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Assortativity and clustering
of sparse random intersection graphs

Mindaugas Blozneli, Jerzy Jaworskﬂ, Valentas Kurauskas®

Abstract

We consider sparse random intersection graphs with the property that the clustering co-
efficient does not vanish as the number of nodes tends to infinity. We find explicit asymptotic
expressions for the correlation coefficient of degrees of adjacent nodes (called the assorta-
tivity coeflicient), the expected number of common neighbours of adjacent nodes, and the
expected degree of a neighbour of a node of a given degree k. These expressions are written
in terms of the asymptotic degree distribution and, alternatively, in terms of the parameters
defining the underlying random graph model.
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1 Introduction

Assortativity and clustering coefficients are commonly used characteristics describing statistical
dependency of adjacency relations in real networks ([18], [2], [20]). The assortativity coefficient
of a simple graph is the Pearson correlation coefficient between degrees of the endpoints of
a randomly chosen edge. The clustering coefficient is the conditional probability that three
randomly chosen vertices make up a triangle, given that the first two are neighbours of the third
one.

It is known that many real networks have non-negligible assortativity and clustering coefficients,
and a social network typically has a positive assortativity coefficient ([I8], [21]). Furthermore,
Newman et al. [21] remark that the clustering property (the property that the clustering coeffi-
cient attains a non-negligible value) of some social networks could be explained by the presence of
a bipartite graph structure. For example, in the actor network two actors are adjacent whenever
they have acted in the same film. Similarly, in the collaboration network authors are declared
adjacent whenever they have coauthored a paper. These networks exploit the underlying bi-
partite graph structure: actors are linked to films, and authors to papers. Such networks are
sometimes called affiliation networks.

In this paper we study assortativity coefficient and its relation to the clustering coefficient
in a theoretical model of an affiliation network, the so called random intersection graph. In
a random intersection graph nodes are prescribed attributes and two nodes are declared adjacent
whenever they share a certain number of attributes ([11], [15], see also [1], [I3]). An attractive
property of random intersection graphs is that they include power law degree distributions and
have tunable clustering coefficient see [5], [6], [8], [12]. In the present paper we show that the
assortativity coeflficient of a random intersection graph is non-negative. It is positive in the case
where the vertex degree distribution has a finite third moment and the clustering coefficient is
positive. In this case we show explicit asymptotic expressions for the assortativity coeflicient
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in terms of moments of the degree distribution as well as in terms of the parameters defining
the random graph. Furthermore, we evaluate the average degree of a neighbour of a vertex of
degree k, k = 1,2,..., (called neighbour connectivity, see [16], [23]), and express it in terms of
a related clustering characteristic, see (3] below.

Let us rigorously define the network characteristics studied in this paper. Let G = (V,€) be
a finite graph on the vertex set V and with the edge set £. The number of neighbours of a vertex
v is denoted d(v). The number of common neighbours of vertices v; and v; is denoted d(v;, v;).
We are interested in the correlation between degrees d(v;) and d(v;) and the average value of
d(vi,v;) for adjacent pairs v; ~ v; (here and below '~’ denotes the adjacency relation of G).
We are also interested in the average values of d(v;) and d(v;,v;) under the additional condition
that the vertex v; has degree d(v;) = k.

In order to rigorously define the averaging operation we introduce the random pair of ver-
tices (v}, v3) drawn uniformly at random from the set of ordered pairs of distinct vertices. By

1

Ef(vi,vy) = D > iz f(vi,vj) we denote the average value of measurements f(v;,v;) eval-

uated at each ordered pair (v;,v;), i # j. Here N = |V| denotes the total number of vertices. By
E*f(vi,v3) = p'E <f(vi‘, vé‘)ﬂ{v;w;}) we denote the average value over ordered pairs of adja-
cent vertices. Here pe. = P(v] ~ v3) denotes the edge probability and ]I{viij} =1, for v; ~vj,
and 0 otherwise. Furthermore, E** f (v}, v3) = p,.'E (f(vf,v§)H{UINv§}H{d(U;):k}>, denotes the
average value over ordered pairs of adjacent vertices, where the second vertex is of degree k.
Here pg« = P(v] ~ v3, d(vd) = k).

The average values of d(v;)d(v;) and d(v;, v;) on adjacent pairs v; ~ v; are now defined as follows

9(G) = E*d(v})d(v3),  h(G) =E"d(v{,v3),  h(G) = E*d(vf,v3).
We also define the average values
b(G) =E*d(v}),  V(G) =E'd(v]),  b(G) = E*d(vf)

and the correlation coefficient

9(9) — ¥*(9)

b'(G) — b*(G)’

called the assortativity coefficient of G, see [18], [19].

In the present paper we assume that our graph is an instance of a random graph. We consider
two random intersection graph models: active intersection graph and passive intersection graph
introduced in [10] (we refer to Sections 2 and 3 below for a detailed description). Let G denote
an instance of a random intersection graph on N vertices. Here and below the number of vertices
is non random. An argument bearing on the law of large numbers suggests that, for large IV, we
may approximate the characteristics b(G), bi(G), h(G) and hi(G) defined for a given instance
G, by the corresponding conditional expectations

r(G) =

b=E*d(v}), b, = E**d(v}) h = E*d(v},v}), hy, = E*fd(v}, v3), (1)

where now the expected values are taken with respect to the random instance G' and the random
pair (v],v;3). We assume that (v],v3) is independent of G. Similarly, we may approximate r(G)
by r = %, where b = E*d(v}) and g = E*d?(v}).

The main results of this paper are explicit asymptotic expressions as N — +oo for the correlation
coefficient r, the neighbour connectivity bg, and expected number of common neighbours hy



defined in (). As a corollary we obtain that the random intersection graphs have tunable
assortativity coefficient r > 0. Another interesting property is expressed by the identity

by, — hi =b—h+o(1) as N — 400 (2)

saying that the average value of the difference d(v;) — d(v;,v;) of adjacent vertices v; ~ v; is not
sensitive to the conditioning on the neighbour degree d(v;) = k. That is, a neighbour v; of v;
may affect the average degree d(v;) only by increasing/decreasing the average number of common
neighbours d(v;,v;). It is relevant to mention that hy = (k—1)al¥l, where olfl = P (v} ~ vi|vi ~
v3,v5 ~ v3,d(v;) = k) measures the probability of an edge between two neighbours of a vertex
of degree k. In particular, we have

by = (k— 1)l 45— 1+ 0(1) as N — +o0. (3)

The remaining part of the paper is organized as follows. In Section 2 we introduce the active
random graph and present results for this model. The passive model is considered in Section 3.
Section 4 contains proofs.

2 Active intersection graph

Let s > 0. Vertices vy,...,v, of an active intersection graph are represented by subsets
Dy, ...,D, of a given ground set W = {wi,...,wy}. Elements of W are called attributes
or keys. Vertices v; and v; are declared adjacent if they share at least s common attributes, i.e.,
we have |D; N Dj| > s.

In the active random intersection graph Gg(n,m, P) every vertex v; € V = {v1,...,v,} selects
its attribute set D; independently at random ([I1]) and all attributes have equal chances to
belong to D;, for each ¢ = 1,...,n. We assume, in addition, that independent random sets
Dy, ..., D, have the same probability distribution. Then, we have

P(D; = A) = (4) P(lA)), (4)

for each A C W, where P is the common probability distribution of the sizes X; = |D;|, 1 <i <mn
of selected sets. We remark that X;, 1 <4 < n are independent random variables.

We are interested in the asymptotics of the assortativity coefficient r» and moments () in the
case where Gg4(n,m, P) is sparse and n, m are large. We address this question by considering
a sequence of random graphs {Gs(n,m, P)},, where the integer s is fixed and where m = m,,
and P = P, depend on n. We remark that subsets of W of size s plays a special role, we
call them joints: two vertices are adjacent if their attribute sets share at least one joint. Our
conditions on P are formulated in terms of the number of joints ()g') available to the typical

k . .
vertex v;. We denote ap = E()gl) . It is convenient to assume that as n — oo the rescaled
number of joints Z; = (’?)_1/2711/2 ()il) converges in distribution. We also introduce the k-th
moment condition

(i) Z1 converges in distribution to some random variable Z ;

(ii-k) 0 < EZ* < 00 and lim,, o, EZF = EZ*.

We remark that the distribution of Z, denoted Pz, determines the asymptotic degree distribution
of the sequence {Gs(n, m, P)}, (see [5], [6], [§], [25]). We have, under conditions (i), (ii-1) that

lim P(d(v))=k)=pp,  pp= (B)'E ((ZIZ)ke—Zlﬂ . k=0,1,.... (5)

m—0o0



Here we denote zp = EZ*. Let d, be a random variable with the probability distribution
P(d. = k) = pr, k =0,1,.... We call d, the asymptotic degree. It follows from (Bl that the
asymptotic degree distribution is a Poisson mixture, i.e., the Poisson distribution with a random
(intensity) parameter z1 Z. For example, in the case where Py is degenerate, i.e., P(Z = z1) = 1,
we obtain the Poisson asymptotic degree distribution. Furthermore, the asymptotic degree has
a power law when P does. We denote

6 = Bd., 0; = E(d.);, where ()i=z(x—=1)--(x—i+1). (6)

Another important characteristic of the sequence {Gs(n,m, P)},, is the asymptotic ratio 5 =
limy, 00 (ZL) /n. Together with Pz it determines the first order asymptotics of the clustering
coefficient av = P(v1 ~ va|v1 ~ v3,v9 ~ v3), see [6], [§]. Under conditions (i), (ii-2), and

(W)n~" = B € (0,+00) (7)
we have
al 1 5?/2
= 2 io(1) = ———1 1 o(1).
@ a2+0() 51/252_51—1—0() (8)

Furthermore, we have o = o(1) in the case where (7)n~! — +oco. We remark that o = o(1)
also in the case where the second moment condition (ii-2) fails and we have EZ% = +o0, see [f].
To summarize, the clustering coefficient o does not vanish as n, m — oo whenever the asymptotic
degree distribution (equivalently Pz) has finite second moment and 0 < 8 < oo.

Our Theorem[T], see also Remark 1, establishes similar properties of the assortativity coefficient r:
it remains bounded away from zero whenever the asymptotic degree distribution (equivalently
Pz) has finite third moment and 0 < § < 0.

Theorem 1. Let s > 0 be an integer. Let m,n — oco. Assume that (i) and () are satisfied. In
the case where (ii-3) holds we have

a1
- 1
' B~ (ara3 — a3) + ag ol )
<5/2
1 5
S —O) (10)
VB 558, — 35 + 3201

In the case where (ii-2) holds and EZ> = 0o we have r = o(1).

We note that the inequality ajas > a3, which follows from Holder’s inequality, implies that the
ratio in the right hand side of (@) is positive.

Remark 1. In the case where (i), (ii-2) hold and (")n~! — +o00 we have r = o(1).

Our next result Theorem [2 shows a first order asymptotics of the neighbour connectivity b and
the expected number of common neighbours hy.

Theorem 2. Let s > 1 and k > 0 be integers. Let m,n — oco. Assume that (i), (ii-2) and (1)
hold. We have

b=1+8""az+o(1), h=B"ar+o(1) (11)
and
ar k  pg
hopr = 25 Pk 4o, 12
k+1 BEk+1pem 0( ) ( )
bk+1 = 1+ 571(012 — al) + hk+1 + 0(1) (13)

Here a1 = (861)Y? + 0(1) and ag = $02/51 + o(1).



We remark that the distribution of the random graph Gs(n, m, P) is invariant under permutation
of its vertices (we refer to this property as the symmetry property in what follows). Therefore,
we have b = E(d(v1)|vy ~ v2) and by = E(d(v1)|v1 ~ va,d(ve) = k + 1). In particular, the
increment by — b shows how the degree of vy affects the average degree of its neighbour v;. By
(), @3), we have bpy1 —b =% ( k_ Db _ 1) +0(1). In Examples 1 and 2 below we evaluate

k—Jrlpk+1
this quantity for a power law asymptotic degree distribution and the Poisson asymptotic degree
distribution.

Ezxample 1. Assume that the asymptotic degree distribution has a power law, i.e., for some ¢ > 0
and v > 3 we have py = (c+ 0(1))k™" as k — +oo. Then

k pk -1 -1
S L G
k41 pria k olk™)
Hence, for large k, we obtain as n,m — +oo that by, — b~ k= (y —1)(51/8)"/2.

Ezample 2. Assume that the asymptotic degree distribution is Poisson with mean A > 0, i.e.,
pr = e *M¥/k!. Then

ko pe k4
k+1pgia A
and, for large k, we obtain as n,m — +oo that
i1 — b~ (A\8)"2k. (14)

Our interpretation of (I4]) is as follows. We assume, for simplicity, that s = 1. We say that
an attribute w € W realises the link v; ~ v;, whenever w € D; N D;. We note that in a sparse
intersection graph G1(n,m, P) each link is realised by a single attribute with a high probability.
We also remark that in the case of the Poisson asymptotic degree distribution, the sizes of the
random sets, defining intersection graph, are strongly concentrated about their mean value ay.
Now, by the symmetry property, every element of the attribute set Do of vertex vy realises
about k/|Ds| ~ k/ay links to some neighbours of ve other than v;. In particular, the attribute
responsible for the link vy ~ v attracts to vy some k/a; neighbours of vy. Hence, bypi1 — b ~
aylk = (BN) "2k

Finally, we remark that (III), (I2]), and (I3) imply (2I).

3 Passive intersection graph

A collection Dy, ..., D, of subsets of a finite set W = {wy, ..., w,,} defines the passive adjacency
relation between elements of W: w; and w; are declared adjacent if w;,w; € Dy, for some Dj,.
In this way we obtain a graph on the vertex set W, which we call the passive intersection graph,
see [11]. We assume that Dy, Do, ..., D, are independent random subsets of W having the same
probability distribution (). In particular, their sizes X; = |D;|, 1 < ¢ < n are independent
random variables with the common distribution P. The passive random intersection graph
defined by the collection Dy, ..., D, is denoted G;(n,m, P).

We shall consider a sequence of passive graphs {Gj(n,m, P)},, where P = P, and m = m,
depend on n = 1,2,.... We remark that, in the case where 8, = mn~! is bounded and it is
bounded away from zero as n, m — 400, the vertex degree distribution can be approximated by
a compound Poisson distribution ([6], [I4]). More precisely, assuming that 3, — 8 € (0, 400);

(iii) X1 converges in distribution to a random variable Z;



(iv) EZ*3 < 0o and limy,_eo EX4/3 =EZ*/3
1t is shown in [6] that d(w;) converges in distribution to the compound Poisson random variable
gy 1= z =1 Z Here Zi, Zs,...are independent random variables with the distribution

P(Zi=j)=({+1)P(Z=j+1)/EZ, j=0,1,...,

in the case where EZ > 0. In the case where EZ = 0 we put P(Z; = 0) = 1. The random
variable A is independent of the sequence Zj, Zs....and has Poisson distribution with mean
EA =57 'EZ.

We note that the asymptotic degree d.. has a power law whenever Z has a power law. Further-
more, we have Edl, < co & EZH! < o00,i=1,2,....

In Theorems B, [ below we express the moments b, h, by, hi and the assortativity coefficient

= 22 of the random graph G7j(n, m, P) in terms of the moments

bl
Yi :E(Xl)l and 5,% :Edi* 1= 1,2,....

Theorem 3. Let n,m — oo. Assume that (iii) holds and
(v)P(Z>2)>0, EZ* <0 and lim,, . EX} = EZ%.
In the case where 3, — B € (0,4+00) we have

+ — 2
r = Ya2Y4 2?/2?/3 71y§ + 0(1) (15)
Yoys + y2y3z — Y5 + By (y2 + y3)
5*2531 - 531

051043 — 02,

= 1- +o(1). (16)

In the case where 3, — +oo we have r = 1 — o(1). In the case where B, — 0 and nB3 — +oo
we have r = o(1).

Remark 2. We note that y. := yoys + y2ys — ¥3 is always non-negative. Hence, for large n, m we
have r > 0. To show that y, > 0 we combine the identity 2y, = Ey(X;, X2), where

y(l,j):y,(l,])—Fy/(],Z), y,(iaj) ( ) ( )4+( ) ( )3_(')3(]’)3’
with the simple inequality
y(i,g) = (22 (=2 + (-2 = 2(i = 2)(j - 2)) 2 0.

Remark 3. Assuming that yo > 0 and yo = o(mf3,,) as m,n — +o00, Godehardt et al. [12] showed
the following expression for the clustering coefficient of G5 (n, m, P)

o Br2m ™ ys 4+ ys
Brlys +y3

+ o(1). (17)

Now, assuming that conditions (iii) and (v) hold we compare « and r using (I5]) and (I7). For
Bn — B € (0,400) we have r < 1 and o = (1 +y§/(ﬁy3))71 + 0(1) < 1. In the case where
Bn — 400 we have r = 1 — o(1) and a = 1 — o(1). In the case where 3, — 0 and n33 — +oo
we have r = o(1) and o = o(1).

Our last result Theorem [] shows a first order asymptotics of the neighbour connectivity b, and
the expected number of common neighbours h; in the passive random intersection graph.



Theorem 4. Let m,n — co. Assume that 5, — 5 € (0,400) and (iii), (v) hold. Then

b=14 8 y2 +y; 'yz + O(n~Y) = 6,00 + o(1), (18)
h=yy'ys + O(n™1) = 820y — 1= b1 +o(1). (19)

Assuming, in addition, that P(d.. = k) > 0, where k > 0 is an integer, we have

hy = k7 E(do|des = k) + 0(1), (20)
b =14 B Yys + hi, + 0(1) = 14 6.1 + hy, + o(1). (21)

Here dg* = ZlgigA(Zi)Q'
We remark that (I8), (I9), 20), @I) imply @).

4 Proofs

Proofs for active and passive graphs are given in Section 4.1 and Section 4.2 respectively. We
note that the probability distributions of Gs(n, m, P) and Gj(n,m, P) are invariant under per-
mutations of the vertex sets. Therefore, for either of these models we have

b = Elzd(wl), h = Elzd(wl,WQ), (22)
bk = Elz(d(wz)‘d(wl) = /{?), hk = Elg(d(wl,wg)\d(wl) = k)
Here wy # ws are arbitrary fixed vertices and Ej3 denotes the conditional expectation given the
event wy ~ wy. In the proof P and E (respectively, P, and E,) denote the conditional probability
and expectation given X7, ..., X, (respectively, Dy, Do, X1,...,X,,). Limits are taken as n and

m = m, tend to infinity. We use the shorthand notation fz(\) = e *A¥/k! for the Poisson
probability.

4.1 Active graph

Before the proof we introduce some more notation. Then we state and prove auxiliary lemmas.
Afterwards we prove Theorem [, Remark 1 and Theorem 21

The conditional expectation given Dj, D5 is denoted E,. The conditional expectation given the
event v; ~ vy is denoted E15. We denote

Y; = ()gl), d; = d(v;), di = d; — 1, dij = d(vi, vj),
L=Tx,cmay, Li=1-1, 6;=1-L-T;—(m?-1)~" (23)
and introduce events
gy ={IDinDj|=s},  &={IDinD;l=zs+1},  &;={DiNDj| = s}.
Observe that &;; is the event that v; and v; are adjacent in G4(n, m, P). We denote

m

pe=P(&;), a=EY!, 1 =EX{, z=EZ, mwm=(7), Bu=

-
We remark that the distributions of X; = X,,;, Y; = Y, and Z; = Z,,; = (n/ﬁz)l/QYm- depend
on n.

The following inequality is referred to as LeCam’s lemma, see e.g., [20].



Lemma 1. Let S = I} +1s 4+ --- + 1, be the sum of independent random indicators with
probabilities P(I; = 1) = p;. Let A be Poisson random wvariable with mean py + -+ + p,. The
total variation distance between the distributions Ps and Py of S and A

sup  |[P(Se€A) -P(AeA)<2> pi (24)

Ac{0,1,2...} p

Lemma 2. ([6]) Given integers 1 < s < k; < ko < m, let D1, D2 be independent random
subsets of the set W = {1,...,m} such that Dy (respectively D) is uniformly distributed in the
class of subsets of W of size ky (respectively ko). The probabilities p' :== P(|D1; N Ds| = s) and
p" = P(|D1 N D3| > s) satisfy

(k1 —s)(k2 —s)\ . .
<1_ m+1—k Dky ka,s = pl = p” < DPiy kays> (25)

Here we denote py ., = (kl) (k2) (m)_l-

S S S
Lemma 3. Let s > 0 be an integer. Let m,n — oo. Assume that conditions (i) and (ii-3) hold.
Denote X1 = m_l/in/(QS)Xm]I{anZS}. We have

. 3 _
Agm+m s%p EZ 7,54 =0, (26)
3 : v3sT . _
sup EX;] < oo, AEIEOO sup EX Lz, >4 =0 (27)

For any 0 < u < 3 and any sequence A, — +00 as n — oo we have
EZniz,,>4,) = o(1), EX;LLf]I{Xn1>An} =o(1). (28)

Proof of Lemma[3. The uniform integrability property (26) of the sequence {Z3,}, is a simple
consequence of (i) and (ii-3), see, e.g., Remark 1 in [5]. The first and second identity of (27)
follows from (ii-3) and (28] respectively. Finally, (28] follows from (26]) and (27]). O

Lemma 4. In G4(n,m, P) the probabilities of events &; = {v; ~ v;}, €1y, o, see @3), and
B: = {|D: N (D1 U Dy)| > s+ 1} satisfy the inequalities
V1Yo 161y < P(E]y) < P(E12) < V1Yo ™!,
VY oy < Pu(Ey) = P(Ey) < Vi, for  {i,j} # {12},
P(£ly) < 1Yo X1 Xo(mm) ™,
P.(By) < 2°((s + D)lim) LY, X, (X3 4+ X5+,
We recall that Y; and ;; are defined in (23)).

Proof of Lemma[j. The right hand side of (29), (80) and inequality (3I)) are immediate conse-
quences of ([28)). In order to show the left hand side inequality of (29) and (B0) we apply the left
hand side inequality of (25). We only prove ([29). We have, see ([23)),

P(&ly) = Elgy, > Blg LT, > V1Yol (1 — X1 Xo(m — X1)7') > m 'ViYadyn.  (33)

A~ o~~~
[\
=)

w
\Y)

~— ~— ~— ~—

In order to show (B2]) we apply the right-hand side inequality of (25) and write

Pu(B) < (PP () ()7 < (R () G (3)
Invoking the inequalities (X4) (7)™ < %% and
(X1 4 Xa)sar < (X0 +X2)"F < 22X+ X357
we obtain (32)). -



Lemma 5. Assume that conditions of Theorem [@ are satisfied. Let k > 0 be an integer. For
di = 4<icnley, and A =P (d] = k) - fr(BtarY1) we have

E.|A| < Ry + R;+ R5 + R}, (35)
where R} = nim 1B, Y1 Y|l — 614] and
Rs =n'?m *lal/zYl, R = a1Yi|(n —3)m~ ! — B, R} = 2nin 2ap Y.
Proof of Lemma[3. We denote S = E.d} = Y d<t<n P.(&y) and §; = m ! > a<t<n Yr and write
A=A +0y, AL =P.(d;=k)— fi(S),  Ag= fi(S) — fu(B a1 Y1).

We have, by Lemma[ll [Aq| <237, P2(&1;). Invoking ([B0) we obtain E,|A;| < Rj. Next,
we apply the mean value theorem |f,(\) — fx(A")] < |V — N\| and write

Ao < [S = B aiVi| < 7} + 75 + Ry, (36)
where 1% = |S — Y1 81| and 75 = Y1|S; — (n — 3)m 'ay|. Note that by (30),

ri < Z P.(E1p) — 'YV < Z M 1Y (1 — 6y
4<t<n 4<t<n

and, by symmetry, E,r] < R]. Finally, we have

. - N © g\ 1/2
E.% = ViE|S — E.Si| <V (E*(Sl —E.5) ) < R

Lemma 6. Let m,n — oco. Assume (i), (ii-3) and (7)) hold. Then

w
3

Eod)d), = nm ta; + n*m a3 + o(1),
Eod] = nim tag + o(1),
Elg(d'l)2 = Eq2d] + n’m 2a1as + o(1),
Eiodis = nim tag + o(1).

~ o~ o~
W w
O 0o

N
(@)

~— ~— ~— ~—

Proof of Lemmal@. Proof of (37). In order to prove (87)) we write
Endidy=p.'Esx,  x:=1Ig,didy,  pe:=P(p) (41)
and invoke the identities

Ex = nm 2a‘;’—|—n m 3a1a2+0(~*1), (42)
pe = m 'ai(1+0(1)). (43)

Note that (43]) follows from (B0) and ([28). Let us prove ([42)). To this aim we write
Ex = E (I, B (did) ) = B(a + ),
where 0 = L/ E.d|d) and 5, = Len, E.d)d}, and show that

B = nin2a3 + n*m3a2a3 + o(m 1), Esn = o(m ™). (44)



Let us prove (d4). Assuming that &2 holds we can write d;, = >} ;Ig,,, i = 1,2, and

E*dlld,z =51+ SQ, S1 = Z ].5*(5115 M 5215), Sy =2 Z 5115 N Egu) (45)

3<t<n 3I<t<u<n
To show the first identity of ([@4]) we write Ezq = E]Ig{QSl + EJIgi2 Sy =: I1 + I and evaluate

I = nin " 2a3 + o(nm=2), I, = n*m3a%a3 + o(n*m=3). (46)
We first evaluate I;. Given t > 3, consider events

A ={|(DiND)N Dy =s} and By ={|D;N(D;UDy)| >s+1}. (47)

Assumlng that &£, holds we have that A4; implies &1, N &y and E14 N &yt implies At U B;. Hence,
P.(A) < P,(E1,NEy) < P.(A, UB,). Now, we invoke the identity P,(A;) = m~'Y; and write

Tey ™'Y, = Iy Po(A) < Tgy Pu(€10 &) < Iy, <P*(At) + f’*(Bt)> . (48)

JFrom ([@8) and (B2]) we obtain, by the symmetry property,

n—2

n—2 n—2_ .~
PELEY; <1} < ——P(&,)EY; + ——EP(& 4
(E19)EY3 <11 < = (E12)EY3 + o (E12) Ry, (49)

where Ry = Y3X3(X: T 4+ X5). Next, we evaluate P(E],) and P(E},) = EP(&],) using 29):
WP(E,)EY; = a} +0(1),  mEP(Ejy)R = O(1).

Combining these relations with (49) we obtain the first relation of (46]).
Let us we evaluate Iy. We write

E]Igbls*(glt N €2u) = E]Igbls*(glt) ﬁ*(gzu) = 15(512)13(5”) ls(ggu) (50)
and apply (29) to each probability in the right-hand side. We obtain
3 (YEYSY:Yy — Ruw) < P(E15)P(E11) P(E) < M 3YEYEY,Y,,, (51)

where Ry, = Y2YZ2Y;Y,(1 — 61261409,) satisfies ERy, = o(1), see (28). Now, by the symmetry
property, we obtain from (BII) the second relation of (4]

Iy = (n — 2)2EP(E]5)P(E1¢) P(Eau) = n?m3a2a3 + o(n*m3).
To prove the second bound of (@) we write, see (45), 522 = Igy (S1 + S2) and show that
I3 := Elg; 51 < Tosi1Zsi12sn/ (1H2M), Iy :=Elgy 5> < x5, qxon?/(mim).  (52)
Here xos1+1,%s41,2s = O(1), by ([21). Let us prove (52)). We have, see (29]),

S1< ) PuEw) < Y VY (53)

3<t<n 3<t<n
Furthermore, by the symmetry property and (B1I), we obtain

I3 = B(Elgy, S1) = E(P(£15)51) < (n —2)(m*m) 'EY?Y2Y3 X1 Xo.
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Since the expected value in the right hand side does not exceed xos541254+125, We obtain the first
bound of (52)). In order to prove the second bound we write, cf. (G0),

Elg; P. (&1 N E2u) = P(EL)P(E1) P(E2u) < 7 Pm 'YPYSY Y, X1 X,
In the last step we used (29]) and (3I]). Now, by the symmetry property, we obtain
Iy = B(Elgy, S2) < (n — 2)am *m ™ EYPYS Y3Yu X1 Xy < nim*m ™~ ad, 22,
Proof of (38). We write, by the symmetry property,

El?d/l = pe_lE Z Loy Iey, = (n— 2)pe_1EH513H512 (54)
3<t<n

and evaluate using (29), (30)
Elg,,ls,, = EP(£12)P(&13) = m 2EY2Y,Ys + o(n~2) = m 2a2ag + o(in~2).

Invoking this relation and (43) in (54]) we obtain (38).
Proof of (39). Assuming that the event £19 holds we write

(dll)2 = ( Z ]Iglt)z = d/l +2 Z Ly lg,,

3<t<n 3<t<u<n
and evaluate the expected value
E2(d))? = Ead) + pH(n — 2)95". (55)
Here s»* = Elg,,I¢,1s,,. We have
1* = EP(E12)P(E13)P(E1s) = mPEYPYoY3Y) 4 o(im™3). (56)

In the last step we used (29]), (30). Now @3], (B3) and ([BE) imply (B9]).
Proof of (40). We note that di2 = > 3., lg,, Is,, and Elg,,di2 = Elg,, 51, see (43). Next, we

write
E2dis = pglE]Ingl = pgl(I1 + Ig).

and evaluate the quantity in the right hand side using (@3] and 8], (52)).

Proof of Theorem [ It is convenient to write r in the form
r = ’I’]/é-, where n = Elgdlldé — (E12dll)2, 5 = Elg(d/l)2 - (E12d3)2. (57)

In the case where (ii-3) holds we obtain (@) from @7)), (38)), (39) and (&7). Then we derive (I0)
from (@) using the identities

a; = 8722 +0(1), 6 = zi2l, i=1,2,3. (58)

Now we consider the case where (ii-2) holds and EZ3 = co. It suffices to show that

n=0(1) and liminf £ = 4o0. (59)
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Before the proof of (59)) we remark that (@3]) holds under condition (ii-2). In order to prove the
first bound of (59) we show that Ejadid, = O(1) and Eq2d] = O(1). To show the first bound
we write Ejodjdy = p. 'Elg,,d;d) and evaluate

E]Iglzdlldé = EH512 Z Hglt]IEQt + EH512 Z HgltHgQu (60)

3<t<n 3<t,u<n, t#u
= (n—2)5 + (n — 2)2593,

where

»%i = Elg,le le,, < Elg,le, <m 2aa? = O(n?), (61)
%; = EH51215131524 < 7’7173&%(1% = O(n73)' (62)

In the last step we used ([29) and (B0). We note that {3), [©0) and (@), [62)) imply Ei2did, =
O(1). Similarly, the bound Ej2d] = O(1) follows from (43]) and the simple bound, cf. (54)),

Epd) = p.t(n — 2)Elg,,le,, < polnim 2agal. (63)

In order to prove the second relation of (5d) we show that liminf Ej3(d})? = +o0. In view of
@3) and (BH) it suffices to show that liminfn3s;* = 4o00. It follows from the left-hand side
inequality of (23] that

n3sc* > P EL LI, Ie, e, > ELILI51, 23 2o Z3 Z4(1 — O(m™/?))3, (64)

where, by the independence of Zi,...,Z;, we have EljI,131, 732,257, = (E]IlZf’) (E]IQZQ)B.
Finally, (i) combined with (ii-2) imply ElzZs = 21 + o(1), and (i) combined with EZ3 = oo
imply lim inf EI; Z3 = +oo0. U

Proof of Remark 1. Before the proof we introduce some notation and collect auxiliary inequali-
ties. We denote

n

h=h, =m!/2p~1/(4s) ho=h, = (I;)B—l/Q

and observe that, under the assumption of Remark 1, B, fn, hn, — +00 and h,, = o(ml/z). We
further denote

Lin = Iix;<nys Lip =1 — L, Sijn =1 —Lp — L —ep,

where ¢, = h?(m — h)~!, and remark that I;; = H{Z¢<B} and g, = o(1). We observe that
conditions (i), (ii-k) imply, for any given u € (0, k], that

EZ} = z, + o(1), EZ{Typ = 2z, + o(1), EZ{1y;, = o(1). (65)
Now from (25]) we derive the inequalities
EZ1Zy612n < EZ1Zo0hplon(1 — €p) < nElg,liplap < nElg,, <EZ1Z5. (66)

Then invoking in (66) relations EZ; = 21 + o(1) and EZ; Zy619;, = 23 + o(1), which follow from
([65) for u = 1, we obtain the relation

npe = nElg,, = 23 4+ o(1). (67)
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Similarly, under conditions (i), (ii-2), we obtain the relations
n’Ele,le, = 2122 +o(1), (68)
nElg,,le e, = 23235 +o(1), (69)
and, under conditions (i), (ii-3), we obtain
n3Ele,, I Ie,, = 2323 + o(1). (70)

Let us prove the bound r = o(1) in the case where (i), (ii-2) hold and EZ3 = +occ. In order to

prove r = o(1) we show (B9). Proceeding as in (60)), (6], (62]), (63]) and using (67) we show the
bounds Ej2d;d;, = O(1) and Eq2d] = O(1), which imply the first bound of (B9). Next we show

the second relation of (59). In view of (55]) and (67)) it suffices to prove that lim sup n?s* = +oo.
In the proof we proceed similarly as in ([64) above, but now we use the product Iplopls,14p
instead of I1I5I3I4. We obtain

n*s* > (EL,Z3) (Eloy Zo)° (1 — ep).

Here Ely,Zs = 21 + o(1), see (65). Furthermore, under conditions (i) and EZ3 = 400 we have
El;, Z3 — +o00. Hence, n3s* — +o0.

Now we prove the bound 7 = o(1) in the case where (i), (ii-3) hold. We shall show that
n=o(l) and liminf & > 0. (71)

Let us prove the second inequality of (7Il). Combining the first identity of (63]) with (67]) and
([68]) we obtain

E12d/1 =29 + 0(1) (72)
Next, combining (B3]) with (67) and (70) we obtain
E12(d})? = Ejod) + 2123 + o(1). (73)

It follows from (72)), (73) and the inequality z;z3 > 25, which follows from Hoelder’s inequality,
that & = 2o + 2123 — 25 + 0(1) > 22 + o(1). We have proved the second inequality of (ZT)).
Let us prove the first bound of (7). In view of ([60) and (72)) it suffices to show that

ptntg = B+ o(l),  prinsd = o(1). (74)

We note that the first relation of (74) follows from (67]), (69). To prove the second bound of
([T4) we need to show that s = o(n~2). We split

1

= EH£{2H513H523 + EHE{’Q]IEB]IE%
and estimate, using (B0) and (31)),
~ — _9_—1
Elgy Igyle,, < Bl Ieyy <m *m EY?Y2 X1 XoY3 = O(n™27 ).

In the last step we combined the inequality V" < X!Ix,>,) and 7). Furthermore, using the
right-hand side inequality of (48]) we write

Elg;,Teisles < Bllgg,m Vs + Elgy, Pu(Bs)
and estimate, by ([29) and (32I),
Eﬂgbfn*l}@ < m’EY Y,Ys = O(nfzﬂrf/g)’
El;, P.(B;) < i 2m  EVR Y3 X (X + X5t = O(n 2 7).
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Proof of Theorem [2. Relations () follow from ([22]) and (38]), (@0).

Before the proof of (I2) and (I3) we introduce some notation. Given two sequences of real
numbers {A,} and {B,} we write A, ~ B, (respectively A, ~ 0) to denote the fact that
A, — B, = o(n2%) (respectively A, = o(n~?)). We denote p, = P(v; ~ vg, d} = k) and
introduce random variables, see ([23]), I* = I; 15, I'=1- I*, and

T * *
T = ]15127', T2 = I[giIQT’ T3 = ]Ig{Q]Igm]Ig%]I{d»{:k}, T4 = H5{2T 5 Ts = H51/2T .

Here 7 = Igy iy —py and 7" = Ig le, Iegr g1y, and df = >4y, le,,. We remark that the
identity Ig,, = Lg; + Igy in combination with 1 = Ig,, + Ig,, implies

Tl = T + T3 + T4. (75)
Proof of (I2), (I3). In view of ([22]) we can write
hir1 = Eip(di|dy = k) = p, 'Elg, Lig gy dia, (76)

bri1—1 = Ena(dsld) = k) = p; 'Ellg,, Iy _pyds.
Furthermore, by the symmetry property, we have
Ele,, Iz —iydiz = (n — 2)Elg,, 7", Ele,, Iz —ryds = (n — 2)Em. (77)
We note that (70)), (1) combined with the identities I¢,, 7" = 74 + 75 and (73] imply
hps1 = (n— 2)p; ' B(my + 75), bpr1 — 1= (n—2)p, 'E(r + 73 + 74), (78)

and observe that (I2)), (I3]) follow from (78) and the relations

pe = n 7 (k+ Dpry1 +o(nh), (79)
Ers = n 287 (k+1)(a2 — a1)prs1 + o(n™?), (80)
Ery, = n 28 kaipr + o(n™2), (81)
Er;, = o(n™?), i=2,5. (82)

It remains to prove (79), ([80), (&), (2.

In order to show (82) we combine the inequalities
73 < Ty leyy = Tep Tepy (T +T) < Tgp Ty, T + Iy, Iy, T
with the inequalities, which follow from (B0) and (31]),

Elgy Ie,, I < EP(£]5)P.(E23)I" < (mPm) 'EY1YZY3 X1 XoI* = O(n~?m~'/?)
Elg,,le,, T < EP(£19)P.(Ex3)T < m2EVY2Y3T = o(n™2).

In the last step we used the bound EY;Y2Y3T = o(1), which holds under conditions (i), (ii-2).
Proof of (81]). We have

Ery = Elg P,(E23N E13)Pu(df =k —1). (83)
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We first replace in (83) the probability P.(E23N &) by P.(A3) = Y3/ using @T), @F). Then
we replace P, (df = k—1) by fr_1(871a1Y1) using Lemma[5l Finally, we replace L/ by m 1Y Ys
using (29). We obtain

Ery, ~ m 'Elg YsP.(d} =k —1)
~ m*lEH%}gfk,l(ﬁ*lalYl)
~ mPEYY2Yafr_1(f aiYr)

n"?B,2aiEY: fr_1 (B a Yh).

Here (84) follows from the bound Elg/, P,(B3) = o(n~2). To show this bound we write
Ter Po(Bs) = lg Pu(Bs)(I" + 1) < Igy, Pu(Bs)I* + Iy Pu(B)T,
where B5 = {Ds N (D1 U Dg)| > s}, and estimate, see (29), (32), (34),

Elg P.(Ba)I* < m m 'EY1YaYs Xa(X7T + X5+

< MM T MEV YR Vs X (XS + XS)
— O tm Y,

El, P.(BY)T < m EViYaYs(X; + X3)T'
< o(n7?).

Furthermore, (83)) follows from the bounds Elg/ Y3 R} = o(n™1), 1 < j <4, see [B5). We show
these bound using (29). For 1 < j < 3 the proof is obvious. For j = 4 we need to show that
E}Ig{QYIQY}, = 0(1). For this purpose we write (using the inequality I;Y; < I;m®/*)

Tey, YPV3 = Tgy YEV3(ly + ) < m* gy V1Y3l + Y2Y3T,

and note that the expected values of both summands in the right hand side tend to zero as
n — +oo. Finally, (86) follows from (29) and implies directly (87)).
Now we derive (8] from (87). We observe that

k'8 i BY i1 (B taiYy) = Efy (B a1 Y1) — Efi(12)

(here we use the fact that the weak convergence of distributions (i) implies the convergence of
expectations of smooth functions). Furthermore, by (Bl), Efx(212) = px. Hence, (87) implies

Ery~ n_zﬁ_lkalEfk(le) =n"28 ka1 py.

Proof of (80). Introduce the event C = {D3 N (D; \ Do) = 0}, probability = P, (5 NCNE13),
and random variable H = m (Y2 — 1)Y3. We obtain (80) in several steps. We show that
Ems ~ Elg plig:—p (88)

Elg;, Hlig:—p} (89)
~ Blg Hfp(5 Y1) (90)
(91)

(92)

12

12

m I EY Y2 H fi.(6 a1 Y7)
~ 1 2(as — a1)(k + 1)Bppt1-
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We note that (88) is obtained by replacing Ig,, by the product Ig; Ie in the formula defining 3.
In order to bound the error of this replacement we apply the inequality

HQSHC <lIg,; < HSQSHC + I5,. (93)
and invoke the bound EH£{2EgISHBSH{d/1:k} < E]IE{Qf’*(Bg) = o(n~2), see the proof of (84) above.
We remark that the left hand side inequality of (33)) is obvious. The right hand side inequality

holds because the event &3 implies (E53 NC) U Bs.
In ([B9) we replace p by H. To prove (89) we show that

EH5{2ﬁH{d9{:k} ~ E]Igbﬁﬂ{d’{:k}ll ~ E]Ing]I{df{:k}]Il ~ EI[S{QHI[{d’{:k} (94)
We remark that the first and third relations follow from the simple bounds, see (29)), (30]),

Elgr plia:—iyi < Ellgr Iy T < *EY1Y5 Y31 = o(n™?),
Elgr |H|Ijg: _jyTy < "EV1Y2|H|I = o(n™?).

In order to show the second relation of (94]) we split
b = P.(E13/€33 N C) Po(E33]C) P (C) =2 f1aps (95)

and observe that p; is the probability that the random subset D3 N Dy (of size s) of Dy does
not match the subset D1 N Dy (we note that |[D; N Da| = s, since the event &}, holds). Hence,
p1 =1—Y; ' Furthermore, from (25) we obtain

p3=1— 13*(D3 N (Dl \DQ) =+ @) >1- P*(Dg NDy # @) >1-— m_leXg. (96)

Finally, p, is the probability that the random subset D3 of W'\ (D \ D2) intersects with Dy in
exactly s elements. Taking into account that the event £;, holds we obtain (see (29), (33)))

iy YaYslols (1 —m!'/2/(m' — X1)) < o < iy ' YaYs. (97)

Here we denote m; := (";l) and m' = |[W\ (D1 \ D2)| = m — (X1 — s). We remark that on the
event {X; < m!*} we have m’ = m — O(m3/*). Hence, for large m, (@7) implies

M Yo Ys093l) < Poll; < i Ya Yl (1 4+ m ™4 (s 4+ o(1)). (98)
Now, collecting (@), [@8)), and the identity p; = 1 — Y5 ! in (@5) we obtain the inequalities
Ter, Iidos H(1 — m™ X1 X3) < Igy Iip < Tgy L H (1 + O(m %)) (99)

that imply the second relation of (94]).

In the proof of [@0)), (@1I), (O2) we apply the same argument as in (85]), (86)), (87) above.
Proof of (79). We write

and in the integrand of the right hand side we replace f’*(d’1 = k) by fr(8'a1Y1) and P(E2)
by m~1Y1Ys using (B5) and ([29), respectively. O

16



4.2 Passive graph

Before the proof we introduce some more notation. Then we present auxiliary lemmas. After-
wards we prove Theorems [3, 4l

By E;; we denote the conditional expectation given the event &; = {w; ~ w;}. Furthermore,
we denote

pe=P(;), Dij=D;ND;, X;j=|D;|, »=EX|, y=EX)i uw=EZ).

For w € W, we denote I;(w) = If,ep,} and I;(w) = 1 — I;(w), and introduce random variables

Lw)= Y li(w),  L(w)=Tw)(X; - 1),

1<i<n
Qw) = Z aij(w), gij(w) = Li(w)L; (w)(Xs; — 1),
1<i<j<n
Sl = Z Si, SQ = Z SiSj, S; — L‘(wl)ﬂi(wg).
1<i<n 1<i<j<n

We say that two vertices w;,w; € W are linked by Dy, if w;,w; € Dy. In particular, a set Dy,
defines ()g’“) links between its elements. We note that L; = L(w;) counts the number of links
incident to wy. Similarly, Q; = Q(w;) counts the number of different parallel links incident to wy
(a parallel link between w' and w” is realized by a pair of sets D;, D; such that w',w” € D;ND;).
Furthermore, S7 counts the number of links connecting w; and wse and Sy counts the number of
different pairs of links connecting wq and we. We denote the degree dy = d(w;) and introduce

event L, = {L; = d;}.
Lemma 7. The factorial moments 6,; = E(dw); and u; = E(Z); satisfy the identities
G =0luy, G =pBuz+ B us, Gz = F%us + 36 Puguz + B ua (100)

Proof of Lemma[7. We only show the third identity of (I00). The proof of the first and second
identities is similar, but simpler. We color z = z; + - - - + 2, distinct balls using r different colors
so that z; balls receive i-th color. The number of triples of balls

=2 G +>G) > =+ > zma (101)
i€[r] i€[r] Jelr\i} {i.3,k}Clr]
Here the first sum counts triples of the same color, the second sum counts triples having two
different colors, etc. We apply (I0I) to the random variable (dg*), where dy, = Z1 + -+ + Zj.
We obtain, by the symmetry property,
dus) _ Z Z 5 A Z\3
E( 3 ) = EAE( 31) + E(A)QE( 21)EZl + E(3)(EZl) .
Now invoking the simple identities E(A); = (EA)* = (u 8~ )" and E(Z)); = ui11u] " we obtain
the third identity of (I00). O
Lemma 8. We have
ES; =n"'8, %y + Ry,
EL1S1 =n"'8,%(y2 +y3) + n~ '8, %y3 + Ry,
ELL1S1 =n7'8,2(y2 + 3ys +ya) + 30718, 3ya(y2 + y3) +n 18, Yy + RS,
EL1LySt = n"" B, (ya + 3ys + 2) + 207 B ya(ys + y2) + 07 Bty + Ry
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where, for some absolute constant ¢ > 0, we have |R}| < ecn™28, 3wy and

(Rl < en™(B,° + By ),
IRl < en 28,31+ B, + a0+ By 2a0)za,  j =34
Proof of Lemma[8. We only show ([I05]). The proof of remaining identities is similar or simpler.

We write, for t = 1,2, Ly = L(w;) = Iy (w;) + L, and denote 7; = Es; = (m); " (X;)2. We have,
by the symmetry property,

EL1LsS, = nEs LiLs, (106)
EsiLiLs = Esili(wi)li(ws) + 2Es1ly(wy) Ly + Es L LY,
EsiLiL, = (n—1)Esilo(wy)la(wz) + (n — 1)oEs1la(wq)l3(ws),

Esili(w1)Ly = (n—1)Esily(wy)la(ws).

A straightforward calculation shows that

Esili(w)h(w2) = (X1 —1)*71 = (m)y! (X1)a+3(X1)3 + (X1)2)
Esili(wi)la(wa) = m™ 1 (X1 — 1)(Xy — 1) X7 =m H(m)y " (X1)s + (X1)2) (X2)2,
Esilo(w)lz(wz) = (Xo—1)2F172 = (m);%(X1)2 (X2)4 + 3(X2)3 + (X2)2),
Esily(w)ls(wa) = m™*(Xp)2(X3)aT1 = m™2(m); " (X1)2(X2)2(X5)2.

Invoking these expressions in the identity Es1l;(w;)l;(wy) = EEsil;(w;)l;(w,) we obtain expres-
sions for the moments Esil;(w¢)l;(w,). Substituting them in (I06]) we obtain (I03]). O

Lemma 9. We have

ES, < 0.5n728, %23, (107
EL15 < n*2ﬁ;4x2x3 + O.5n*2ﬁ;5x%, (108
EQ1S1 < n 28, Ywoxs +0.5n726, %3, (109
EL1Q2S) = ELyQ1S) < n 28,4 (2w0xy + 158, Lades + 0.58,223) + n 38, %23zy, (110
EL1Q151 < n_zﬁ;‘l(x% + zoxy) + 2.5n_2ﬁ;5x§x3 + O.5n_2ﬁ;6x§, (111
EL1L1So < n 2B, 4 (23 + xoxy) + 2.5n 26, "xdxs 4 0.5n 26, Cx3, (112
EL1LySy < n 2B, woxy + 22 4 26, tades + 0.56, 2x3) + n=30.58,, 532y, (113

(

EQ I (w1)(X1 — 1)2 < 4n 28, %ya(ys + ya + B yays). 114

—_
—_— — ~— ~— — — " —

Proof of Lemma[9. We only prove (II0). The proof of remaining inequalities is similar or sim-
pler. In the proof we use the shorthand notation l; = l;(w1) and ¢;; = g;;(w2).
To prove (II0) we write, by the symmetry property,

EQ:L151 = (5)Eqi2L15

Eq20151 = 2Eq2l151 + (n — 2)Eqi20351,

Eq2151 = Equlisi + Eqialisa + (n — 2)Eqialis3,

Eqi2l351 = Equ2l3s1 + Eqialzss + Eqalzss + (n — 3)Eqial3sy

and invoke the inequalities

Eqial1s; < m™Yzoxy, Eqial3s; < m °z3xs, Jj=12

6.2 5 2 —6_4
Eqialis3 <m ™ x5ay, Eqi2l3s3 < m™ x3xs, Eqial3ss < m™xs.
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These inequalities follow from the identity Eqi2l;is; = EqugliSj and the upper bounds for the
conditional expectations Eqi2l;s; constructed below.
For i =1 and j = 1,2, we have

qugllsj < qugll = (Xl — 1)EQ12H1(U}1) < m74XfX22 (115)
In the first inequality we use s; < 1. In the second inequality we use the inequality
qug]h (’U)l) = 775 S m74X%X22 (116)

Here n = E (X12 — I ()i (w2)Ia(we) = 1) and & = P (Ty (w11 (wo)Ia(ws) = 1). We note
that given Xy, Xo, D1, the random variable n evaluates the expected number of elements of
Dy \ {wy} that belong to the random subset Ds \ {wy} (of size Xo — 1). Hence, we have
n=(m—1)"%X; — 1)(X2 — 1). Furthermore, the probability

(%) | X

() m
Combining obtained expressions for  and £ we easily obtain (L16]).
For ¢ = 1 and j = 3, we write, by the independence of Dy, Ds and Ds,

&= f’(wl,wg S Dl) X ].S(wg S Dg) =

Eqialis3 = (Eqizli)(Ess) < m S X{X3X3.

In the last step we used Esz = ()(;,)2(171)51 and Eqiol; < n}_4XfX22, see (I13)).
For i = 3 and j = 1,2, we write Eq2l35; = (Eq12l;(w1))(El3), by the independence of Dy, Do
and Ds. Invoking the inequalities

Ely = (X3 — )P(w; € D3) <m™ X3, Eqi2li (w1) = n¢ <m X} X3,

see ([[I6l), we obtain ]E)qlglgsl < m*fo’Xng. Similarly, Eglglgsg <mTPXIX5X3.
For i,j = 3, we split E(¢q12l353) = (Eqi12)(El3s3) and write Eqj2 = n1&;. Here
m = E(X1p — 1T (wa) I (wy) = 1), & = P(Iy (wa)Iz(wy) = 1).
Invoking the identities n; = (m — 1)75(X; — 1)(X2 — 1) and & = m~2X; X5 we obtain
Eq = mé < m*X1X3. (117)

Combining (I17) with the identities Elzs3 = (X3 — 1)Es3 = (X3 — 1)(X3)2(m); " we obtain the
inequality Eq2l3zss < m*5X12X22X§.
For i = 3 and j = 4 we write by the independence of Dy, Do, D3, Dy, and (17

Eqolyss = <Eq12> (Elg) (Es4> < (m3X2X2) (m ' X2) (m 2X2) = m SX2XZX2X2.

Proof of Theorem[3. In order to show (&) we write

_ Eiadids — (E12dy)? _ pcEdidsle,, — (Edilg,,)?
El?d% - (E12d1)2 peEd%]Igm - (Ed1H512)2

(118)
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and invoke the expressions

pe = ES1+0(n %84, (119)
Edile, = ELiSi+0n 26,4 (1+8,"Y),
Edllg, = EL}Si+0(n 26,41+ 8,2)),
Edidole, = EL1LyS) +O0(n 28,41+ 872)).

Now the identities of Lemma [§ complete the proof of (IH).
Let us prove ([II9]). We first write, by the inclusion-exclusion,

S1— 8y <lIg, <51, (120)
Lt — Qt < dt < Lt. (121)

Then we derive from (I2]) the inequalities
0<LiLy—didy <L1Qa+Ly@Q; and  0<L?—d? <20,Q, (122)
which, in combination with (I20) and (I21]), imply the inequalities

0 < L15) — dilegy, < 1153+ Q151, (123)
0< L3S, — dilg, < L3Sy +2L,Q1 51,
0 < L1L2S1 — didallg,, < L1LaSs + L1Q2S51 + Lo@Q1.51.

Finally, invoking the upper bounds for the expected values of the quantities in the right hand
sides of (I23]) shown in Lemma [ we obtain (I19]).

Now we derive (I6) from (I5]). Firstly, using the fact that (iii), (v) imply the convergence of
moments E(X;); — E(Z),, for i = 2,3,4, we replace the moments y; by v; = E(Z); in (I5).
Secondly, we replace u; by their expressions via d,;. For this purpose we solve for us, us, uy
from (I00) and invoke the identities

0x1 = 0s1, 042 = 052 — 041, 043 = 043 — 3042 + 2041. (124)

For f3,, — +oo relation (I5]) remains valid and it implies » = 1 + o(1).

For 3, — 0 the condition nB33 — +oco on the rate of decay of 3, ensures that the remainder
terms of (I19)) and Lemma [§ are negligibly small. In particular, we derive (I3]) using the same
argument as above. Letting 3, — 0 in (I3 we obtain the bound r = o(1). O

Proof of Theorem [ Before the proof we introduce some notation. We denote

H= Y Lw)(Xi-1)  pre=Pwy~wi,d =k).

1<i<n

Given wj;, w; € W we write d;; = d(w;,w;). A common neighbour w of w; and wj is called
black if {w,w;,w;} C D, for some 1 < r < n, otherwise it is called red. Let dj; and d;; denote
the numbers of black and red common neighbours, so that d; + d;; = d;;. Let w, be a vertex
drawn uniformly at random from the set W/ = W\ {w; }. By d}, we denote the number of black
common neighbours of wy and w,. By &1, we denote the event {w; ~ w,}. We assume that w,
is independent of the collection of random sets D ..., D,, defining the adjacency relation of our
graph.
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In the proof we use the identity, which follows from (I02]), (IT9I),
pe=n""B,%y2+O0(n"?). (125)
We also use the identities, which follow from (I00) and ([124])
14 87 ug + uy tug = 0,00, B ug = 641. (126)

We remark that (I26]) in combination with relations y; — u; as n,m — 400, imply the right

hand side relations of (I8), (I9) and (2I]).
Now we prove the left hand side relations of (I8]), (I9) and (21]), and the relation (20)).

In order to show (I8) we write b = p_ 'Ed;l¢,, and invoke identities (IT9)), (I03)) and (IZ5).
Proof of (I9). We write h = p; 'Edi2lg,, and evaluate

Ediolg, =n 8, 2y3 + O(n™2). (127)
Combining (I25]) with (I27) we obtain (I9). Let us show ([I27)). Using the identity
diz = dyy +diy = diplz, + diplz, +di (128)
we write
Ediole,, = Edjle Iz, + Ry + Ro, (129)

where Ry = Ed/,l¢,, and Ry = El, d),l¢,,. Next, we observe that Elz, d},lg,, = Elz,dy;le,;,
for 2 < j < n, and write

El, d)5le,, = Elg,dy,le,, = Elg, H(m — 1)_1. (130)

We explain the second identity of (I30). We observe that H(m — 1)~! is the conditional expec-
tation of d} Ig,, given Dy,...,D,. Indeed, any pair of sets D;, D; containing w; intersects in
the single point wq, since the event £; holds. Consequently, each D; containing w; produces
X; — 2 black common neighbours provided that w, hits D;. Since the probability that w, hits
D; equals (X; —1)/(m — 1), the set D; contributes (on average) (m — 1)~ 1I;(w1)(X; — 1)o black
vertices to df,.

Now, by the symmetry property, we write the right-hand side of (I30]) in the form

n
m—1

n n
Elz, I (w1 )(X1 — 1)2 = mEﬂl(wl)(Xl —1)2 — R3 = my:a — R3, (131)

where, Ry = —“<EI I; (w1 )(X; — 1)2. Finally, we observe that (I27) follows from (I23), ([I30),
(@310 and the bounds R; = O(n~2), i = 1,2,3, which are proved below.
In order to bound R;, i = 1,2, we use the inequalities

o <di <Ly, lg, <81, Ig =T zay = Lg>1y < Q1 (132)

and write Ry < EQL1S; and R3 < n(m — 1) "'EQ I (w;)(X1 — 1)2. Then we apply (I1I]) and
(II4)). In order to bound R; we observe, that the number of red common neighbours of wy, ws
produced by the pair of sets D;, D; is

al-j = (}Il(wl)]lj (wg)ij (wl)ﬁl(wg) + ]Ij (wl)Hl(wQ)E(wl)ﬁ] (’U)Q)) X@]

Hence, on the event wq,ws € Dy we have dfy < 22§i<j§n a;j, since elements of Dy \ {wi, w2}
are black common neighbours of w;,ws. (From this inequality and the inequality Ig,, < S; we
obtain

R1 S Edlllzsl = nEdlllzsl S n("gl)Eslagg. (133)
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Furthermore, invoking in (I33]) identities
E(slagg) = EE(Slagg) =E <E81> <Ea23> s Esl = (Xl)g/(m)z

and inequalities

- - - X9 X3 (X9 —1)(X3—1
Ea23 = QE]IQ (wl)ﬂg(wg)ﬂg(wl)]IQ(U)Q)XQg S 2—2 —3 ( 2 )( 3 )
m m m— 2

we obtain Ry = O(n™2).

Proof of (20). In the proof we use the fact that the random vector (H, Li) converges in distri-
bution to (da«,d.s) as n — 400. We recall that H is described after (I30). The proof of this
fact is similar to that of the convergence in distribution of L1 = >, -, Ii(w1)(X; — 1) to the
random variable d,., see Theorems 5 and 7 of [6]. We note that the convergence in distribution
of (H, L1) implies the convergence in distribution of Hl;r, _j} to da.l¢4,, —py. Furthermore, since
under condition (v) the first moment EH is uniformly bounded as n — 400 and Eda, < oo, we
obtain the convergence of moments

EHI, —py = Edaulg,, -y as n — oo. (134)
In order to prove (20) we write
hi = E(dio|w1 ~ wa,dy = k) = p ) Bdiale, I, —1y
and show that

Pre = km'P(dyy = k) +o(n™ 1), (135)
Ediole, I —ky = m "EHIz, _jq +o(n™1). (136)

We remark that (I34) in combination with (I35]) and (I36]) implies (20).
Let us show (I30). In view of the identities pge = P(w; ~ wy,d; = k), 2 < i < n, we can write

Pke = P(w* ~ wl,dl = k) = P(w* ~ wﬂdl = /{?)P(dl = /{?)

Now, from the simple identity P(w, ~ wi|ldi = k) = k(m — 1)~ and the approximation
P(d; = k) = P(dwx = k) 4+ 0(1), see [6], we obtain (I33]).
Let us show (I30). Using (I28]) we obtain, cf. (129),

Ed12H512H{d1=k} = Ed/12]1512]1{d1=k}]lﬁ1 + O(n72)' (137)
Furthermore, proceeding as in (I30]), we obtain
Ed32H512H{d1:k}HE1 = Ed,l*]lgl*l{dlzk}]llh = (m - 1)_1EHH{d1:k}Hl:1' (138)
Next, we invoke identity EHI g, —ylz, = EHI 11z, and approximate, cf. (I31)),
(m—1)"'EHIp, 1z, = (m— 1) 7'"EHI, 4y + O(n™?). (139)
Combining (I37), (I38) and (I39) we obtain (L3€]).
Proof of (21). Let di2 denote the number of neighbours of wy, which are not adjacent to ws,
and let hy = E(dj2|w; ~ wa,ds = k). We obtain (ZI)) from the identity

b, = E(di|w ~ wa,dy = k) = 1+ hy, + hy,
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and the relation hy = 3, 'ys 4+ o(1). In order to prove this relation we write
hy = pl;elT, where T= Ealg}lgm}l{(b:k},
and combine (I35]) with the identity
7 =km 718, YysP(dus = k) + 0o(n71). (140)

It remains to prove (I40). In the proof we use the shorthand notation

ni = Li(w)Li(w2)(Xs — 1), 0 =nille,laymryle,, 07 = nillerLig,—n)-
Let us prove ([40). Using the identity 1 = I, + I, we write
T = E812H512H{d2=k}]1£1 + R4, R4 = E812H5’12H{d2:k}i£1-

Next, assuming that the event £; holds, we invoke the identity dis = Y 1<i<n Mi and obtain

Ediole,,Iig,—1yle, =E Y ) =nEny.
1<i<n

In the last step we used the symmetry property. Furthermore, from the identity
En) = En{ — Rs, Rs = Enlle, g, —pylz,
we obtain 7 = nEn{ + Ry — nRs. We note that inequalities di» < d; < L; and (I32) imply
Ry <EL15Qq, Rs < ElL(w1)(X1 —1)51Q1 = n '"EL1S1Q1.

Now, from ([II]) we obtain Ry = O(n~2) and Rs = O(n~3). Hence, we have 7 = nEn{ +0(n"2).
Finally, invoking the relation

En| = km ?y,P(dw = k) + o(n"?), (141)
we obtain (I40). To show (I4I]) we write
En{ =Emk, £ =E (Ig,Ig,—1}|D1), (142)

and observe that on the event we ¢ Dy the quantity x evaluates the probability of the event
{wy ~ wq,dy = k} in the passive random intersection graph defined by the sets Da,..., D3
(i.e., the random graph Gj(n — 1,m, P)). We then apply (I33) to the graph Gj(n — 1,m, P)
and obtain k = km P (dw = k) + o(n~!). Here the remainder term does not depend on D;.
Substitution of this identity in (I42]) gives

Enf = (km 'P(dw = k) +o(n™ ")) En.
The following identities complete the proof of (I41)
En = EL(w)(X; —1) — El (w1 (we) (X1 — 1)
= mlya — (m)y " (y3 + 92).
O
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