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Characterizations of the Minus Ordering in Fuzzy Matrix Set

ZHOU Min-na

( College of Science and Technology, Ningbo University, Ningbo 315211, China )

Abstract: The matrix minus ordering is introduced into fuzzy matrix set. The minus ordering is a partial
ordering in F_ . Some characterizations of the minus ordering are given.
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Let F,, stand for the set of all mxn fuzzy
matrices. Given AeF , A{l} and A{2} will denote
the sets of all inner and outer inverses of A, specified
as

AM={X eF,, | AXA= A}, (1)
and

AM2Zy={X eF,, | XAX = X}, 2

write ALL2}= AN A{2}. And, A",A" or A"
will denote an element in A{l} and A", A" or
A™? an element in A{L2}. Write F, ={A|A{}=
J,AcF, .}

Now, we define the minus ordering A="B and
the preorder A<B in F .

Let AeF,  ,BeF, . The minus ordering A=
"B in F,_ isdefined as follow:
A="B<— A'A=AB, AA" =BA", 3

where A™, A" e A{l}.

It is clear that A="A, for each AeF , . In
general, the minus ordering A="B is not a partial
ordering in F,_ . In section 2, We will prove that the
minus ordering A="B isa partial orderingin F_ .

Let AeF, . Write

AF, ={AX|XeF }F .A={YA|YeF }.

Let ABeF,, . The preorder A<XB in F  is
defined as follow:
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A<B<= AF  cBF . F ,AcF B. (4)

It is clear that A< A, for each AeF , . The
preorder A=<B in F is not a partial ordering in
F...- In section 3, by use of this preorder in F , we

will discuss some characterizations of the minus partial
orderingin F_ .

1 Minus partial ordering

In this section, we will prove that the minus
ordering is a partial ordering in F_ . First, we have the
following.

Theorem 1 Let AeF,  ,BeF, . The following
statements are equivalent:

(i) A="B.

(ii) There exists A™ in A{L2} such that

AA"B = A=BA"A. (5)

(iii) There exists A" in A{L 2} such that

A"A=A"B, AA" =BA". (6)

Proof (i) = (ii): Set A®=A"AA" where A",
A" e A{1}. Then,

AATA=AATAA A= AA A=A,

ATAAN = AAATAATAA = ATAATAA =

ATAA = A",
Thus, A" e AL 2}, and
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AA'B=AA"AAB=AAB=AA A=A,
BA*"A=BAAA'A=BA"A=AA"A=A.
(ii) holds.
(iiy=> (iii): Since A" e A{L2}, A"A=A"AA'B=
A"B, AA" = BA*AA" = BA". Then, (iii) holds.
(iiiy=> (i): Itis clear.
Lemma 1 Let AeF,

m,n?

BeF,,. If A< B,
then
(i) A<B.
(i) There exists A" in
A=BA"B, A" = A"BA".
Proof (i) holds clearly by Theorem 1(ii). And, by
(6) and (5) in Theorem 1,
BA"B=BA"A=A A"BA" =
(ii) holds.
Lemma2 Let ABeF  .If A=<"B,then
(i) For each B eB{l}, AB A=A AB B=A=
BB A.
(i) For each A®™?e A{1 2}, B e B{l}, B BA™?.
BB~ e A{L2}.
(iii) There exists A" in A{L2} such that AA"=
BA" =AB",A"A=A"B=B A VB e B{l}.
Proof (i) By Lemma 1(ii), there exists A" in
A{L,2} such that A=BA"B, A" = A"BA". Thus, for
each B eB{l}, AB"A=BA"BB"BA"B =BA"BA"B =
BA"B=A, A=BA"B=BB BA"B=BB A. Similarly,
we have that A= AB™B. (i) holds.
(ii) By (i),
AB BA™?BB A= AA"P A=A,
B BA“?BB AB BA“?BB" =
B BA“?BB AA“?BB" =
B BAXYAA®?BB™ = B"BA“?BB".
Thatis B"BA®?BB~ e A{1 2}, VB~ e B{1}. (ii) holds.
(iii) Set A =B"BA"BB~ where A" in Lemma
1(ii). Then, A" e A{L2} by (ii). And, by Theorem 1 (ii)
and Lemma 1(ii),
AAY = AB'BA"BB" = AA"BB" = AB™ =
BA"BB™ = BB BA"BB™ =BA".
Similarly, we can obtain that A"A=B A= A"B. Thus,
(iii) holds.

A{L2} such that

ATAAN = A",

Lemma3 Let AeF, ,BeF  .Then,
A<B«<= AB B=A=BB A VB eB{l}. (7)
Proof "= ": Since A=<B, there exist X in

F., such that
A=BX =BB'BX =BB A, VB~ ¢ B{I}. Similarly,

itis proved that A= AB™B.

"<": Since A=AB B, for YAeF A, YA=
YAB'BeF, ,B. Thus, F AcF  B. Similarly, it is
proved that AF < BF  .Thus, A<B.

Theorem 2 "<""is a partial ordering in F_ .

Proof Let A=< "B,B="A where ABeF .
If A= "B, by Lemma 2(i), A=BB A for each
B eB{l}. If B="A, by Theorem 1, there exists
B*eB{L2} such that B=BB"A . Then, A=
BB*"A=B. And, let A=<"B,B="C where AB,
CeF,,. If A=<"B, by Lemma 2(iii), there exists
A" e A{L2} such that

AAY = AB",A"A= B AVB eB{l}.

If B = "C, by Theorem 1(iii), there exists
B” e B{L 2} such that

B"C =B"B,CB" =BB".

By Lemma 2(i),

(AAY)C =(AB")C = A(B"C)=AB"B =

A=BB"A=CB"A=CA"A,
and Lemma 2(i). Thus, A="C by Theorem 1. There-
fore, "==""is a partial ordering in F_ .

2 Characterizations of the minus
ordering

In this section, we discuss only fuzzy matrices in
Fon-

Theorem 3 Let A BeF, . The following state-
ments are equivalent:

(i) A= B.

(iv) There exists A" in A{L 2} such that AA" =
BA"=AB, A"A=A"B=B A VB e B{l}.

(V) There exists A” in A{l,2} such that

AA" = BB*?, A'A=< B“B and BA'B=
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A= AB™A VvB®™? e B{L2}.
(vi) There exists A" in A{L, 2} suchthat AA"=<"
BB®? A"A< "B"“?B and A=AB A VB B{l}.
(vii) There exists X e F  such that A=BXB,
B{} = AL}
(viii) A=B and B{I}c A{L}.
(ix) A=<B and ATNB{L} 2.
(x) For all B",B~,BY eB{l}, ABB=BB A=
A= ABYA.
(xi) There exist an idempotent fuzzy matrix
E, eF,, and an idempotent fuzzy matrix E eF
suchthat E . B=A=BE,.
(xii) There exist an idempotent fuzzy matrix
E,eF,, and DeF  suchthat E B=A=BD.
(xiii) There exist CeF  and DeF , such
that CA=CB=A=BD.
(xiv) There exist CeF,  and an idempotent
fuzzy matrix E e F , suchthat CB=A=BE,.
(xv) Thereexist CeF, and DeF  such that
CB=A=AD=BD.
(xvi) There exist CeF = and DeF such
that CB=CA=A=AD=BD.
Proof (i) = (iv): Itis clear by Lemma 2(iii).
(iv) = (v): Thereexists A" in A{L2} such that
A= AA"A= AB“? A vB®? e B{L,2}. And
BA'B=BB"?A=BA"A=AA"A=A.
Also, we have that
AAv BB(LZ) _ AB(l,Z)BB(l,Z) — AB(l,Z) —
AA" = BA" = BB“?BA" = BB*YAA” .
Since AA” is idempotent, AA” e (AA" {1} . Write
(AAY)” = AA” . Then,
(AAY)(AAY) =AA" = BB AAY = (BB™?)(AAY)",
(AAY) (AAY)=AA"= AA'BB"? = (AA") BB*? .
That is, AA” << BB®? . Similarly, we have that
AAY < “B*?B ., Thus, (v) holds.
(v) = (vi): VB eB{l}, A=AB"?A=BA'B-
B“?BA'B = BA'"BB BA'B = AB"A. Thus, (Vi) holds.
(vi) = (vii): Since BB™? s idempotent and
AA” < BB™? by Lemma 2(i),
AAY = BB*?(BB"?) AA” = BB“? AA” .

Thus, A= AA“A=BB"“?AA“A=BB™A.
Similarly, we can prove that A= AB®“?B . Therefore,
A= AA"A=BB"?AA"ABM?B =
BB“? AB“?B =BXB.
where X =B*?AB*“? eF, . And, A=AB A VBe
B{1}. Thus, B{l} = A{1}. Then, (vii) holds.

(vii) = (viii): Since A=BXB, it is clear that
A =B by (6). (viii) holds.

(viii) = (ix): It is clear.

(ixX) = (x): By Lemma 3,since A<B, AB'B=
A=BB A VB ,B  eB{l} . Since AL}NB{}=J ,
there exist B™ € A{GNB{} such that A=AB A=
AB"BB"BB"A= AB"BBYBB A= ABYA vB® < B{l} .
Thus, (X) holds.

(x) = (xi):In AB'B=BB A=A, set AB=E,,
B"A=E,. Since AB"A=A, E, and E, are idem-
potent. Thus, (xi) holds.

(xi) = (xii): Itis clear.

(xii) = (xiii): Set C=E,, then CA=E_E B=
E,B=CB=A=BD. Thus, (xiii) holds.

A=AA"A=BDA A A e Afl} .
Set X =DA AeF,,, Then,
X? =DA ADA A=DA CBDA A=
DA'CAA A=DA A=X.
Thus, CB=A=BE, where E, =X . Therefore, (xiv)
holds.

(xiv) = (xv): Similar to the proof of "(xii)=
(xiii)".

(xv) = (xvi): CA=CAD=CBD=AD=A. (xvi)
holds.

(xvi) = (i): Let A™ e A{L2}, Write A’ =
A®IC |, Then,

AAYA = AA“ICA = AAICBD =

AA“DAD = AD = A,
A’AA" = AICAAMIC = AICBDAMYC =
A ADAMIC = AR AALIC = ALIC = A
Thatis, A"eA{L2}.And, AA'B=AA“?CB= AA“?A=
A.Then, AA=A"AA'B=A"B.
Set A" = DA“? . Similarly, we have A" e A{12} and
AA"=BA" . Thus, A = "B . Therefore, (i) holds.

(xiii) = (xiv):
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Corollary 1 Let ABeF, .

@i If BB =1,,BeB{l, A< B<— AB -
A=A=ABB.

(i) If BB=1,,B eB{l}, A< B<—= AB™-
A=A=BBA.

(i) If B™ exists, A=< B« AB'A=A.

Corollary 2 Let ABeF,,
statements are equivalent:

(i) A=B.

(i) ABP'A=AB'B=A=BB"A.

(iii) AB'B=A=BB'A, and B"A and AB"
are idempotent.

. Then, the following

Fuzzy

Fuzzy Fuzzy
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0159 A

(iv) BAB'=A=B*AB, and B*A and AB"
are idempotent.
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