is easy to see that the conditions of lemma 3 hold. Hence the result follows.

Remark 2 Corollary 1 is a new existence result of weakly Pareto-Nash equilibrium points for the
multiobjective generalized game problem in real locally convex Hausdorff topological spaces.

In some sense,it improves on corollary 2 of ref. [2].
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Corollary 2 For each i€ 1,let X,,Y,,K,.C,,K and g, ,as stated in corollary 1. Then the multiob-
jective game problem I'={K,,g,}.c; has a weakly Pareto-Nash equilibrium point.

Proof Foreachi€I,let fi(xsy;)=gi(yi-x7)—g:(xi>x7) and G, (x;) =K, for each x7 € K,.
It is easily seen that the conditions of corollary 1 hold. Hence the result follows.

Lemma 4 let Y be a topological vector space,and CCY a closed convex pointed cone. Let K be a nonemp-
ty compact subset of a topological space X and f:K—Y is C-continuous. The min( f(K),C)#Q.

Proof If f:K—Y is C-continuous,we can see that for each y€Y.{z €K :f(x)€ y—C} is closed.
S (K) is a C-semicompact set and min(f(K),C)Z@. The proof is completed.

Theorem 1 For each i € I,let X, be a real locally convex Hausdorff topological vector space,Y; a re-
al Hausdorff topological vector space,K; a nonempty convex compact subset of X, ,and C; a closed con-

vex pointed cone of Y; with int C; Z@. Write K :H K, and K. = H K;.Foreachi€l,let f,:K—

i=1 j=1lj#i

Y. be a vector valued mapping and S; : K—>2" a set-valued mapping,for each i € I. Assume that;

(1) For each i €1,S, is continuous on K with nonempty convex compact values;

(2) For each i€ 1, f, is C,-continous and —C,-continous on K at the same time;

(3) For any fixed f,(* ,x7) is C,-properly quasi-convex.

Then there exists x € K such that,for each i=1,2, €S, (x)+fi(y;»x7)—fi(xi»x7)& —int C,, V y,
€S, (x).

Proof Define A, :K—>2" by A, (2)={vES,(x):f; (vsx7) Emin, ([ (S:(x),x7).C;), VY EK.

Stepl Vx€K,i€Il,A (x) is a nonempty convex closed subset of K.

In fact, since f; is C;-continuous and S, (x) is a nonempty convex compact subset of K,, by
lemma 4. min(f; (S;(x)>x7),C,)# @ and hence min, (f;(S:(x)>x7),C,)#D. Thus, A, (x)F# .
Let v,,v, €A, (x),t€[0,1],v=tv, + (1—t)v,. We need to show that v€ A, (x). It follows from v, ,
v, €S, (x) and [ (v; x7) €min, (f, (Si(x)sx7),C;)sj=1,2,that

fi(yisaz)—fi(v;x7) & —int C, Vy, €S,(x),j=1,2. (D
Since f; (. »x7) is C;-properly quasi-convex,we have either
fi(vsxz)E fi(visx7)—Ci, (2)
or
fi(vsx7)€E fi(vesx7)—Ci. (3

By (1),(2),(3),
fi(isaz)—fi(vsx7) & —int C, Vy, €S, (x),.1.e.
Si(vsx7)€min, (fi(Si(x)sx7),C)).
Hence vE€ A, (2).

Step I Now we need to show that A; (x) is closed. Indeed,let a net {v,} CA; (x) with v,—~>v. We
need to show v €A, (x). By the closeness of S; (z) and v, €S; (x),vES, (x). Since [ (v,sx7) € min,
(fi(Si(x)sx7).C;) we have £, (vi»x7) —fi(verx7) ¢ —int C;, Vy, €S, (x).

Suppose that v & A, (x). Then there exists y, € S; (x) such that f,(y,»a7)— f: (v.a7) € —int C,.
Since —int C; is an open set,there exists a symmetric open neighborhood O of the zero element in Y; such that
Si(yisx?)—fi(v,x7)+OC—int C,. Thus f; (yi>x;) —fi (vasx7) TO—C;C—int C,. By the C,;-continu-
ity of f;,there exists a,. Such that

[i(isx?z)—fi(vesx?)ESi(visxr)—fi(vsx7)+O—C,C—int C, for all e=a, ,
which contradicts that
fi(yisa7)Emin, (fi (Si(x)x7),C)). 4)
If (4) is not true,then there exists &; €S, (x) such that f; (;, »x7) —fi(vsx7) € —int C,. Since
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—int C; is open,there exists a symmetric open neighborhood U of the zero element in Y; such that
f (;, sx7)— fi(v,x7) € —int C,. Since C; is convex,we have

fi(isar) U~ (fi(vsx;) FUHC,)C—int C,. (5)
Since S; is lower semi-continuous and x,—>x ,for above &i €S, (x) sthere exists a net {yi} with yf €S
(x.) such that y?—y,. Since f, is C;-continuous and (—C,)-continuous on K and y!—>y,,v, >v and
x%—>x7 ,there exists a, ,such that

fi(yix%s)ef, (&,7IT)+U_C, for all a=a,
and

Si(uasxi )€ fi(vsx7) TUFC, for all a=a,.

By (5),we have f; (y{,2%)—f:(v. x%) € —int C,. This contradicts that v, € A, (z,) ssince yi €
Si(xa).

Step 11 Define ¢ : K—>2" by ¢ ()= (A, (x)-+-A,(x))» Y2 €K. Then,for each s €K ,p(x) is
a nonempty convex closed subset of K ,and ¢ is u. s. c..By lemma 1,here is a point x+ € K such that =
€ ¢ (x). That is.for any i € [,x; € A, (x). By the definition of A, (z).for each i €I,2 €S, (x). f;
(viri)—fi(x:vi)&—int C,,VyES, (x).

The proof is completed.

Remark 3 It is easy to see that lemma 3 is an existence theorem for the GSVQEP.

Corollary 3 For each:€1,let X,,Y,,C,,K,,K7,K as stated in lemma 3. For each i €I ,let g, :K
—Y: be a vector-valued mapping and G; : K;—>2% a set-valued mapping. For each i € I ,assume that:

(i) G, is continuous with convex compact values;

(ii) g, (x) is at the same time C,;-and (—C;)-continuous;

(iii) For each x7 € K7,g( * »x7) is C,-properly quasi-convex.

Then the multiobjective generalized game problem I'={K,,G;. f;};e; has a weakly Pareto-Nash equilib-
rium point.

Proof For eachi€I,let S,(x)=G,(x7) for any x € K and f;=g;. It is easy to see that the con-
ditions of lemma 4 hold. Hence the result follows.

Remark 4 Corollary 3 is a new existence result of weakly Pareto-Nash equilibrium points for the
multiobjective generalized problem in real locally Hausdorf{f topological spaces. It improves the corollary
2 of ref. [2].

Crollary 4 For eachi€I,let X,,Y,,.C,,K,,K7,K,g, as stated in corollary 3. For each i €I ,as-
sume that;

(i) g, is at the same time C,-and (—C,)-continuous;

(i1) For each x7 € K7,g(* »x7) is C,-properly quasi-convex.

Then the multiobjective game problem I'={K,,g, }:c; has a weakly Pareto-Nash equilibrium point.

Proof For cachi€.let g,=g; and G, (x7)=K, for each x7 € K. It is easily seen that the condi-
tions of corollary 3 hold. Hence the result follows.

Remark 5 Corollary 4 is a new existence theorem of weakly Pareto-Nash equilibrium points for the
multiobjective game problem in real locally convex Hausdorff topological vector spaces. It is a generaliza-

tion of corollary 4 of ref. [2].
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