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Curvature tensors,gauge field are actually
curl field of gradient

L IU Chang-mao
(Department of Applied Mathematics,Southwest Jiaotong University ,Chengdu 610031 ,China)

Abstract : It isintroduced the concept of absolute integral in Riemannian spaces and in fibre bundle gace ( Gauge
field) ,with regpect to frames at every point. Thisisjust the inverse of the absolute differential. After discusing the
exterior differential d(dx') # 0 ,rewrote the exterior differential form into symmetric form and established the rdation
between the exterior differentid form and the abolute differentid. By the aid of the abolute integrd it isimproved
Sokes formula: The grict definitionsof the circulation ,the curl and the divergence were obtained (usudly ,they were
obtained only by andogy in Eudid sace ,unable to goply here) . It had been proved that the curvature tensor isa curl
(grad) ,not zero except in Eucldean ace,and  disovered the essence of Bianchi identity :div(rot (grad)) =0 ,the
curvature forming tubefied ,isinvariant aong the tube ,i.e. pointed out that Gauge fields are curl fidds of gradients
and 2 on.By the way ,it isobtained the tordon tenor isrot of base of frame d.
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Edward Witten ,the preeminent superstring theorist , has proclaimed that progress in that field is most
likely to come about by unearthing what he callsthe theory’ ' core geometrica ideas’!*!. What isthe* core” ?
It is mysterious that the curvature dmost is closaly related to every agpect of Riemannian saces fibre bundle
gaces (Gauge fidds) . As [2] describe: Large amount of work on this subject have been done,yet the result
obtained are ill unsatifactory. | think the curvature isjust the eement of the“ core” ,have been waiting for
human being to unearth for over hundred years. In thispaper ,we seefrom the angle of caculus,by introducing
the concept of the absolute integral (inverse of the absolute differential) in these aces (Gaugefield) and dis
cussing of exterior differential d(dx') ,rewrote exterior differential form into symmetrica form with regect to
the frame at every point. Thus a relation between the exterior differential form and the abolute differential is
established. As Prof . Chernt*) pointed out : the general method (tensor anayss) in differential geometry was
disadvantages more than advantages usually ,some i mprovements were obtained (tensor and frame be used at
same time ,i. e. we use the linear combination of base of frame) . In view of absolute integrd ,the expressons of
circulation ,curl (rotation) and that of divergence are obtained. They were puzzled before ,because they were
obtained only in Euclid-gpace or analogy to Euclid-gace. Consequently we obtained an important result that in
non- Euclidean space the curvature tensor isthe curl of the gradient of base (not zero) ,and hence the essence of
the Bianchi identity is div rot =0 redly ,and © on. The curvature tenr was induced by Riemann firgtly and
proved that a Riemannian gpace is Euclidean if and only if its curvature tensor isidenticaly equa to zero his

* Received date:2003 - 12 - 11
Foundation item: This research is supported by the Nationd Natura Science Foundation of China(10301026) .



5 : , : 407

toricaly. Einstein then reintroduced by parald trandation of vector!®! along a dlosed (eecially infinitesmal)
contour® !, In this paper ,we shal introduce the curvature tensor by the aid of curl (rotation) ,independent of
parale trandate.Let us seethe detail.Let M is Riemannian gace. A point p M ,may a0 be written as p
(x") with respect to certain coordinate system. The distance ds between the point p(x') and a neighboring
point p (X + dxX) ,whichisinvariant under trandormation of coordinates,is given by

ds® = Ze@dx”d% = Zg,“dx“df = Z(@uev @4d) (edx’ @qdy').

(because scalar product: eg = gu,€e'e, = 1).
Where dx’ is differentia scalar ,e, is correponding frame and consequently d x"e, corres ponds common differ-
ential ,only added the e,.Beddes, ® stands for the tensor product and €' = €' (p) ,e, = e (p) and gu =
gu ( p) are the quantities with respect to dual natura base at the point p.
Remark. In this paper ,the only symbol used for summation is z . That is,without the presence of the
symbol z Jit does not meart’ to take sum” ,even if a same letter occurred both in superscript and subscript s-
multaneoudy. Use the notation 0; (+) € smilar to dx"e,.

il 9d + day 9q
ox*  ox ox')
To a given a covariant vector A; ,the abslute gradient and the abslute differential are respectively

ViAi = ain - zrjkiAk;

The Riemann connections are: Iy = ‘]2‘ zg

and 6Ai = Z Vinde = Z(ain - zrjkiAk)de.
Let A = € ,whichonly the A;isone and others are zero ,i. e. it is base. we have
a,-ei = V,—ei = - zr,—ikek, (1)
SAs = Z Msdx, W0 01,0 00 = (- Ly, - L2, - o).

Thus the connection - T isagradient of the base € ,and - Tisthe j - th component of partia derivative of
e with regect to k - th coordinate. For afixed i, - [} isa tensor of order two. For three indices,it is not a
tensor. More over by mapping the vector and the frame to a Euclidean space (in small soope) ,the differentia
of the component of the vector and the frame ,i. e ,the so-cdled abolute differential. As a result of this people
may define the absolute integral asa common Stieltjesintegra of a vector and the corresponding frame at every
point (we shall drop the word absolute’ usudly) .

Definition 1(aboluteintegrd) An aboluteintegra isa Stidtjesintegra forming by Riemann integra ,
in which the basesof the frame at every point are adhered to the integrand function (vector ,tensor) and the

integra variable.
b b
In Eudlid space:J’ f(x1) fd(x.eh) = g' f(x1)dx1) €et,x, = f(x1),( ) iscommon Riemann inte-
a a

gral ,e’e' is tenor product ,represented area unit. We research in nonr Euclid pace , For examples linear inte-
gra ,that isinner product forming

ICZAi(p)e‘(p)d(a(p)X‘(p)) CZAi(p)ei(p)d(a(p)xi(p)). (2

In small scope ,snce differential and integral are mutually inverse to each other ,
dA = d zAiei = Zaineideejei + zAkdek = Z((ain - zrjkiAk) édxjej) e =

Z( ViA;) éddxlg, (3)
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(Here for smplicity ,€'d is a tensor product ,by dropping mark ®. €dx'e is the scalar product approxi-
mating dx’. We shall adopt this notation hereinafter) .

A(x +dx) - A(X) :I Z[ Z(vin) eieJ] dxe, (4)
Where c is the segment of straight linefrom x' to x' +dx'.

Definition 2(abwlute circulation) The (absolute) circulation of a vector A along a closed curve cisthe
integra of the scaar product A-d | aong the contour ¢
= (A-dl) = Z(A- ) ed(ex’) = zAieid(e.xi), (5)

In small scope ,may configure frame at every point ,neglecting the infinites mal of the second order and when x
issmal ,we have

dex' = edx + x'¢,dx= edx' (dex' = edx when x = 0).

Thusin small scope or in compact sace ,the common integra formulas may be applied. Notice that on mani-
folds (space) ,asin thispaper ,we shall emphasize that the tensor at every point can be expressed with regect

to theframe at that point. We shal demote A; = A;(p) ,dx' = dx'(p) ,to mean that they are expressed with
respect to the frame at point p,Hence

| = . ZAieide.xi = ZAidxi = ZAi(p)dxi(p) p c (51)

For the expresson ,which isexpressed with regect to theframe at the point o ,where the point o isin a neigh-
borhood of p ,we shall denote by (A;(p)) o. Suppose the relation of framesis

e(p = Za}(p)ej(O).

(6)
we have

dx'(p) = Za}(p)dxj(o), (Aj(p)o = Za}(p) Ai(p). (61)
Usudly ,in the neighborhood of the point o ,differential forms are expressed as

w; = Z(wi(p))odxi(o).

But in common literatures p and o are omitted in the differential forms’!. For the sake of symmetry and bet-
ter reflecting the Riemannian space ,in this paper ,we use the notation W,

= z(x)i(p)dxi(p) , They are e
quivaent because by (6;) ,we have

w = Z(oi(p) aj(p)dx (0 =w, = w,.
Now let us discuss the exterior differentid forms. by (1) we have,

(@) p(a(p .j =12, ,n) =- ng(ajs(p),j =12, ,n)

The (0k) p means the partid differentia with respect to the frame at the point p. Thus,

(00 p(dX' () = (00 p[ Za}(p)dxj(O)J = Z - Nea(p)dx' (o) = Z - Tdx°(p) ,

We have

d(dx' (p)) = z- Msdx*(p) dx*(p). (7)

Usualy that d(dx') =0 redly meansisd(dx' (o)) =0!"°! because the differential is taken with resect to a
moving point p.

dw = Zwi(p)dx‘(p)J = Z(aj) W, (P dx (p)dx'(p) +,(p) () p(dx' (p))dx (p) =
Z(aj) @, (p)dx (p)dx'(p) +, (p) Z - Medx*(p)dX (p) =
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Z{(aj) 0, (p) + Z - w (p) F53dx' (p) dx' (p).

do = va)i(p)dxi(p)dxj(p). (71)

It iseasy to prove that the usualy exterior differentia forms
dw = Z(aj)o(wi(p))odxi(O)dxj(O),

isidentified with above formula.
Sokes formula (with regect to the frame at every point) . Let usillustrate it by example.
Gve tenor Ay ,we may make two forms:1- form W*and 2 - form W?

Z[ ZA?Leseteﬂ ddx'e = Z[ ZA?‘keseteﬂ dx'(p) ,
Z[ ZAﬁ(eseJ eddx'edxe = Z[ ZAﬁ(eseJ dx'(p)  dx“(p),
If anti-symmetrica in i, k, aSW1 = J:[dwl, #BVWZ = J‘J‘ dw?.

Init discommon differentia ,but it made ablute differentia and 9 on.

Wl

WZ

Definition 3(abolute curl)  An abolute curl of a vector A isrotjjA; = ViAj- V;A;. The curl of avec
tor has c3 components.

The above definition isjustified. When the limiting postion of acurveisin i,j (i <j) plane. We denote
the area enclosed by it by S".By Stokesformula,

J57 C zAieide.x‘ _ J37 c zAi(p)dXi(p) - —;ijﬁ‘j”’zj(ai(Ajdxj)dXi- 0;(Aidx)dx!) =
_;Tj‘[ﬁ”»»z-(ViAj - Vin)dXide —>rotiin(as Al -0, (8)

roti,-Aieié = (ViAj - Vin) e'eJ (81)
For mixed tensor A of higher order ,the curl with respect to covariant index ,use ZA?etesinstead of Ai,

we have
rot;AY = VAT - VAT

In generally ,a divergence isthe sum of outward flow of unit volume through its boundary surface (in pro-
cessof limit) . Therefore the quantity expressng flow and the quantity expresing area should be matched.
There are two ways to express the quantity of area,namely ndS and de.xide,xj (i. e. vector mode [form of an-
ti-symmetric tensor mode) . Corregpondingly ,use vector and anti-symmetric tensor to express flow. Combines
them ,we get the outflow through a small areais A ndSor A;dedex'dex’' .Bothof them are may be used in
3 - dimengona space.But ,in n- dimensond case only the latter is convenience ,\We discussit latter.

(Vij) ™ # ZAi,-dxidxj (because A;jdx'dx = Ajdedex'dgx’, A =- Aj) =
Sij 4~

(Vijk)-l J:[[ Z ak(Ai,«dxj) ekda<xk = (Vijk)—l fJ:[ Z( VkAijkadXide -
ij ke~ j ij ke~ j

(VkAij + ViAj + VjAki) when V - Viik -0,

(Vijxisthe volumein 3 - dimensona sace with base vectorsi,j, k).
Def inition 4 (absolute divergence) In n- dimendonal gace ,the divergence of 2nd - order anti-symmet-
rica ,covariant tenor (Aj) is
divijAij = (VA + ViAjk + ViAg) (with ¢ coomponents) . (9)
For mixed tensor (Af) of higher covariant order ,they are smilar.
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Now we shall point out the common characters and the difference between the absolute curl and usua
curl.

a) Their relations with circulation are the same ,according (8) ,

b) The corregponding expresson of v; and 0; are Smilar ,

c) The divergence of the curl equds zero ,latter see (11) ,

div(rot A) = Vi(rotjAi) + Vi(rotjA;)) + Vj(rotgAy = 0.

This shows the curvature (flow) is stationary ,forming tube shape field, (regarding the n - dimenson
gace is decomposed into severa 3 - dimenson aces) ,thisis beneficia for studying motion of the particle.

d) Anti-symmetrica ,rot;;A; = - rot;A; ,

e) The curl of avector istheé sum’ of itsprojection on tangentia direction of the boundary of volume per
unit. Thisis extenson of the article a. [®! Notice that this sum’ dependson the fashion of rotation. Consders
small rectangular paralelepiped of dimensonsdx‘e;,dx%e;,dx3e;. In* summing’ Aze’dx®esdx’e; takes
positive sgn ,while A,e’dx* e;d x? e, takes minus. The general formula®

ffj(@zAg - O3A,) dxtdx3dx® = #Agdxsdxl - A,dxtdx?
gill holds. Because rOtiin = ViAj - Vin = aiAj - ain[S] ,we have
J]:[rotiineiédekxkdaxidqxj = Jﬂ(viAj - V,A) éédexdex'dex’ =
#Ajéde]xjda(xk - Aieldex*dex'.
S

i.e. J]l (rot;iA;) edx*dx'dx! = # (Ajdx'dex* - Aidax‘dx").
S
f) In generarot rotgrad # 0 ,in non- Euclidean-aces. This stuation leads us to introduce the curvature

tenor Rjj. Hereinater we denote € dex' as dx' for smplicity

Y viAedx = %fﬁ 3 (2 viAddx) dx* + 0, ( v Addx)dx) =

_]thﬁkj Z( Vi( ViA) - Vi( ViA)) ddxldx* =

R Angdx dx".
Jl.z 230
Recal the symbol ¢ and S9,
1 o | |
SR Z Vagdx - Z rotyg,i VjAie (when S -0),
roty.i VjAiis defined by thisidentity above
_SJE.[L‘ ZRH Arddxdx ZRH A€ (when Y -0),
l.e., Zrotkj,i Vinei = Z( Vi ( Vin) - Vj( VAD) ie - ZRﬂkAhei_

In case only one of the componentsof A say A;is unity and the othersare zero i.e. A is € ,we have
roty i VijAi = Rijk, (or ,smply ,roty, Vie' = Rijk) . (10)
Now the meaning of curvature R isvery clearly:in k,j - plane,it isthe i - component of the curl of
the gradient of base €'(t- component of the curl of the gradient of base e). Thusit iscan be seen that the
curvature isacurl or itsfactor. It isa geometric representation of forming total difference of field on boundary
(along tangent line or tangent plane) . Of course it represents the rotation force or its coefficient.
Now let usto provec.) .By Stokestheorem ,theintegra of the curl of a vector field taken over any closed
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surface (2 - dimendgon) equa zeros,then by Gauss theorem. It is may be calculated immediately a s
Vi (rotjjA)) + Vi(rotj Aj) + Vi(rotA) = 0. (11)
Because Vi( ViAi - ViA) + Vi(ViAc- VA) + Vil VA - VA =
(VikVji- ViVOA +(ViVik- Ve VDA +(VjVi- ViV)) A=

z(REji + Rihkj + Rﬂk) A, =0 (Acmrd|ng to REji + Rihkj + Rnk = 0[5]) .

Conversdly from div rot = 0 and the arbitrariness of A, ,we conclude that Rgi + Ri + Rl = 0. Its
essnce now iscear. Yieds d
Vs(roty V,A") + Vi(rotis VA') + V;(rotk VA') = 0.
rot.i,— VJ-A‘isthe i - componet of the curl of tensor V,-Ai in k,j- plane ,whenin the component of A ,one and
only one A, is unity and the others are zero ,i.e. It is base €. Gve
Vs(Rig) + Vi(Rjs) + V;(R&) = 0. (11,)
Thisisfamous Bianchi identity ,its essence is div rot grad e; = 0.
Theorem:A Riemannian-ace to be Euclidean if and only if
rot grad =0. (12)
Proof Because of roty Vie = Ri:,when Riq = 0,Riemannian-space to be Euclidean-gace.
Add aword:1 When i isfixed ,[;is2 - order tensor (any one of the three indexesfixed isthe same) ,the
calculation of the curvature is easer.
Rig = roty Vie = rotyMy = V[ - vy (t :fixed)
vkrjit = akrjit + Z(rlis it - rlfjrsit)
It iseasy to know : Rk = Okljt - 0Tk + Z(r.;rf;- FARAN

2:1t is eadly seen for torson tenor T (in non Riemanian space)
Tk = rot,e.
Fibre bundle space ( Gauge field) : ( E, B ,TT) ,surjective mapping T : E —B 7T '(x) isthefibre at x, x
B!"!. By smply regarding them as:a set of points,thereisaframeof T~ *(x) at every point such that ev-
ery point has a neighborhood homeomorphic to Euclidean- pace. To discuss some quantities as ZAiei , € repre-

sent the base of frame of fibremt” *(x) , e = Zgijejv(gij) = (g9 . ¢’ = (¢,€) is scaar product'®. Ex-

cept those formulas gpecia in Riemannian space ,the connection satify

M= B, Y ARRh = ZAHVA&V oAl (a = YAa),
All the above discusson is ill hold.

In physcs,from genera theory of reativity ,to the particle physics ( Gauge fied theory) ,the curvature
tensor plays very important role ,in cosmology regarding asone of three most important numbers'®!. According
this work ,no other than the field of the curl of gradients play very important role. Thisis extremely accorded
with the philosophy thought : difference (in tota) is motive force. Regarding the curvature as basc dynamic
notion is very reaonable.
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