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ON ARNOLD’S PROBLEM ON THE CLASSIFICATIONS
OF CONVEX LATTICE POLYTOPES

CHUANMING ZONd

Abstract. In 1980, V.I. Arnold studied the classification problem
for convex lattice polygons of given area. Since then this problem
and its analogues have been studied by Barany, Pach, Vershik, Liu,
Zong and others. Upper bounds for the numbers of non-equivalent d-
dimensional convex lattice polytopes of given volume or cardinality have
been achieved. In this paper, by introducing and studying the unimod-
ular groups acting on convex lattice polytopes, we obtain lower bounds
for the number of non-equivalent d-dimensional convex lattice polytopes
of bounded volume or given cardinality, which are essentially tight.

1. INTRODUCTION

Let {e1,e3,...,e4} be an orthonormal basis of the d-dimensional Euclidean space E“.
A convex lattice polytope in E? is the convex hull of a finite subset of the integral
lattice Z<. As usual, let P denote a d-dimensional convex lattice polytope, let v(P)
denote the volume of P, let int(P) denote the interior of P, and let |P| denote the
cardinality of P N Z¢. For general references on polytopes and lattice polytopes, we
refer to Bérdny [2], Barvinok [6], Gruber [7], Ziegler [12] and Zong [13].

Let P; and P, be d-dimensional convex lattice polytopes. If there is a unimodular
transformation o (Z?-preserving linear transformation) satisfying

P2 = U(Pl),

then we say P; and P, are equivalent. For convenience, we write P; ~ P for short.
It is easy to see that, if P} ~ P, and P, ~ Ps, then we have P; ~ P5. In addition, if
P, ~ P,, then we have

v(Pr1) = v(P2)

and
|P1| = |P|.

Clearly, the equivalence relation ~ divides convex lattice polytopes into different
classes. Using triangulations, it can be easily shown that

d-v(P)eZ

holds for any d-dimensional convex lattice polytope P. Let v(d, m) denote the number
of different classes of the d-dimensional convex lattice polytopes P with v(P) = m/d!,
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where both d and m are positive integers. In 1980, Arnold [I] studied the values of
v(2,m) and proved
m3 < logv(2,m) < m3 logm.

Remark 1. In this paper f(d,m) < g(d,m) means that, for fixed positive integer d,
f(d,m) <cq-g(d,m)
holds for all positive integers m with a suitable constant cg.
In 1992, Barany and Pach [4] improved Arnold’s upper bound to
logv(2,m) < m3; (1)
Bérany and Vershik [5] generalized (1) to d dimensions by proving
logv(d,m) < M (2)
In [5], the authors attributed
logv(d, m) > m (3)

and .
logv(d,m) <« ma¥ logm

to Arnold [I] and Konyagin and Savastyanov [§], respectively. In fact, neither of them
contains such proofs. In particular, a proof for (3) seems non-trivial. Therefore, to
determine the order of magnitude of logv(d, m) for fixed d and large m is still a basic
open problem.

For convenience, we write

g(dvm) = Z’U(d,j)

j=1

According to Barany [2] and [3], Arnold posed the problem to investigate g(d, m) and
to determine the order of magnitude of log g(d, m), and proved that

log g(d, m) > mT . (4)

In fact, a rigorous proof for this result is missing.

Let v*(d, m) denote the number of different classes of the d-dimensional centrally
symmetric convex lattice polytopes P with v(P) = m/d!, let k(d, w) denote the number
of different classes of d-dimensional convex lattice polytopes P with |P| = w, let
k*(d, w) denote the number of different classes of d-dimensional centrally symmetric
convex lattice polytopes P with | P| = w, and let £’(d, w) denote the number of different
classes of d-dimensional convex lattice polytopes P with |P| = w and int(P)NZ # ().
Then we have v*(d, m) = 0 whenever m is odd and x*(d, w) = 0 if w is even. Therefore
in this paper we assume that the m in v*(d, m) is even and the w in x*(d, w) is odd.



Remark 2. As usual, in this paper centrally symmetric convex lattice polytopes are
those centered at lattice points. In this sense, the unit cube {x € El: 0<ua; < 1} is
not a centrally symmetric convex lattice polytope, though it is a convex lattice polytope
and is centrally symmetric.

Recently, Liu and Zong [I0] studies Arnold’s problem for the centrally symmetric
lattice polygons and the classification problem for convex lattice polytopes of given
cardinality by proving ) )

m3 < logv*(2,m) < m3,
w3 < log K(2, w) < w3,
w3 < log K (2,w) < w3,
k(d,w) =00, if w>d+12>4,
log k' (d, w) < W (5)

and o
log k™ (d, w) € wat. (6)

In Section 2 of this paper we introduce and study unimodular groups acting on
convex lattice polytopes. In particular, the orders of these groups are estimated. In
Sections 3 and 4, by applying the results obtained in Section 2, we prove the following
two theorems:

Theorem 4. Let g(d,m) denote the number of different classes of the d-dimensional
convez lattice polytopes P with v(P) < m/d!, then

log g(d, m) > M

Theorem 5. Let k*(d,w) denote the number of different classes of d-dimensional
centrally symmetric convex lattice polytopes P with |P| = w, then

log k™ (d,w) > W,

Theorem 4 confirms (4), which was predicted by Arnold and Béardny. It and (2)
together yields the following result.

Theorem A. Let g(d,m) denote the number of different classes of the d-dimensional
convez lattice polytopes P with v(P) < m/d!, then

a1 d-1
ma < logg(d,m) < mar1.

Theorem 5, (5) and (6) together produces the following consequences:

Theorem B. Let k*(d,w) denote the number of different classes of d-dimensional
centrally symmetric convex lattice polytopes P with |P| = w, then

d—1 d—1
wat L log k™ (d,w) € wdart.



Theorem C. Let k'(d,w) denote the number of different classes of d-dimensional
convex lattice polytopes P with |P| = w and int(P) NZ% # (), then

d—1 / d—1
wdart L log k' (d, w) < wdFt.

2. UNIMODULAR GROUPS OF CONVEX LATTICE POLYTOPES

In this section we introduce and study unimodular groups acting on convex lattice
polytopes. Several interesting results are proved. In particular, Theorem 3 will be
essential for our proofs of both Theorem 4 and Theorem 5.

As usual, a unimodular transformation o(x) of E? is a Z?-preserving linear trans-
formation, i.e.,

o(x) =xU +v,
where U is a d x d integral matrix satisfying |det(U)| = 1 and v is an integral vector.
In particular, if U also satisfies UU’ = I, where U’ is the transpose of U and I is
the d x d unit matrix, we call o(x) an orthogonal unimodular transformation. It is
known in linear algebra that an orthogonal unimodular keeps the Euclidean distances
unchanged.

Let o1 and o5 be two unimodular transformations in E?. Tt is known in linear
algebra that both o1 - 092 and oy ! are unimodular transformations. Therefore, all
unimodular transformations in E¢ form a multiplicative group. We denote it by Gg4.
Similarly, all orthogonal unimodular transformations in E¢ form a subgroup of G4. We
denote it by G/,.

Let P be a convex lattice polytope in E?, and let Py denote the family of all d-
dimensional convex lattice polytopes. We define

o(P)={o(x): x€ P}.
Clearly, o(P) is a convex lattice polytope as well. Then we define
G(P)={oce€Gy: o(P)=P}

and
G'(P)={0ceG): o(P)=P}.

It is easy to check that both G(P) and G’(P) are finite subgroups of G4, and G'(P)
is a subgroup of G(P). We call G(P) the unimodular group of P and call G'(P) the
orthogonal unimodular group of P.

Theorem 1. If P € P; and o € Gq, then we have
G(o(P)) = 0G(P)o .

If T € G, then we have
G'(r(P)) =G (P)r L.

Proof. If ;1 € G(P), then we have
u(P) =P,



ouo~ (o(P)) = op(P) = o(P)

and therefore
oG(P)o~! C G(a(P)).

Replacing P and o by o(P) and o~ ! respectively in (7) and noting
P=oc"10(P),

we get
o 'G(a(P))o C G(P).

Combining (7) and (8) we obtain
G(a(P)) CoG(P)o™" C G(o(P))

and
G(o(P)) = oG(P)o .

The orthogonal case can be proved by similar arguments.

O

Theorem 2. Let O4 denote the multiplicative group of orthogonal unimodular trans-

formations of E® which keep the origin fized. Then, we have

|0g4] = 2% - d!.

Proof. Assume that
7(x)=xU +v

is a unimodular transformation of E?. If it keeps the origin fixed, we get v = o. If it

is orthogonal, we have
UU' =1,

where [ is the d x d unit matrix, and therefore

d e
Zu_u_ 1, ifti=g;
RT3k =1 0, otherwise.
k=1
Then, by the assumption that wu;; are integers we get

Uij € {_17 05 1}7

d
Z|uij|=1, i=1,2,....d
j=1

and
d

Slugl=1, j=1,2,....d

i=1



In other words, each row (column) of U has exactly one non-zero element, which is
either 1 or —1. On the other hand, any matrix of this type is orthogonal unimodular.
Then, by computing the number of such matrices it is easy to conclude

|04 =27 - d!.
The theorem is proved. O
Corollary 1. For any d-dimensional centrally symmetric convez lattice polytope P,
|G'(P)| is a divisor of 2¢ - dl.
Proof. Assume that P is centered at a lattice point u. In E? we define

T(x) =x —u
It follows by Theorem 1 that

|G'(P)] = |G'(7(P))|-

On the other hand, 7(P) is centered at the origin o, G'(7(P)) is a subgroup of O4 and

therefore |G’(7(P))] is a divisor of 2¢ - d!. The assertion is proved. O

Let m be a positive integer and let p be a real number satisfying 1 < p < co. We

define ;
Py m,p, = conv {Z VAR Z |2 < mp} .
i=1
One can easily verify that Pg, , is a d-dimensional centrally symmetric convex lattice
polytope. In particular, Py .,,1 is a lattice cross-polytope, Py .2 is a lattice ball, and
Py m, is a lattice cube.

Theorem 3. When d and m are positive integers and p is a positive number satisfying
1 < p < o0, we have
G (Pd,m,p) =G (Pdﬂmp) =0q

and
|G (Pamp)| = |G (Pam,p)| =27 dl.

Proof. First of all, since Py, is centrally symmetric and centered at the origin, we
have
o(0) =o (9)

for all o € G(Pam,p)-
Let v be a primitive integral vector in Z¢ and let P be a centrally symmetric convex
lattice polytope in E¢. We define

L(Pv)={z2v: z€Z}NP

and
¢(P) = max{|L(P,v)]},



where the maximum is over all primitive integral vectors in Z%. Recall that {e1,e2,...,€e4}
is an orthonormal basis of E¢. We consider two cases as following:

Case 1. p < co. Notice that

d

d
>l =3,
=1

i=1

it can be easily deduce that
K(Pd,m,p) =2m+1

and
(L(Panp V)| = 2m + 1

holds if and only if v = +e; for some index ¢. Thus, for any ¢ € G(Py,m,,), we have

{o(e1),0(e2),...,0(eq)} C {£e1,Leq,...,teq}. (10)

Case 2. p = oo. In this case Py, is a d-dimensional cube. It has 2d facets £F1,
+F,, ..., £Fy, each is a (d — 1)-dimensional cube. The centers of the facets are mey,
tmes, ..., tmey. If 0 € G(Pym.), we have

{O'(Fl),O'(Fg), . ,U(Fd)} C {:l:Fl,:l:FQ, ceey :EFd},

{o(me1),0(mez),...,0(meq)} C {mei, tmes,...,tmey}

and therefore
{o(e1),0(e2),...,0(eq)} C {te1,tes,...,tey}. (11)

Assume that the unimodular transformation o is defined by

o(x) =xU + b.
It follows by (9) that b = o. In both cases, since U is nonsingular, by (10) and (11)
we get
d
Z|UU| =1, 1=1,2,....d
j=1
and
d
Slugl=1, j=1,2,....d
i=1

Thus, we obtain
G(Pim,p) C Oq. (12)

On the other hand, it is easy to verify that
04 C G/(Pd)m#)). (13)
As a conclusion of (12) and (13) we get

Od g G/(Pd,m,p) g G(Pd,m,p) g Od



and finally
G(Pim,p) = G'(Pam,p) = Oq.

The second assertion of the theorem follows from Theorem 2. The theorem is
proved. O

Remark 3. Let S; denote the d-dimensional lattice simplex with vertices e, eq, ...,

e, and o. Then we have
|G'(Sa)| = d!

and
[G(Sa)| = (d+ 1)L

We end this section with the following conjecture:

Conjecture 1. For any d-dimensional convex lattice polytope P, we have

|G(P)| <24l

3. PROOF OF THEOREM 4

In this section, applying results about unimodular groups proved in Section 2, we study
Arnold’s problem and prove Theorem 4.

Proof of Theorem 4. First, for a positive integer r we define (see Figure 1)

d—1
Kqr= {XEEd: xq > 0, fo+xd§r2}.
i=1

T3

K&r

_f)/ Il'

T BS,T

Figure 1
Clearly Kgq,, is a rotation body of a two-dimensional domain

D:{erd: zq > 0, x%ﬁrz—xd, arj:()}



around the x4 axis. Its base is a (d — 1)-dimensional ball defined by

d—1
Bdﬁr—{erd: xqg =0, fogﬂ}.
i=1

Therefore Kg . is strictly convex, except at its base By, .
Now, we define
Py, = conv {Kq,NZ"}

and define V. to be the set of the vertices v of Py, satisfying vq # 0 and vq # r2.

For any point z € By, N 74, writing

the corresponding point (21, 22, ..., 24—1,72 — y) is on the boundary of K, and there-
fore it is a vertex of Py ,. Thus, we have

d—1

T2

T(5)

[Vir| > |int(Ba,) N 24 — 1 ~ Tl =l (14)

where I'(x) is the gamma function.
By deleting ¢ vertices in Vy, from Py, and considering the convex hulls of the
remaining lattice points we get (IVj’TI) different convex lattice polytopes. Taking @

from 0 to Vg |, we obtain
[Va,r|

Z <|Vd>7”|> — 2|Vd,7~‘

; i

=0

different convex lattice polytopes. For convenience, we enumerate them as Py, P, ...,

P,v, .1 and denote the whole family by F.

Let Dy, denote the cylinder defined by

d—1
{erd: Zx?§r2, ngdgrz}.

i=1
For all P; € F we have
v(P;) < v(Dgy) = v(Ba,) - r* < f(d) - ™, (15)

where f(d) is a positive constant depends only on d.
Recalling the notions of L(P,v) and ¢(P) defined in the proof of Theorem 3, for all
P; € F we have
(P) =7r*+1,

and
L(P,v)=1*+1



holds if and only if v = e4. Therefore, if o(P;) = P; holds for some unimodular
transformation o, we can deduce that

g(o) =0, o(eq)=ey,

0 (Bayr NZY) = By, NZ*

and hence
o € G (conv{Bg, N Zd}) = G(Pa—1,r2)-

Let h(d,r) denote the number of the non-equivalent lattice polytopes among { Py, P,
<y Pyivg 1}, by the p =2 case of Theorem 3 we get

h(d, ) 2lVar]
)2 s
|G(Pi-1,r2)|

=)

v(P) < f(d) - r¢tt <m

> 2lVarl, (16)

Taking

by (15) we get

and therefore
g(d,m) > h(d,r). (18)

Then, by (18), (16), (14) and (17) we obtain

f(d)
Theorem 4 is proved. O

Remark 4. At the end of [I], Arnold made a remark that “In Z?, 1/3 is probably
replaced by (d —1)/(d + 1). Proof of the lower bound: let 23 + ...+ 23 _; <z4 < A”
This hint is useful for our construction. However, up to now, we have not been able to
prove

d—1
a+1 _
log g(d, m) > log h (d,r) > [V, | > ri~! = K_> J >

d

logv(d,m) > m =y

Remark 5. By a similar method, for the centrally symmetric case we can also prove

log (Z v*(d, m)) > m,
i=1

4. PROOF OF THEOREM 5

In this section we study the classification problem for convex lattice polytopes of given
cardinality. In particular, Theorem 5 is proved.

10



First, we recall the definitions

d—1
Kq, = {erd: zq >0, fo—l—derQ}

i=1

and
d—1
Bdm:{erd: zq =0, foﬁrQ}.
i=1

It is easy to compute that

P2 _d1
™2 d—1
v(Kar) = / . (T2 —xz) 2 dx = c1(d) - rdtt, (19)
o T(4h)
where s
T2
Cl(d) = F(d—?)
3 b s

1 C3,
C{}.r 3,7

B e 10

£

Figure 2

Next, we define

d—1
Cirz {erd: Zx?ﬁﬁ},

i=1
d—1

Cg)r = {erd: x4 > 0, Zx?—i—xdgrz}
i=2

and their intersection
Cd,r = C;,r N Cg,r'

In fact, C} . is an infinite cylinder over a base By, and C3  is an infinite cylinder over

a base
d—1
b

{erd: zqg >0, 1 =0, Zx?+xd§r2
i=2

11



as shown in Figure 2.

I3 4 C%
3,r

(07'7;7T2 - '7‘2)

/ rjr (Vr2—a? z,r® — 2?)

. K3,7‘
C3,
' (0,2,0)
/ B347' jj
o "y
] (V72— a2, z,0)
‘LQ/ CS,r
Figure 3
Note that (as illustrated in Figure 3), if
d—1
22 = Z 2 (20)
i=2
and
0,z2,3,...,24-1,0) € Cy.r, (21)
then we have
(x1,22,...,Zd—1,%4) € Cqr
provided
|z1] < Vr?2 — a2
and

0<zqg<r?—z2

In fact, all the points satisfying both (20) and (21) together form a (d — 2)-dimensional
sphere of radius x which has area measure

2

(d— Q)Wd% pd—3
r(5)

Thus, we get

'U(Od_’,r.) = / M . Idig(TQ _ IQ)%dI
0

d— =

2 2

= 7d2 cpdtl / sin? ™3 @ cos* 640
I'(3) 0

s

12



d—2 s

2(d—2)r =z 2
= 7( d)w - rdtl / (sindi?’ 0 — 2sin?" 10 + sin?t! 9) do
I'(3) 0
= c(d) Tdﬂ, (22)
where -
6(d=2)7" 2  d-4 d—6 1 7 e .
e(d) = | PR ds SR if d is odd;
2 - d=2
6(d=2)m" 2  d-4 d— e g
m'm'd—_g- % if d is even.

It follows by K4, C Cq4, that

Cc1 (d) < CQ(d). (23)

Next, we define
Qar = (int (Cy,) N CJ,) U Ba,, (24)
Hg, = conv {z € Q4rN 7%z < 0} (25)

and
H}, = conv {z€e K4 N 7% 2 < 0}.

By (19) and (22), we respectively obtain

1 d
Hapl ~ L o(Cay) = 2D i (26)
2 2
and ) (d)
C
Hy |~ 5 oK) = B2y (27)

Remark 6. Let L(x) denote the line defined by {x + Aeq : A € R}, where R is the
real number field. When z is a lattice point on the boundary of By ., we have

|L(z) N Qa,r NZ%] = 1.

Now, we introduce a technical lemma which is useful in the proof of Theorem 5.

Lemma 1. When r is a sufficiently large integer, for any integer k satisfying 0 < k <
3r|Bar1+1 N ZY, there is a convex lattice polytope P satisfies both

Hém g P g Hd,r

and
|P| = [Hy, |+ k.
Proof. It is well-known that
%
T _ _
Ba,1NZY = T (%) (r+ DT+ 0O ((r+ 1772,
%
™ d—1 d—2
= -7 +0O (r ) .
L(4)

13



By (26), (27) and (23), when r is sufficiently large, we get

1
|Ha,| — [H, | > 7 (e2(d) —ei(d) Lt
> Cg(d) "I”2 . |Bd17«+1 N Zd|

> 3r|Ba,+1NZY, (28)

where c3(d) is a constant depends only on d.
For gnvenience, we write Py = Hg, and let P denote the set of the vertices of P.
If vo € Py \ H&ﬁr, we define

Py = conv { (P, NZ%) \ {vo}}.
Inductively, if P; has been defined and v; € P; \ H C’LT, we construct
Pii1 = conv {(P; N 74\ {vi}}.

Thus, we have constructed a finite sequence of convex lattice polytopes Py, Pi, Ps, ...,
P=H (’i)r which satisfies both

PQDPlD...DnglDP[:HZLT

and
|P)| = |Piy1| =1, i=0,1,2,....0—1.

By (28) it follows that
0> 3r|Bayr1NZY .

The assertion is proved. O

Proof of Theorem 5. First, we recall that
Py, = conv {de N Zd} . (29)

Let w be a large odd integer and let r be the integer satisfying

w
|Pd,r| < b) < |Pd,r+1|- (30)
By (19) we get
ritt < w <t (31)
We write
Pdl,r-i-l ={x€Pyry1: xqg>2r+1}
and

Pl ={x€Pyri1: zg<2r}.

It is easy to see that
|Parl = [Payia

14



and therefore
(Pasia] = [Pagl = [Pl ] < (26 +1) |Baysr N 27 (32)

We write
u=w—2|Py,| + |BarNZ9. (33)

By (30) and (32) we get
u < 2(|/Payrs1| = |Par|) + |Bay NZ| < 5r |Baypr N 2. (34)

Let Vd’m denote the set of the vertices v of Py, satisfying both vg # 0 and v; > 1,
and let L(x) denote the line {x + Aeq: A € R} as defined in Remark 6. By convexity,
for all z € By, N Z% with z; > 1 we have

|L(z)nVy,|<1.

Thus we get
Vi < % |Ba,r NZ%| (35)
and
1
Vi = 5 (|int(Ba,r) N Z%| — |Bg—1, N Z%))
1 R 'z
2 -, X Td_l _ . T‘d_2>
s (P(%U r(4)
> il (36)

With these preparations, we proceed to construct the expected convex lattice poly-
topes.

Step 1. Let vi, vz, ..., v; be j points in V; . and define

Pg’l)r =conv{Py, \ {vi,va,...,V;}}. (37)

‘We have
|y = |Par] = 3. (38)

By (34) and (35) we get

A

g +j < gr |Bary1 02| + % |Ba.r N 27|
< 3r|Bar1nZY.
According to Lemma 1, there is a convex lattice polytope P satisfies both
H,,CPCHa, (39)
and

|P| = [Hg,| + g +J. (40)

15



Step 2. We construct

P'=PUP,. (41)
It is easy to see that P’ is a convex lattice polytope. By (38) and (40) we get
u
P = Pyl + 2. (12)
Step 3. We define
Py, .~, =P U{-P'}. (43)

Clearly Py, ... v, is a centrally symmetric convex lattice polytope centered at the origin.
By (42) and (33) we get

Poses| = 2(1Pasl + 3 ) = [Bar N 27|
= 2|Pyy| +u—|BarNZ7
= 2|Py,|+w—2|Pyy| +|Bay N Z% — |Bay N Z°

= w.

Step 4. Taking all possible subsets of Vd’J, we get 2V, centrally symmetric convex
lattice polytopes of cardinality w. For convenience, we enumerate them by P;, Ps, ...,
PQ\V; 1 and denote the whole family by F.

Now, we study the equivalence relation among F.
Recalling the definitions of L(P,v) and £(P) in the proof of Theorem 3, for any
P; € F we have
(P =2 +1

and
L(P,v)=2r +1

holds if and only if v = +eq. Therefore, if o(P;) = P; holds for some unimodular
transformation o, we have
oo)=o0

and
U(ed) S {ed, —ed}.

Let H be a (d — 1)-dimensional hyperplane which contains the origin of EZ, but not
eq. By projecting P; N H N Z? onto the plane {x € E?: x4 = 0}, keeping (24), (25),
(29), (37), (39), (41), (43) and Remark 6 in mind, it follows that

|P;NH N2 < |BarNZ%,
where the equality holds if and only if
H:{erd: xd:O}.
Thus, we get
0 (Bay NZY) = Bq,rNZ*

16



and therefore

o € G (conv {Bg, N Zd}) = G(Pa—1,r2)-

Consequently, by the p = 2 case of Theorem 3, we get

| F| 2lVi.l

*(d > = .
Fdw) 2 S T T =)

By (36) and (31), we deduce

log £*(d, w) > |V | > r* 1> W |

The proof is complete. 0
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