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Existence of Perodic Solution for a Class of Third-Order
p-Laplacian Equation with a Deviating Argument

SHEN Qin-rui, ZHOU Zong-fu
(School of Mathematics Science, University of Anhui, Hefei 230039, China)

Abstract: Continuation theorem in coincidence degree theory, a type of third order p-Laplacian equation with
a deviating argument

(@, ((x(t) —ex(t —0))"))" +fi(x(t))x' () +fo(x"())x"(2) +p(t)g(x(t =7(1))) = e(t)
was considered with the sufficient condition for the existance of T-periodic solution obtained.
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[1-2 ]38 T —3& p-Laplacian 772
(b, (x" (1)) +f(x(1))x" (1) +g(x(t =7(1))) = e(t),
(b, (x"(£)))" +f(x(2))a" (1) +B(1)g(x(t —=7(1))) = e(t)

JAIN SR AR s SCHR[3 76 p > 1 BF A AR EE BIRF 58 T — 28 BA Ml 22 22 JG Y p-Laplacian J5 2
(@, (2" (1)) +f(t,x" (1)) +g(t,x(1 —7(1))) =e(r) BIEWIFRI; SCHR[4 178 p >2 I, 38 T —3&
HA W2 ICHY p-Laplacian qjjﬂfﬁﬁj\ﬁ*%(%( (x(t) —ex(t=0))")) +g(t,x(t=71(1))) =e(t) 1Y
JAIIfg Ia] L, SCRR (ST 7E 1 <p < + oo B, WF5 T H A I 25 28 JCHY p-Laplacian H1 57 &1 7 2
(@,((x(1) —ex(t=0))")) +f(x(t))x'(t) +g(x(t—7(1))) =e(r), FHHIT HAFLE W 19 50 5%
5 SCHR[6 ] 118 T —2RHAT p-Laplacian 5.5 73 A I RS2 BB 52 (@, (2(2) —ex(i-0))'))’

# S0 (1) + e [ e+ 9)dm(s))) = eo) PUFBIRIRED, 5] 7 HAE (RIS

YR B 2011-04-15.
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T, AR —IEEA M2ZEAZ TCH =B p-Laplacian 537 B 5 2
(o, ((x(1) —ecx(t —0))"))" +fi(x(2))a"(1) +
LH(x"(0))a"(1) +p(t)g(x(t —7(2))) = e(t) (1)
JRUAR R AFAEE IR, Horb s W8 p > 15 ¢ R p WIEEIRE, BI/E 1/p +1/¢ =1, & L% @, : R—R,
@, (w) =ul"u, WMo, MW @ =ul" u, f, fr.p,g,7 Fle® N R LIESIRE, IFH p, 7 A
e T 1 & TRWIRE, T>0, c,0 e R NHE, HIL [c|#1.

1 Fu& %R

WX MY RG] S 0], E SCBEE L: Dom LCX—Y NEZRVEBLGS, WU N: X—Y EIELLm
B WS Im L2 Y A, H dim Ker L = codim Im L < + o, WFR L 245454 0 19 Fredholm & 1.
SR L2854 0 19 Fredholm ., MIAFAEZELLNEE AT P X—>X X Q. Y-V, {§i1% Im P =Ker L,
ImL=Ker Q=Im(/-Q), HFEF Ll pningap: (1-P)X—>Im LAl e HFH L. W OREXH
WA ST, R ON() AR, R L) (1-Q)N: O—Im LZEM, WFKN FEQ [ L-5H. BT
Ker L 1 Im Q [A144, SCAAAERIAGIRET J: Im Q—Ker L.

5131 % X,Y 24 Banach 5[], L 248554 0 (4 Fredholm 5F, N: 0-Y 7E Q L) L-%1, H
0 JE X AR, B .

1) Lx#ANx, YA e(0,1), YxeDom LNaL2;

2) NxglIm L, VxeKer LN,

3) deg(JQNx,Ker LN{2,0) #0.
W J5FE Ly = Nx 78 Q _F2/DH —A#.

2wl = ([ e 1) Il = mox |x(o) |- B

Cr=1{xlx e CCR,R), x(t+T) =x(t), Vi e Rf, @XNEL [ x1ly = |xl,3

Cr=1{x|lx e C"(R,R),x(t +T) =x(t), Yt € R, X505 || x| = max| EIFEARE
X =i{x=(x(t), %) e C(RR):x(t +T) =x(t)}, EXEH [lx |y = max| [ |, x5
Y =iy = (x(0),5,(1))" € CR,R): y(t +T) =y() |, EXEH x|, = max{ [« ||, [|x |}
A% X, Y J& Banach 25 [H].

SE T AL RN AT

A C,—C,p, (Ax) (1) =x(1) —ex(t —0)

L: Dom L=C*(R,R*) NXCX—Y,

Ix = ((Ax1,>”j; (2)
[ ¢(1<x2<t)) ]

N:X—Y, Nx= , , ., , (3)
=fi(a (1))x (1) = fo(x (), (1) —p(0)g(x, (¢ = 7(1))) +e(t)

Hopx = (2, (1) 5, (0)) "
RT N HESERSTHE () W T-FE W, B Sain T e,
{(Axl)" =@, (x,(1)) = [x,(1) [77x, (1),
%y == fi(x (0))xy (8) = fo(x () (1) —p(t)g(a,(t =7(1))) +e(t).
AR, W y (1) = (x, (1) 2, (2)) 2 (4) ISR, ) o, (o) BDOM T AR (1) 19 T-FE MR AR 4E L
(g5 AT, Ker =R, Im I = {x c V. J(:x(t)dt _ 0}, 53501 dim (Ker L) =2, dim(Y/Im L) =2,

(4)

codim(Im L) =dim(Ker L) =2, HIt L MR N ZER Fredholm &1,
FE XN ET .
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P: X—KerL, P(x) = iTJUTx(t)dt; 0: V>R, Q(y) = iTJUTy(z)dt.

MW Im P=Ker L=2, Im L=Ker Q. BHIAUE, L| .., ~x p e dELEH—— WG T L~ o A7 0 RE

. L;': Im L—Dom LNKer P,
Ak
[L;lyJ _ [( |y|>(t)j’
(kyy2) (1)

(hy) (0 = [*T2 g (s = L[ (7= 95 ()ds + [ (1= 93, (5)ds

() (0 = [ 2T wa()ds + [a(ds

SAENTE Q PR LS, X 02 X Pt —F R I 74
2 EueW(0,0), HiE w(0) =u(w) =0, NEH

1/

w ! , w ,

lelo <5 I, el <20,

s, <o b 2w =D
0 (1 =s"/(p-1))" psin(m/p)
I3 Kxelh, é€[0,T], MAE
2 1+1/q
xmpsﬁjwmp+mafﬂ :mu<;%wwm+ma-

m, & XA F

W, B w(e) =x(t+&) =x(&), WA w(0) =u(T) =0, HueW' " (0,w).

‘x‘p =(J(;T‘x(t) ‘pdt)]/p _ (J:‘x(t +8) ‘f"dt) _ ( 07"u(t> o) ‘Pdt)l/p -
‘u‘ + ‘x(f) ‘Tl/p < ,n.l)‘u,‘p + |x(§) ‘Tl/p = (Fn_l)z‘u"(t) ‘V + ‘x(f) |T1/V —

P
P

1/p

(L) 1w, + e 77,

P

wlo Sluly + s 1< (2) ao) ], + 1x(8) <

1+1/q 1+174

i (O], (@)= 5750, + 58 |
3|32 4 &\;\7&1,p>1, W A7EC, Lﬁﬁﬁﬁé@iﬂﬁ%%, H
[Tt wras oS ra Ve,
X C ={x|xeC(R,R), x(t+T) =x(t), YieR}|.
2 EFEHFR
EE1 B RE d>0, d, >0, k=0, k,=0, k=0, #15 FH &7

= 1 < - .
1) 0 <p, [Erlgolg]p<t) tg%p(t) 2%

£ﬂ(t>dt‘ Lfi(t)dt‘
2) lim sup———5— =4k, lim sup——5— = ky;

-1 -1
o=t | |? x| =t x|

v dy, Vx| > d;

3) |1\iin+x sgn(x)g(x) =+, |g(x)|<k |n
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By le| T2 by [e| T +2"77(1 + | e|)poks T

4) 11_2(]1—1} + T p-1 < ‘1 - ‘C‘ ‘V.

M (1) BAE—A T-JR .
W, %Y A e(0,1), ZIEHE

Lx = ANx. (5)
HC(2) ~ (4) B (5) B an o fE4 .
(Ax))" =A@, (x,(1) ) = A|w, (1) |72x,(2),

¥ = My (D)3 (1) = M (] (0)21(0) = Ap(Dgxy (1 = 7(1)) + Ael0).
B = (3 (1) 0 (0) RO FE—TT R T TR, () =, (43)" ) = L, (), 0

(6)

x, (1) JEFE

(@, (Ax)")" + Af (2, (0) Yoo (1) + APfy (xy (8) )y (1) + Ap(8) gy (¢ = 7(2))) = Ae(t) (7)
B T-F AR (7)) B0 B T By, A

[[Totneta (1= 7())) = e ]dr = 0. (8)
BB IUERA, Ime [0,7], (8 p(n)axn (n-7(m)) —e =0, Kl e, = 7 ["o(r)dr. B

B g(x(n=-1(n))) =e/p(m), BFKM()H

‘62‘/p2$ ‘g<x1(77_7'(77>>>‘$ ‘ez‘/pl' 9)
50(9) JFEE A PR (3) TN, A7 SRR D >0, A2

(= 7() | < D. (10)

HIZ(10) ATAIFFTEIE BB m M £ [0,T], 13 n-7(n) =mT +¢, WA
(&)< D. (11)

WS 3, 1,

0 ], < (D) 1w, + L@ 117 < (D) 1x7 |, + 01 (12)
(1) 1y ssz,w'px;’(t) L+ (6) <§/,,1T;x:’<t> |, + D5 (13)
(< (3) 1l |, (14)

M4 A, Je>0, ffifs
(k, +&)|c|T*" N (ky + &) |e|T"" +2"7(1 + |¢|)poks T

Tri(,’?*]) Trﬁfl < ‘ 1 - ‘ c | ‘P' ( 15)

Xt e >0, H(2) %, fFFERE, 4, >0, flif5
“:f](s)ds < (k, +¢)|x|"" +d,, Vx e R, (16)
“:f2(3)ds < (b +&) x| +d,y, Vx e R (17)

59T RE(T) B Ax, (1) . JEM O 51 7 U314
[ o, (e (Ax) ()t = = [ (el (1) = ex] (1 = )0, (o (1) )] (1)l -

)‘"LT(xul(t) —ex, (t —0))fo(x (1))x) (¢)dt -
AIIJ;JT(-X:(t) —Cxll(t -o))[p(t)g(x, (t —7(t))) —e(t)]ds,
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fis
- L g =e [ 5] (1 = @) (o ()] e 4 e[ 3] (1 = 01, (1) (1) e -
’\Pf(xf('f) —exy (t=0))[p(t) g, (t = 7(1))) —e(t)]de,
Wi

Axy |2 < e

[ (= ey (e + el |42 [ 51 (= @)l (0 (o +

A el I o[ o (=m0 1o+ [/ e a). (18)
@aae), A

[l 1= )y (5 () (e = fOTxl’(t-a)d(f:“)f;<s>ds) = [ @ a) - oy <
[/ 1a7G =) 1O+ ) Ly 7+, (19)
BERT), 4 x] (1) =2(0) , AT
T, , ” T T (1)

(oo s = | [ -ofGamal = [-od )| =
LT( Uszz(s)ds)z'(t—a)ds <
(=) (v 0) 57+ d) =
()T\x;’(t — o) [(Chy + &) [l [+ dy)de. (20)

K (19), (200 RAK(18), A

T T
Al < lel[ 1= o) [+ e) [y 7+ d)de+ [l (em o) [(Chy + ) [af 77+ dy) i+

(1+ |c]) ‘x”o(LT|p(t)g(xl(t —7(1))) |dt +f\e<t> \dt)s

(ky + &) Le|lal |, Ly 1070+ dy [ [T o) |, + (e 4 8) Lol Ly |, Loy 127+ da[e| T ], +

(U D [ o [ 10y (= 7(00)) e+ [ (o) Jde). (21)
WE ={te[0,T]: |x,(t=7(2))|>d}, E,={te[0,T]: |x,(t-7(t))|<d}, WKL) M
A(21)

|, 1p(gn =m0y 1t = [200 gl (0= 7)) [ = ([ + ] )0 [g(a (1 = (1)) |de <

T
[p(0) Chy [ 71+ d) e+ p, T, <
p2k3T‘x] |f;_l +p,d;, T +p,Tg,, (22)
Hof g, = max [ g(x,) |- H3R(12) - (14),(2) [RAK 2D
vy [<d
p-1

"o, ” T 2 ” T p-t " )
<G+ o) lel [ L (D) 1|, +01) "+ G v o) el (D) 1 1y +
p

p

’
(1 + |e|)|x ‘0(pzk3T|xl 27+ p,d, T +p,Tg, +J(; le(t) \dt)+ by |x} (1) ‘,, =
" T ? " ) ot T P! "o,
(kl+‘9)‘CHxl‘p((1T_) ‘xl‘p-l-DTl/l) +<k2+‘9)‘0‘(ﬂ__) |xl |§l+
P »

<1 + ‘C‘>p2k3T‘x|, ‘o‘x] ‘G_l +b2‘x], ‘0 +bl ‘x;,‘p =
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2 p-1 p-1
(v el (D) 1, +0m ) s G v ) [l (1) 1
» »
T e ” T]H/[[ ” r-! T 4 " "
(s Db ( 5 )1l (G ], + 0] b 5) Il b 03)
p
r
Hor b, = (d, +d,) ‘C‘Tl/q; b, = (1 + ‘c|)(p2d3T+p2Tg{1 +J(., ‘E(t) ‘dt)'
. —+ n >, T]+]/’I n
(i) 4+:l‘|x1 ‘,, =0, I)_lIJElﬂit(l/j)ﬁ‘xl(t) ‘sm‘xl(t) ‘,,"'D:D-
p
(ii) & |ay [, =0, WA (22) ATREH, fFFEERER, >0, 2
2y |, < Ro. (24)
Gy, FFTES A BB HEE s >0, flifE
(I +u)"™ <1 +pu, Yuel0,s]. (25)
z p-1 2(p-1) Y DT VP!
() 1 eom) ™ = () o L /. (26)
P Trp xl »
T1+l/q , p-1 T1+1/(, p-1 v 21/(’D1T, p-1
(i 1+ 2) = g ) 10 (1 ) e
12 12 1l
N R RV A R B
D’ITZ T 1/p 21/([D17
1)%min{ e e }Bs,ﬁlljﬁ
T2y |, T ) ]
) Dm T ) 2D,
‘xl » < T2 ‘xl » < STV 5 (28)
D"‘TZTI/P 2]/11D17 \
2) %max . " 41/ fr <s, )I_I\IJEE;—I‘,E(Q,S) ~(27)ﬁ
Tz‘xl ‘p T ]‘x] ‘1)
T 2 n ) pil 2([771) ” n
() 1t e ore ) < (D)l bl (29)
P P
Tl+l/q Y p-1 Tl+l/q p-1 " . "
(L1t +0) < (5 ) Iar bl (30)
2 ITr,, 1 1p 21/1,“_]7 11y 1 1p

pDT(I +1/q)(p-2)

ﬁqj b pDT21)—4+l/p
> P 03 = y_ 5 04 = Z9Y/4 _
,,2(1 2) 2@ 2>/1,.n.,; 2

¥X(29), (30) 1R AR (23) 15

‘Ax” |? $<kl * 8)(‘0‘)712('"7') ‘x” |7 + (k, + &) ‘C‘Trl ‘x” 7+ a+ ‘CDpzkstlH
1 2(p-1 1 -1 1 -1 _p-1
P ) r P 1T£ P 21 ,-n-j)

4 Tl/‘] n Tl/(’ 4 4
(U + )b el [ 177+ (1 [eDpabsb T(2) a2+ ba( 2) 1], + 0],

2

(ky + &) |c|T*"™ (ky +8) [| T +2'7(1 + [ Dpak T 0,
* ‘xl ‘,, +

2(p-1) Trp—l

™, »

T 1/q " " T 4 "
(1), + 00, (Rbalels (s eDpukb (1)) 1,

Mo H 4 4

i [} +

L= el [P ay[n = [1 = Jel ["[A7Ax) |1 < [ Ax] |2,
=t (31), (32) A4l
" k +¢ T3r-b k + ¢ 77 +2'7(1 + kT
‘1 _ ‘C‘ P xl ‘ﬁ $(< 1 Z(Jy_cl‘) +( 2 )‘C‘ p_l( |C‘)p2 3
Tr[’ Trl’

1/q
((k, +8)b3‘c‘+ (1 + |C‘)p2k3b4T(§) )‘x”x_l +

(31)

(32)

IEHE
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T\ "
bz(?) b ] (33)

Wk p>1, #ed X (15), (33) AT, FEHHE R >0, WL v, <R %
Ry =max|R, ,Dm.T""/(sT*) 2" Dm /(sT"""") |, A (23) HOT.

hma(13),(14)F
, T 1/q " T 1/¢
Nl <(2) Wl = (1) RAR, (34)
14174 " T1+l/q A
|, (1) |, < 2—1/4% x (1) |, +D < leqTPRO +DAR,. (35)

B R, =max{R,,R,}, =0 (6) e — T fEfs

0, (1) == My (2 () (1) = Ao (2 ()27 (1) = Ap(0) g2, (1 = 7(1))) + Ae(1),
PN 0 2] T FR501

T T T T
[ 1oy tde Bl oy Lo+ P [ () 1o+ p T, + [ (o) [di <
.
FiR,T + FyR,T + p, Ty, + [ le() [t & Ry, (36)
Hopro Fyo= max [f(x, () [5 Fo = max |f,(x(2)) 5 g, = max [g(x,) |-
[ x| <Ry [ 2y | <Ry [ x| <Ry

Hi=X(6) B2 — I G LT)\qu(xz(t) Yt = 0, NIIFFAER B v e [0,T], 443 x,(v) =0,

x5 (0) | =[x, (v) +f'xz’(s)ds $f0 |x,(s) |ds < Rs. (37)
4 R=max|{R,,R,,R,,D+1}, it Q={x|xeX, |x| <R, . WH(34),36)n%, YAe(0,1)K
VYV x € Dom LNaL2, Lx#ANx.
Mxed2NKer LIF, x = (x, (1), %, ()" NHEE, Hilx ||, =max{ |, ||, x| | =R, A

ONx ZIJT[ ¢, (%,(1)) Jdt _
PO = A ()2 (1) = A(x] (1))a] (1) = p() g, (1= 7(2))) +e(t)

0, (xa(1))
[ Toatn) — et 1)
£ ONE=0, W x, =0, [ [p(0a(r) - (1) di = 0, WITTHER (8) ~ (10) HTEDI L F T 50

x| <D, 5lx, | =R>D ¥J&, B x € 02N Ker L, QNx#O0.
it ST I+ T Q—Ker L J@ . [ ;y} 4 Hxm) =ux + (1) JONx, WA
Hoea - [M C ) L[ Tpa) e ]ar|
pay + (1 _M)%,(xz)
W, XtxeadNKer L, me[0,1], H(x,u) =ux + (1 —p) JONx 0. [t
deg(JQONx,002 N Ker L,0) = deg(1,02 N Ker L,0) =1 # 0.
HSIE L, HFE(6) BAFAE—A T-FWR x = (&, (1) ,&, (1)), Wifi &, (¢) BIEFHR(1) /Y9 T-J4
. UEEe.
FE1 EER LA, B g(0) BN g(t,x), Hog(e,x) BT o & TG, ME5emar.
Me=00F, RN
(o, ((x(2))"))" +fix(e))a" (1) +fo(2"(1))a"(1) +p(1)g(x(t —7(2))) = e(1). (38)
Kk, f.
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WL 1 AR >0, k=0, 2 T 50

1) 0<p, =[golg]p(t) <[Errgg>;]p(t) =ps;

2) |’l‘im sgn(x)g(x) = +oo, [g(x) |[<k,|x|""" +dy, ¥V |x|>d;
3) 2" Tk, T¥ /! <.

T (38) =AM AE—A> T-J5 i

3

Rz FA 361
IR BT R

(@, ((x(t) =4x(1=5))"))" +fi(x(1) )x' (1) +£,(x"(£) )a"(1) +p(1) g(x(t —cos 2t) ) =sin 2, (39)

Hrp

cp=4; fi(x) =325 f,(x) =327; p(1) =%Sin 2t+%;
4x° /it x> 1,
g(x) =9 V1 +a, xls<1,

4(x + 1)/, x <-1.

W13k =k, =1, ky=4/7", T=m, p, =2,

k, \cz\fj()”'” Rl 4 21"’<1){]+ leDpoka T 32 1485 <324902 < [1- ||| =8L
™, ™ 33 27
WO E R TR, TR (39) FATE - JA A
& £ X #t
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