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On the Cardinalities of Row Space of Some Special Boolean Matrices
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Abstract: Let B m@ n be the set of all m @ n Boo lean matrices; R (A) denote the r ow space of A I Bn , | R( A) |

deno te the car dinality o f R (A) , m, n be po sit iv e integ er s, and k be non negat ive integers. In this paper, w e

pro ve the fo llow ing three results: ( 1) let A I Bn @ n , Pm, ( � ) if A is the idempotent matrix, i. e. , A2= A,

then | R( A
m
) | = | R (A) | ; ( � ) if A is the invo lutory matrix, i. e. , A

2
= I , then | R(A

m
) | = | R(A) | w hen m

is an odd number o r | R(A) | = 2
n
when m is an even number ; ( 2) let A I Bm @ nbe k o f the numbers of 1, 0

[ k [ min{m, n} , and each row and co lumn is at most one of the numbers of 1 in A, then | R (A) | = 2k
; ( 3)

let A I Bn @ n be the part it ioned matrix as A=
O O

O A 1

, A1= ( a ij ) k @ k , a ij = 0( i> j ) , a ij = 1( i [ j ) , i , j= 1, 2,

,, k , then | R (A) | = k+ 1.
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1  Introduction

For any posit ive m, n, let Bm @ n denote the set of all m @ n Boo lean matr ices. While m= n, w e w rite B n .

Then Bn is a sem-i g roup w ith the ordinary matr ix mult iplication and entries using Boolean operat ion. Let

R( A) denote the r ow space of A I Bn , | R( A) | denote the car dinality of R ( A) . T hen the cardinality is in

[ 1, 2
n
] . T he resear ch of the dist ribut ion of cardinality o f row space of matrix A I Bn has a long t ime. In

1992, ref. [ 1] gave the distr ibution of cardinality of row space o f matrix A I B n in interval (2n- 1
, 2n ] .

Simultaneously, he conjectured that ther e ex ists A I B n w ith | R ( A) | = m fo r any m I [ 1, 2n- 1
] . In 1995,

ref. [ 2- 6] show ed some results on the cardinalit ies o f row space of Boolean matrices. In this paper, by

studying some special Boolean matrices, w e obtain three results: ( 1) let, A I Bn @ n , Pm, ( � ) if A is the

idempo tent matrix, i. e. , A
2
= A, then | R ( A

m
) | = R( A) | ; ( � ) if A is the involuto ry matrix, i. e. , A

2
= I ,

then | R ( A
m
) | = | R(A) | w hen m is an odd number or | R( A) | = 2

n
when m is an even number; ( 2) let AI

Bm@ n be k of the numbers of 1, 0 [ k [ min{m, n} , and each row and column is at most one of the number s

of 1 in A, then | R( A) | = 2k
; ( 3) let A I Bn @ n be the part it ioned matrix as A=

O O

O A1
, A1= ( aij ) k @ k , aij
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= 0( i> j ) , aij = 1( i [ j ) , i, j = 1, 2, ,, k, , then | R ( A) | = k+ 1.

2  Notions and Definitions
Let m, n, q, i be posit ive integ er s, and k be a nonnegat iv e integ er. By A i* we denote the i-th row of A

I B m@ n , and by a ij we denote the ( i, j )-entry o f A. Let ei be the n-tuple w ith 1 in the i-th coo rdinate and 0

in other coo rdinates, and Hbe the n-tuple w ith 0 in al l co ordinates.

Definition 1  Let A I Bm @ n . T he row space o f A, deno ted by R ( A) , is the span of the set of all row of

A. The set R( A) consists of all sums of row s o f A, including the empty sum , w hich is the zero vecto r. T he

cardinality of R ( A) , denoted by | R ( A) | , is the number of the vectors of R ( A) .

Definition 2  Let A I Bm@ n , 1 [ q [ m, 1 [ j [ n. Define

R
+ q

(A) = { A i
1
* + A i

2
* + ,+ A i

k
* | k \ 1, 1 [ i1 < ,< i k [ m, vj , i j = q} ,

R
- q

( A) = { A i
1
* + A i

2
* + ,+ A i

k
* | k \ 0, 1 [ i 1 < ,< ik [ m, P j , ij X q} .

3  Lemmas and Main Results

Lemma 1
[ 3]  Let A I Bmn , 1 [ q [ m. If R

- q
( A) HR

+ q
(A)= ª, then

| R (A) | = | R
- q

(A) | + | R
+ q

(A) | .

Lemma 2[ 2]  Let A I B m@ n . If ther e ex ist tw o permutat ion matrices P, Q such that, then B = PAQ,

then | R( A) | = | R(B) | .

Theorem 1  Let A I B n , Pm, ( � ) if A is the idempo tent matrix, i. e. , A
2
= A, then | R ( A

m
) | =

| R(A) | ; ( � ) if A is the involutory matrix, i. e. , A2 = I , then | R( Am
) | = | R(A) | w hen m is an odd num-

ber o r | R ( A) | = 2n when m is an even number.

By the hypothesis, it is easy to show theorem 1.

Theorem 2  Let A I B m@ n be k of the numbers of 1, 0 [ k [ min{m, n} , and each row and column is at

most one of the numbers of 1 in A, then | R( A) | = 2k
.

Proof  For A, there ex ist tw o permutat ion matrices P, Q such that PAQ=
I k O

O O
= B, then | R( A) |

= | R (B) | = 2k
.

Corollary 1  AI Bn , i= 1, 2, ,, k,

A k* =
ei+ k- 1   k = 1, 2, ,, n- i + 1,

H  k = n - i+ 2, n- i + 3, ,, n,

then | R( A) | = 2
n- i+ 1

.

Proof  Clearly, A sat isf ies the condit ions of theo rem 2, k= n- i+ 1. So,

| R(A) | = 2
n- i+ 1

.

Corollary 2  AI Bn , i= 2, 3, ,, n,

A k* =
e1+ k- i   k = i, i + 1, ,, n,

H  k = 1, 2, ,, i- 1,

then | R( A) | = 2
n- i+ 1

.

By using the sim ilar proof as corollary 1, we can show | R( A) | = 2
n- i+ 1

.

Theorem 3  Let A I Bn be the part it ioned matrix as A=
O O

O A1

, A1 = ( aij ) k @ k , 0 [ k [ n, aij = 0( i>

j ) , aij = 1( i [ j ) , i, j = 1, 2, ,, k, then | R( A) | = k+ 1.

Proof  Clearly, | R( A) | = | R( A1) | , R+ 1
(A1) HR

- 1
( A1 )= ª.

So , by lemma 1, | R( A1) | = | R
+
(A1) | + | R

- 1
(A1) | , | R

+ 1
(A1) | = 1, | R

- 1
(A1) | = k .We show | R( A)
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| = k+ 1.

Corollary 3  Let B= ( bij ) n , bij = 0( i< j ) , bij = 1( i \j ) , then i , j= 1, 2, ,, n, then | R( B) | = n+ 1.

By using the sim ilar argument of theo rem 3, w e can show it.

Corollary 4  A I Bn . If there exist one row and one column in A, it s numbers of 1 is i, i= 1, 2, ,, k, 1

[ k [ n, then | R( A) | = k+ 1.

For example, A=

0 0 1 1 0

0 0 0 0 0

0 0 0 1 0

0 1 1 1 0

0 0 0 0 0

, n= 5, i= 1, 2, 3, k= 3. | R (A) | = 4.

Proof  Because for A, there exist tw o permutat ion matrices P, Q, such that

PAQ =
O O

O A 1

= B, A1 = ( a ij ) k , aij = 0( i > j ) , aij = 1( i [ j ) , i , j = 1, 2, ,, k.

| R (A) | = | R( B) | = k+ 1.
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一些特殊结构的布尔矩阵行空间基数
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摘  要:设 Bm@ n是所有 m @ n布尔矩阵的集合, R(A) 为 A I Bn的行空间, | R( A) | 表示行空间 R( A) 的基数, m, n是

正整数, k 为非负整数.证明了如下 3个结果: (1) 设 A I Bm @n , Pm, ( � ) 如果 A是幂等矩阵,即 A2 = A, 那么 | R (Am ) | =

| R( A) | ; ( � ) 如果 A是对合矩阵, 即 A2 = I, 那么当 m是奇数时, | R( Am ) | = | R(A) | , 当 m是偶数时 | R(A) | = 2n . ( 2)

设 A I Bm@n , A含 1的元素个数为 k, 0 [ k [ min{m, n} ,且 A的每行每列元素中 1的元素个数最多为 1, 那么 | R(A) | = 2k .

( 3) 若 A I Bm@n 是形如 A =
O O

O A1

的分块矩阵, A1 = ( aij ) k@ k , ai j = 0( i > j ) , a ij = 1( i [ j ) , i, j = 1, 2, ,, k , 则

| R( A) | = k + 1.
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