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Abstract: By introducing a new modified Ishikawa iterative process with errors, it is identified that the iterative
sequence converges strongly to unique common fixed point of a finite family of multt valued ® pseudocontractive map
pings in Hilbert space or uniformly smooth Banach space. The results presented in this paper improve and extend some
corresponding results in this field.
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T he main objective of this paper is to study the strong convergence theorems for common fixed points of
a finite family of multr valued ®pseudocontractive mappings by introducing a new modified Ishikawa iteration
with errors. First of all, we describe the setting of our results.

Let E be areal Banach space, E" be the dual space of E. (. ,.) denote the pairing of £ and E" . The
mapping J: E - 2E* defined by

J(x)={j €EE e, jy= la e A0 W 1= llxlly (1)
is called the normalized duality mapping.

Definition 1 Let £ be a real Banach space, K a nonempty subset of E. Suppose that T: K A
multi-valued mapping.

(1) T is said to be multrvalued strongly pseudocontractive, if for any x,y € K , there exists a
j(x—y) €J(x— y)suchthat <u— v,j(x - y)) <klla— y I*forall u € Tx,v € Ty ,where k is
a constant in (0, 1).

(2) T is said to be multrvalued ¢ pseudocontractive, if for any x, y € K ,there exists aj(x — y) €
J(x— y) and a strictly increasing function ¥: /0, + ) — [0, + ) with ¢(0) = 0 such that {u — v,
jlx—y)) Sllx-y | R | y )l = y Il forall u € Tx,v € Ty .

(3) T is said to be multrvalued ® pseudocontractive, if for any x, y € K ,there exists aj(x — y) €
J(x — y) and a strictly increasing function ®@: [0, + ©0) - [0, + o) with ®0) = 0 such that {u — v,
Jlx=y)) Slla=y IIP= o llx = y Il) forall u € Tx, v € Ty.

(4) T is said to be multrvalued pseudocontractive, if for any x,y € K , there exists a j(x — y) €
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J(x— y)suchthat (wu— v,j(x-y)) < llax=ylPforalu € Tu,v € Ty.

Obviously, @ pseudocontractive mapping is a more general mapping than ¢ pseudocontractive mapping or
strongly pseudocontractive mapping.

T he concept of accretive mapping was introduced independently by Browder'" and Kato' ? in 1967. An

early fundamental result in the theory of accretive operator, due to Brow der, states that the initial value prob-

lem
d_lé%l+ Tu(t) = 0, u(0) = uo (2)

is solvable if T is locally Lipschitzian and accretive on E.

In general, Lipschitzian condition is necessary when the fixed point problems of mappings are discussed.
For weakening this condition, we introduce a concept of multrvalued generalized Lipschitzian.

Definition 2 Let E be areal Banach space, T be a mult valued mapping from E into 2. T is said to be
multi-valued generalized Lipschitzian if there exists C> 1 such that

lu- v Il <C(1+ lx-y 1) (3)
for any givenx € E,y € E andall u € Tx, v € Ty ,where C is said to be generalized Lipschitzian constant
of T.

In fact,if T is Lipschitzian, uniformly continuous or the range of T is bounded, then T is generalized
Lipschitzian. Conversely, it is not certainly true. So multr valued generalized Lipschitzian mapping is a kind of
more general mappings than Lipschitzian mappings.

For studying the fixed points of strongly pseudocontractive mapping, XU Y G' ¥ introduced the concept of
modified Ishikawa iteration with random errors. The definition is as follows.

Definition 3 Let F is a real Banach space, K be a nonempty bounded closed convex subset of E and
T:K~ K be amapping. Suppose that { .}, {B.), [ Ya}, [ 8. are four real sequences in [0, 1) and {e,}, {fn)}
are arbitrary sequences in K. The sequence { x») C K defined by

20 €K, xm1= (1= Gu= Y)an+ @Iyt Yeen, 0 20, (4)

yn= (1= Bi= &)an+ BTxn+ &fn, n 20
is called the modified Ishikaw a iteration with errors.

In real Banach space or uniformly smooth Banach space, Xu’ s concept has been widely used to study the
approx imation problems of fixed points for strongly pseudocontractive mapping, ¥ pseudocontractive mapping

I are obtained. But all

and ®pseudocontractive mapping by various authors and some convergence results'*
their work is just for one mapping. For studying the common fixed points of a finite family of mulir valued
mappings, we introduce the follow ing modified Ishikaw a iterative process with errors. Meanw hile, Theorem 2
and Theorem 3 presented in this paper improve and extend the corresponding results in ref. [ 4 —14].
Definition 4 Let E be a real Banach space, K be a nonempty closed convex subset of E. Suppose that
T Ta -y Ty: K~ 25 are N multivalued mappings. For any given x o € K , the sequence { x,} defined by
1 € (1— 0= Yo)axn+ GTar1yn+ Yaen,
yn € (1= Bi= S)xn+ BTwvn+ Sifn, n 20 (5)
is called the Modified Ishikawa iterative sequence with errors, where T, = T, mod v, {00}, { B2}, { ¥u} and
{ 6} are four real sequences in [0, 1), {er}, {fr} are two bounded sequences in K.
Note In Definition 4, when T1= T2= ...= Ty and T; are single valued mappings(i= 1,2 .., N ), then

the modified Ishikaw a iterative sequence { x,} defined in (5) is same as Xu’s.

N
Putting F = ,:ﬂlF(T,-) and I = (1,2, .., N},where F(T;) is the set of fixed points of T;,1i.e.,



F(Ti)={({x €K:x €T}, i €1.
1 Preliminaries

In the proof of our main results, we shall need the following proposition and lemm as.

T he follow ing proposition can be found in ref.[ 15, Chap. 1] .

Proposition 1 Let £ be areal Banach space and J be a normalized duality mapping from E into ZE* .
T hen,

(1) J is bounded, i. e. , for any bounded set A C E, J( A ) is bounded;

(2) E isstrictly convex < E is refletive and smooth;

(3) E is smooth <] is single valued;

(4) E* is uniformly convex < E is uniformly smooth </ is uniformly continuous on any bounded sub-
setof E.

Lemma 1'*)  Let £ be a Banach space and J be a normality duality mapping. Then for any givenx, y €
E ,the following inequality holds

||x+y||2<||x||2+ 2y, j(x+ y)) Vj € J(x+ y). (6)
Lemma 2" Let fa,}, {b,) and { &) be sequences of nonnegative real numbers satisfying the inequality
ans1 S(1+ &) an+ by n 21

If Z&L < o0 and an < oo, then lim a, exists. In addition, if {a,/ has a subsequence which converges

n=1 n=1

strongly to zero, then lima, = O.
gly n

2 Main results

Now, many results about iterative approximation for fixed points of multrvalued mappings need K is
bounded or the ranges of mappings are bounded. The follow ing result abolishes the boundness of K when E is
a Hilbert space and mappings are multr valued generalized Lipschitzian.

Theorem 1 Let £ be a Hilbert space, K be a nonempty closed convex subset of E. Suppose that { T,

i € I} are N multrvalued generalized Lipschitzian ® pseudocontractive mappings from K into 2%, fx,} is
defined by (5), where {e,}, {f.} are bounded and {a,}, {B.}, { Va}, { &) satisfy the following conditions:
. 2
(1) hl’{.lan = O, Yn = O(Gn),'

(2) Zan:+ o, Zaﬁ<+ oo, Zan(ﬁn+ &)<+ oo
n=1 n=1 n=1

If F= L_EIF( T;) # ¥, then for arbitrary xo € E, {x,) converges strongly to unique common fixed point of
the mappings { Ti, i € I} in K.

Proof Let q1,q € F,then ¢ € Tigi,q € Ty for all i € I.Since T; is a ® pseudocontractive
mapping, we have

||q1— q ||2= <q1— q,7(q1- q)> < ||q1— q ||2— CDL( ||q1— q ||)

So @( Ilgi— ¢ 1) <0. It follows from Definition 1 that ¢1= g¢. It implies that Ty, T2, -.-, T'y have only
one common fixed point when F #Z . Setting ¢ € F = if]lF( Ti), Ci is the generalized Lipschitzian constant
of Tyand € = maxCi.

From (5),we know that there exists un € T 1yn and va € Twxn such that

1= (1= Q= Yo)xu+ Ouun+ Ynen,
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Yn = (1_ Bn_ &L)xn+ ann+ 6fn (7)
Putting M = sup{ lle,— ¢ I, llf,— g Il n >0}.By(7),wehave
lyn= gl = 1l(1= Bim 8&u)(xn— q)+ Bu(wn— q)+ Su(fn— q) Il <
(1+ CB,) llx,— qll+ CB + &M, (8)
= < <
||1+ lane o1 ' ST+ 2CB,+ M§ S1+ 2C+ M, (9)
lami= g ll= (1= du= Y)(%n= @)+ G tn— q)+ Yu(en— q) Il <
(1+ Can+ C*a,B,) llxn— ¢ 1+ Ca,+ C*aB+ Ca,6,M+ Y, M, (10)
| — || <1+ 4C%+ CM+ M, (11)
1+ llx,—- q||
un— ¢q <
||xn+1_ Yn Il = ||(1_ Ap— Yn)xn+ Qulin +  ¥nen — (1_ Bn_ &,)xn_ Brﬂ]n_ &fn Il =
||(Bn,+ 671,— an — Yn,)(xn— q)+ Cln(un— q)+ Yn(€n— q)—
Bi(vn=q)= &(fn- @) Il K(But &) lwn— gll+ Cou(1+ lly,= g ll)+
CB(1+ Nxu= g )+ vy llea— g I+ 8, 1fu= ¢ Il <
(2C*a, + 2CB,+ &) llxu— g Il + 2C7a,+ CB+ .M + 2C8M, (13)
n+1— n — —
I —LH’“ H*; sl <3C%+ 3CBi+ St VM + 2C8M ~ Ofasn — o). (14)
. n+ 1= Yn . . . . .
Setting h,= |l 1+x |le Z g II'. It follows from (14) that limh, = 0.Since E is a Hilbert space, normalized

duality mapping j is a identity mapping. By Lemma 1, we have
lx,— ¢ll? N
(1+ llx, - ¢ )2

I —M—HIIZ <(1- B,— §)°

1+ Hlx,- q

o (Bulvn=g)+ Su(fo=g) Yn= y <
1+ ||x,l—q|| 1+ ||x,1—q||
ooz g B gy —2ema gy 3 I+
(1+ llx,— ¢ II)? "0+ Han= gl I+ llxn= ¢l
én— (g . n <
26 e g U s S
lx,— ¢ lI?
2(1+ 2 M)(CB,+ MG,). 1
(1+ llx,- ¢ ||)2+ (1+ 20+ M)(CB+ ) (15)
By (15) and Lemma 1, we have
” Xntl1l— ¢ ”2_ ” (1— O — Yn,)(xn— q)+ an(Un— (])+ Yn(En— q) ||2 <
= S

1+ llxn= gl 1+ llxn= g |l
(1= a,— %) llx,— ¢ II?

(1+ llx,- q||)2
(1- a,- Yn)2||xn,— q||2

an(un,_ q)+ Yn(en_ L]) Xnt1— ( > <

P2 T s g T Tx Dl g1

Un — g Xnt1— (

(11 Tane g2 % 298 e g 15 N g
!n_ 9 Un — q yn_ q

15 Nao g 2% s 1 Dape g 1Y

2Yn< én— ( Xn+l— @ ><

1+ ||Xn— q||’1+ ||9Cn— q“

(1- (1”)2 Il x, - q |2 ||yn— q |2 Do 1( ||y,,— q ||)
>+ 24, 53— 20, 7+
(1+ llx,— ¢ll) (1+ llx,— ¢ll) (1+ llx,— ¢ 1)




Xn+ 1 — 9 || ||LLn— fl ||
1+ llx,— gl '+ 20he T ]

(1+ a2) lx,— g lI?
(1+ llx,- q||)2

1 y,— g |l
24, B Myn—- ¢ )2
(1+ llx,— ¢ Il)

N

2M Y, |l

+ 41+ 2C+ M)a,(CB,+ MG,) -

+ 2MY,(1+ 4C°+ CM + M)+ 20,h,C(2+ 2C+ M ).
(16)
It follows from (16) that
1 — g 12 <1+ @) lw,— q I+ Lo(1+ .- q )= 20,0 1( ly,— ¢ Il) <
(1+ &) lwa= ¢ 17+ 2Lu(1+ lxa= ¢ 1I’) = 20Bui( lyu= ¢ II) <
(1+ 2L+ aa) lxn— g 1P+ 2L, = 20, @ 1( llyu= g Il). (17)
WhereL, = 4(1+ 2C+ M)a,(CB,+ M&,)+ 2MY,(1+ 4C*+ CM + M)+ 20,h,C(2+ 2C+ M ). Because

Y, = o(a%), Zaﬁ < oo, there exists a sequence { d,} such that Y, = d .02 where limd, = 0. So, ZY,L <
n=1 n n=1

o0 and (17) can be written as follows

Haw1— ¢ 17 <1+ 20,D,+ a3) lwn— ¢ 1%+ 20D, — 20, Qs i lyn— ¢ II). (18)
Where D, = 4(1+ 2C+ M) (CB + MG&, )+ 2Md 0, (1+ 4C*+ CM + M)+ 2h,C(2+ 2C+ M). Since
E is aHilbert space, therefore

n _ n
h, = |l —fnel= Yo ||+1 7l <3C%a,+ 3CB+ 8+ VoM + 2CS,M.
I+ llx,— ¢

It is easy to see that Z(l,,h,l is convergent from the conditions in this theorem. It follows that Z(I,LD,I, < 0o, From

n=1 n=1

Lemma 2 and (18),we know that {x,} converges strongly to ¢ if inf{ llx,— ¢ I, n 20) = 0.

Now, we prove that inf{ Ily,— ¢ I, n >O}: 0.1f inff lly,— ¢ Il, n >O}: & 0, then Ily,— ¢ |l 26
for any n 20.Let @ &) = min®@( ). Since lim2D» = 0, there exists positive integer K such that 2D» <
4 §) for all n 2 K. From (18), as n 2K, we have

lxw1- q 117 <(1+ 2a,D,+ a3) lx,— ¢ lI’= a, & §) <

lax = ¢ 1P [] (14 2aDi+ a¥) - &8 2 <
i= K i=K

I 1202000000 g5 Y

xK — q Il"elx - (6)’_K .

Since Z(ZanDn,+ a,) < oo setting M = (2a,D,+ a;),then,as n 2K,
n=1 1

n=

Nami— g 1P < llxk= g 12" = a(6) D (19)
i= K
In addition, since Z(4C(l,,h,, + ) < o and Z4C(lnh,, < oo, by Lemma 2 and ( 18), we know that
n=1 n=1

lim_ Ilx, — ¢ Il exists. It is easy to see that Zan < oofrom (19), which is a contradiction. By virtue of this

n=1
contradiction, we know that inf{ lly,— ¢ Il, n >O}: 0. Therefore, there exists a subsequence {ynj} of {yn}
such that |l Yo~ 4q I~ 0 as j ~ o, In addition,

Yn= 4= (1- an— Snj)(xn,]_— q)+ an(?)n]— q) + 6n],_(fn,j— q).

T herefore
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ly, — ¢l >(1— B, - &) lxy—qgll=B lo, - gll= 8 llx, - ¢l
J 7 J 7 J J J J
So lim llx, — g Il = 0,i.e.,the subsequence{xnj— q} of {x,— q} converges strongly to zero. Now we can
] *® J

conclude that inf{ llx,— ¢ I, n >0}: 0. T herefore, { x ,} converges strongly to ¢. This completes the proof.

Theorem 2 Let £ be a real uniformly smooth Banach space, K be a nonempty bounded closed convex
subset of E. Suppose that { Ti, i € I} are N multirvalued ® pseudocontractive mappings from K into 2",
{x,} is defined by (5),where {e,}, {f.) are bounded in K and { a,}, {B,},{ ¥,} and { §,} satisfy the fol

lowing conditions:
(1) limay = limB, = lim& = Oand D e =+ 0:(2) Vo= 0 Q).
n oo n oo n o k=1

If F= [blF(Ti) Z b, then for arbitrary xo € K, {x,} converges strongly to unique common fixed point of
the mappings { T:, i € I} in K.
Proof Similar to the proof of Theorem 1, we seethat T 1, T2, .-y Ty have only one common fixed point
when FZ¢. From (5),weknow that there exists u, € T 1y, and v, € T,x, such that
Xn+1= (1= @u— ¥a)xn+ Cutn+ Ynen,
yo= (1= B,= 8&)xn+ B+ §f (20)
Using (20) and Lemma 1, we have
M= g 12 < (1= 0h= Yo)(xn— q)+ Ol un— q)+ Ya(en— q) 11 <
(1- an-— Yn)2 lxn— g 1+ 200 lyn— ¢ [ 20 D1 Myn— g 1)+
2V, llen= g Il Hxm1— gl + 20k, lun— g I, (21)
where hn = lj(xn1— ¢q) = j(yn— q) |l and B 1= Dt tmoav. And
lyo= g 1= (1= B= 8)(xn= q)+ Ba(va— q)+ Su(fu- q) II* <
(1+ B%) lxn— ¢ 12+ 28 1l wa— g+ 28 lfu—=qll o llyn=qll, (22)
where ,= llj(y.— q)—j(xa.— ¢) Il. Since K is bounded, there exists M > 0 such that M = sup{ Il x II,
x € K).We have
Nuwy— g Il <2M, o, - g I S2M, llx,— ¢ I S2M, lly,— ¢ I <2M, lle,- ¢ Il <
oM, llf,.- gl <2M, (23)
(%mi=q)= (¥n=q) = (But Si= Q= Yu)xn+ Gutta+ Yoen— Bwn— &fn  Oasn oo
(yn=q) = (xn= q) = (= Bi= 8)xu+ Bwu+ 8fn Oasn oo
In view of uniform continuity of J on any bounded of E,we have hn 0 and In 0 asn_ oo Substituting
(22) into (21), and using (23) ,we have
lami— g 17 <1+ Yo- 2¥a) lan= g P+ aln+ 8M Yam 20D 1( llyu— g l), (24)
where L, = (40, + 8V, + 8B%+ 166,) M*+ 8MB,l, + 4 Mh,. Obviously that "limmL,, = 0. Because Y, =

o( ), there exists a positive integer K | such that ¥ < Y, as n 2 K ; and exists { d ) such that Y, = d,0q,
where ,llinc}odn = 0. Furthermore, when n >K1, we have
Nawi— g 117 < llan— g 1P+ 0u(Lo+ 8M?dy) = 20, Der( lya— g 11). (25)
Now, we prove that inff ly,— ¢ Il, n 20j= 0. inf{ |ly,— ¢ I, n 20}= &> 0, then Ily,— ¢ Il 26
for any n 20.Let @ §) = min®@( §). Since lim (L, + 8M?*d,) = 0, there exists positive integer K 2such that
L.+ 8M7%d, < () for any n 2K Let Ky= max{K 1, K2j. From (25),as n 2 K3, we have
lNxwi-q 1> < llx,- ¢ 17- a,q§),
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§8) Da < X la= g 1P~ Napr= ¢ 1) < llag = ¢ P<+ oo
j= K j= K,

T his means that Zaﬂ < 00, which is a contradiction. Using this contradiction, we know that &= 0. There

n=1

fore, there exists a subsequence {y,} of {y,) such that [ly, — ¢ |l 70 as j ~ oo, In addition, because
7 J
yn— g= (1- an— &j)(x,l‘— q)+ an(Unj— q)+ & (fn— q),we have an_) g asj oo Therefore for any
J 7 J
given € 0, there existsjosuch that lx, - ¢ ll< €asj> jo. For above €and certain j> jo, by induction, we
J

can conclude that | x ne k= q ll< € for any positive integer k. T his im plies that x» ¢. T he proof is complet

ed.
Theorem 3 Let £ be a real uniformly smooth Banach space. Suppose that T, T2, .-, Ty are N mulir

valued ® pseudocontractive mappings from E into 2 and their ranges are bounded. If { x,} is defined by (5),
where {e,}, [fn} are bounded, { a,}, { 8.}, { Y.}, { 6.} satisfy the conditions as in Theorem 2 and F =

N
,_ﬂlF(Ti) #Z ¢, then for arbitrary xo € E, {x,) converges strongly to unique common fixed point of the

mappings { Ti, i € I) in E.
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