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INDEX CHARACTER ASSOCIATED TO THE PROJECTIVE
DIRAC OPERATOR

MAKOTO YAMASHITA

ABSTRACT. We calculate the equivariant index formula for an infinite dimen-
sional Clifford module canonically associated to any Riemannian manifold. It
encompasses the fractional index formula of the projective Dirac operator by
Mathai-Melrose—Singer.

1. INTRODUCTION

Mathai, Melrose, and Singer constructed the projective Dirac operator (?IJD\; for
arbitrary Riemannian manifold M as a projective pseudo-differential operator in
[MMS06]. Its index ind, @5, was defined in terms of the integral kernel I};L of
this projective differential operator. They showed the fractional index formula
Theorem 2 and Section 9]

(1) ind, 9" = /M A(Rap),

where the integrand of the right hand side is the A-form associated to the Rie-

mannian curvature of M. The equality was proved via local index calculation of

the heat kernel associated to Igr . It can be easily seen that the above expression
M

might be a non-integral rational number when M is not spin.

The framework of projective pseudo-differential operators ignited various de-
velopments of the study of modules and index theory over the bundles of finite
dimensional algebras (or the ones whose fiber is the trace class operator algebra)
over manifolds [MMS05,[MMS09,[AM09, BGT0LGofT0].

The projective operator (295\)2 is associated to a certain Clifford module of M, but
one has to note the difference between ([I]) and the usual index formula

(2) ind @y = /M A(Ryr) ch(E/S),

for a Clifford module E over M. Here @ is the twisted Dirac operator acting on
the sections of E and ch(E/S) is the relative Chern character of E. The presence
of the relative Chern character ch(E/S) makes the integral in the right hand side
to be an integer.

Let 7("@%): SU(N) ~ V(%) he the natural representation of SU(N). The Levi-
Civita connection on Fgo(y) induces a 1-form V of first order differential operators
acting on the space C°°(P, V™)) This means, by definition, when X is a vector
field over M, one obtains a first order differential operator Vx on P.

Since P can be regarded as the bundle of trivializations of the Clifford bundle
Clgc (M), the sections of Clg(M) correspond to the PU(N)-invariant functions of P
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into Mx(C). Then the space of functions from P into V(") is naturally a module
over Clg(M). Thus one may define the associated Dirac operator

I = Zc(ek)vek
k
on C=(P, V() for any local frame (e;);.
The operator @,; can be regarded as a transversely elliptic operator [Ati74]
on the SU(N)-manifold P. Hence one obtains a distribution indgyn (7, @) on
SU(N) which is invariant under conjugation and satisfies

<indSU(N) (v, 1), Xﬂ> = ind(@rp")

where x™ the character of any irreducible representation 7 of SU(N), and p™ is the
projector onto the m-isotypic component of the action 77 @72t on C' (P, V (mat)),
where 7 is the action induced by the translation on P.

In [MMS08], it was shown that the SU(V)-equivariant operator @,,; descends to
the projective Dirac operator (?i; on the projective spin bundle over the Azumaya
bundle Clg¢(M). For such ‘descent’ one has

(indsy(ny (7, @ar), ¢) = ind, Jy

when ¢ is a smooth function on SU(NN) which is constantly equal to 1 around e and
has small enough support. As mentioned at the end of the introduction of [MMSO0§],
the above formula gives ‘the coefficient of the Dirac function’ in the distribution
indsuy (v (7, @r)-

The aim of this paper is to relate the fractional index formula () to the classical
index formula (2)) of Clifford modules and give a refined formula (Corollary[@]) for the
contribution of ‘higher order derivatives of the Dirac function’ in the distribution
indsu(w) (7, Par)-

The space L?(P, V%)) can be regarded as the space I'(M, £) of the sections of
an infinite dimensional Clifford module £ over M = P/ PU(N). It is defined as the
induced vector bundle

(3) & = P xpy(ny L2 (PU(N)) ® V(nat),

where we consider the left translation action A on L?(PU(N)) and the trivial action
on V("2 The precise meaning of the correspondence between L2 (P, V®at)) and £
is that we have

L2(P, V(nat)) ~ (L2(P) ® LQ(PU(N)) ® V(nat))ﬂP(@A@trivv(nat) (PU(N)),

where the right hand side can be regarded as I'(M, £).

The action p ® 7®*) of SU(N) on L?>(PU(N)) ® V™2 commutes with the one
A ® triv of PU(N). Hence it induces an action on (3). This action corresponds to
the action 7 @ w(®at) on L2(P,V(at)),

If one tries to consider an analogue of the equivariant index theorem in the case
of E = &, the relative curvature form F¢/S of € should be locally given by the
action of the curvature of a vector bundle & satisfying £ ~ & ® S. Note that the
vector bundle & has infinite rank, hence the fiberwise trace Trg, e =% /% will become
infinite. To remedy this, we shall construct an action of SU(N) on &, such that its
tensor product with the trivial action on S is the action on £. Then an equivariant
choice of curvature on & will allow us to compute the trace of Trg, (e~ E/Sﬂ((b))
of the composition of the curvature e™f with the convolution by any auxiliary
function ¢ on SU(N).

Thus the expression

/s
(4) ChSU(N) (77 5/8)1 = Trgo (76 r )
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for x in M and v in SU(N) defines a differential form on M of distributions on
SU(N). Then the analogue of the index formula (2) for the Clifford module &
should be

(5) indSU(N)(’y, aM) = /M A(R]M) ChSU(N) (’Y, S/S)

2. PRELIMINARIES

Most of the constructions in this section appear in the literature in some way or
other. We just recall their definitions in order to fix the notations and conventions.
For the sake of simplicity we assume that n = dim(M) is even and put N = 27/2,
Let P be the PU(N) principal bundle over M induced from the frame bundle
Fs0(n) by the natural group embedding

(6) SO(n) — Aut(Cle(R™)) ~ PU(N).

Let o be a section of Fyo(,) defined on an open set U, and & = (o,e) be the
section of P defined by o and the constant mapping M — SU(N),z — e. Under
the identification of ([B]) any section f of £ over U can be expressed using a function
£ Uz & € L2(PUN), VIat) by

The Clifford module structure on £ can be described as
(8) o(X).(02, fo) = (02, Adg(07(c(X))) f2(9)),

where o is the isomorphism Clc(T,M) — My (C) given by o, € P,.
Let AXC be the Levi-Civita connection 1-form TF — so(n) on Fso(,). One
obtains the induced connection form

9) A: TP — su(N)

via (@). Hence it is given by the collection of linear maps T, P — su(N) which are
retractions of the embedding su(N) — T, P coming from the action map g — p.g
from SU(N) to P, and satisfy the equivariance condition Ax = Ady A, x for any
X eT,Pand g € G.

Given a vector field X on M, define the operator Agf’a) on the sections of £ over
U by

(10) AQ (50,60) = (60 MAas(x,) ® Tymn) (&))-
Lemma 1. Let ¢ be a function from U to SU(N). Then one has

AT (04, 0716) = (000 MAu(o) () Y — d(X)571 )
for any vector field X on U.

By Lemma [Il the covariant derivative

Vi (00.8) = (00, X (&) + AY (00, &)
associated to A does not depend on the choice of 0. Moreover the formula (g]) implies
[Vx,ce(Y)] = ¢(VEY), which shows that A is a Clifford connection. Finally, we
put

a]vf = Zc(ei)vei
i=1
for any local frame (e;)7;.
For each irreducible representation m of SU(N), the restriction of @ to the -
isotypic component of L?(P,V ™)) becomes a K-cycle @, over C(P) x SU(N).

Hence we obtain a family of K-cycles (@W)wes/fﬁ) parametrized by the irreducible
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representations of SU(N). Since the 7-isotypic component of L2(P, V(1)) is triv-
ial unless the central part of 7 agrees with that of the natural representation, our

—

interest is in (@) where SU(N) ,,, is the collection of the irreducible

WESW)(HM)
representation classes whose central character agree with that of the natural repre-
sentation. o

For each 7 € SU(N) ,04)
plicity of 7 in the representation ind dp; of SU(N). Let d, be the dimension of the
representation space of m, and x™ be its normalized character

the number ind @, is finite and agrees with the multi-

X"(1) = = Te(x().

™

Then the sum

indsy(n) (7, ) = Z (ind @,)x™ (v)

TESUN) (a4

defines a distribution over SU(NN) invariant under the conjugation.

2.1. Pairing of U(g) and C°°(G). When a is an element of the universal envelop-
ing algebra U(su(N)) of SU(N) can be regarded as a distribution on SU(N) with

support {e} by
(a,¢) = (Ma)9) (¢)

for ¢ € C°°(SU(N)), where A(a) is the right invariant differential operator repre-
sented by a. The above pairing has another interpretation

(a,0) = Trrasuvy) (Ma) (@) = Trrzsuvy) (p(a)p(6)).
Let T be a conditional expectation of U(su(N)) onto its center.

Lemma 2. Let a be an element of U(su(N)) and ¢ an element in C>°(SU(N)).
Then one has

() Y @) TEE) = S X0 (T(a), A).

7ESUMN) f0r) 9eZ(SU(N))

Proof. The operator m(T'(a)) is a scalar satisfying Tr(7(a)) = Tr(w(T(a))) for each
irreducible representation 7 of SU(N). Hence one has

Trpzsuvy)(Ma)p(@) = D Tr(w(a) Te(7(9)) = Trrzsucny ((T(a)p(9)).

WESW)
Combining this with
1 na
Tr2su(n)) oy A@p() = = D X" (9) Trrasun) (M@)p(9)py).
g€ Z(SU(N))
one obtains
1 s
T2 U)oy M@P(O) = 5 D2 X" (9)(T(0), Ag0)
9€Z(SU(N))

This proves the assertion. (I
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3. KK-ELEMENT ASSOCIATED TO PROJECTIVE DIRAC OPERATOR

For each character x on the center of SU(N), let J, denote the closure of

{f € CSUN),C(P)) | V= € Z(SU(N)): f(g2) = x()f(9)}
in C(P) x SU(N). Then the algebra C(P) x SU(N) admits a direct sum decompo-
sition
C(P) x SU(N) ~ @XGZ(S/UTN)‘]X

by bilateral ideals. The representation of C'(P) x SU(N) on L?(P,V®a%) factors
through the projection onto Jiyay), the factor corresponding to the central character
of the natural representation.

The bimodule L?(P,V(2)) is a completion of the following C*-module F over
Clc(M). The subspace C (P, V®at)) of L2(P,V ®a%)) admits a Clc (M )-valued inner
product characterized by

P ((€m)z) = / Adg(ny ® &5)dg
PU(N)

where we identify p € P, with an algebra isomorphism p*: Cl¢(T, M) — My(C).

The completion F of C(P, V™)) with respect to the above inner product admits

an action of C'(P) x SU(N) as Cl¢(M)-compact operators.

Proposition 3. The bimodule F gives a strong Morita equivalence between J(q4)
and Clg(M).

Each irreducible representation 7 of SU(N) gives a class [r] in Ko(C* SU(N)).
Under the inclusion ¢: C* SU(N) — C(P) x SU(N), one obtains an element ¢, [7] in
Ko(C(P)xSU(N)). By Proposition[B] one obtains an element ¢, [r] of Ko(Clc(M))
given by the Clifford module V;, = p, L?(P, V("at)),

The operator @,; and the representation of C(P) x SU(N) on L?(P,V®at)
defines a spectral triple over C(P)xSU(N). Consequently we obtain the associated
element o of KK (C(M) x SU(N), C) represented by the phase of @,; as in [BCO0],
and the map

indy, : Ko(C(P) x SU(N)) = Ko(Cle(M)) = Z.

Example 4. As an example of the above construction, consider the case of m =
7@ Then the corresponding index ind (@, ma ) is equal to the signature number
of M. Indeed, if one takes the tensor product action p ® # ® T on

C(P; V(nat)) ® (V(nat))*7

its fixed point subspace is identified to the space of the sections of Clc(M), and the
grading on the former corresponds to the left Clifford action of the volume element.
Meanwhile the fixed point subspace is canonically identified to the 7™ isotypic
component of C(P;V(mat)),

4. CONNECTIONS ON INFINITE DIMENSIONAL EQUIVARIANT BUNDLES

Now we give a more precise description of ({#]). Let A be the curvature 1-form of
@). The associated connection 2-form in A?(P, su(N))pasic is given by

Qxy = A([X — Ax,Y — Ay))

for vector fields X and Y on P.
Let o be a section of P — M defined on an open set U of M. When X and Y
be vector fields on M, consider the operator

Qg?ﬁ)y-(o'zagz) = (02, MQo(x,),do(v2)) ),
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on the sections of € over U as in (I0). This is independent of the choice of o,

and the operators Qg?)y on different open sets naturally patch together and give a

2-form of bundle morphisms Fxy on £.
Then Fxy commutes with the Clifford action, and that of p @ 7™ (SU(N)).
Similarly we obtain 2k-forms of endomorphisms of £ by

k _ E : lo|
FXl ..... Xow — (_1) FX<717X<72 e 'FXU(2k71),Xazk'
€Sy

4.1. Fell’s absorption. Let ¢ be a smooth function on SU(N). Then the right
convolution by ¢ on P defines a trace class operator pp @72 (¢) on L2(P, V (at)),
Thus one is interested in the computation of

_pE/s 0
(12) Tr 2 puvyveany (e 5 p@ a8 (g)).

Let us consider the following operator S on L?(SU(N); V(®2)). When ¢ is a func-
tion of SU(N) into V("2Y) we define S¢ to be the function (S¢)(y) = 72 (y)¢(7).
Then S is an isomorphism of the SU(N)-bimodule \L*(SU(N); V(@) o ...y into
rorman L2(SU(N); V2t

Then the submodule

\L2(PU(N); V(nat))p®ﬂ.(nat) C AL%(SU(N); V(“at))p(@,r(nat)
is mapped to the subspace L2(SU(N); V(“at))f)(x(nat)) spanned by
{6 € LASUN); VOm0) | vy € Z(SUN)): py(6) = X" (7)0 |
of ygrman L2(SU(N); V(at)) . This bimodule admits a direct sum decomposition

(1) LEUN VT = B e (Vr © V) © (Vo)r.

WESﬁ(\N)(HM)
Under the transformation S, the operator )\(Qg?)y) is identified with the operator

(14) A7 (QF)) = MQY) @ 1y +1@7120(QF)).
This shows that the Clifford module £ can be ‘locally’ decomposed as the tensor
product & ® S, where & is a bundle of fiber C(SU(N)), mar) defined by

50 ~ P XSU(N) C(SU(N))X(naQ .

4.2. Computation of index character. On one hand, the first part in the right
hand side of ([I4]) can be thought as the action of the relative curvature form F)i/ 38/ =

F )g("y On the other hand, the second part can be thought as the action of the spin
curvature ), ; (R5Sy€i,e;) cicj. Hence the quantity (I2) can be translated to

(15) TrLZ(PU(N);V(nat))(A(e_Q)p(¢)) = NTrr2suv) gar) (A(e™)p(9))-
Let k be an integer. Combining (1) with (&), the 2k-form Trg(p(¢)F)’§1,___7X2k)

can be written as
(_1)‘(" <T(Qg?317xaz o Qg?a)(2k—1) »onk)’ )\9¢> :
0€S2,9€Z(SU(N))

Consequently we obtain

(16) <Trg<veF/S>,¢>Wf}, > (T A0),
7=0

=0 " geZ(SU(N))

which gives the meaning as a distribution on SU(NN) to the expression ().
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Theorem 1. Let 7 be an irreducible representation with central character y (",
The distribution indsy(n) (v, @) satisfies

m/2
(17)  (indsuv)(7, @m), X7) = dw/ > %A(RM)m—% Tr(m((Q2)7)).
M=

Proof. Let E, be the m-isotypic component of £. Since the action of Clg(M) on &
commutes with the action of SU(N), the vector bundle E, is a Clifford submodule
of £. We show that the relative Chern character ch(E;/S) of the Clifford module
V, is represented by dr Tr(e™¥). Then the assertion will follow from the index
formula (2)) for Clifford modules.

Let p™ denote the projector fSU(N) X" (g)g in the convolution algebra L(SU(N)).

Then E; is the image of 7¥ @ 7("®")(p™). When o is a section of P, the sections
I'(domo; E;) of E; over the domain of o can be identified to the space of the
functions

2 (0, fo) (o € p@ a0 (pT).L2(PU(N); V)

for © € domo. By the SU(N)-invariance of V on &, the associated curvature form
of E, is given by Fp(p™).

Applying the operator S, one sees that I'(dom o; E;) can also be identified with
the space of the functions @ > (04, f») where fyp(p™).L3(SU(N); V(0at))p(x™*”)
By the decomposition (3], the SU(N)-space p(p™).L*(SU(N); V(“at))p(x(nat)) is iso-
morphic to the direct sum of d, copies of Vy @ V(®mat),

From (I4)), one sees that the action of the curvature form Fp™ on E, is given by
() @ 1ty + 1r @ 729 (Q(@)). The term 1, ® 772 (Q(?)) is the action of the
spinor curvature. Hence the relative curvature form is given by 7(Q(?)) ® L(nat)
which proves the assertion. (I

Remark 5. Consider the case of 1 = 7("#) as in Example @ Thus the left hand
side of ([I7)) is equal to the signature number of M. In the right hand side, the term
Try aey (728 (7)) is equal to the j-th component of the relative Chern character
ch(A*T*M/S). Hence we recover the signature formula

o(M) = /M A(Rpr) A ch(A*T*M/S).

We obtain the following formula whose conceptual meaning is ().

Corollary 6. The distribution indsy(n) (v, @) can be written as

m/2

(indsun) (7, dar)s 0y = > / > .l,A(RM)m—%‘ <T((Q(”))j)a Ag¢>,
n M=ol

geZ(SU(N
where ¢ is any test function in C*°(SU(N)).
Proof. Since both sides are invariant under conjugation for ¢, we may assume that
¢ is invariant under conjugation. By continuity and linearity, we may assume that

¢ is a character of some irreducible representation of SU(N). Then the assertion
follows from Lemma 2] and Theorem [ O

Now, we can recover the fractional index formula (Il) as a particular case of
Corollary 6l

Corollary 7 ([MMS06, Theorem 2; MMSO08| Proposition 5 and Remark 1]). Let ¢
be a smooth function which agrees with the constant function 1 on a neighborhood
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of e and satisfies supp ¢ N Z(SU(N)) = {e}. Then one has

<indSU(N)(% a]\/l)a ¢> = / A(RM)-
M
Proof. For each j, the operator T((Q2(?))7) is represented by a SU(N)-biinvariant
differential operator of degree 2j. Suppose that ¢ agrees with the constant function
1 on a neighborhood of e. Then one has

Tr(p(9) = ¢(e) =1, Te(p()F) = (TUQD)),6) =0 (j>0).

Hence one has <Tr(’ye’F ), ¢> =1 in this case. Consequently one obtains

{indsy(n) (7, Pnr), @) = /M A(Rur),

which proves the assertion. O

Remark 8. Since @, is formulated as a transversely elliptic operator on the SU(V)-
manifold P, the Kirillov type formulation of the equivariant index formula for such
operators by Berline-Vergne [BV96al[BVI6b] might be also employed to prove the
above result. Our presentation is rather based on the Atiyah—Segal-Singer type
formulation of the equivariant index theorem.
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