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Abstract: Two approximate sample size formulae are proposed for testing the null hy pothesis of nonzero rate dif

ference of two proportions in matched pair design based onTango’ s score test statistic. The formulae can be used to

produce sample size estimates that guarantees a prespecified power of a hypothesis test at a certain significance level

and controls the width of a confidence interval with a certain confidence level. Our empirical studies confirm that the

proposed sample size formulae perform satisfactorily. A real example is used to illustrate our methods.
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In a matched pair study, we usually wish to
know whether a new treatment is significantly better
than or at least as effective as the standard one. The
conventional significance testing of a null hypothesis
of zero rate difference between the response rates for
the two treatments is inappropriate when the inten-
tion of the trial is to establish either close equivalence
or materially important difference. A null hypothesis
appropriate for this situation is a prespecified nonze-
ro rate difference. Statistical inference for testing a
null hypothesis of nonzero difference in binomial tri-
als has received much attention in recent years (see
e. g. Farrington and Manning'''; Yanagawa et
al. [2]; Nam'’

there are zero frequencies in the off digonal cells un-

]; Lu and Bean[4]). However, when

der a matched pair design, the statistics derived by
the above cited authors become invalid. To solve this
difficulty, Tangol * derived a onesided test statistic
for testing the equivalence via nonzero rate difference
of two proportions in the matched pair study based

on the efficient score method, and showed that the
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test had empirical significance levels closer to the
nominal & level than the other tests as given by Lu

and Bean' ™

via MonteCarlo simulation study. In ad
dition, Tango'® considered the score based confi
dence intervals for the rate difference and sample size
formulae, and pointed out that his confidence inter-
val had better empirical coverage probability than
those of the published methods including both urr
conditional and conditional ones. We note that one
must specify the value of ¢21 to apply Tango’ o ¥
sample size formula. How ever, in practice study, it is
difficult to exactly know the value of ¢21. Here, an
alternative method is considered for calculating pow-
er and sam ple size.

The purpose of this article is to propose reliable
method for calculating sample sizes for matched pair

5
51 score

study for unknown ¢,; based on Tango’ s
statistic. Section 1 presents two different approaches
for sample size calculations i e. the significance test
approach and the confidence interval approach (see

Tang et all”!). In Section 2, we investigate the accur
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racy of the proposed sample size formulae under dif-
ferent settings. T he proposed approach is illustrated

by a real example in Section 3.
1 Power calculation and sample size formula

Following T ango'”, we assume that each indi-

vidual subject in the study is administrated both the
new and standard tests. This results in paired data,
and there are four possible outcomes for each pair.

These outcomes can be represented in a 2 x 2 table

(see Tab. 1).

Tab. 1 Data structure of a matched pair 2x 2 table

Standard test

New test Total
Response (+) Nonresponse (- )
Response (+) alq,) blq,,) a+ b(My)
Nonresponse (- ) ¢(q,) d(q,,) e+ d(1- Ty)
Total a+ ¢ Ts) b+ d(1- Ty) n(1.0)

Here ¢  is the probability that a positive response is
observed for both treatments, g , is the probability
that a positive response is observed for the new
treatment and anegative response for the standard
treatment, etc. Then ¢, + ¢ ,+ ¢, + q,,= 1. 0. Let
T=q,+ q, and Tk= q,,% 4, be the respective
sensitivities of the new and standard treatments. The
numbers of subjects falling into the four cells are de-
noted by a, b, ¢ and d as in Table 1. Following
Tangol SJ, the equivalence of both treatments is in-
ferred by testing the following hy pothesis

Ho: Ty = T — Agvs.

Hi: T > Ts — Ao,
where Ao(> 0) is a pre specified acceptable differ
ence in two proportions. The new treatment is con-
cluded to be effective/ noninferior when the null hy-
pothesis is rejected. Some practical choices for Ay in-
clude 0.05 or 0. 1 ( Tango"'; Lu and Bean'*).

To test hypothesis Ho, Tangol®! proposed the
following score statistic

b-— c+ nho

[0 (Zgn— do( 2o+ 1))
(1)

which has asymptotically a standard normal distribu-

T= T(N)=

tion under H o, where ¢,, is the maximum likelihood

estimator of ¢, under H ¢ and satisfies

421= gl do)= (JB’= 4AC- B)/(24),

withA=2n, B=- b— ¢c— (2n- b+ ¢) Npand C
= c¢Ao( Mo+ 1).Then, H g is rejected at the nominal
level a if the statistic T is greater than or equal to
z(1 o> Where z ) is the 100x (1- a) percentile
point of the standard normal distribution.

Let A= Ty— Ti. The expectation and variance
of b— ¢ is respectively given by E(b— clH1: A=
At)= nA, Var(b- clHi: A= M )= n{2qy+
Ai(1= A1) }. Let ¢5; be the maximum likelihood es
timator of ¢,, under H . Similarly, it is easily shown
that ¢, is the larger root of the quadratic equation
2nx’= (b+ c— (2n- b+ ¢) A)x— cAi( 1= Al
=0, 1;2] is J;consistent, and test statistic (b— c—
nA)/{nf2q+ A(1- A1) ]}Y? has asymptoti
cally the standard normal distribution under H ;.
Therefore, for a true rate difference of the sensitivi-
ties Ty— = Ai(> — Ao), the asymptotic power
function for T is given by Pr{T >z (- H1: A
= Aij=1- P(u),where u= [z G){n(Zq_zl—
pof Do+ 1)) 2= n( A+ Ao)]/fn(2qy+ A1
- N))}'?, where q_21 and 172: are respectively the
asym ptotic limits of §21 and ¢,, for sufficiently large

ngiven a true difference Al= Tw— Tk, i. e (]_21=

(Bo+ | Bl- 8C0)/4 with Bo= (2qa1+ M)+ (2
- A1) N and Co= ¢, Mo( 1+ Ag), and cﬁlz (Eo+

[E3+ 8F)/4 with Eo= 2q,— Ai(1- A and
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Fo= g, A(1- A),and @(. ) is the standard nor
mal distribution function. Similar to Tangol 6J, the
approx imate sample size required for a power of 1-
Y based on the score test can be shown to be

nps = {(z1 aU(1)/2+ 2w 1/2)/( A+ M),
where vo= 2¢,— Ao 1+ M), vi= 2+ A 1-
Ay). To apply the sampl esize formula, we require
the exact specification of the value of ¢,, under H .
In practice, an investigator can usually specify the
desirable sensitivities, Ty and T, but may not have
complete knowledge of ¢,,. In this case, the sample
size formula without the specification of ¢,, is desir
able. Note that ngyg is an increasing function of ¢y,
that satisfies the following inequality: max/0, — A/
< ¢y Sminf/(1- A )/2, Ts]. Hence, we could
adopt the midpoint level of ¢,,, given as min/(1-
A)/4, T5/2] for Ay 20 and min/ (1- 3 A1)/ 4, (T
— A1)/2] for Ai< 0 to obtain the midpoint sam ple
size (denoted as ngy, ) (cf. Lu and Bean! ¥, T ang et
al. 1y

Next, we consider the sample size determination
based on the method controlling the width of a con-
fidence interval with acertain confidence level. Fol-
lowing Tango!¥, the (1- a) x 100% confidence in-
terval for the risk difference A= Ty — Tk based on
the score statistic T is given by T( A) = Xig,
where Xi 4 is the upper @ percentile of the central
chi-square distribution with 1 d. f. It is easily shown
from ( 1) that the lower and upper limits of the con-
fidence interval are the two roots of the following
quadratic equation: A 1 A+ By A+ C1= 0, with A
=n(n+ Xia), Bi= n[2( b= c)+ X34, Ci1= (b
- c)z— 2nXi a?];, and qulz g21( ), as defined in
(1). Thus, the half width of the confidence interval
is given by

w =
JA n (b= el 2n7qn- (b-c) T XT [ 18G5 ] n( X1 o)

2 [n(n+ Xy '

Let o be theasymptotic limit of ¢4, for a large n and

given values of ¢,, and A, then the asymptotic limit

of the right-hand side of the above equation can be

expressed as

(4n[ 244 A(1= 8)]XT & (1+ 8q,)(X1a)*)"?
Y= 2n+ X714 ’
and g, = [(B2"— 8C2)"?+ B1/4,
with B2 = 2gy+ (3= A) A

Ca= qu M1+ A).

Therefore, the desired sample size n g based on

the score statistic T 1is given by

nes = [Bi+ B3I+ A3C3) X3 o/ (245),

where As= w?, Bs= 2qp+ A(1- A)— 2w?, and C;
= 14 8¢,- 4w?. Similarly, without the knowledgevalue
of g5, we can adopt the midpoint level of ¢, to obtain
the midpoint sample size ( n.,) which is regarded as a
compromise between the maximum or conservative

(n¢e) and the minimum sample sizes.
2 Evaluation of Performance

To examine the accuracy of the above approxi-
mate power formula controlled sample size formula,
we compute their respective exact powers under dif
ferent settings of Ay, A; and ¢, with a= 0. 05, T
= 0. 8 based on the sample sizes obtained from nyg,

nye and ng,. The exact power for any particular

sample size n at A1 is computed by

n!
X;Pr(x:p) = Zb/c!(n— b— ¢)! "

XER

n— b-c¢

b ¢

919n(1- 91— q4) )
where ¢,= ¢, + A1, and X =(bc)p = (q2
g21), R= {«x: 0<b, ¢, b+ ¢ <n such that T >

(1. o/ are the sampling point, alternative hy pothe

sis and critical region, respectively. For calculations
of the actual size, we simply replace A; by Ag. Table
2 reports the results for various settings of Ay, A
and ¢, with nominal power being 90%, of one sided
test at 5% significance level. In general, the power
controlled sample size formula could provide fairly
accurate sample size estimates in the sense that the
exact power based on the estimated sample size is
usually pretty close to the nominal pow er. Generally,
the sample size n,g is sufficient to guarantee the de-

sired power. In all cases, the midpoint sample size
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seems to provide a reasonable sample size estimation
without prior information of ¢,,. Table 3 reports the
desired sample size based on ng, ng, and ngo to
control the half width of a 90% confidence interval
at w= 0.01,0.05 and 0. 08 for various true values
of Aand ¢y with Ts= 0. 8.

3 Numerical examples

Consider a numerical example adapted from an

investigation of whether a particular body fluid gives

results equivalent to the testing of plasma and anal-
ysed by Lachenbruch & Lynch!®!. The data are re
ported in Table 4. In this trial, we are interested in
the equivalence of two test. We may consider the
testing of alternative body fluid as effective as the
testing of plasma of a decrease of the result of testing
by alternative body fluid is no more than 5 per cent.
Under the null hypothesis H o: A= 0. 05, we obtain
the MLE of ¢,, is g21= 0. 052, and the one sided
score statistic for testing H o: Tlv= Ts— 0. 05 against

Tab. 2 Controlling power sample sizes calculated by score (1) for nominal power being 80 percent of a one tailed test for

Hy: A= A¢ against H;: A= Ay with Tg= 0.8 at a = 0. 05 level and corresponding exact powers( %) and a- levels

(%)
Exact Exact Exact
Ao Ay (e " power  size o power  size e power  size
0.0 0.05 0.10 852 90.08 4.98 1795 90.02 5.04 3423  90.01 5. 01
0.0 0.05 0.30 2223 90.34 5.01 — — — — — —
0.0 0.20 0.10 81 90.62 4.95 124 90. 54 5.12 210  90.42 5. 07
0.0 0.20 0.30 167 89.98 4.99 — — — — — —
0.05 0.00 0.10 698 90.17 4.98 1713  90.12 5. 07 3422 90.10 5. 01
0.05 0.00 0.30 2 054 89.92 5.01 — — — — — —
0.05 0.10 0.10 115 91.03 5.10 208 90. 13 5. 14 378  90.48 4. 95

0.05 0.10 0.30 265 90.10 5.16

Tab. 3 Sample size for 90% confidence intervals of half width w= 0. 01,0.05 and 0. 08 with Tg= 0.8

w = 0.01 w = 005 w = 0.08
A 121 Nes Tem e Nes ey Nec Nes ey e
0.00 0.10 5412 13 527 27 053 218 540 1081 86 211 421
0.00 0.30 16 232 — — 648 — — 253 — —
0.10 0.10 14 338 20 442 32194 572 816 1286 223 318 501
0.10 0.30 24 303 — — 970 — — 378 — —

Tab. 4 Plasma compared to alternative body fluid

Plasma sample
+ - Total
Alternative body + 446 5 451
fluid sample - 16 690 706

T otal 462 695 1157

Ty> Ts— 0.05 is z = 6. 03( p-value< 0. 01).
Therefore, we reject the null hypothesis and conclude
that the alternative body fluid produces results e
quivalent to plasma samples for the investigation.
This is the same as Lachenbruch & Lynch’ §¥ re
sult. Here, we want to know whether the present

study has sufficiently large sample size for the exist-
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ing test procedures to detect a nonzero rate differ-
ence at 0.05 nominal level with power 0.90. To an-
swer this,we set go;= 0. 1, A= 0. 01, A;1= 0.0, ¥

= 0.1 and a= 0. 05, the desired sample size is n,gq 3]
= 17 150. Without the knowledge of value of ¢,,,
the corresponding conservative sample size is given [4]
by 85668, while the respective midpoint sample size
is given by 42 836. Suppose an investigator would
like to adopt the confidence interval approach and
would like to guarantee the half width of the resul [3]
tant 90% test-based confidence intervals being con-
trolled at w= 0. 05 with A= 0.0 and g, = 0. 1. In
this case, the desired sample size is ngs= 217. Whilst Ll
nee= 1081, n,,= 540.
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