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RESONANCE THEORY FOR PERTURBED HILL OPERATOR
EVGENY KOROTYAEV

ABSTRACT. We consider the Schrédinger operator Hy = —y” + (p + ¢)y with a periodic
potential p plus a compactly supported potential ¢ on the real line. The spectrum of H
consists of an absolutely continuous part plus a finite number of simple eigenvalues below the
spectrum and in each spectral gap v, # 0,n > 1. We prove the following results: 1) the
distribution of resonances in the disk with large radius is determined, 2) the asymptotics of
eigenvalues and antibound states are determined at high energy gaps, 3) if H has infinitely
many open gaps in the continuous spectrum, then for any sequence ()5°, s, € {0,2}, there
exists a compactly supported potential ¢ with fR qdx = 0 such that H has s, eigenvalues and
2 — 5z, antibound states (resonances) in each gap ~, for n large enough.

1. INTRODUCTION

Consider the Schrodinger operator H acting in L?(R) and given by

d2
da?
We assume that p € L?(0, 1) is a real 1-periodic potential, and ¢ is a real compactly supported
potential and belongs to the class Q} given by

H=H,+q, where Hy = + p.

The spectrum of Hy is absolutely continuous and consists of spectral bands &,, separated by
gaps 7,, which are given by (see Fig. 1)

0(Hy) = 04.(Hp) = Up>16,,
S, = [EX L E], m=(E.EN), n>1, and Ef <.<E',<E <E'<..

n—1~n
We assume that Ef = 0. The bands &,,, &, are separated by a gap v, = (E,,E}). If a
gap degenerates, that is y,, = ), then the corresponding bands &,, and &,,; merge. Here E*
is the eigenvalue of the boundary value problem

—y" +plx)y=XNy, XeC, y(x+2) =y(z),z € R. (1.1)

If £, = E} for some n, then this number EF is the double eigenvalue of the problem (L.
The lowest eigenvalue Ef = 0 is always simple and the corresponding eigenfunction is 1-
periodic. The eigenfunctions, corresponding to the eigenvalue Ej,, are 1-periodic, and for the
case Ey, . they are anti-periodic, i.e., y(z + 1) = —y(z), = €R.

It is well known, that the spectrum of H consists of an absolutely continuous part o,.(H) =
o(Hyp) plus a finite number of simple eigenvalues, both in each gap 7, # 0,n > 1 and in the
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FIGURE 1. The cut domain C\ US,, and the cuts (bands) &, = [E;_
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FIGURE 2. The cut domain Z = C\ Ug,, and the cuts g, = (e, e}) in the z-plane.
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half-line (—oo, Ey ), see [Rb], [F1]. Moreover, in a remote open gap 7, the operator H has at
most two elgenvalues [Rb] and precisely one eigenvalue in the case [, q(x)dz # 0 [Zh], [F2].
Note that the potential ¢ in [Rb],[Zh1] belongs to the more general class see also [F3]-[E4],
IGS], [Sdl, [Zh2], [Zh3].

The resonance theory for the multidimensional Schrodinger operator with a periodic poten-
tial plus a real compactly supported potential has been much less studied, see [D], [G] and
references therein. Some results for the case of a slowly varying perturbations of a 1D periodic
Schrodinger operator have been announced in [KM].

Introduce the two-sheeted Riemann surface A obtained by joining the upper and lower rims
of two copies of the cut plane C \ 0,.(Hp) in the usual (crosswise) way. The n-th gap on

the first physical sheet A; we will denote by 7&1) and whereas the same gap on the second
nonphysical sheet Ay we will denote by 7&2). Let 7¢ be the union of 7" and 7, i.e.,

Yo =T UL
In what follows we will use the momentum variable z = v/A, A € A and the corresponding
Riemann surface M, which is more convenient for us, than the Riemann surface A. The
mapping A — z = V/\ is a bijection between the cut Riemann surface A \ Uv¢ and the cut
momentum domain Z (see Fig.2.) given by

Z=C\ U G,, where g, =(e,,el), =—ef, =\EF>0 n=>1L. (1.2)
n#0

Here R\ |, 40 n is the momentum spectrum and g, # () is the momentum gap. Slitting the
n-th momentum gap g, (suppose it is nontrivial) we obtain a cut g¢ with an upper rim g
and lower rim g, . Below we will identify this cut g¢ and the union of of the upper rim (gap)
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g, and the lower rim (gap) 7,, i.e.,

I = Gn VG0 (1.3)
In order to construct the Riemann surface M we take the cut domain Z and identify (i.e. we

glue) the upper rim ¢ of the cut g¢ with the upper rim ¢g*, of the cut g, and correspondingly
the lower rim g, of the cut g with the lower rim g_, of the cut ¢g¢, for all nontrivial gaps.
The mapping A — z = v/ from A onto M is one-to-one and onto and we have the following.

1) The physical gap 7,(11) C A, is mapped onto the physical ”gap” (the upper rim) g C M,
and the half-line (—o0,0) C A; is mapped onto iRy.

2) The nonphysical gap 7,(12) C A, is mapped onto the nonphysical "gap” (the lower rim)
g, C My and the half-line (—o0,0) C Ay is mapped onto iR_.

3) C; ={z:Imz > 0} plus all physical gaps g, is a so-called physical "sheet” M.

4) C_ ={z:Imz < 0} plus all nonphysical gaps g, is a so-called nonphysical ”sheet” M.

5) The momentum spectrum oy, = R\ Ule;,, €] joints the first M and second sheets M.

n? n]

Note that if p = 0, then A is a Riemann surface of the function v/A, M = C is the momentum
plane, M; = C, is the physical "sheet” and My = C_ is the nonphysical ”sheet”.
We introduce the determinant

D(z) = det(I 4 q(Hy — 2*)71), z e Cy,

which is analytic in C, and continuous up to R\ {z : z = eX,n € Z}, where eg = 0, see [F4],
[F1]. Tt is well known that if D(z) = 0 for some zero z € My, then z? is an eigenvalue of H
and z € U209, or z € iR,. We introduce our basic function & by

£(z) = 2isink(z)D(2), z e Cy. (1.4)

Here k(2) is the quasimomentum for the operator Hy introduced by Firsova [F3] and Marchenko-
Ostrovski [MOI, see Section 2 for a precise definition of k. In Section 2 we describe the prop-
erties of the function k, which is analytic in z € Z. Moreover, we show that sink(z),z € Z is
analytic in M and M is the Riemann surface of sin k(z). All zeros of sin k(z), z € M have the
form e n € Z, where ea—L = 0. In Theorem [L.Tl we will show that £ has an analytic extension
from C, into the Riemann surface M.
Definition S. Let ( € M be a zero of £(z),z € M and assume that ¢ # e} for any
el =e, ,n#0.
1)If ¢ €iRy or ¢ € U g, we call ¢ a bound state.

n#0
2) If ¢ € My and ¢ # eX,n € Z, we call ¢ a resonance.
3) Let ef = 0. If { = 0 or ¢ = e for the open gap |g,| > 0,1 # 0, we call  a virtual state.
4) A point ¢ € M is called a state if it is either a bound state or a resonance or a virtual
state. We denote by &4 (H) the set of all states. If ( € g,;,n # 0 or ( € iR_, then we call ¢
an antibound state.
5) The multiplicity of a bound state, a resonance or the point 0 is the multiplicity of the
corresponding zero. The multiplicity of the virtual state ( # 0 is the multiplicity of the zero
z = 0 of the function £(¢ + 2?). A state with multiplicity one is called simple.

Of course, 22 is really the energy, but since the momentum z is the natural parameter, we
will abuse the terminology.
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We recall the results about the resonances from [F1]:

1) Let ¢ = 0. Thus we have D = 1 and £(z) = 2isink(z), z € Z. Then the operator Hy
has only virtual states e for all e, # ¢, n # 0 and e¢j = 0. There are no other states.

2) Let a gap ¢, = 0 for some n # 0. Then for any h € C§°(R),h # 0 the function
((H —2z%)71h, h) is analytic at the point e7 = e, € Z. Roughly speaking there is no difference
between these points and other points inside the spectrum o,.(H). The point e = e, is not
the state.

3) If fR q(z)dx # 0, then H has precisely one bound state on each open physical gap and
an odd number > 1 of antibound states on each open non-physical gap for n large enough.

Define the coefficients for all n > 1 by

b= [ a@)dr, G =Gt i G [
R

q(z) cos 2mnzdz, sy, :/q(:c) sin 2rnxdx. (1.5)
R

R

Let p2,n > 1 be eigenvalues and y, be the corresponding eigenfunctions of the Sturm-
Liouville problem

— Y+ DY = HoYn, Yn(0) = y,(1) = 0, (1.6)

on the interval [0, 1]. Tt is well known that each p? € [E,, Ef] for all n > 1.
In order to formulate Theorem [T we define ¢,, s,, the angles ¢,, € [0, 27)

Cp = COS Oy, S, =sing, € [—1,1], on € [0,2m) (1.7)
by the identities

E-+ Ef n
Bt eIl syl - D =50 it >0 (1)
where all eigenfunctions satisfy 3/ (0) = 1. We describe our first main results about states.

Theorem 1.1. Let potentials (p,q) € L*(0,1) x Qf,t > 0. Then we have

i) & has an analytic extension from C, into the Riemann surface M and the function
J(z) = Re&(z),z € oy =R\ Ule,,, ef] has an analytic extension into the whole plane C.

it) There exist an even number > 0 of states (counted with multiplicity) on each set gt #
0,n # 0, where ¢< is a union of the physical gap g," C My and the non-physical gap g,” C
M.

iii) There are no states in the “forbidden” domain D C C_ given by
D :{z € C_: |z > maX{lg()e?IIplIl’ Coe%llmzl}}’ Cy = 12Hq”t€||p||1+||q||t+2llpllt’ (1.9)

¢
where |lqll: = fola(z)|dz.

w) In each g, # 0,n > 1+ <=Cj there exist exactly two simple real states zy € g5 such
that e, < z, < e, <z <eb (for the definition of e, see (Z10)) and satisfy

tmw/2

2|
Zi: + |7|(

. —~ —~ ~ 2
=€, T (477'”)3 +40 — Cnfcn + Snlsn + O<1/n>> )

" Yl .
(=1)"J () = (2‘7m|)2($qo—cnqm+ansn+0(1/n)) as  n—oo. (1.10)
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FIGURE 3. The bound states and resonances on the Z domain with the physical rims g;
and the nonphysical rims g,

Moreover, if a state ¢ € {2, , 2"} satisfies (—1)"J(¢) > 0, (—=1)"J(¢) <0, J(¢) =0), then ¢

nJ» n

15 a bound state, an antibound state or a virtual state correspondingly and, in particular,

if >0 = =z, €M, isbound state, z € My is antibound state,
if <0 =z, €Ms,isantibound state, zF € My is bound state. (1.11)

Remark. 1) The forbidden domain D is similar to the case p = 0, see [K2] and Fig. 3.

2) In the proof of Theorem the estimates z, < e, < z and asymptotics (LI0) are
important.

Recall that p is even, ie., p € LZ,,(0,1) = {p € L*(0,1),p(z) = p(1 — z),z € (0,1)} iff

even

p2 e {E- Et} for all n > 1, see [GT], [KKI]. Note that u2 € {E,, Ef} < s, =0.

Corollary 1.2. Let ¢y = 0 and @, = |gn|e™,n > 1 for some 7, € [0,27). Assume that
| cos(¢n, + 1) > >0 and |g,| > n~* forn large enough and for some e, € (0,1), where ¢y,
is defined by (I.8). Then we have

i) The operator H has s, = 1 — sign cos(¢, + 7,) bound states in the physical gap g} # ()
and 2 — 3, antibound states inside the nonphysical gap g, # 0 for n large enough.

ii) Let in addition, a real potential V € QF and let |V,| = o(n™) as n — oo. Then the
operator H+V has s, bound states in the gap g # 0 and 2 — 3¢, antibound states inside the
gap g, # 0 for n large enough.

iii) Let in addition, p € L? . (0,1). Then the following asymptotics hold true:

even

2|, 01\
z,f = e,f F (4ljn)|3 <cnqm + %) as  n — 00. (1.12)

Moreover, if |Gun| > n™% for n large enough, then H has exactly 3¢, = 1 — sign ¢, G, bound
states in each open gap gt and 2 — s, antibound inside gap g, # 0 for n large enough.
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Remark. Let all conditions in Corollary iii) hold true and let g., > n~® for all n large
enough. Then

if pu, = e, , then H has exactly 2 bound states in the open gap g for n large enough,

if pu, = e}, then H has not bound states in the open gap g for n large enough.

Let #(H,r, X) be the total number of state of H in the set X C M having modulus < 7,
each state being counted according to its multiplicity.

Theorem 1.3. Let the real potential ¢ € L*(R) and let [0,t] be the convex hull of the support
of q for some t > 0. Then the following asymptotics hold true:
2t 1
204 o()
T
Remark. 1) The first term in (.I3]) does not depend on the periodic potential p.

#(H,r,C_) = as 1 — 00. (1.13)

2) The distribution of the resonances for the case p # const in the domain C_ is similar to
the case p = 0, obtained by Zworski [Z1].

3) In the proof of (LI3) we use the Paley-Wiener type Theorem from [Fr], the Levinson
Theorem (see Sect. 5) and a priori estimates from [KK], [MO].

Consider some inverse problems for the operator H.

Theorem 1.4. i) Let the spectrum of the operator Hy have infinitely many gaps v, # 0
for some p € L?(0,1). Then for any sequence (3¢,)3°, where s, € {0,2}, there exists some
potential ¢ € QF (defined by [5.9)) such that H has ezactly s, bound states in each gap g # 0
and 2 — 3, antibound states inside each gap g, # 0 for n large enough.

ii) Let ¢ € QL satisfy Gy = 0 and let |g,| > n=% for all n large enough and some o € (0,1).
Then for any sequences (32,);°, where », € {0,2} and (6,)5° € €%, where all 6, > 0 and
infinitely many 6, > 0, there exists a potential p € L*(0,1) such that each gap length |7y,| =
dn,n = 1. Moreover, H has exactly s, bound states in each physical gap gt # 0 and 2 — s,
antibound states inside each non-physical gap g, # 0 for n large enough.

Remark . The proof of ii) is more difficult and here we use results from the inverse spectral
theory from [K5].

A lot of papers are devoted to the resonances for the Schrodinger operator with p = 0, see
[Er], ], K1, [K2], [S], [Z1], [Z3] and references therein. Although resonances have been
studied in many settings, but there are relatively few cases where the asymptotics of the
resonance counting function are known, mainly the one dimensional case [Fr], [K1], [K2], [S],
and [Z1]. We recall that Zworski [Z1] obtained the first results about the distribution of
resonances for the Schrédinger operator with compactly supported potentials on the real line.
The author obtained the characterization (plus uniqueness and recovering) of S-matrix for
the Schrédinger operator with a compactly supported potential on the real line [K2] and the
half-line [K1J, see also [Z2], [BKW] about uniqueness.

For the Schrodinger operator on the half line the author [K3] obtained the following stability
results.

(i) Let z,,n > 1 be the sequence of all zeros (all states) of the Jost function for some real
compactly supported potential g. Assume that Zn>1 n3|z, — Zn|? < oo for some sequence
Z, € C,n > 1. Then z, is the sequence of all zeroes of the Jost function for some unique real
compactly supported potential.
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(ii) The measure associated with the zeros of the Jost function is the Carleson measure, and
the sum > (1 + |2,])™, a > 1 is estimated in terms of the L!'-norm of the potential q.

Brown and Weikard [BW] considered the Schrédinger operator —y” 4+ (pa + ¢)y on the half-
line, where p,4 is an algebro-geometric potentials and ¢ is a compactly supported potential.
They proved that the zeros of the Jost function determine ¢ uniquely.

Christiansen [Ch] considered resonances associated to the Schrodinger operator —y” + (ps +
q)y on the real line, where pg is a step potential. She determined asymptotics of the resonance-
counting function. Moreover, she proved that the resonances determine ¢ uniquely.

The plan of the paper is as follows. In Section 2 we describe the preliminary results about
fundamental solutions for the operator Hy. In Section 3 we describe the scattering for H, H.
In Sections 4 we study the function ¢ and the entire function F' = ((2)((—z). Here it is
important that ¢ has a finite number zeros in C,. That makes possible to reformulate the
problem for the differential operator theory as a problem of the entire function theory and the
conformal mapping theory. Thus we should study the function F' using various ”geometric
properties” of conformal mappings from [KK]|, [MO|. The properties of F' are the key of the
proof of main Theorems [LTHT.4] given in Section 5.

2. THE UNPERTURBED OPERATOR H,

2.1. Fundamental solutions. In order to describe the spectral properties of the operator
Hy, we start from the properties of the canonical fundamental system ¢, ¢ of the equation
—y"+py = 2%y, z € C with the initial conditions ¢’(0, z) = 9(0, 2) = 1 and ¢(0, z) = ¥'(0, 2) =
0, where u' = 0,u. They satisfy the integral equations

' wp(s)ﬁ(s, z)ds,

sin zx /9C sin z(x — s)
+ R S———
0

U(x, z) = cos zx +/

0 z

o(z,2) = p(s)p(s, z)ds. (2.1)

z z

For each = € R the functions ¥(z, z), p(z, z) are entire in z € C and satisfy

1
maX{|Z|1|90("L‘>Z)|’ |90/(:L‘72)|7 |’l9(l‘, Z)|> EW(%Z)H’ < Xv
sin zx X

X
lp(z,2) = | < WHpHx, |92, 2) — cos zz| < EHpHm (2.2)

for all (p,z,z) € L},.(R) x R x C, see p. 13 in [PT], where

X dmrsite = [Clpo)lds (o = max{1, ol
Let ¢(z, z,7) be the solutions of the equation with the parameter 7 € R
— " Fpla+T)e =220, 0,2,7)=0, ¢0,2,7)=1, 2eC (2.3)
This solution ¢(z, z,7) is expressed in terms of ¥(z, ), ¢(x,-) by
@(xv Yy T) = 19<T7 )90(37 + T, ) - ()0(7-7 )19(37 + 7, ) (24)

The function (1, z,z) for all (z,z) € R x C satisfies the following identity (see [T])
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Below we need a solution of the equation —y” + (p — 2?)y = f, y(0) = ¢'(0) = 0 given by

Y= /Ol‘ oz —71,2,7)f(7)dr. (2.6)

Recall that p2 is the Dirichlet eigenvalue, defined by (L6). The following asymptotics hold
true as n — oo (see [PT], [K5]):

o = TN+ (D0 — Pen + O(En)), gy = —, (2.7)

1
ct=mtepotlpl +0E)). = [ e = p i (28)
0

2.2. The quasimomentum. In order to describe the quasimomentum from [F3], [MO]
we start from the properties of the Lyapunov function defined by A(z) = 1(¢/(1,2) +9(1, 2)).
We shortly describe the properties the Lyapunov function:

1) The function A(z) is entire and satisfies (due to the symmetry principle, since A is real
on R and iR)

A(2) = A(=2) = A(=2) = A(2), z e C. (2.9)
2) For each n € Z there exists an unique point e, € [e;, el] such that
A(e,) =0, (—1)"A(e,) = max |A(z)| = coshh, > 1, for some h, > 0. (2.10)
€len ,en
Recall that g, = (e, ,el). Note that if g, = 0, then e, = ¢ and if g, # 0, then e, € g, and

the point e, is very close to the centrum of the gap g, for n large enough, see (2.40).
3) Aef) = (—=1)" and A([ef, e,yq]) = [-1,1] for all n.
We introduce the quasimomentum k(-) for Hy by k(z) = arccos A(z), z € Z = C\ Ug,, and
by the asymptotics:
k(z) =2+ 0(1/z) as |z| = oc. (2.11)
The function k(z) is analytic in z € Z. Moreover, the quasimomentum k(-) is a conformal
mapping from Z onto the quasimomentum domain K (see Fig. 5 and [F3], [MO]) given by

K=C\ul,, [, = (mn — ihy,, mn + ih,).

Here I',, is the vertical cut with the height h,, which is defined by (Z.I0). Moreover, we have
(nhy)ns1 € 02 iff p € L2(0,1), see [MO], [KIJ, [K2]. The function sin k() is analytic on M.
We shortly recall properties of the quasimomentum k(-) from [MOJ] or [KK]:
Properties of the quasimomentum:
Here and below we rewrite the quasimomentum k(-) in terms of real functions u(-),v(-) by

k(z) = u(z) +iv(z), z € Z,

where u,v are harmonic in Z. Moreover, v is positive in Cy and satisfies:

v(z) = Imz(l + l/ v(r) 2d7‘), z € Cy. (2.12)
T U sogn |7 — 2|
1)v(z) 2 Imz >0 and v(z) = —v(Z) for all z € C; and
k(2) = —k(=2) = k(z) = —k(-2), Vz€Z, (2.13)
(—=1)"isink(z) = sinhv(z) = £|A%(z) = 1|2 >0 all z€ g*. (2.14)

2)v(z) =0 forall z € 0, =[e}_1,e,],n > 1.
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3) If some g, # 0,n > 1, then the function v(z + i0) > 0 and v"(z +i0) < 0 for all z € g,,
and v(z +140) has a mazimum at e, € g, (see (2.10) and Fig. 4) such that v'(e,) =0, and

v(z4+10) = —v(z —i0) > v, (2) = |(z —€,)(z — € )|2 > 0, Vzeg, #0, (2.15)
0) = o (2 1 v(t 4 40)dt B

werin)—n (17 [ D) e (2,16

|9n] < 2N (2.17)

4)u'(2) >0 onall (e, e,) andu(z)zwnforallzégnsé(l) n € 7.
5) The function k(z) maps a horizontal cut (a "gap” ) e, ,ef] onto the vertical cut T, and

the momentum band o,, = [e; |, e ] onto the segment [x(n — 1),7n] for alln € Z, i.e.,

n—1""n
k(le,,ef]) = T, k(o,) = [r(n—1),7n], n € 7. (2.18)
6) The following identities hold true:
1 t+1:0)dt —
k(z) :z+—/ M, z € Cy\ Ug,. (2.19)
T Jug t—2z

2.3. The momentum Riemann surface M. Recall that we will work with the momen-
tum z = v\, where A € A is an energy. The function A — z = v/A maps the cut Riemann
surface A \ U5 onto the cut momentum domain Z given by

Z=C\UnzoGn, Gn=1I(€,,6)=—gn, er=—€F, =EX>0, n>1, (2.20)

Slitting the n-th nontrivial momentum gap g,, we obtain a cut g¢ with an upper g;” and lower
rim g, . Below we will identify this cut ¢¢ and the union of the upper rim (gap) g and the
lower rim (gap) g,, ", i.e.,

g¢¢ =g uUg,, where g =g, 0. (2.21)

In order to construct the Riemann surface M we take the cut domain Z and identify (i.e. we
glue) the upper rim ¢ of the cut g¢ with the upper rim ¢g*, of the cut g, and correspondingly

the lower rim g, of the cut g, with the lower rim g_, of the cut ¢g¢,, for all nontrivial gaps. The
mapping z = VA : A — M is one-to-one and onto. The bounded physical gap %S” C Ais
mapped onto g C M; and the bounded nonphysical gap %(LQ) C A, is mapped onto g, C M.
Moreover,

1) C, plus all physical gaps g, is a so-called physical ”sheet” My,

2) C_ plus all nonphysical gaps g, is a so-called non physical "sheet” M.
3) The momentum bands o,, = [e; |, e ],n € Z joint the first and second sheets.

For the construction of the Riemann surface M we need to write few simple remarks:
1) M is the Riemann surface of the function sin k(z) = y/1 — A2%(2) and A is the Riemann

surface of the function sin k(v ) = /1 — A2(v/\).
2) It is important that (ZI3)) gives

sin k(z+1i0) = sin k(—z +10) = sin(mn+iv) = (—=1)"isinhv, v =Imk(z) >0, V z € g, # 0.

Due to this identity the upper rim g of the cut g¢ is glued with the upper rim g*,, of the
cut ¢g¢,. Correspondingly the lower rim g of the cut g¢ is glued with the lower rim g—, of
the cut g°,. Due to these facts the function sink(z),z € Z is analytic in M and M is the
Riemann surface of sin k(z).
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-1 Z €n Zn n+1

FIGURE 4. The graph of v(z +i0), z € [z_,2,,,] and h, = v(e, +i0) > 0

Im k
. —7 4+ ih1 T+ 1hy .
_3 ih —27 + iho i 27 + iho 3 ih
i I R T
-3 2 | 771| 0 nl 27 3 Rek

FIGURE 5. The domain K = C \ Ul',, with the cuts I',, = (7n — ih,, mn + ih,)

3) Let f be entire. The function f(z),z € C is even, i.e., f(z) = f(—z2),z € C, iff f is
analytic on the Riemann surface M # C.
2.4. The Floquet solutions. The Floquet solutions ¥4 (z, 2),z € Z of Hy are given by

ba(x,2) = W, 2) + me(2)p(a,2), me= % ¢'(1, .)2_19(1,.)’

where ¢(1, 2)4 (-, 2) € L*(Ry) for all z € C U U400, . If p=0, then k = z and ¢4 (z,2) =
e Substituting estimates (22)) into (Z.I)) we obtain the standard asymptotics

Lsin (22 — el tmz|
B(z) = /0 sz =1 oy + 267

8= (2.22)

2 9

z z
B(z) = /01 w;)(x)@x — 1)dz + % as |z| = oo, here B =08.8. (2.23)

The function sin k and each function ¢(1,-)¢x(z,:),z € R are analytic on the Riemann
surface M. Recall that the Floquet solutions ¢4 (z, 2), (z, 2) € R x M satisfy (see [T])

V(0,2) =1, ¥4(0,2) =me(2), ¥i(l,2) =eF* O (1, 2) = E*Fmo(2), (2.24)
Yi(x,2) = 1+ 0(1/2)) as |2] =00, z€ Z., (2.25)
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uniformly in x € R, where the set Z. is given by
Z.={ze€Z dist{z, 9.} >, 9. ZD,n€Z}, £>0.

Below we need the simple identities

B2l =A% =1—¢(1,)9(1,) = —p(1, )9 (1, ). (2.26)
This yields 12
V(1,2

me(mo () = =SS s F (2.27)

Let D,.(z9) = {|z — 20| < r} be a disk for some r > 0. We need the following result (see [Zh3]),
where 7(2), 20 € M, denotes the set of functions analytic in some disc D,(zp),r > 0.

Lemma 2.1. i) The following asymptotics hold true:
my(z) =xiz+0O(1) as |z| > 00, z€ Z.,e>0. (2.28)

ii) If g, = 0 for somen € Z, then the functions sin k,my are analytic in some disk D(py,, €) C
Z,e> 0. The functions sink(z) and p(1, z) have the simple zero at p, and satisfies

6<,un) + i(_1>nk<un)
i11) If the function m, has a pole at p, +i0 for some n > 1, then k(u, +1i0) = mn + ihg, and
hen >0,  B(pn) = isink(p, +10) = —(—1)" sinh hs,, m4 € o (u, — i0),
n + O —2sinh |hg,
_ O (2) as z — 0, z € Cy, pn:—sm'| |
z (=1)mp(1, pin)
iv) If the function m, has a pole at p, —i0 for some n > 1, then k(u, —i0) = mn + ihg, and

m () = , Immy(p,) #0. (2.29)

ma(fin + 2) < 0. (2.30)

hen <0,  B(pn) = —isink(p, —i0) = (—1)"sinh hg,, my € & (puy, + i0),

n+ O
my(pn + 2) = pn+Oz) as z— 0, ze C_. (2.31)
z
v) Let e, < el for somen #0. Then p, = e, or u, = et iff
£+0
my (pn + 2) = L\/_(z) as 2 — 0, z€ Cy, for some const p= # 0. (2.32)
z

Proof. The results of this lemma is well-known. We will give a sketch.

i) The asymptotics follows from (2.23)), [2.2)), (211, see [T].

i) If g, = (e;,el) = 0, then due to [2I) we have k(ef) = mn and the function k(-) is
analytic at e, = e”. Moreover, (2.19) gives

1 t+10)dt
k’(z)zl—i——/ M)l, at  z=er.
m Ugn (t - 2)

Thus this yields that the function sin k(2) is analytic at z = eX and z = e is a simple zero
of sin k(z). The point p, = e is a simple zero of (1, z), since the point p?2 is the Dirichlet
eigenvalue, see ([LA). This implies the proof of ii).

iii) Let g, = (e,,,e;) # 0 and let the function m, have a pole at p,, +40. The point u, € gy,

nJ)»-n

then k(u, + 10) = mn + ihg, € T, for some hg, > 0, since k is the conformal mapping and
k(gn) =T, and p, # e=.

+
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Due to (2.27), the function m_ is analytic at u, + 0 and we get m_(u, 4+ i0) # 0. Then
B(pn) — isin k(g +40) = 0, which yields

—1)"
B(pn) = isink(p, +i0) = isin(mn + ihg,) = ( 2) (e7hen — hen) = —(—1)"sinh hy,.

Moreover, using similar arguments ( analytic properties of k(-)), we obtain m, (u — i0) =
m_(p+140) for all u € (e, el), this gives m, € o (u, — i0).
Let 2z — 0, 2 € C,. Then
B(pn + 2) +isink(p, +2)  —2(=1)"sinhhy, +O(2)  pp +O(2)
(1, pn + 2) 21, pn) + O(2)) z

m(pn + 2) =

Thus iii) has been proved.

The proof of iv) and v) is similar to the case of iii). m

2.5. Properties of fundamental solutions. Let v2,n > 1 be the Neumann spectrum of
the equation —y” + py = v*y on the interval [0, 1] with the boundary condition 3'(0) = /(1) =
0. It is well known that each v? € [E,, Ef|,n > 1.

Lemma 2.2. Let p € L'(0,1). Then

i) The following asymptotics hold true uniformly in z € [e,, e as n — oo:
n(’z — :un)
p(1,2) = ()" ———(1+0(1/n)), (2.33)
V'(1, 2) (z —vp)
— =(-1)"—=(1+0(1 . 2.34
2= B oqymy) (2.34)
ii) Let z € g, C (8Pl 00). Then the following estimates hold true (here ¢ = 0.y ):
gellpll
9l < = < L (2.35)
|20
3lplh 3elpl
o(1 < BT 17 z < |Yn YR 2.36
PN ek < oo 5 (2.36)
. 3¢lplh 3¢lplh
V(LA < 2l 1L 2)] < gallzl—5— (2.37)
3¢lplh 3¢lpl 9¢llPlh
<< T < gn , < |gnl = 2.38
BN < G 1B <l PG 18O < ol (2.39)

iii) In each disk D= (mn) C D = {|z] > 32¢2IPIL} there exists exvactly one momentum gap g,.
Moreover, if gn, gny1 C D, then e, ., —el > .

Proof. i) We have the Taylor formula ¢(1, z) = &(1, )7+ 3(1, ,un+0z7')T—; forany z € [e;, €]
and some a € [0, 1], where 7 = z — p,,. Asymptotics ([2.2)) give (1, u,) = 2(—1)"%
and @(1, p, + a7)7 = O(n™?), which yields (233). Similar arguments imply (2.34)).

ii) Using |A(z) — cos z| < %, for all |z| > 2, we obtain

h? [Ipll1
o <coshh, —1=A(z)| ~ 1< ¢

N
Then the estimate |g,| < 2h,, (see (ZI7)) gives (Z.37).
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Due to (2.2), the function f = zp(1,z) has the estimate |f(z)] < C1 = elrl 2 € R.
Then the Bernstein inequality gives |f(2)| = |o(1, 2) + z2¢(1, 2)| < C1, 2z € R, which yields
p(1,2)] <& ElURE |) z € R. Moreover, we obtain |p(1, 2)| < |g,| max.¢,, |¢(1, 2)| < |gn|3c1

The proof of ([237) and the estimate |3(z)] < % is similar. Identity (2.20) gives
B2(ef) = —p(1,ef)0'(1,€). Then (Z36), Z3D) imply [B(e;)| < |ga|25". Using these

estimates and (z) = B(e;) + (z.)(z — e} for some z, € g,, we obtain (Z3J).
iii) Using (2.2]) we obtain

[(A%(2) — 1) = (cos® z — 1)| < 2X|A(2) — cos 2| < 2X?/|z|, X = e/mmHply
After this the standard arguments (due to Rouche’s theorem) give the proof of iii). =
Lemma 2.3. i) Let g € L'(0,t) for somet > 0 and let 2 — ex = O(|g,|/n) as n — co. Then

_1 " n o~ o~ o~
/wmaﬂwmhzLgid@%+%%—%%ﬁoam» (2.39)
R ™m

where ¢, s, are defined in (L8) and @y = [ q(7
i1) Let v, be defined by (Z13). The followmg asymptotics holds true:
e, +eb
5 1 O(gal*/n%), (2.40)

v(z) = Imk(2) = +v,(2)(1 4+ O(n™?)), z2 € ¢g,+i0 asn— 0. (2.41)

[

Proof. i) We consider the case z—e,, = O(|gn|/n), the proof for z—e}” = O(|g,|/n) is similar.
We need the following facts from Theorem 2 in [K5]: Let p2(7),7 € R be the Dirichlet

eigenvalue for the problem —y” + q(x + 7)y = 2%y, y(0) = y(1) = 0. Then there exists a real

function ¢, (1), 7 € R such that ¢/, ¢ € L} (R) and the following identity and asymptotics

- +

BB e =Dl oo, vreR cosou0) = e singn(0) = s, (242)
1

On(7) = ¢ (0) + 2707 + O(ey) as n — 0o, €n = 5 (2.43)

hold true, uniformly with respect to 7 € [0, 1].
Using (2.42) we rewrite e, — p,(7) in the form

_ w — MEL(T) - ‘fyn| (_1 + cos (bn('r))
— pn(T) = e+ un(t) 2 e+ pnlT)
\92n|( 1+ ¢08 6n(7) + O|galen)), (2.44)

where the following asymptotics have been used:
[ €r t € ( 6+—Mn(7))
. W1+ 2 = |g,1(1 + O(|gnlen 2.45
D s g (1 ) a1+ Ollanle) (245
as n — o0o. Asymptotics (2.33) and (2.44) yield
—1)" 1" _
C0 0z — i) = T2 04 0@)) 7 — al7) +£40(aul)) (2:46)

1 -
o(1,z,7) —

_ %(—1 + cos ¢, (7) + O(en)).
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Combine (2.46]), (2.43]) we obtain
—1)"g,
/Rgo(l, z,7)q(T)dT = % /R [ — 14 cos ¢, (1) + O(ey) |q(T)dT

(=D"gal , ~ ~
e nen — Sn{sn O n))s
5 (0o + Callen = Snisn + O(en))

where ¢, = cos ¢,,(0), s, = sin ¢,,(0), and this yields (2.39).
ii) We need the estimate from Lemma 2.1 in [K4] for all n > 1:
e, +ef B

en 5 < 19 M, M, = max G, (z),

S 4 =€9,
) .
Go(2) = —/ olr +i0)dr a7

T Jr\gn Un(T)|T — 2|

We need the estimate from Lemma 2.4 in [K4]:

1T 9
1 . x)dx
Ga( (po + M), Z €7, r = min e} — €1 > 0. (248)

z2) L —————
) 2|V leten | 4r®
This gives M,, = O(1/n?) as n — oo, since eX = mn + o(1) as n — oo. Thus substituting

(248) into ([2Z47) and into (ZI6]), we obtain (Z40) and (Z41]). =

3. THE PERTURBED OPERATOR H

We recall the well-known results about the scattering for H, Hy, see e.g. [F3], [F1]. The
equation —f” + (p + q) f = 2*f has unique Jost solutions fi(z,z) such that

fi(z,2) = (z,2), 2 >t, and f_(z,2) = _(1,2), 1 <0, z€oy=R\Ue,, el (3.1)

ni)»-n

The Jost solutions satisfy

iz, 2) = [ (x,—2), Vz € oy
This yields the basic identity
fi(z, z) =b(2)f-(x, 2) + a(z) f-(x, —=2), Vz € o, (3.2)
where
s w
b:w_(]’ a:w_(]’ Sz{f+($,2),f_($, _Z)}a
2isink
we{f FY w = o, = 2SIE 3.3
and {f,g} = fg' — f'g is the Wronskian. The scattering matrix Sy, for H, Hy is given by
_ (a(x)7 r(2) _s(F2) _ _b(F2)
Su(z) = (m(z) a(z)"1)" Ty = wz) + az) z € oy, (3.4)

where 1/a is the transmission coefficient and 7y is the reflection coefficient. We have the
following identities from [F1], [F3]:

la(2)|> = 1+ |b(2)]?, ze€oy=R\Ul,, el (3.5)

n-n
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We will represent the Jost solutions fi(z, 2) in the form f, = J+m,p (see (8.9)) and recall
that my is the Weyl-Titchmarsh function given by (222]). Here ¢, ¢ are the solutions of the
equations —y” + (p + q)y = 2%y, z € C and satisfying

o(z,2) = p(z, 2), Wz, z) =d(x,2) for all x >t. (3.6)

Due to (26]), the solutions 9,5 and f, of the equation —y" + (p+ q)y = 2%y satisfy the
equation

y(2,2) = yola, 2) — / @ — 1z T)(y(ndr, <t (3.7)

where y is one from 5, ¢ and f; yo is the corresponding function from ¥, ¢ and ¢, . For each
x € R the functions ¥(z, z), p(z, z) are entire in z € C and satisfy

~ - ~ 0 X,z
max{|z|1|so<a:, 2. |¢/<x,z>|,|ﬁ<x,z>|,%} <X,
_ A lal
|Q9($,Z)—Q9(ZL‘,Z)| < |Z| Xl’ |()0($’,2)—()0(ZL',Z)| < |Z|2 X17
1 1

t
1]l :/ Ip(s)|ds, |z|; = max{1,|z|}, X, = elmeli2=el+laletlplerfIpmldr (3 g)
0

for all (p,z,2) € L},.(R) x R x C. The proof of (3.8) repeats the standard arguments (see

loc

[PT]) proving (2.2]).

Lemma 3.1. Each function f.(z,z),z € R has an analytic continuation from z € oy into
z € Z. Moreover, for all z € Z the following identities and asymptotics hold true:

fi(2) = 00, 2) + ma(2)3 (- 2), (3.9)

f(0,2)= 1+/0 oz, 2)q(x) fr(, 2)dw, [0, 2)=m(2) —/0 O(z, 2)q(x) fy (x, z)dx, (3.10)

oz = vt 2 < 21D [giojar, v e 0. (3.11)
where v = Tm k(z) and
) = s e M), Bl ) =203+ [ o]+ lar)par, 3= =
fo(z,2) = E*EHT(1 4 DR /7)), 2 €0,1], (3.12)
n(z) — 1, fi(0,2) = 1+ O@M), f100,2) = iz + O(1) + o(e*) (3.13)

2
as |2| = 00, z € Z., e >0, where §(2) = [, q(z)e***dz, z € C.

Proof. Using (36), (BI) we obtain (3.9). Then each function f,(z,z),z € R is analytic in
z € Z, since my is analytic in z € Z.

Using the identity (2.4]), we obtain ¢(—s,-,s) = —¢(s,-) and ¢'(—s,-,s) = J(s,-). Substi-
tuting the last identities into (3.7) we get (B.10).
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We will show (3.IT)) for the case z € C_, the proof for z € C, is similar. Let
fla)=e ™ (2,2), folz) =e M (2,2), K(z,5) = p(z—s,2,5)e 0,
The standard iteration of (3.7 yields

F= R Y d B = [ Kl s, s (314

n>1
Using (2.2)) and estimate | Im z| < |v(2)], 2 € C (see (2.12))) we obtain

6‘ Im z\(s—a})-‘,—f; |p(r)|dr e|v|(s—x)+f; |p(r)|dr

‘eik(z)(sfz)‘ < e\v\(sfz)’ |90(37 — s, 2, S)| < < ’
ER ER
e2lvl(s—a)+ [ Ip(r)ldr _
|K (2, )] < 7 : Vs >ux,ze€ C_. (3.15)
21

Substituting (315) into (314) we obtain

| (2 / |K (2, 51)q(51) fa-1(s1)]ds1 <
<”7/ | K (x, 81)Q(81)|d31/ |K(51782)Q(52)‘d52----/ | K (Sp—1, Sn)q(sn)|dsn

[l p(r)ldr  rt s t s
e O VIO

S1

t 2 sn d
/ @ (sn—sn )L o) "la(s0)|dsn

7]62‘() t $+f ‘p ‘d?"
< / lg(s1)|dst / lq(s3)|ds... / lg(sa)|dsn
—1

E

t n
— 5(z) @)+ [ Ipwldr (J la(r)ldr)
nl|z[}

Thus summing we deduce that

—2)J E ()| dr |q |dT’ n T !
£ (2, 2) = fol, 2)| < el el § = 2o =22 s WB“ ) / lq(r)|dr,

e |z|7n!

which yields (BI]). Substituting (Z25]) into (BI1]) we obtain (BI12). The proof of [BI3) is

similar. ®
Firsova [F4], [F1] obtained the following results: the function a(z) has an analytic continu-
ations from z € o), into z € C, and the following identity holds true:

a(z) = D(2) = det(I + q(H — 2*)71), z € C,. (3.16)

We prove the main result of this section.
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Lemma 3.2. i) The functions £(z), s(z), w(z),a(z) have analytic continuations from z € oy
into z € Z and satisfy

a(—z) =a(z), w(—z)=w(z), s(—=z)=35Z), wo(—2)=wy(z), VzelZ. (3.17)

Moreover, for each z € Z the following identities

o _ 2isink(z2) ¢
w(2) = £10.2) = m()£.(0.2) = TR - [y @S e 318)
£(2) = 2ia(z) sink(z) = p(1, 2)w(z), (3.19)
() = ()4(0.2) = £200.2) = [ a(ahis (o0 ) (320)
and the following asymptotics
£(2) = 2isin z(1 + O(e*7 /2)), s(z) = O(e*V), (3.21)

hold true as |z| — 00,z € Z.,¢ > 0.
it) The function s(-) has exponential type p+ in the half plane Cy, where py =0, p_ = 2t.

Proof. We have w = {f_, f+} =v¢_f" — m_f.|,—0, which yields the identity w = f’(0,-) —
m_ f1(0,-) in BI8). Substituting (3.I0) into w = f1(0,-) — m_ f1(0,-) we get (B.18).

Definitions of s and f_ give s = {f, ¥y} = fivy" — f'|e=0, which yields the identity
s = f+(0,-)m4 — f1(0,) in [B.20). Substituting (3.10) into the last identity we obtain ([B.20).

These identities and analyticity of the functions f% (0, z), f4(0, ), m4(2) in the domain Z
imply that the functions £(z), s(2),w(z),a(z) have analytic continuations from z € R\ Ug,
into z € Z. The functions a, b, s, w are analytic in Z and are real on ¢R. Then the symmetry
principle yields (B.17]).

Asymptotics from Lemma B ([2.2)) and ([2) and identity [B.I8), (320) and £ = (1, )w
(see (319)) imply B.21)).

ii) We show p_ = 2t. Due to (3.:21]), s has exponential type p_ < 2¢t. The decompositions
fr=e"*(1+ f)and ¥y = (1 +¢) give (L+ f)(1+¢) =1+T, T=f+¢ +¢f and

s(z) = /0 q(z)y(x, 2) f1(x, 2)de = /0 q(z)e®*(1 + T(x, 2))dz, z € Z. (3.22)

Asymptotics (2.20), [2.2)), B12) and k(z) = z 4+ O(1/2) as |z| — oo (see (2.11))) yield
Y(z,z) = 0(1/2), f(x,2) = 2O /2) as 2] = 00, z€ Z.. (3.23)

We need the following variant of the Paley-Wiener type Theorem from [Fr]:
Let ¢ € Q? and let each G(z,z),z € [0,t] be analytic in z € C_ and G € L*((0,t)dr, Rdz).
Then fot e*#q(x)(1 + G(x, 2))dx has exponential type at least 2t in C_.

We can not apply this result to the function T'(z,z),z € C_, since m,(z) may have a
singularity at u, —i0 € g, +i0 if g, # 0. But we can use this result for the function
T(z,z —i),z € C_, since (3.22), B.23) imply sup,eqy [T (2, =i+ 7)| = O(1/7) as 7 — Fo0.
Then the function s(z) has exponential type 2t in the half plane C_. The proof for p, =0 is
similar. m
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4. PROPERTIES OF THE FUNCTION ¢
We start with the basic properties of the function &.

Lemma 4.1. i) The function £ = 2ia(z)sink(z),z € Z is analytic on the Riemann surface
M and satisfies:

£(z) =2isink(2)(1+ A(2)) + J(2), zeM,
AE) = [ alaa(e e, Ve = (00— 07)

J(z) - / q(x)}/i(:p,z)dl‘, le = 90(1’ )195_ 19,(17 ')QO@+ 5(905+ 196) = 90(1, *y ) + lela
R
Yir = (1, )00, = ' (1, )o@ + Bpl +93.), 0. =0 — 0,5, =F—p, (4.1)

£(2) = 2(=1)"* (1 + A(2)) sinhv(2) + J(2), z € gt 40,
Yii(z,2) = O(|gn|/n?) as 2z € g,,n — oo, (4.2)
where v =Imk and +v(z) > 0 for z € g=. The functions J, A are entire and satisfy
£(z) = £(—2), VzeZ, (4.3)
J(z) = J(—2) = J(Z) = J(—2), A(z) = A(—2) = A(-z) = A(z), VzeC. 4.4
i1) The following estimates hold true
[V'(1, 2)| X |B<Z)|)e2t|lmz| < &e(2t+1)\1mz\

|22 2] e ’

() < Gp,ququt(m(l, 9+

20
A(2)] < ||Q|||;‘2pvqezt|lmz|7 where Gy = 12|jgllycPlHlal 2ol ¢ _ 2vlerlale (45)

|J(en)| < &sinh P, if e > 8elPl, (4.6)

X
EN

Proof. i) Using ([33), we rewrite the identity ([BI8) in the form

£(2) = 2isink(z) - / (@)Y (2, 2)dz, Y = p(L,Yo_ () fo(z, ), (4.7)

R
for z € C4. Let ¢1 = ¢(1,-), 9] =V'(1,-). Using (A7), (39) we rewrite Y in the form

!/

~ ~ ~ ~ ~ U : :
Y =p1(0+m_@)(d+mip) = (1919 +my 9o + m_p — j(p(p) =Y —i2Y;sink.
1

Substituting the last identity into [, ¢(z)Y (x, z)dx and using (23] we obtain Y; = ¢(1,-,-) +
Y11, which gives (4.1]).

(2.14) implies the identity in (£2). Substituting asymptotics from (3.8]), Lemma into
Y11 we obtain Yy (z, ) = O(|g,|/n?) as z € g,,n — oc.

The function £ is real on iR, then the symmetry principle yields (4.3]).

The functions A, J are entire and are real on {R,R. Then the symmetry principle yields
(@4). Then £(z) is analytic in M, since sin k(z) is analytic in M

ii) Using (3.8), (22) and (£1) and Lemma [22] we obtain (45]). Estimates (43) and Lemma
22 give |J(e,)| < %|gn|; and the estimate |g,| < 2h,, < 2sinh h,, (see ([217)) yields (£.6). =
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Define the functions F, S by
F(z) = [6(2)]* = 4]sink(2)Pla(2)]* >0, S(2) = |p(1,2)s(2)", 2 € on =R\ Ule,, ex].

Lemma 4.2. i) The functions F(z),S(2), z € oy have analytic continuations into the whole
complex plane C and satisfy
F(z) = €(2)€(—2) = €(2)6(2),  S(2) = ¢*(L2)s(2)s(—2), 2 € Z, (4.8)
F=41-A)1+ AP+ J*=4(1—- A% +S. (4.9)
Moreover, F(z) > 0 and S(z) = 0 on each interval (e} ;,e;),n > 1 and F has even number
of zeros on each interval le;, ,el],n > 1.
ii) The function F has only simple zeros at eX, g, # 0. Furthermore,
if e, = et for somen #0, then e, is a double zero of F' and e;, is not a state of H,
if F(0) =0, then ¢ =0 is a double zero of F and { =0 is a virtual state of H.
iii) Let ¢ € C_\iR. The point ¢ is a zero of F iff ( is a zero of & (with the same multiplicity).
iv) ¢ €iR_ is a zero of F iff ( € iR_ or —C € iR, is a zero of €.
v) Let g, # O,n > 1. The point { € g, is a zero of F iff ( +1i0 € g} or ( —i0 € g, is a zero
of & (with the same multiplicity).

Proof. i) Using (£3) we deduce that F' = £(2){(—%),z € op. Then by (1), F satisfies
F = (1-A%(2—- A)?+ J? and then F is entire. Using (3.5), (3I7), we obtain that F,S
satisfy (£.8), (£9) and then S is entire.

Recall that F' > 0 and S > 0 inside each (e} ,e;), since |sink(z)| > 0 and |a(z)| > 1 on
R\ Unz0g,, see (B5). Due to F(ef) > 0, we get that F has even number of zeros on each
interval [e, ef].

ii) Consider the case ( = e, g, # ), the proof for ¢ = e, is similar. We have F = Fy + S,
where Fy = 4(1 — A?). Thus if F(¢) = 0, then we get S(¢) = 0, since A?(e;7) = 1. Moreover,
Fi(¢) = —2A(Q)A'(¢) > 0 and S'(¢) = 0, which gives that ¢ = e is a simple zero of F.

Let g, = 0. Then the functions ¢;,%, have zero at e, = e and then identity (Z.26)
gives fB(e,) = 0. Then identity (1)) gives J(e,) = 0 and identity (£9) implies that e,
is a zero of S with the multiplicity > 2. Differentiating F' = 4(1 — A?%) + S we obtain
F(e,) = —=8AA+5|., > —8AA|,, > 0, since S(e,) > 0. Then e, is a second order zero of F.

The proof for the case F'(0) = 0 is similar.

iii) The function £ has not zeros in C, \ iR, see [F1]. This and the identity F' = £(2){(—=z)
yields v).

iv) The definition F'(z) = £(2)é(—2), 2z € Z gives iv).

v) The statement v) follows from iii). m

Due to Lemma we study the entire function F' instead of the function £ on the Riemann

surface M. Now we describe the forbidden domain for the resonances.

Lemma 4.3. F has not zeros in Dy \ Ule,,, ef], where
Dy :{Z € C: |z| > max{180¢*I*lh C’Oez”mz}}, Co = 12||q| ;P Hlalle+2lple (4.10)

Moreover, if [e;, ell] C Dy, then F has exactly two zeros z € [e,, el] such that:

n»-n
if e, <etb, then z,,z are the simple zeros such that e, < z, < e, < zF <ef,

if e, = e, then z, = z' is a zero of order two,
There are no other zeros of F' in Dy.
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Proof. Using Lemma A1), (8.8) and (2.2]) we obtain

2
3
<1 |2[1
where X, = eltmz12t+llale+2lple X — eltmzl+lrly and |2|; = max{1, |2|}. Substituting these
estimates into the identity
F —4sin® 2z = 4(cos® z — A?) + J? + 4(1 — A*)A(A + 2),
which follows from (4.§]), we obtain

1 2X2 2X. 2X
P st s < 0xC,, 0y = by WIEXE X () alEXa)
ERENEEENFE 2P

X
Xo X |A(z) —cosz| < —

, ze€C,
2[4

Using the simple estimate €™l < 4|sinz| for all |z — 7n| > T,n € Z, (see p. 27 [PT]), we
obtain

9X?% = gl mal+2plh < |45in? 2|72 all |2 — 7n| > n € Z, ro = GellPllh,

T
47
which yields

|F(2) — 4sin® 2| < 4]sin® 2|r2C) < 4]sinz|, V z€ Dy UD%(TFH),

since for z € Dy the following estimates hold true

2
o 1 rollqll X2 1
I |2 2’
2 2 2 2 2 2 2
oo 3 rAlalBXE RNl B 11 1 1 19
o< 9 I <.
ST T TR BE TR 51 2 e S

Thus by Rouche’s theorem, F' has as many roots, counted with multiplicities, as sin? z in each

disk D= (7n) C Dy. Since sin z has only the roots mn,n > 1, then F' has two zeros in each
disk Dz (7n) C Dy and F has not zeros in Dy \ UD= (7n).

Let e, < ef. Estimate {7) gives [A(e,)| < 3 and G) imply |J(e,)| < sinhh,. The
substitution of these estimates into (L8] yields
&

|en|?

Fle) < — (1 -

and ey, h, are defined by ([2I0). The function F(ef) > 0 and due to [@II), we deduce that

F has exactly two zeros zE on the segment [e,,, ;'] such that e < 2, <e, < 2 <e.

n ni)»-n

If e, = e, then by Lemma [£2 i), 2z, = 2 is a second order zero of F. =

) sinh? h,, < 0, (4.11)

We discuss the relationship of states from the Definition S and poles of the resolvent (H —
2?)71. The kernel of the resolvent R = (H — 2%)~!, 2 € C, has the form

f@af ) Rund,2)
—w(z)  —€(z)

and R(z, 2, z~) = Ii(a:’, x,z), x> . Identity (B.9) yields fi = 0+ m4Q, 9= 5(3:, z), @=

o(x,2). Let 9, =9(2',2), .= @(2',2). Then using (2.206) my = 5izflr)lk, we obtain

Ri(z,2',2) = (1, ){9?5* + (8 —isin k)(ﬁ{i + (8 + isin k){;@* — (1, ) Pup.

R(z,2',2) = <z, Ri=o¢,2)f (z,2)f (2, 2),
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Then for fixed z, 2" € R the function R;(x,2’, z) is analytic on M and R; is locally bounded
on R? x M. The zeros of ¢ create the singularities of the kernel R(x,z’,2). Thus if £(2) =
o(1, 2)w(z) = 0 at some z € M, then R(x,2’,z) has singularity at z. The poles of R(z, ', z)
define the bound states and resonances. The zeros of £ define the bound states and resonances,
since the function R; is locally bounded.

Consider the unperturbed case ¢ = 0. Recall that sin k(z) is analytic in M and sink(z) =0
for some z € M iff z = e, or z = ¢} for some n > 0. The function ¢ is analytic on M and
has branch points e£, g, # 0. Then Ry = (Hy — 2%)~! has the form

Ryo(z, 2, 2)
—&o(2)

Ry = 90(17 'W—(% -)’17/)+(:L‘/, ) = 90(1’ )1919* + (ﬁ — isin k)gm?* + (6 + isin k)ﬁSD* - 19,(1’ ')9090*7
where ¢ = p(z,-),.. and @, = p(2',-),.. Thus Ry(z,2’, z) has singularity at some z € M iff
sink(z) =0, i.e., k(z) = 7n and then z = e

Remark that if { = e, = ¢/ (i.e.. the gap g, = 0), then £ is analytic at ¢, and £(¢) = 0, but
such point ¢ is not the state. The function a(z) is analytic at ¢ and ([B.3) yields |a(¢)] > 1

Ro(z,2',2) = &o = p(1, 2)wy(2) = 2isink(z),

5. PROOF OF THEOREMS 1.1-1.4

Proof of Theorem [I.1] i) By Lemma[4.]] ¢ is analytic on M and the function J is entire.
ii) Recall that (4.8) gives

F(z) = £(Q)8(=C) = £(Q)E(C), ¢ =z+10 € g, +i0.

Then the zeros ¢ € g, + 10 of £(¢) give the bound states and the zeros ¢ € g, + 40 of £(() give
the antibound states. Their global number on g¢ plus the possible virtual states at e is even
> 0, see Lemma 2] i).

The similar arguments and Lemma 3] yield iii).

Moreover, if an open gap g, = (e, ,e}) C Dy ( Dy is defined by (£3)), then there exist

exactly two simple zeros 2z € [e,,, ;] such that
e, <z, <e, <zt <el (5.1)
The asymptotics (2.40) yields 6T < 5 2|g,| as n — co. Note that if g, = (), then F has a double

zero e = zF = e,. There are no other zeros of F' in Dy.

iv) Due to (5.1 we have zf = e F 65, 6% > 0. Let ¢ = 25,6 = 0=. Then the equation
0= £(C) = (~1)"12(1 + A(C)) sinh'v(C) - J(C), C € 7% % 0 and Lemma 22, (@3) imply
(

sinh |[v(¢)| = O(J(¢)) = (\w(l Ol + W‘a’f” + Wg”) =e.0(gnl), en= ﬁ

as n — 0o. Moreover, using the estimate |(z — e )(z — eF)[2 < |v(2)| for each z € g, (see
ZI5)) we obtain |6(|g.| — 8)]2 < [v(C)] = £,0(|gn|), which yields § = £20(|g,|). Thus the

- + + fof
points 2~ are close to e, and satisfy:

[v(2)] = €x0(1gal), O = 20 — e = ,0(lgul). (5.2)
Consider the case 6 = 8, = £20(|gy|), the proof for § = 4,7 is similar. Using (£2) we obtain

J = Jo+ O(£2|gal), Jo(2) = —A@(l,z,x)q(:c)d:c.
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Asymptotics ([239) gives

Jo(€) = (=1)"[gnlen(@o — cnlen + $nGsn + O(en)), (5.3)
where ¢, = cos ¢,,(0), s, = sin ¢,,(0), and (£.2) yields

Using (£5) we obtain

—1ye I;
sinhv(() = (2+)2i((§)) = 2€ﬂ90n|(€%), signv(¢) = sign(—1)"J(¢) = sign 1, . (5.5)
Note that if v({) > 0, then ¢ € g/ is a bound state,
if v(¢) < 0, then ¢ € g, is a resonance,
if v(¢) =0, then ¢ = e, or ( = e is a virtual state.
Then (5.2)) gives sinhv(¢) = v(¢)(1 4+ O(|gn|*¢2)) and using asymptotics (2.4]), we obtain

v(€) = V(Igal = 0)(1 + O(e7)) = V/0lgul (1 + O(ey)).
This and (53] yield §,; = |9n4|6% (I;)? and ([2Z3) gives |y,| = (2mn)|gn|(1 + O(£2)), which yields
Or = 24 (I;)*(1 4 O(2)). This and (5.4) give (LI0).

If o > 0, then I, > 0 and above arguments yield that z is a bound state and z;} is an
antibound state. Conversely, if gy < 0, then I, < 0 and we deduce that z, is an antibound
state and z is a bound state. This yields (LIT)). m

Note that due to (LLI0), the high energy real states of H and Hy are very close. This gives

#<H7 T? Un}lgrcz) = #(H(]u T7 Un}lg;) + 2N* as r— 007 r ¢ Un}l?n' (56>

for some N, € Z.
Proof of Corolarry We have —¢,Qun + SnGsn = —|Gn| cos(¢y, + 7,), where ¢, s,, given
by (L8). Then Theorem [[1liv) yields the Statement i) and ii).

If pe L2, (0,1), then the coefficient s, = 0 for all n > 1 (see remark before Corolarry [[.2)).
Thus Statement i) yields Statement iii). m
Proof of Theorem [I.3] An entire function f(z) is said to be of exponential type if there
is a constant a such that |f(z)| < const. e®*l everywhere. The function f is said to belong

to the Cartwright class Cart,, if f is entire, of exponential type, and the following conditions

hold true:
log(1 d log | f (i
[ REEHIEE oo par) = where pa(f) = tim sup 2L
R I+x y—00 Y

Let N(r, f) be the total number of zeros of f with modulus < r, each zero being counted
according to its multiplicity. We recall the well known result (see [Koo)).
Levinson Theorem. Let the entire function f € Cart,,p > 0. Then N'(r, f) = %£(p + o(1))
as v — 00, and for each & > 0 the number of zeros of f with modulus < r lying outside both
of the two sectors |arg z|, | arg z — w| < § is o(r) for r — oo.

Consider the functions F, S.

By Lemma Lemma [2] the functions F, S are entire and by (3l), the function F' € L>*°(R)

and then the function S € L*(R) . Using Lemma B.2]ii) and (3.8]), we deduce the function S
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has the exponential type p+(S) = 2 + 2¢ in the half plane C.. Thus the function S belongs
to Carte, o and the identity (£9) gives that F' € Carts, o and the Levinson Theorem implies
2+2t+0(1)

N(r, F) = 27“7 as 1 — o0. (5.7)

Let £¢, > 0,n > 1 be all real zeros # 0 of I’ and let the zero (y = 0 have the multiplicity
ny < 2. Define the function F; = 2™ lim, chnl (1= Cin) Recall that by Lemma [4.2]

F(z) > 0 on the set R\ U, 209, and by Lemma [£.3] the function F' has exactly two zeros on
each set [e;, el for n large enough. Then

2+0(1)
7r

N(r, Fy) =2r as r — 00. (5.8)

Combining (5.7) and (5.8]), we obtain

2+ 2t 1 2 1 t 1
N(r,F/F)=N(r,F)—=N(r,F) = 2r—+ +o(l) —2r7+0< ) = 4r + o )
™ ™ ™
Denote by Ny (r, f) (or N_(r, f)) the number of zeros of f with imaginary part > 0 (or < 0)
having modulus < r, each zero being counted according to its multiplicity. The function F' is
real on the real line, then
1 t 1
N, F) = N-(r,F) = N B ) = 2 20

T

Then Lemma .2 gives the identities N_(r, F) = N, (r, F) = N_(r,§) + N, for some integer
N, > 0, which yields N_(r,§) = 27“@ as r — oo and (LI3). m
Proof of Theorem [1.4l i) Let the operator Hy have infinitely many gaps 7, # () for some
p € L?(0,1) and let » = (3¢,)3° be any sequence, where », € {0,2}. For this p there exist a
unique sequence of angles ¢,, € [0,27),n > 1, defined by (LS]).

We take a real potential ¢ € L?(0,1),suppgq C (0,1) given by

1 iTn+12TNnT —iTy —127TNT 1
q(z) = nz;: |n|0‘(6 +e ), x€(0,1), 5 <a< 1. (5.9)

Let € € (0,1). We take 7, € [0,27) such that

if 52, = 2, then we choose 7, such that cos(¢, + 7,) < —¢,

if 52, = 0, then we choose 7, such that cos(¢, + 7,) > €.

Then due to Corolarry i), the operator H has s, = 1 — sign cos(¢,, + 7,) bound states
in the physical gap g # () and 2 — 5, resonances inside the nonphysical gap g, # () for n
large enough.

ii) Let ¢ € Qy,t > 0 satisfy gy = 0 and let @, = |gy|e"™, where |,| > n~® and 7, € [0, 2) for
all n large enough and some « € (0,1). Let s = (5¢,)° be any sequence, where 37, € {0, 2}.
Let 6 = (0,)5° € £? be a sequence of nonnegative numbers 6, > 0,n > 1 and infinitely many

9, > 0 and let (¢,)5° be a sequence of angles ¢,, € [0,27),n > 1. Let ¢ € (0,1). We take
on € [0,27) such that
if 52, = 2, then we choose ¢,, such that cos(¢, + 7,) < —¢,

if 5, = 0, then we choose ¢,, such that cos(¢, + 7,) > e.
Recall the result from [K5]:
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The mapping V : H — (2 & (% given by U = ((V,,)5°, (Vs )5°) where

_E, +E} )

|V
\I/cn - b
> 1

4

3
A e

is a real analytic isomorphism between real Hilbert spaces H = {p € L?(0,1) : folp(a:)da: =0}
and (> @ (2. Note that (510) and (L) give U, = 2le, W, = Pols since (-, 11,) = ya ().

Then for any sequence 6 = (8,)%° € (2 and any sequence of angles (¢,)>° there exists a

unique potential p € H C L*(0,1) such that each gap length |v,| = ,, and the corresponding
angle ¢, = ¢, for all n > 1. We consider the operator H = —% + p+ C + q, where the
constant C' is such that Ef = 0.

Then due to Corolarry i), the operator H has s, = 1 — sign cos(¢,, + 7,) bound states
in the physical gap g # () and 2 — 3, resonances inside the nonphysical gap g, # 0 for n
large enough. m
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