arXiv:1209.1670v1 [math.PR] 7 Sep 2012
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Consider the measurement model
y=g(x)+v (1)
where

e x € Ris the unknown scalar we would like to estimate described by the prior distribution A/ (x;0;02)
where the notation N (-;Z,Y,) denotes a (real-variate) Gaussian density with mean Z and covari-
ance Y.

e y € R™ is, in general, a complex measurement vector;
e g(-):R — C™ is, in general, a complex-valued observation function;

e v € C™ is circular symmetric complex Gaussian measurement noise with zero-mean and covariance
o2I,, where I, denotes an identity matrix of size ny x n,. The noise v is assumed independent of
x.

In this document we are going to derive analytical formulae for the following functions.

#y,m(slv 52, hlv h2) éE[mln(LSI (yv T+ h17 .I), 1) min(LS2 (ya T+ h27 .I), 1):| ) (2)
Ly|z (51, 82, b1, ho, ) £E, [min(Lfl (y,z+ hi,2),1) min(Li?(y, z + he, ), 1)):10} ) (3)
fa(51, 82, b1, ho) 2B, [mm(Lgl (z + h, ), 1) min(LS2 (z + ha, z), 1)} . (4)
where 51,89 € Z, h1,ho € R™ and
5.y, @) a Pylz(ylz) a Pi(T)
L(y,x,f) éiu Ll(yuxag) = L2(‘T=€) = . (5)
pg,:z(%@ pg|£(y|§) Pz (&)

1 Calculation of (51, s2, hi, h2)

We first calculate L(y,z + h,z) as

CN(y; 9(x + h), 021, )N (z + h; 0;02) 6
Ny 9(@), 02T, JN (i 0307 ©)

L(y,x+ h,z) =

=exp [%R{de(:c,h)} — b(z, h) (7)

where the notation CN(y;7,%,) denotes a circular symmetric complex Gaussian density with mean g
and covariance %, and

d(z,h) £g(z +h) - g(x), (8)

1 1 1
b(x,h) égﬂd(%h)HQ + ;fﬂTh + FHhHQ- 9)
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Then we have

Py, (51,52, h1, ho)

//mln (exp [%‘?R{de(:v,hl)} - slb(:v,hl)] : 1)

X min (exp [0—2273 {vMd(z, ha)} — s2b(x, hg)] , 1)p(v) dup(z) dz.

(10)

We are first going to handle the inner integral on the right hand side of (IQ]) which we call as Z; as

follows.

7, & /min (exp [%R{de(x,hl)} - slb(:v,hl)] : 1)

X min (exp [i—ijn{vf‘d(x, ha)} — sab(z, hg)] : 1)p(v) dv

:/le(v) dv

—|—/ exp
Vs Lo}
—|—/ exp
Vs L o3
+/ exp
V4 L o3

where the sets Vi,

Substituting (@) and the identity p(v)

I

We now define the real scalars a1 and as as aq

ZSQR{de (,h2)} — sab(x, ho)

v

2
LR d(w, )} — s1b(x, ha)

v

2‘9173{qu (2, h1)} — s1b(x, hy)

v

p(v) dv

p(v) dv

exp | Z2R (o, ha)} = s ) [ 0) o

v

Vs, V3 and Vy are defined as follows.

V2 {UE(C’“J

R{de(m,hl)}zM&R{ﬁd(m,m)b

o b(z ho)

2
V, & {v € Cw R{de(z,hl)}ZM&R{UHd(I,hz)}<g yble:hs)

Vil {UE(C’“J

=P(ve V1|v ~ CN(v;0,07))

+ exp

Vg £ {1} cC™ R{de(z,hl)}<M&R{de(z,hg)}>(T 24, hz)}

R{de(m,hl)}<M&R{Und(%h2)}<g 2400 0)

=CN(v;0,021,,) into (), we get

2 Hd(:v ho)||? — sob(x, hg)] P(v € Va|v ~ CN (v; s2d(, hs), 07))

M 62
+ exp —EH (z,h1)|* — s1b(, hl)]P(v € Vg”U ~ C./V'(v;sld(x,hl),ai))

+ exp —Hsld(x hy) + sad(z, ho)||* — s1b(x, h1) — s9b(z, ha)

x P(ve V4‘v ~ CN (v; s1d(x, h1) + sad(x, ha),07)).

(12a)
(12b)
(12¢)

(12d)

(13)

£ R {vd(z,h1)} and az £ R {v"d(x, h2)}. Since each

of the probabilities on the right hand side of (I3)) are conditioned on v being distributed with a circular
symmetric complex Gaussian density and since ap, ao are linearly dependent on v, we have the vector

a2 [ay,as]T

o2b(x,hy)

_p(wzr
I _P(a o2b(x,ha)
2 2

distributed with a Gaussian density which gives

2
a~N (a @y (z,h1, ha), %F(l’,hl,hg)))



oy > Zab@h) B Ug
+ exp 2 Hd(:v ho)||? — sob(z, hg):|P( lz%b(i oy |@~ N (a;aé(m,hh ha), ?l—‘(x,hh h2)> )
L az <y
[s2 9 ar < T2V @) ., o2
+ exp FHd(:z:, hl)” — Slb(I, hl) >(7Ub(t ha) a N a; a3(3:, h,l, hg), 7F({E, h,l, hg)

1
+ exp —2H51d(:17, hi) + sad(z, ho)||* — s1b(x, h1) — sob(x, h2):|
a_< o2b(ah1) ) 2
y p< e N (a;ag(x,hl,hz), j’r(x,hl,hz))) (14)
a2<v7
where
ay (x,h1,ha) £(0,0]", (15a)
a(x, h1, ha) 2y [R{d™ (2, h1)d(w, ha) }, ||d(z, ho) ], 15b)
ay(x, h1, ha) 281 [[[d(z, h)||2, R{d™ (z, h1)d(z, ha)}] ", (15¢)
ay(z, hi, ho) £ [s1]|d(z, h1)||* + s2R{d™ (z, h1)d(x, ha)}, s2||d(z, ha)||* + is{dH(:c,hl)d(x,hg)HT,
(15d)
A Hd(xahl)”Q R{dH(Iahl)d(IahQ)} :|
L, b, ha) _[ R{dH (2, h)d(w, ha)} lld(z, ha)|)? (16)

Each of the probabilities on the right hand side of (Id]) can be written using the cumulative distribution

function NMedfa(-, -, -) of a bivariate Gaussian random variable to give
2b(x, h 2b(ar,h2) " 2
Il :NCde <|:—Uv (;7 1),—0U (57 2):| ;Ezl(x,hl,hg),%F(x,hl,hg)

52
+oxp | e, )] = sab(e. o)

2h(z hy) o2b(z, hy) "
chdfz([—Uv (;7 1),% (;C’ 2)] sas(x, hi, ha),

no |eqw

C(z, ha, hz))
52
+oxp | e, )l = sid(e. )|

2 (2, h 2h (. ho) 1T 2
chdf2 <|:O"U (;a 1)7_0'1; (';7 2):| ;&g({lj,hhhg) % (I h17h2)>

1
+ exp [;Hld(% h1) + sad(@, ho)[|* — s1b(, hn) — s2b(x, h2)]

v

2 2 T 2
x Nedfy ([”vb(;’ h) “”b(‘;’ hz)} da(z, b, ho), %F(:z:, hi, h2)> (17)
where
(I hl, h2) £ _ CLl (I hl, h2) (18&)
o (a, ha, Q)é[ . ?]dz(a:,hl,hg), (18b)
ds(x, hi, h) é[ Lo }ag(;p,hl,m), (18¢)
CL4(I hl,h,Q) éC_L (.I hl,hg), (18(:1)
T a |d(x, h1)]? —R{d"(x, hy)d(z, hy)
T 2 | oo nn] (49)



Using @) in ([IT), we get

2b(z, 2b(x, ho) 1T
o ~Nedts ([ (B ot o]

0,2
ai(z, hi, ha), 7UF(£U, hi, ho)

°]

2
o | 252wl -

7 252
b(z, hl UQb(ac ho) 1" o2
X NCdfg |: v 27 :| ;dg(l‘,hl,hg), if(m,hl, hg)
2 Si T
+ exp p ||d(x h)ll -5 hi — 2 2
hi1) 2b(z, h 2 _
x Nedfy <[ (@, hn) T (g’ 2)} ;a3($7h17h2)7%F(%hl,fm))
2 2 2 28182 H
+exp ||d(~’C ho)ll” + s ||d(95 ho)||? + —=R {d" (z, h1)d(x, ho) }
s1hy + soh
—iigiix 2J1W 2maﬂ
2p hi1) h 2
x Nedfs <[UU (”26’ 1) oubl@; by ] (z, h1, ha), %r@,m,@)) (20)

2 2
=Ncdf, ({— %b(g’hl)v— bl hQ)] ay(z, hy, ha), %F(Iah17h2)>

ek 3nmwmw B ol exp | — 22— el

x Nedf, <{ Ugb(;’hz)}T sas(z, hy, ha), %3 I(z, hl,h2)>

+oxp | o b+ S ] exp [ - 2 S

x Nedfs ({ (&, h) _"3b(;’h2>r ag(x,hl,hQ),%gf(x,hl,hz)>

+mp{ = d(z, h)|I? + Swa@mn22“®RMmew@wgﬂ

X exp {52 Llha? + or 22 hg? 4 222 hThQ} exp { 5’1"10_%2}‘23; - %Hslhl + 52h2||2]

x Nedfs <|:Ugb(;vhl), b(;ﬁ hz)r;@(;p, hy, ha), gf(x,hl,h2)> . (21)

Substituting the result (2I)) into (I0) and carrying out straightforward algebra, we obtain

_02 (z,h1) 0,2
fy,z (81582, h1, h2) =Enr(2:0,02) [NCdf2 ([ o2b(eha) ] 1(z, ha, ha), ff(m,hl,@))]
— Zublahe)

2
" afo, )P + 22 ol

'U

_Ugb(;'rhl) B 0'12)_
XNCde agb(ac,lm) ;ag(x,hl,hg), 7F(£L‘,h1,hg)
2

2
+ EN(CE;f'Sth,G’g) [exp |:




s2 — 5 o | 81— 2
+E/\/(w;—s1h1,o’§) €xp o2 Hd(xahl)” + 2 D) ||h1H
0'2b(x hi) B
X NCdfg <[ o b2(z ha) ‘| (:v hl, hg) F(LL', hl, hg)) ‘|

2
82 2
+ EN(1;7(51h1+52h2),a’§) exXp |:

“Lld(, ha)| + p 22 d(, o)
28182 H %
+ 2 ——=R{d"(x,h1)d(z,h2)} | exp

no |czqw

'U

5182
o P+ 2 el + 22T
a’qzjb(x,hl) 0,2
XNCde agb(gc,lm) (:v hl,hg) 2 ,T hl,hg (22)
2
2 Calculation of ju,,(s1, 52, hi, he, v) and (51, 52, by, ho)
We first calculate Ly (-, -, -) and La(-, -) as follows.
exp [~ lly — g(a + 1)
Ll(y7x+h7x) = - (23)
exp |~ lly - g(x) 2]
[ 2 H 2, 1 2
:Wp'j {y"d(z,h)} - ﬂ@@+hm + = llg(@)] (24)
'U 'U UU
1

=exp U—R {vMd(z,h)} - §|d(ac,h)||2} (25)
r 2

=exp ;R {v"d(z, h)} — bi(z, h)} , (26)

exp |— oz |l + h||2}

Lo(x+ h,x) = — (27)
exp [~ |:c|\2}
=exp | ——u 2 2 ] = exp [—ba(z, h)], (28)
where

1
bi(w, h) =5 lld(z, h)|”

(29)
a1 1y
ba(o. 1) 250t oo A
Then the function fiy,(-, -, -, -, -) is given as
Hy|z (51, 82, h1, b, @)

(30)
:/min (exp [%R{de(x,hl)} - slbl(:v,hl)} ,1)
X min (exp { -2 R {v"d(z, ho)} — s2bi(z, hQ)] ,1) p(v) dv (31)
:/VI p(v) dv
+ /v oo [%R{de(x,hz)} — sobi(a hz)} (v) dv



+ /VS exp [%'—8317% {’UHd(SC,hl)} — s1b1(x, hl)} p(v) dv

+/ exp [2—8217% {o"d(z, h1)} — s1b1(z, hl)} exp {2—8227% {o"d(z, he)} — szbl(x,hg)] p(v)dv (32)
Va Ty g

v

where the sets V1, Vo, V3 and V, are defined as follows.

Vi = {’U e C™ R{’UHd(w,hl)}ZM&R{UHd(w,hQ)}>(T bl(t hz)} (33&)
Vy 2 {v € C™|R{vd(a.h) } 2 2D o {oHd(w o) < T2 h2)} (33b)
Vs = {1} e Cm R{de(z,hl)}<M&R{de(z,hz)}>(T bl(t h2) }, (33(3)
V= {v € C™ [R{oMd(a,hn) } < LMD o R { oM d(a o) < Z20LE2) *’2)} (33d)
Substituting ([29) and the identity p(v) = CN(v;0,021,,) into ([B2), we get
Hy|z (51, 82, h1, b2, x)
Hy(y o2by (w,h1)
_p( RO} Z R N (050,021, (34)
R{UHd(I)hz)}ZW
2 H 02121(:1:,}11)
52 - 52 2 R{U d(m7h1)}21}7 .
+6Xp |: 12} ||d(£[,',h2)|| :| P(R{de(m,hg)}<dgbl(zm‘hz) v~ CN(U’S2d(x7h2) g I"y))
2 o5by(x,hy)
81— S1 2 R{v d(z,h1) }<17 .
+exp{ > ld(z, h1)]] } (R{de(z,h S v~ CN(v; s1d(z, hy),001,,)
52 — 51 55 — 82 28182
+exp[ s ld(z, hi)|)* + (2, ho)[|* + —5=R{d" (x, h1)d(z, h2)}
R{de(w,h1)}<7agbl(Qz’hl)
x P v~ CN(v;s1d(x, hy) + sad(z, h 21, 35
(R{de(m,hz)}<agbl(;’h2) (v sad(e ) 208l ha), o y) (3)

Continuing in the same way as in Section [I we get

Ugbl(w hl)

tylz (51, 82, h1, ha, 2) =Nedfy <l _Ugbl(zw ha) 1 1(x, by, ha),
—Zuba(wha)

no |czqw

F(.I, h,l, h2)>

.
' |d<x,h2>||2]

v

2
+ exp [82

B _a’ﬁbl(z,hl) ] 0,2_
x Nedfy 03b1(§7h2) ;dg(,@,hl,hg), 7”I‘(:v,h1,h2)

L 2 J
2 _
+ exp [81 St ld (o)
N i O’?Jbl(zm,hl) - Ugf -
X Cdf? _Ugbl(Iﬁhz) 7a3($7h17h2)77 ((E, 1, 2)
L 2 J
s2—s s5— S 2518
+exp[ L ld(, b)) |? + 22 d(, ho)|* + 2R {d™ (@, hy)d(, ha) }

B Uzbl (I,hl)

x Nedfs ( Ugblfm7h2) ] saq(z, hy, ha),

2

o |cqm

F(,T,hl,hg)) . (36)



Similarly the function g (-, -, -, -) is given as
pa (81, 52, h, ha)

:/min (exp [—s1b2(x, h1)], 1) min (exp [—s2ba(x, ha)], 1) p(z) dz

oo P@ ot [ exp—saba(a o) pla) o
bz(m,h2)<0 b2(m,h2)20

+ %)Z(th)zo exp [=s1b2(z, h1)] p(x) do + %,2(1),1 )50 &XP [—s1b2(x, h1)] exp [—s2ba(x, ho)] p(z) da
(

b (z,h2) <0 b

_p(

8%2%~N@000

(38)

M2
52 ba(z,h
+oxp [ T2 ol | P( e ~ N —saha, o)
L .’E
T2
51 by (z,h1)>0
texp | ——3 ||h1||2] (bigihiggo‘xwN(a?;—S1h1,ag2g))
L .’E
2
51 5152 ba(2,h1)>
+oxp [Pl + 2l + L2 P (2
L Oz m U;E -

o a1 <0
_P( as <0

@~ N (a &, (hy, ha), — S, h2)> )

0’:1: ~ N (x; —s1h1 — s2ho, Ui)) (39)

[s3 — < 0 1
+€Xp 2 |h2||2 ( “ NN (a a2(h17h2) A(hlth))
-82 2 aq > O 1
—|—€Xp i 2 |h1|| P as < 0 a NN a; ag(hl,hg) IA(hl,hQ)
[s2 — 52 518
woxp [T P + 2l + 2T,
> 1
x P 20 o N (038 (0, o), =5 A, o) (40)
as 2 0 m
where
~/ s 1 2 21T
@ (b, h2) 25 (1A% 1ha?] (1)
~ 1 T
ab(h1, ha) é@ [—2s5hT ho + [|ha )%, (1 = 2s2) || h2||?] (41Db)
- 1 T
a(ha, o) S5 [(1=2s1) [l |1%, =2s1h7 o + |12 )], (41c)
~ 1 (1 —2s1)||h1]|? — 2s2hTh
/ a 1 1) 21 ha
a4(h17 h2) —20_% |: _281h’11“h2 + (1 _ 282)||h2||2 ) (41d)
[ha]l® T he
A(h h2) |: hTh2 Hh2”2 : (42)

Each of the probabilities on the right hand side of (@0]) can be written using the cumulative distribution

function Nedfa( -, -, +) as

Pz (S1, 2, b1, ha)

— Nedfs G 8 } L(h1, ha), %A(hl,h2)>



[s3 — 01 . 1
+ exp 952 ||h ||2:| NCde ( |: 0 :| ;ag(hl,hQ), ;A(hl,h2)>

[s2 — 0] . 1
+exp 2% B ||h ||2] NCdfg ( |: 0 :| ;a3(h1,h2), ﬁA(hl,h2)>

+oxp |2+ 2 + Slthhz}chfz([g} (. ha), ZA(hl,hz)) (13)
where

ay(h1, he) 2a}(h1, ha), (44a)

aa(hasha) 2[5 O Jab(hn, ha), (44b)

&g(hl,hQ)é[ ! Hag(hl,m), (44c)

ag(hi, he) & —ay(hy, ha), (44d)

o 4 48 ]

3 Special Cases

In this section, we are going to find the expressions for the following quantities one by one: g, » (1,1, h, h),
,u“y,x(lv Oa h7 h’)a ,UJy|;E(17 15 h7 h’a I)a ,UJy|;E(1a 07 h’a h7 CC), ,uz(lv 15 h7 h’)a ,uz(lv Oa h7 h’)
® [iy4(1,1,h, h): Substituting s;1 = so =1 and hy = hy = h in [22)), we get
ayb(a,h)

_ 2
,uyym(l, 1,h,h) :E/\/(m;O,a%) [NCde <[ aib(2m,h) ] (I h h) U [(x,h, h)) ]

0'2b(w h) 1 L o2 _
 Enenen [Nedb | | a2y [10b! (ko R), BTG, b
2
o.b(x,h)

2b 2
+ EN(m;—h,o’ﬁ) [chfg ([ 0'213(1 h) ‘| iy 1($ h’ h) %F(xvh’a h)) ‘|

- 2

2 1
T [exp |l P ex | 012

Ugb(z,h) 0_2
x Nedfy <[ oﬁb(%s,h) ‘| ;d}l’l(%h, h), il—‘(x,h, h)) ‘| (46)
2
where
ai (z, h,h) 20,0, (47a)
ab (o) & [ ld(e b)), d(e, ]2 (47b)
ab () £ [[lde, B2, —[ld(e, W2 (47¢)
ab (b, ) 22 [[ld(e, b)), d(z, 1) 2] (470)
and
o lldGe W12 (ldG m)? .
L(@,h,h) ‘[ ld(z B)? d(z, b2 } (48a)
- o @ B2 —lld(, )2
e 2| B e | (48b)



Noting that I'(z, h, h) and T'(x, h, h) are singular, the quantities related to the bivariate cumulative
distribution function Nedfs(-) can be written as

[ o2b(=z,h) 2 2p (e h 2
NCdf2 < 0'2b(2;E h) ;al(xvha h)v%r(xvha h)) :NCdfl <—%,O,%|d(z,h)||2> ) (49&)
. _aﬁb(m,h) : 0,2_
Ncdf, 24 2 o |02 (z,h,h), =T (z,h,h) | =0, (49Db)
o, b(z, 2
U?Jb(x,h) 7] 0,2_
Ncdfs Uzg(x 5 sas(x, h,h), 7”1"(90, h,h) | =0, (49¢)
L —— =% |

o |czqw

?zb(xvh)
NCde < [ a'zb(2x,h) ) 64(.%', h, h)7

2 d

2 2
T(z,h, h)) —Nedf, (M;znd(@hn?, %||d(:c,h)|2> ,
(49d)

where Nedfy(-) is the cumulative distribution function for the univariate Gaussian density, which
gives

b(z, h
/Ly,ac(lv 1,h, h) :EN(w;O,Uﬁ) |:jV'Cdf1 <_% U ||d(33 h)|2> ]

2 1
+ Exar-aned [exp |l e | 012

x

2 2
x Nedfy (M;zud@,hm %||d(:c,h)|2) ] (50)

® /iy(1,0,h, h): Substituting s1 = 1, s2 =0 and hy = hy = h in [22)), we get

[(z, h,h)) ]

o b(;E h)
/Lyyx(la 0, h, h) :EN(z;O,ag) [NCdf2 < [ 2b(m h) ] @ _%70(17, h, h),

o |eqm

o b(;E h) 2
+ En(2:0,02) [chf2 (l () 1 ay’(z, h, h), %F(x,h, h))]
-2
2
+E N ZubE:h) o Tor
N (z;—h,02) Cdfg agb(z,h) (CL‘ h h) 7F(.¢L‘,h, h)
— L)
02 x
+E N e say® %
N (z;—h,02) Cdfg oﬁb(z,h) (CL‘ h h) 7F(.¢L‘,h, h) (51)
2
where
ay(z, h,h) £0,0]" (52a)
ay”(z, h,h) £0,0]", (52b)
_ T
ay (. h, h) £ [|d(z, b)|*, = ||d(z, b)|*] (52¢)
ay"(w, b, h) 2 [[ld(z, D), d(z, h)?] (52d)
Again due to the singularity of T'(x, h, h) and T'(x, h, h), we have
a2b(z, h o2
/Lyyx(lv Oa h7 h) :EN(w;O,Ug) |:jV'Cdf1 <_%7 Oa 7”(1(.%, h)|2> ‘|
a2b(z, h o2
+ B [chfl (2 e w1 5 ) ] SN



® fiyz(1,1,h, h,x): Substituting s; = so = 1 and hy = hy = h in (B8), we get

o2by(x,h)

fylx(1, 1, by by x) =Nedf, ([ _agbf(x,h)
—Zubaleh)

. Ugbl (z,h)
+ Nedfs o2 (i,h)

2

Ugbl(w,h)
+NCdf2 2,2

o,bi(z,h)
2

1,1 o2
;a7 (x, hy h), ff‘(x,h,h)
1 1 o2
ay (z, h,h), %F(x,h, h)

g

<N

1 ay " (x,h, h), 7f(g;,h, h))}

+oxp | 2, )| weat, (l

Using the singularity of I'(z, h, h) and T'(z, h, h

Ugbl ({E, h)

iyt (1,1, hy by ) =Nedf (_ ¢

; 0,

)
oy
2

lld(,

o2by (z,h)

2

, we obtain

M)

w01(
o'gb12($, ) ‘| (ZZ? h h)

CM

I'(z, h,h)) . (54)

2 o2bi(x, h o?
+oxp | 2wl |ty (P ot mE, Bl o)) (55)

® iy|z(1,0,h, h,x): Substituting s; =1, so = 0 and hy = hy = h in (B0), we get

,Uy\m(l,(),h,h,:zz) :NCde <[ -

+ NCde

+ NCdf2

(
s
[

Using the singularity of I'(z, h, h) and T'(z, h, h), we obtain

y’y\z(lu 07 hu h7 1’) :NCdfl (—

Ugbl (:v h)

2

2 d(a, DIE)

abi(@,h) a1 o2
aﬁblz(m,h) a;” (x,h,h), %F(x,h, h)
2
i a2by (z,h)
e ; ] ay’(x,h, h), "—3F(z h h))
oobi(x,h) 2 [
2
a’ﬁbl(x,h) 0,2_
_a'zbzl(x,h) 1 ag O(‘T h, h) %F(,T,h,h)) :|
2
Uzbl(x,h) 0_2
oﬁbf(ac,h) ] 710(‘T h, h) %F(m,h,h)) .
2

2b x, 2
Nty (2L a2, 5 e )

If we now substitute by (-, -) from (29) into (BT, we get

d(z, h)|?
(1,0, ) <t (L 0, % g )
2
+ Nt (LI e, 2, % e )
2
—oNedf; ( e ]I o, 22 (e, h)||2>
where we used the identity
LE 2\ l 5_ g

Nedfy (&€,07) = 5 (1 +erf <\/§ag>> .
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(57)

(61)



e 1(1,1,h,h): Substituting s = so = 1 and hy = hy = h in {@3]), we get

where

and

pz (1,1, by h) =Nedfs < [ 8 ]

+NMQ({ }41
+chf2<{ } bl

+ exp [aig”h”ﬂ Nedfy G 8 } iy’ (h,h), —%A(h,h)>

"k, h), A(h17h2)>

), 58, h ))
LR, >>

iE

aw|’_‘

it (h,h) é%% [IRIP, 1017
a4 (1) 252 A )
&é,l(h, h) & — 2;26 [||h||27_||h||2}T
! (1) 2575 (102, 1P
R\ A2

sowm 2| G foll |

_ Rz —|n|?

soome| Bl T0E ]

Using the singularity of A(h, k) and A(x, h, h), we obtain

h||? ||R|? 1
pe (1,1, h) =Nedfy <O; Ly |2| ) + exp [;Hh”z} Nedf,

2 )
202 0%

(63a)
(63b)
(63c)

(63d)

(64a)

(64b)

3lIRI2 ([
<O7 20_% ’ o2 . (65)

x

e 1;(1,0,h, h): Substituting s;1 =1, so =0 and hy = he = h in {@3)), we get

112(1,0, b, h) =Nedf, < [

where

+NCdf2 ( |: 8

0 .
O 7

- 1
aéﬁo(h’a h) £ — 2052

1 (hs ),

I

] a5’ (h, h), %K(h,h)) + Nedfy ( [

[||h||2, R

[—IIRl12, 122

iy (h, h) &5

1
202

ay’(h,h) &

(7]

T
,—[1Al1?]
~1 0 a1l 2 T
() 255 (I8P 1))

11

LA, h)) + Nedfs <[ 8 } al(h, h), %K(h, h))

8] O(h, h), mA(h h))

(67a)
(67b)
(67¢)

(67d)



Using the singularity of A(h, k) and A(x, h, h), we obtain

L 2 [ e
uz(lvoahvh’) :NCdfl <07 20_% 70_—% +NCdf1 07 20_% ) 0_% (68)
I 2
—2Nedf, (o, 2T o2 (69)
] )
=l—erf| ——|. 70
(2\/501 (70)
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