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Abstract: Two approximate sample size formulae ar e proposed for testing the null hypothesis of nonzero rate dif�

fer ence of two proportions in matched�pair design based onTango� s score test statistic. The formulae can be used to

produce sample size estimates that guar antees a pr especified pow er of a hypo thesis test at a certain significance level

and controls the width o f a confidence interval w ith a certain confidence level. Our empir ical studies confirm t hat the

proposed sample size formulae perform satisfactorily. A real example is used to illustrate our methods.
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� � In a matched�pair study, w e usually w ish to

know whether a new treatment is signif icantly bet ter

than or at least as ef fect ive as the standard one. The

conventional significance test ing of a null hypothesis

of zero rate difference between the response rates for

the tw o t reatments is inappropriate w hen the inten�
t ion of the t rial is to establish either close equivalence

or materially important difference. A null hypothesis

appropriate for this situation is a prespecified nonze�
ro rate difference. Stat istical inference for testing a

null hypothesis of nonzero difference in binomial tri�
als has received much at tent ion in recent years ( see

e. g . Farrington and Manning[ 1] ; Yanagaw a et

al.
[ 2]

; Nam
[ 3]

; Lu and Bean
[ 4]

) . How ever, w hen

there are zero frequencies in the off�digonal cells un�
der a matched�pair design, the statistics derived by

the above cited authors become invalid. To solve this

difficulty, T ango
[ 5]

derived a one�sided test stat ist ic

for testing the equivalence via nonzero rate dif ference

of two proport ions in the matched�pair study based

on the eff icient score method, and showed that the

test had empirical signif icance levels closer to the

nominal ��level than the other tests as given by Lu

and Bean
[ 4]

v ia MonteCarlo simulat ion study. In ad�
dition, Tango[ 6] considered the score�based confi�
dence intervals for the rate difference and sample size

formulae, and pointed out that his conf idence inter�
val had bet ter empirical coverage probability than

those of the published methods including both un�
condit ional and condit ional ones. We note that one

must specify the value of q 21 to apply Tango� s[ 6]

sample size formula. How ever, in pract ice study, it is

diff icult to exactly know the value of q 21. Here, an

alternative method is considered for calculat ing pow�
er and sample size.

The purpose of this art icle is to propose reliable

method for calculating sample sizes for matched�pair
study for unknown q21 based on T ango � s[ 5] score

statist ic. Sect ion 1 presents two different approaches

for sample size calculat ions i. e. the significance test

approach and the conf idence interval approach ( see

Tang et al[ 7] ) . In Sect ion 2, w e invest igate the accu�
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racy of the proposed sample size formulae under dif�
ferent set t ings. T he proposed approach is illustrated

by a real example in Sect ion 3.

1 � Power calculation and sample size formula

Follow ing T ango[ 5] , w e assume that each indi�

vidual subject in the study is administrated both the

new and standard tests. This results in paired data,

and there are four possible outcomes for each pair.

These outcomes can be represented in a 2  2 table

( see Tab. 1) .

Tab. 1 Data structure of a matched pair 2  2 table

New test
Standard test

Response ( + ) Nonresponse ( - )
Total

Response ( + ) a( q
11
) b ( q

12
) a+ b( �N )

Nonresponse ( - ) c( q
21
) d ( q

22
) c+ d( 1- �N )

Total a+ c( �S ) b+ d (1- �S ) n (1. 0)

Here q
11

is the probability that a posit ive response is

observed for both t reatments, q
12

is the probability

that a posit ive response is observed for the new

treatment and anegat ive response for the standard

treatment , etc. Then q
11
+ q

12
+ q

21
+ q

22
= 1. 0. Let

�N= q
11
+ q

12
and �S= q

11
+ q

21
be the respect ive

sensit ivit ies of the new and standard t reatments. The

numbers of subjects falling into the four cells are de�
noted by a, b, c and d as in Table 1. Follow ing

T ango
[ 5]

, the equivalence of both t reatments is in�
ferred by testing the follow ing hypothesis

H 0: �N = �S -  0 vs.

H 1: �N > �S -  0,

where  0( > 0) is a pre�specified acceptable differ�
ence in tw o proportions. The new treatment is con�
cluded to be ef fective/ noninferior w hen the null hy�
pothesis is rejected. Some practical choices for  0 in�

clude 0. 05 or 0. 1 ( Tango[ 5] ; Lu and Bean[ 4] ) .

T o test hypothesis H 0, Tango
[ 5] proposed the

follow ing score stat ist ic

T = T (  0) =
b - c + n 0

n (2 q̂ 21-  0(  0+ 1) )
,

(1)

which has asymptotically a standard normal dist ribu�
t ion under H 0, w here q̂ 21 is the maximum likelihood

est imator of q 21 under H 0 and satisfies

q̂ 21= q̂ 21(  0)= ( B
2
- 4AC- B) / (2A ) ,

w ith A = 2 n, B= - b- c - (2n - b+ c)  0 and C

= c 0(  0+ 1) . Then, H 0 is rejected at the nominal

level � if the stat istic T is greater than or equal to

z ( 1- �) , w here z (1- �) is the 100  ( 1- �) percentile

point of the standard normal dist ribution.

Let  = �N - �S . The expectat ion and variance

of b- c is respect ively given by E ( b- c | H 1:  =

 1)= n 1, Var ( b - c | H 1:  =  1 ) = n {2 q21+

 1(1-  1) } . Let �q 21 be the max imum likelihood es�

timator of q21 under H 1. Similarly , it is easily show n

that �q 21 is the larg er root of the quadrat ic equation

2nx 2- ( b+ c- (2n - b+ c)  1) x - c 1( 1-  1)

= 0, �q21 is n�consistent, and test statist ic ( b- c-

n 1) / { n [ 2�q 21+  1 ( 1 -  1) ] }
1/ 2 has asymptoti�

cally the standard normal dist ribution under H 1.

Therefore, for a true rate difference of the sensit ivi�
ties �N - �S =  1( > -  0) , the asymptot ic pow er

funct ion for T is given by Pr { T !z (1- �) | H 1:  1

=  1} = 1- ! ( u) , w here u = [ z ( 1- �) { n ( 2 q21-

 0(  0+ 1) ) }
1/ 2

- n (  1+  0) ] / { n (2 q *
21+  1( 1

-  1) ) }
1/ 2, w here  q 21 and  q *

21 are respectively the

asymptot ic limits of q̂ 21 and �q 21 for sufficiently large

n g iven a true difference  1= �N - �S , i. e.  q 21=

( B0+ B
2
0- 8C 0) / 4 w ith B 0= ( 2q21+  1 ) + ( 2

-  1)  0 and C0= q21  0( 1+  0) , and  q *
21= ( E 0+

E
2
0+ 8F 0) / 4 w ith E 0= 2q 21-  1 ( 1-  1) and
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F 0= q 21  1( 1-  1) , and ! ( . ) is the standard nor�

mal dist ribut ion funct ion. Similar to Tango
[ 6]

, the

approx imate sample size required for a power of 1-

∀based on the score test can be shown to be

nT S = { ( z 1- �v
1/ 2

0 + z 1- ∀v
1/ 2

1 ) / (  1 +  0) }
2
,

where v 0= 2 q 21-  0(1+  0) , v 1= 2 q *
21+  1( 1-

 1) . To apply the sampl esize formula, we require

the exact specification of the value of q 21 under H 1.

In pract ice, an investigator can usually specify the

desirable sensit ivit ies, �N and �S , but may not have

complete know ledge of q 21. In this case, the sample

size formula w ithout the specif icat ion of q 21 is desir�

able. Note that nT S is an increasing funct ion of q21

that satisfies the follow ing inequality: max[ 0, -  1 ]

∀ q 21 ∀ min [ ( 1 -  1 ) / 2, �S ] . Hence, w e could

adopt the midpoint level of q21, given as m in [ (1-

 1) / 4, �S / 2] for  1 !0 and min[ (1- 3 1) / 4, ( �S

-  1) / 2] for  1< 0 to obtain the m idpoint sample

size ( denoted as nTM ) ( cf. Lu and Bean[ 4] , T ang et

al. [ 7] ) .

Next , w e consider the sample size determinat ion

based on the method controlling the w idth of a con�
f idence interval w ith acertain confidence level. Fol�
low ing Tango[ 6] , the (1- �)  100% conf idence in�
terval for the risk difference  = �N - �S based on

the score stat istic T is given by T
2
(  ) = # 21, �,

where #21, � is the upper ��percentile of the central

chi�square distribut ion w ith 1 d. f. It is easily shown

from ( 1) that the lower and upper limits of the con�
f idence interval are the two roots of the follow ing

quadrat ic equation: A 1  
2+ B1  + C1= 0, w ith A 1

= n ( n+ #21, �) , B 1= n [ 2( b- c) + # 21, �] , C1= ( b

- c)
2- 2 n# 21, �q̂

*
21, and q̂

*
21= q̂ 21(  ) , as defined in

( 1) . Thus, the half w idth of the confidence interval

is given by

w =

4[ n( b- c)+ 2 n2 q̂ *
21
- ( b- c) 2] # 2

1, �+ [ 1+ 8 q̂ *
21
] n( # 21, �)

2

2 n( n + # 21, �)
.

Let �q 0 be theasymptot ic lim it of q̂ *
21 for a large n and

g iven values of q21 and  , then the asymptot ic lim it

of the right�hand side of the above equat ion can be

expressed as

w =
{ 4n[ 2�q

0
+  (1-  ) ] # 2

1, �+ (1 + 8�q
0
) ( # 2

1, �)
2 } 1/ 2

2( n + # 2
1, �)

,

and �q 0 = [ ( B 2
2
- 8C2)

1/ 2
+ B 2] / 4,

w ith B 2 = 2q 21+ (3 -  )  ,

C2 = q 21  ( 1+  ) .

Therefore, the desired sample size nCS based on

the score stat istic T is g iven by

nCS = [ B 3+ B
2
3 + A 3C 3] #

2
1, �/ (2A 3) ,

where A 3= w
2
, B3= 2!q0+  (1-  )- 2w 2, and C3

= 1+ 8!q0- 4w 2. Similarly, without the knowledgevalue

of q 21, we can adopt the midpoint level of q21 to obtain

the midpoint sample size ( nCM ) which is regarded as a

compromise between the max imum or conservative

( nCC) and the minimum sample sizes.

2 � Evaluation of Performance

To examine the accuracy of the above approxi�
mate pow er formula controlled sample size formula,

we compute their respect ive exact powers under dif�
ferent set t ings of  0,  1 and q 21 w ith �= 0. 05, �S

= 0. 8 based on the sample sizes obtained from nT S ,

nTC and nTM . T he exact pow er for any part icular

sample size n at  1 is computed by

#
X ∃ R

Pr ( x : p ) = #
X ∃ R

n!
b! c! ( n - b- c) !

%

q
b
12 q

c
21(1 - q12- q 21)

n- b- c
,

where q12= q 21+  1, and x&= ( b, c ) , p&= ( q12,

q21) , R = { x : 0 ∀ b, c, b + c ∀ n such that T !

z ( 1- �) } are the sampling point , alternative hypothe�

sis and crit ical region, respectively. For calculations

of the actual size, we simply replace  1 by  0. Table

2 reports the results for various set t ings of  0,  1

and q 21 w ith nominal pow er being 90%, of one�sided
test at 5% significance level. In g eneral, the pow er

controlled sample size formula could provide fairly

accurate sample size estimates in the sense that the

exact pow er based on the estimated sample size is

usually pret ty close to the nominal pow er. Generally,

the sample size nT S is sufficient to guarantee the de�
sired pow er. In all cases, the midpoint sample size
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seems to provide a reasonable sample size est imat ion

w ithout prior information of q21. Table 3 reports the

desired sample size based on nCS , nCM and nCC to

cont rol the half w idth of a 90% confidence interval

at w = 0. 01, 0. 05 and 0. 08 for various t rue values

of  and q21 w ith �S= 0. 8.

3 � Numerical examples

Consider a numerical ex ample adapted from an

invest igat ion of w hether a particular body f luid gives

results equiv alent to the test ing of plasma and anal�
ysed by Lachenbruch & Lynch [ 8] . The data are re�
ported in Table 4. In this t rial, we are interested in

the equivalence of two test. We may consider the

testing of alternative body f luid as ef fect ive as the

testing of plasma of a decrease of the result of test ing

by alternat ive body fluid is no more than 5 per cent .

Under the null hypothesis H 0:  = 0. 05, we obtain

the MLE of q 21 is q̂ 21= 0. 052, and the one�sided
score stat ist ic for test ing H 0: �N = �S- 0. 05 against

Tab. 2 Controlling power sample sizes calculated by score (1) for nominal power being 80 percent of a one�tailed test for

H0 :  =  0 against H1 :  =  1 with �S = 0. 8 at �= 0. 05 level and corresponding exact powers( %) and ��levels

( %)

 0  1 q
21

nTS
Exact

power size
nTM

Exact

power size
nTC

Exact

pow er size

0. 0 0. 05 0. 10 852 90. 08 4. 98 1 795 90. 02 5. 04 3 423 90. 01 5. 01

0. 0 0. 05 0. 30 2 223 90. 34 5. 01 ∋ ∋ ∋ ∋ ∋ ∋

0. 0 0. 20 0. 10 81 90. 62 4. 95 124 90. 54 5. 12 210 90. 42 5. 07

0. 0 0. 20 0. 30 167 89. 98 4. 99 � ∋ ∋ ∋ � ∋ ∋ ∋

0. 05 0. 00 0. 10 698 90. 17 4. 98 1 713 90. 12 5. 07 3 422 90. 10 5. 01

0. 05 0. 00 0. 30 2 054 89. 92 5. 01 � ∋ ∋ ∋ � ∋ ∋ ∋

0. 05 0. 10 0. 10 115 91. 03 5. 10 208 90. 13 5. 14 378 90. 48 4. 95

0. 05 0. 10 0. 30 265 90. 10 5. 16 � ∋ ∋ ∋ � ∋ ∋ ∋

Tab. 3 Sample size for 90% confidence intervals of half�width w= 0. 01, 0. 05 and 0. 08 with �S= 0. 8

 q
21

w = 0. 01 w = 0. 05 w = 0. 08

n
CS

n
CM

n
CC

n
CS

n
CM

n
CC

n
CS

n
CM

n
CC

0. 00 0. 10 5 412 13 527 27 053 218 540 1081 86 211 421

0. 00 0. 30 16 232 ∋ ∋ 648 ∋ ∋ 253 ∋ ∋

0. 10 0. 10 14 338 20 442 32 194 572 816 1 286 223 318 501

0. 10 0. 30 24 303 ∋ ∋ 970 ∋ ∋ 378 ∋ ∋

Tab. 4 Plasma compared to alternative body fluid

Plasma sample

+ - Total

Alternative body + 446 5 451

fluid sample - 16 690 706

T otal 462 695 1 157

�N> �S - 0. 05 is z = 6. 03 ( p�value< 0. 01 ) .

Therefore, we reject the null hypothesis and conclude

that the alternative body fluid produces results e�
quiv alent to plasma samples for the investigat ion.

This is the same as Lachenbruch & Lynch� s[ 8] re�
sult. Here, we w ant to know whether the present

study has suff icient ly large sample size for the ex ist�
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ing test procedures to detect a nonzero rate differ�
ence at 0. 05 nominal level w ith pow er 0. 90. To an�
sw er this, w e set q 21= 0. 1,  0= 0. 01,  1= 0. 0, ∀

= 0. 1 and �= 0. 05, the desired sample size is nT S

= 17 150. Without the knowledge of v alue of q21,

the corresponding conserv at ive sample size is g iven

by 85 668, w hile the respect ive midpoint sample size

is g iven by 42 836. Suppose an invest ig ator w ould

like to adopt the conf idence interval approach and

w ould like to guarantee the half width of the resul�
tant 90% test�based conf idence intervals being con�
t rolled at w = 0. 05 w ith  = 0. 0 and q 21= 0. 1. In

this case, the desired sample size is nCS= 217. Whilst

nCC= 1 081, nCM= 540.
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配对设计试验中检验两个比值非零差的样本量确定
�

唐年胜

(云南大学 应用统计研究中心, 云南 昆明 � 650091)

摘要: 对配对设计试验,基于 Tango( 1998)得分统计量导出了检验 2个比值非零差的 2种近似样本量

公式.由这些公式得到的样本量能达到预先指定的功效和控制置信区间的宽度.一个实例和一些经验结果

验证了方法的有效性.

关键词:渐近推断;配对设计; 功效;样本量;得分检验
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