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Abstract

We have proceeded the analogy, represented in our previous works, of the Einstein tensor and
the alternative form of the Einstein field equations for the generic coefficients of the eight terms in
the third order of the Lovelock Lagrangian. We have found the constraint between the coefficients
into two forms, an independent and a dimensional dependent versions. Each form has three
degrees of freedom, and not only the coefficients of the third order Lovelock Lagrangian do satisfy
the two forms of the constraints, but also the two independent cubic of the Weyl tensor satisfy the
independent constraint in six dimensions and yield the dimensional dependent version identically
independent of the dimension. Then, we have introduced the most general effective expression
for a total third order type Lagrangian with the homogeneity degree number three consisted of
the previous eight terms plus the new three ones among the all seventeen independent terms. We
have proceeded the analogy for this combination, and have achieved the relevant constraint. We
have shown that a few expressions given in the literature as the third Weyl–invariant combination
in six dimensions do satisfy this constraint. Thus, we suggest that these constraint relations to
be considered as the necessary consistency conditions on the numerical coefficients that a Weyl–
invariant should satisfy. Finally, we have calculated the classical trace anomaly (an approach
that was presented in our previous works) for the introduced total third order type Lagrangian
as a general expression with four degrees of freedom (in more than six dimensions, and three in
six dimensions). Then, we have demonstrated that the obtained expression contains exactly the
relevant coefficient of the Schwinger–DeWitt proper time method (that linked with the relevant
heat kernel coefficient) in six dimensions, as a particular case. Of course this result is a necessary
consistency test, but our approach may be regarded as allowing an alternative (perhaps simpler)
classical derivation of the trace anomaly that gives a general expression with the relevant degrees
of freedom.

PACS number: 04.20.− q ; 04.50.+ h ; 04.20.Cv ; 04.90.+ e

Keywords: Higher Order Gravities; Non–Linear Lagrangians; Weyl Invariants; Heat Kernel Coefficients; Love-
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1 Introduction

In our previous work [1], we have highlighted that the splitting feature of the Einstein tensor
(as the first term of the Lovelock tensor [2]) into two parts – namely the Ricci tensor and the term
proportional to the curvature scalar – with the trace relation between them is a common feature of
each homogeneous term in the Lovelock tensor. We have emphasized that, indeed, this property can
been resulted through the variation procedure. Then, motivated by the principle of general covariance,
we have shown that this property can be generalized, via a generalized trace operator which we have
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defined and denoted by Trace notation (instead of the trace one), for any inhomogeneous Euler–
Lagrange expression that can be spanned linearly in terms of homogeneous tensors. And, as an
immediate application, we have demonstrated that the (whole) Lovelock tensor (which is constructed
of terms with a mixture of different orders) analogizes the mathematical feature of the Einstein tensor,
and hence, we have classified the Lovelock gravity as a generalized Einstein gravity.

Still motivated by the principle of general covariance, we have proceeded [3] further the analogy
and enforced the mathematical form of the alternative form of the Einstein field equations (as a
covariant form for gravitational field equations) for the relevant alternative form of the Lovelock field
equations. From this, we have found that the price for this analogy is to accept the existence of the
trace anomaly of the energy–momentum tensor even in classical treatments. Thus, we have actually
denoted [3] a classical view of gravitation which explicitly shows the presence of an extra anomalous
trace for the energy–momentum tensor with an indication of the constitution of the higher order
gravities towards it, exactly as what has been verified [4, 5, 6] in the quantum aspects of gravity.
Indeed, in the quantum theory, one relates and justifies the presence of the trace anomaly, classically,
to higher order gravities [7]. We have interpreted [8] that this classical procedure also indicates
compatibility with the Mach idea.

Then, we have employed [3] this procedure for any generic coefficients of the second order term
of the Lovelock Lagrangian. And thus we have gotten the resulted trace anomaly relation exactly
the same as the trace anomaly consistency constraint which had been suggested by Duff [9] in any
dimension. In addition to the second term of the Lovelock Lagrangian, the action constructed by
the square of the Weyl conformal tensor,1 which is the only local geometrical conformal invariant
in four dimensions, also satisfies this constraint relation (only) in four dimensions (note that, the
Weyl tensor is itself identically zero in three dimensions). This exact equality, between the trace
anomaly relation suggested by Duff and the constraint relation that the constant coefficients of any
generic second order Lagrangian must satisfy in order to hold the desired analogy, indicates that
there may exist an intriguing interplay here. Indeed, one may speculate that an intrinsic reason for
the existence of such a relation should perhaps be, classically, somehow related to the covariance2

of the form of Einstein’s equations [3]. That is, by employing the generalized trace relation, the
appearance of the trace anomaly may be interpreted as the Lovelock modification of gravity even
in the classical treatments. Though it is somehow a naive conjecture, nevertheless, it gives almost
an easy classical procedure to grasp the desired result which, besides what have been already given
in the literature [11, 13, 14, 15], may indicate of an intrinsic property behind it. Hence, as a main
advantage of this procedure, we have suggested [8] that this analogous of the Einstein tensor can even
be employed as a criteria in order to distinguish correct/legitimate metric theories of gravity which
are either homogeneous functions, or linear combinations of different homogeneous functions, of the
metric and its derivatives.

The analogy is also capable to provide dimensional dependent relations. Actually, we have derived
a dimensional dependent version of the Duff trace anomaly relation in Ref. [8], in where we have also
summarized the important achievements of the procedure. The Gauss–Bonnet term and the Weyl
squared do satisfy this dimensional dependent constraint relation in any dimension. This dimensional
dependent version of the Duff trace anomaly relation has also been re–derived in Ref. [16] (their
relation (7)) by classifying higher derivative theories of gravity whose the traced field equations have
a reduced order.

Now, in this work, we propose to probe further the analogy for the field tensor of the corresponding
generic coefficients of the third order term of the Lovelock Lagrangian, and then for any type of third

1According to the classification of Ref. [5, 10], based on the dimensional regularization and power counting, this
constraint indicates that in four dimensions (and indeed, in even dimensions), the anomaly can have two contributions,
a type A anomaly (the Euler density invariants) and a type B anomaly (built from the conformal invariants). Also,
a purely algebraic classification (independent of any regularization scheme) of the structure of the Weyl anomalies in
arbitrary space–time dimensions has been presented in Ref. [11].

2In the semi–classical approach of quantum gravity theory, which has been employed to deduce the trace anomalies,
the conformal invariance is sacrificed [12] to the needs of the general covariance (though, in contrary, see Ref. [13]).



order Lagrangian. For this purpose, we give a brief review on the trace idea, particularly on the
definition of the generalized trace tool in the following section. In Sect. 3, we provide the necessary
relations for the generic third order Lagrangian terms and their Euler–Lagrange expressions. Also,
in addition to the eight linearly independent terms, which appear in the third order of the Lovelock
Lagrangian, we specify the other linearly independent types of third order Lagrangian terms. Then,
in Sect. 4, based on the desired analogy, we derive the constraint relations among the constituent
coefficients of the generic third order Lagrangians in two forms, an independent and a dimensional
dependent versions. Hence, we match these relations for the two linearly independent scalars formed
by the cubic of the Weyl tensor. The other Weyl–invariants are investigated when we incorporate all
types of third order Lagrangian terms in Sect. 5. Actually, we first probe the trace analogy for the most
general effective expression that we will introduce as a total third order Lagrangian, and then examine
the resulted constraint relations for the numerical coefficients of the Weyl–invariants. We indicate the
classical view of the trace anomaly in six dimensions in Sect. 6, in where we also demonstrate that it
has an interesting similarity with the appropriate heat kernel coefficients. Conclusions are presented
in the last section, and some necessary formulations for the metric variation of a few Lagrangian
terms plus a few useful relations are furnished in the Appendix.

2 The Trace Idea Review

We follow the sign conventions of Wald [17] and, analogous to the Einstein field equations,
we assume geometry is proportional to matter in a way that the gravitational field equations are

G
(gravi.)
αβ = κ2 Tαβ/2, where the gravitational tensor, G

(gravi.)
αβ , represents geometry, κ2 ≡ 16πG/c4 is

the constant of the proportionality and the lower case Greek indices run from zero to D − 1 in a
D–dimensional space–time. Actually, the gravitational tensor is the Euler–Lagrange expression given
in the process of the metric variation of the action,

∫

L(gravi.)√−g dDx, i.e.

δ
[

L(gravi.)√−g
]

=

[

δL(gravi.)

δgαβ
− 1

2
gαβL

(gravi.)

]

√−g δgαβ =
1

κ2
G

(gravi.)
αβ

√−g δgαβ . (1)

Also, analogous to the Einstein tensor, we demand

G
(gravi.)
αβ = R

(gravi.)
αβ − 1

2
gαβR

(gravi.), (2)

with the trace relation between its two parts, exactly the same as the one yields between the Ricci
tensor and the Ricci scalar.

In addition to the Einstein tensor, the Lovelock tensor has also been employed as a gravitational
tensor. For example, the superstring theory, in its low energy limit, suggests that the Einstein–
Hilbert action should be enlarged by the inclusion of higher order curvature terms, and in order to
be ghost–free it has been shown [18] that it must be in the form of dimensionally continued Gauss–
Bonnet densities (i.e., the Lovelock Lagrangian terms). An important aspect of this suggestion is [19]
that it does not arise in attempts to quantize gravity. The ghost–free property and the fact that
the Lovelock Lagrangian is the most general Lagrangian which (the same as the Einstein–Hilbert
Lagrangian) yields the field equations as second order equations, have stimulated interests in the
Lovelock gravity and its applications in the literature.3 The Lovelock Lagrangian is [2]

L(Lovelock) =
1

κ2

∑

0<n<D
2

1

2n
cn δ

α1...α2n
β1...β2n

Rα1α2
β1β2 · · ·Rα2n−1 α2n

β2n−1 β2n ≡
∑

0<n<D
2

cn L
(n), (3)

where we set c1 ≡ 1 and the other cn constants are of the order of the Planck length, ℓP =
√

h̄G/c3,
to the power 2(n−1), for making the dimension of L(Lovelock) to be the same as L(1) ≡ L

E−H
= R/κ2.

3For review on the inclusion of higher order Lagrangians see, e.g., Refs. [8, 20] and references therein.



The δ
α1...αp

β1...βp
is the generalized Kronecker delta symbol, which is identically zero if p > D, and in

relation (3), the extremum value of n is related to the dimension of space–time by

next. =











D
2 − 1 even D

D−1
2 odd D.

(4)

Hence, the L(Lovelock) reduces to the Einstein–Hilbert Lagrangian in four dimensions, and its second
term is the Gauss–Bonnet invariant. The Lovelock tensor, as dimensionally reduction Euler–Lagrange
terms, is [2]

G
(Lovelock)
αβ = −

∑

0<n<D
2

1

2n+1
cn gαµ δ

µα1...α2n

ββ1...β2n
Rα1α2

β1β2 · · ·Rα2n−1 α2n
β2n−1 β2n ≡

∑

0<n<D
2

cnG
(n)
αβ , (5)

where the cosmological term has been neglected and the G
(1)
αβ ≡ Gαβ , i.e. the Einstein tensor. Relation

(5) can also be written as G
(Lovelock)
αβ = R

(Lovelock)
αβ − gαβR

(Lovelock)/2, where [1]

R
(Lovelock)
αβ ≡

∑

0<n<D
2

cn R
(n)
αβ and R(Lovelock)= κ2L(Lovelock) ≡

∑

0<n<D
2

cn R
(n), (6)

with R
(n)
αβ defined as

R
(n)
αβ ≡ n

2n
δα1α2...α2n
α β2...β2n

Rα1α2β
β2 Rα3α4

β3β4 · · ·Rα2n−1 α2n
β2n−1 β2n , (7)

where also R
(1)
αβ ≡ Rαβ and R(1) ≡ R. With the usual definition of trace (i.e., the standard contraction

of any two indices), we obtain [1] traceR
(n)
αβ /n = R(n), hence one cannot achieve a similar trace

relation for the two parts of the whole Lovelock tensor. However, we have showed [1] that with the
generalized trace (denoted by Trace, as distinct from the trace) operator, defined as follows, one

can modify the original form of the trace relation adequately, and achieves TraceR
(n)
αβ = R(n), hence

TraceR
(Lovelock)
αβ = R(Lovelock).

For a general (N
M
) tensor which is a homogeneous function of degree h with respect to the metric

and its derivatives (denoted in brackets attached to the upper left–hand side of the tensor), we have
defined [1]

Trace [h]Aα1...αN
β1...βM

:=

{ 1
h−N

2
+M

2

trace [h]Aα1...αN
β1...βM

when h− N
2 + M

2 6= 0

trace [h]Aα1...αN
β1...βM

when h− N
2 + M

2 = 0,
(8)

where, without loss of generality, the homogeneity degree number (HDN) conventions of gµν and
gµν ,α are taken to be one. The HDN of a term consisted of cross functions is obviously found by
adding the HDN of each of the cross functions. Hence, for example, when h′ + h 6= −1 and h′ 6= 0,
one gets

Trace ([h
′]C [h]Aµν) =

{

h+1
h′+h+1

[h′]C Trace [h]Aµν for h 6= −1
1
h′

[h′]C Trace [h]Aµν for h = −1,
(9)

and when h′ + h = −1 and h′ 6= 0, one has

Trace
(

[h′]C [h]Aµν

)

= (h+ 1) [h
′]C Trace [h]Aµν . (10)

Note that, as a homogeneous Euler–Lagrange expression has a uniform HDN, then one can work
with the usual trace instead of the generalized trace operator. However, the notion of the gener-
alized trace operator has been introduced to be effective when one considers the Einstein–Hilbert
Lagrangian plus higher order terms as a complete gravitational Lagrangian, i.e. when one works with
an inhomogeneous Lagrangian constructed linearly in terms of homogeneous terms.



3 Third Order Lagrangian Terms

The third order Lagrangian of the Lovelock Lagrangian is [21, 22, 23]

L(3) =
1

κ2
(K1 − 12K2 + 3K3 + 16K4 + 24K5 − 24K6 + 2K7 − 8K8) , (11)

where4

K1 ≡ R3, K2 ≡ RRµνR
µν , K3 ≡ RRρτµνR

ρτµν ,
K4 ≡ RµνRµγRν

γ , K5 ≡ RρτRµνR
ρµτν , K6 ≡ RλρR

λτµνRρ
τµν ,

K7 ≡ Rστ
µνR

µν
λρR

λρ
στ , K8 ≡ Rστ

µνR
µλ

σρR
νρ

τλ. (13)

These third order terms are the only linearly independent scalar terms, and the corresponding third
order generic Lagrangian can be written as

L
(3)
generic =

1

κ2
(b1K1 + b2K2 + b3K3 + b4K4 + b5K5 + b6K6 + b7K7 + b8K8) , (14)

where the bi’s are arbitrary dimensionless constants, and obviously, in six dimensions, only seven of
these eight terms are effective (see identity (37)). From definition (5), the third term of the Lovelock
tensor is [21, 23]

G
(3)
αβ = 3

{

R2Rαβ − 4
(

RRαµRβ
µ +RRαµβν R

µν +Rαβ RµνR
µν

)

+
(

2RRαρµν Rβ
ρµν +Rαβ Rρτµν R

ρτµν
)

+ 8
(

RαµRβν R
µν

−Rαµνβ R
µρRν

ρ

)

− 8
[(

Rαµ Rρτ Rβ
ρτµ + α ↔ β

)

−Rραβτ R
ρµντRµν

]

−4
[(

RαµRβνρτ R
µνρτ + α ↔ β

)

+Rαµρτ Rβν
ρτ Rµν

+2Rαρτµ Rβ
ρτ

ν R
µν +Rαµβν R

µρτλ Rν
ρτλ

]

+ 2Rαλµν Rβ
λ
ρτ R

µνρτ

+8Rαµνλ Rβρτ
λRµτρν

}

− 1

2
gαβ κ2 L(3). (15)

After some rather bulky calculations, the full appearance for the Euler–Lagrange expression of the
third order generic Lagrangian can be written either as

G
(3a)
(generic)αβ = 3

(

Nαβ +Hαβ

)

− 1

2
gαβ

(

κ2 L
(3)
generic +M (3)

)

, (16)

or, inspired from the Euler–Lagrange expression (1) and assumptions

δL(gravi.)/δgαβ ≡ R
(gravi.)
αβ /κ2 and L(gravi.) ≡ R(gravi.)/κ2, (17)

as

G
(3b)
(generic)αβ = 3

(

Nαβ +Hαβ − 1

6
gαβ M

(3)
)

− 1

2
κ2 gαβ L

(3)
generic , (18)

where5 [23]

M (3)≡
(

−3b4 + 2b5
)(

K4 −K5

)

+
(

b5 + b6
)(

K6 −K7 − 2K8

)

4Any other relevant term can easily be written in terms of these eight terms, e.g.

Rστ
µνR

µλ
σρR

ν
λτ

ρ = K7/4 +K8. (12)

Actually, according to Ref. [24], the dimension of the basis of local cubic invariants with the Riemann tensor (without
derivatives) is eight for D > 5 dimensions.

5Also, see relation (A.19).



−
(

12b1 + b2
)

K9 −
(

4b2 + 2b5
)

K10 −
(

4b3 +
1

2
b5 + b6

)

K11

−
(

2b2 + 3b4 − b5
)

K12 −
(

3b4 − 4b5 − 2b6
)

K13 −
(

12b1 + 2b2 +
3

4
b4
)

K15

−
(

4b2 + 4b5 + 2b6
)

K16 −
(

4b3 +
1

2
b6
)

K17 , (19)

Nαβ ≡ b1R
2Rαβ − 4

3
b3RRαρRβ

ρ +
2

3

(

b2 + 2b3
)

RRµνRαµβν +
1

3
b2RαβR

µνRµν

+
2

3
b3RRαλρσRβ

λρσ +
1

3
b3RαβR

λρστRλρστ −
1

3

(

b5 + 2b6
)

RαµRβνR
µν

−
(2

3
b5 +

2

3
b6 − b8

)

RαµνβR
µρRν

ρ −
(1

2
b4 +

1

3
b5 +

1

3
b6
)

(

RαµRλρRβ
λρµ

+ α ↔ β

)

+
(

−2

3
b6 + b8

)

RλαβρR
λµνρRµν − 2b7

(

RαµRβλρσR
µλρσ

+ α ↔ β

)

+
(2

3
b6 + 6b7

)

RαµλρRβν
λρRµν +

(2

3
b6 − b8

)

RαλρµRβ
λρ

νR
µν

+
(1

3
b6 −

1

2
b8
)

RαµβνR
µλρσRν

λρσ +
(

−2

3
b6 − b7 +

3

2
b8
)

RατµνRβ
τ
λρR

µνλρ

+
(4

3
b6 + 4b7 − 4b8

)

RαµντRβλρ
τRµρλν (20)

and

Hαβ≡
[

−
(

b1 +
1

6
b2 +

1

24
b5
)

R;αR;β +
1

3

(

b2 + 4b3 +
1

2
b5 +

1

2
b6
)

R; ρRαβ; ρ

−
(

b1+
1

6
b2+

1

3
b3
)

RR;αβ+
1

6

(

b2+4b3
)

RRαβ; ρ
ρ+

1

6

(

b2+
1

2
b5
)

(

R; ρ
ρRαβ

−2RµνRµν;αβ

)

−
(2

3
b3 +

1

6
b6 −

1

4
b8
)

(

R;µνRαµνβ +
1

2
Rλρστ ;αβR

λρστ

)

−
(1

3
b2 +

1

3
b5 +

1

2
b8
)

Rµν;αR
µν

; β +
(1

2
b4 +

2

3
b6 +2b7 −

1

2
b8
)

Rαµ; νRβ
µ; ν

−
(1

6
b5 +

1

3
b6 + 2b7

)

Rαµ; νRβ
ν;µ −

(1

3
b3 +

1

8
b8
)

Rλρστ ;αR
λρστ

; β

+
1

3

(

b5 + b6
)

(

RµνRαβ;µν −Rµν; ρRαµρβ; ν

)

−
(1

3
b5 + b8

)

(

1

2
Rµν;ρ

ρRα
µν

β

−Rµν;αρRβ
µνρ

)

+
(1

6
b6 +b7 −

1

4
b8
)

(

Rλρσα; τR
λρτ

β
;σ − 4Rαρ; µνRβ

µνρ

)

+
(1

3
b6 − b8

)

Rµν; ρRαµνρ; β −
(1

3
b2 +

4

3
b3 +

1

4
b4 +

1

6
b6
)

R; ρRαρ; β

−
(1

3
b2 +

1

4
b4 +

1

6
b5 +

1

6
b6
)

R;α
ρRβρ −

(1

2
b4 −

1

3
b5 +

1

3
b6 − b8

)

×

Rαµ; νR
µν

; β +
(1

2
b4 +

1

3
b6
)

(

Rα
ρRβρ;µ

µ −RµνRαµ; βν

)]

+ α ↔ β. (21)

As seen, in contrast to the G
(3)
αβ , the G

(3)
(generic)αβ is up to the fourth order jet–prolongation of the

metric, as expected.6 The third and fourth order terms are due to the Hαβ and M (3) terms, which
will vanish if and only if the constant coefficients satisfy the ratios

b2 = −12 b1, b3 = 3 b1, b4 = 16 b1, b5 = 24 b1,
b6 = −24 b1, b7 = 2 b1, b8 = −8 b1. (22)

These conditions are exactly the ratios of the constituent coefficients of the special case of L(3) that

leads to the G
(3)
αβ . Also, with the above ratios, the Nαβ term will be equal to its counterpart of the

G
(3)
αβ .

6For a few solutions (mainly the black hole solutions) to the curvature–cubed (sometimes also called the six derivative)
interactions, see, e.g., Refs. [25].



To amend the Lagrangian of sixth order gravity [26], Berkin and et al. [27] discussed that the
Lagrangian term of R R is a third order Lagrangian based on the dimensionality scale;7 however,
it can be better justified on account of its HDN three. Indeed, to classify different gravitational
Lagrangian terms, it is straightforward to relate [1, 8] the order n in any Lagrangian (as in the
L(n)) to represent its HDN and referring to Lagrangians with their HDNs rather than their orders.
Hence, by gathering terms with the same HDN under one Lagrangian label, in addition to the eight
linearly independent terms, in D > 5 dimensions, which appear in the third order of the Lovelock
Lagrangian (and are up to the second order jet–prolongation of the metric), there are [23], in general,
another nine linearly independent scalar terms, constructed from the Riemann–Christoffel tensor and
its contractions, with the HDN three which are up to the third or even higher order jet–prolongation
of the metric. They all also satisfy the dimensionality scale, and are8

K9 ≡ R R K10 ≡ Rµν Rµν K11 ≡ Rµνρτ Rµνρτ

K12 ≡ RµνR
;µν K13 ≡ Rµν; ρR

µρ; ν K14 ≡ 2R
K15 ≡ R; ρR

; ρ K16 ≡ Rµν; ρR
µν; ρ K17 ≡ Rµνρτ ;αR

µνρτ ;α , (23)

where ≡ ; ρ
ρ. Each of the Ki’s gives a dimensionless action in six dimensions. Any other relevant

term, e.g. Rµν; ρτR
ρµντ , can be written in terms of these terms, see, e.g. the last relation of (A.1).

Besides, not all of their corresponding Euler–Lagrange expressions are independent; however, see the
Appendix A for the effects of these nine terms as scalar Lagrangians.

4 L
(3)
generic With The Trace Property

In this section, we investigate the analogy for the field tensor of the L
(3)
generic, and then, in the

next section, for any type of third order Lagrangian including those mentioned in (23). The relevant

Euler–Lagrange expression G
(3)
(generic)αβ has been written as relations (16) and (18); however, we also

demand to have them as in (2), i.e. G
(3)
(generic)αβ = R

(3)
(generic)αβ − gαβ R

(3)
generic/2, but propose to find

out whether, and for what conditions, the relation

TraceR
(3)
(generic)αβ = R

(3)
generic (24)

can be valid. We carry out this investigation for both appearances of G
(3)
(generic)αβ in the following two

parts.

Part (a): The Case G
(3a)
(generic)αβ

In this case, from (16), we have R
(3a)
(generic) = κ2 L

(3)
generic +M (3) and

TraceR
(3a)
(generic)αβ = 3

(

TraceNαβ +TraceHαβ

)

. (25)

Using the definition of generalized trace and the fact that each of the Nαβ and Hαβ, and hence the

R
(3a)
(generic)αβ , has the HDN two [1], we get

TraceNαβ =
1

3

[

b1K1 + b2K2 + b3K3 +
(1

3
b5 − b8

)

K4 +
(

b4 +
2

3
b5 + b8

)

K5

+
(5

3
b6 + 2b7 −

3

2
b8
)

K6 +
(

−2

3
b6 − b7 +

3

2
b8
)

K7 +
(

−4

3
b6 − 4b7 + 4b8

)

K8

]

(26)

and

TraceHαβ =
1

3

[

(1

3
b5 −

2

3
b6 − 4b7 + 2b8

)(

K6 −K7 − 2K8

)

−
(

2b1 −
1

3
b2 −

2

3
b3

7Since two derivatives are dimensionally equivalent to one Riemann–Christoffel tensor or any one of its contractions.
8See also Refs. [14, 24, 28].



−1

6
b5
)

K9 +
(

−2

3
b2 + b4 +

2

3
b6 + b8

)

K10 +
(

−2

3
b3 −

1

6
b5 +

1

6
b6

+2b7 −
3

4
b8
)

K11 −
(2

3
b2 −

4

3
b3 + b4 −

1

3
b5 −

1

3
b6 +

1

2
b8
)

K12

−
(

b4 − b5 + 4b7
)

K13 +
(

−2b1 +
4

3
b3 −

1

4
b4 +

1

4
b5 +

1

6
b6
)

K15

−
(2

3
b2 − b4 +

2

3
b5 −

2

3
b6 − 4b7

)

K16+
(

−2

3
b3 +

1

6
b6 + b7 −

1

2
b8
)

K17

]

. (27)

Then, after all the necessary substitutions have been made, we find that the equality of (24) holds if

and only if the following conditions between those eight non–zero constituent coefficients of L
(3)
generic

are satisfied. That is, the constant coefficients are not all independent but obey the constraint

b4 = 2(−b2 + 4b3)/3, b5 = −60 b1 − 8 b2 − 4 b3,
b6 = 30 b1 + 2 b2 − 10 b3, b7 = 30 b1 + 14b2/3 + 28b3/3,
b8 = 100 b1 + 12 b2 + 12 b3. (28)

These conditions are satisfied for (as must be the case) the non–generic Lagrangian L(3), i.e. for
the coefficients given by relation (22).9 Though, it is not only this Lagrangian that has the analogy

of the Einstein tensor and, using constraint (28), there are more combinations for L
(3)
generic with three

degrees of freedom (out of its eight coefficients) that have the required trace property (see below for
other examples).

As mentioned, the L
(3)
generic is a Lagrangian which gives G

(3a)
(generic)αβ as in relation (16) with

R
(3a)
generic = κ2 L

(3)
generic +M (3); however, one can define10

κ2 L
′ (3)
generic ≡ κ2 L

(3)
generic +M (3), (29)

where, as is shown in the Appendix A, the term M (3) is a complete divergence (see relation (A.19))
and will give no contribution to the variation of the relevant action. Therefore, this new Lagrangian,

L
′ (3)
generic, gives the same G

(3a)
(generic)αβ with R

(3a)
generic ≡ κ2 L

′ (3)
generic which is analogous to the appearances

of the case L(3), the complete Lovelock Lagrangian (relation (6)) and the assumption (17).

If one wants to use cases of L
(3)
generic for which more than three of the constituent coefficients are

zero (as, for example, not all of the terms in L
(3)
generic have been given by the superstring theory11),

then the trace condition (28) cannot be satisfied. This is because the maximum number of coefficients
it permits at a time to be equal to zero (otherwise all of them will be zero) are generally two, and for

the following special cases, three. Therefore, those cases of L
(3)
generic missing more than the permitted

terms cannot provide the trace relation. The following two cases are the only cases in which three

coefficients of the L
(3)
generic can simultaneously be made zero, in which we still have one degree of

freedom remaining to satisfy the trace condition. If one chooses b2 = 0 = b3, then constraint (28) will
give

b4 = 0, b5 = −60 b1, b6 = 30 b1, b7 = 30 b1, b8=100b1, (30)

and if one sets b2 = −20b1/3 and b3 = −5b1/3, it then will read

b4 = 0, b5 = 0, b6 = 100b1/3, b7 = −50b1/3, b8 = 0. (31)

9Just by choosing b2 = −12 b1 and b3 = 3 b1 (as in (22)), constraint (28) then gives the remaining coefficients with
the same ratios as those of (22).

10Note that, although this L
′ (3)
generic is again up to the fourth order (and not up to the second order) jet–prolongation

of the metric, its HDN is still three, identical to the L
(3)
generic, in agreement with our demand by gathering terms with

the same HDN under one Lagrangian label.
11See, for example, Ref. [29].



Similar to the Lagrangian constructed from the square of the Weyl tensor, relation (A.9), there
are only two12 linearly independent scalars formed by the cubic of the Weyl tensor. We choose the
Cστ

µνC
µν

λρC
λρ

στ and Cστ
µνC

µλ
σρC

νρ
τλ (with the indices similar to the ones of the K7 and K8

terms, respectively). Their expressions in D ≥ 3 dimensions (also, see the end of the Useful Relations
in the Appendix A) are

A1 ≡ Cστ
µνC

µν
λρC

λρ
στ =

8(2D − 3)

(D − 2)3(D − 1)2
K1 −

24(2D − 3)

(D − 2)3(D − 1)
K2 +

6

(D − 2)(D − 1)
K3

+
16(D − 1)

(D − 2)3
K4 +

24

(D − 2)2
K5 −

12

(D − 2)
K6 +K7 (32)

and

A2 ≡ Cστ
µνC

µλ
σρC

νρ
τλ = − D2 + 5D − 10

(D − 2)3(D − 1)2
K1 +

3(D2 + 5D − 10)

(D − 2)3(D − 1)
K2 −

3

(D − 2)(D − 1)
K3

−2(5D − 6)

(D − 2)3
K4 −

3(D + 2)

(D − 2)2
K5 +

6

(D − 2)
K6 +K8. (33)

The coefficients of the above expressions can satisfy constraint (28) only if D = 6. Their values in
this dimension respectively are13

b1 = 9/200, b2 = −27/40, b3 = 3/10, b4 = 5/4,
b5 = 3/2, b6 = −3, b7 = 1, b8 = 0 (34)

and

b1 = −7/200, b2 = 21/40, b3 = −3/20, b4 = −3/4,
b5 = −3/2, b6 = 3/2, b7 = 0, b8 = 1. (35)

Alternatively, one can obviously write expression (33), in six dimensions, effectively (using iden-
tity (37)) with the values

b1 = 9/100, b2 = −39/40, b3 = 9/40, b4 = 5/4,
b5 = 3/2, b6 = −3/2, b7 = 1/4, b8 = 0. (36)

The Lagrangian densities made by these two cubic constructions of the Weyl tensor are the
only conformal (Weyl) invariant in six dimensions. However, according to Refs. [10, 33], in general,
there are three linearly independent Weyl–invariant combinations in six dimensions, and two of them
are obviously the above purely algebraic ones. The another one (given by14 relation (47)) contains,
in addition, from the other nine third order Lagrangian terms mentioned in (23), and it is one of
the reasons why we will extend the analogy further to consider any type of third order Lagrangian,
including the terms in (23), in the next section.

In six dimensions, by the generalization of the Gauss–Bonnet theorem, the L(3)√−g corresponds
to the Euler densities15 (i.e., it is a complete divergence), and hence one gets one more constraint
among the coefficients b1 to b8 in this dimension. That is, in six dimensions, one has

(

G
(K1)
αβ − 12G

(K2)
αβ + 3G

(K3)
αβ + 16G

(K4)
αβ + 24G

(K5)
αβ − 24G

(K6)
αβ + 2G

(K7)
αβ − 8G

(K8)
αβ

)
∣

∣

∣

6−dim.
≡ 0. (37)

12According to Ref. [30] and the appendix of Ref. [31], the dimension of the basis of local cubic Weyl–invariants is
two for D > 5 dimensions, as, e.g., in four dimensions, one has A1 = 4A2 since 5Cστ

[µνC
µν

λρC
λρ

σ]τ = A1 − 4A2.
13These values already are consistent with when the generalization of the Gauss–Bonnet theorem [32] in six dimensions

has also been considered.
14However, see also relations (49), (50) and (54).
15See, for example, Ref. [14].



Therefore, for the remaining seven linearly independent effective terms, after substituting for one of
the term according to identity (37), constraint (28) for the new coefficients reduces to an effective
one. For example, by substituting for the K8 term, the effective constraint is

b1 = −3(b2 + b3)/25, b4 = 2(−b2 + 4b3)/3,
b5 = 4(−b2 + 4b3)/5, b6 = −4(2b2 + 17b3)/5,
b7 = 2(8b2 + 43b3)/15, (38)

with two degrees of freedom, where here we have chosen the b2 and b3 coefficients. Constraint (38)
is satisfied by values (34) and (36), as expected.

Part (b): The Case G
(3b)
(generic)αβ

Now, we calculate the generalized trace of the first part of relation (18), knowing the fact that
the HDN of the M (3) is three. By using relation (9), we get

TraceR
(3b)
(generic)αβ = 3

(

TraceNαβ +TraceHαβ

)

− D

6
M (3), (39)

and again, after all the necessary substitutions and calculations have been performed, we find that
the equality of (24), for non–zero coefficients, holds if and only if

b4 = 2(−b2 + 4b3)/3,
b5 = −12(D − 1)b1 − (D + 2)b2 − 4 b3,
b6 = 6(D − 1)b1 + 2 b2 − 2(D − 1)b3,
b7 = 3(D − 2)(D − 1)b1/2 + (D − 2)(D + 1)b2/6 + (D2 + 5D − 10)b3/6,
b8 = 4(D − 1)2b1 +D2 b2/3 + 4(2D − 3)b3/3, (40)

where at least16 D > 3. Though constraint (40) depends on the dimension of space–time, it still gives
three degrees of freedom out of the eight coefficients. It is satisfied by the L(3) in any dimension. This
can be obvious after arranging constraint (40) with respect to the dimension, D, and its powers for
each coefficient. Then from these, one can easily find that the only combination which is independent
of the dimension is that of the L(3).

Also, the coefficients of the scalar Lagrangians made by the cubic of the Weyl tensor, relations (32)
and (33), identically satisfy constraint (40) independent of the dimension of space–time D.

As is evident by comparing relations (25) and (39), constraint (40) in six dimensions is exactly
the same as condition (28). The reason beyond it is that, suppose, in general, a P scalar term is the
shifting term by which the two appearances given like part (a) and part (b) (i.e., similar to relations
(16) and (18)) are arranged. Hence, by comparing these two parts, for the relevant part like part (b),
one obtains

R
(nb)
(generic)αβ ≡ R

(na)
(generic)αβ − gαβ P and R

(nb)
generic ≡ R

(na)
generic − 2P. (41)

Now, in order to achieve TraceR
(na)
(generic)αβ = R

(na)
generic and Trace R

(nb)
(generic)αβ = R

(nb)
generic simultaneously

satisfied, we must have Trace(gαβ P ) = 2P . If P is a homogeneous function of degree h with respect
to the metric,17 then, using the generalized trace definition (8), one will get

{

D = 2h when h 6= 0
D = 2 when h = 0.

(42)

In the case of L
(2)
generic, we have shown [8] that P ∝ R, hence it has h = 2 (as expected), and thus

D = 4. In the case of L
(3)
generic, P is proportional to the M (3), therefore it has h = 3 (again, as

expected), and thus D = 6.

16In three dimensions, there are other identities, e.g. relations (A.10) and (A.11), that should also be considered; see
the appendix of Ref. [31] too.

17Though, according to the idea of gathering terms with the same HDN under one Lagrangian label, P must be a
homogeneous function of degree n for the L

(n)
generic.



5 Other Weyl Invariants

In this section, we extend the analogy to include the other nine third order Lagrangian terms
in (23). In addition to the reason mentioned almost at the end of part (a), this extension is needed
because, the conformal anomalies in six dimensions contain the term K14 (see relation (75)) which
appears only when the Lagrangian terms (23) are considered, see, e.g., relations (A.30) and (A.31).
However, as explained in the Appendix A, it should suffice to consider the Lagrangian terms K1

to K10 (see relation (A.27)) rather than the K1 to K17. Though, as will be illustrated below, in order
to be able to apply the trace analogy to an effective total third order Lagrangian, one, in practice,
needs to consider all of the K9, K10 and K11 terms simultaneously in such a Lagrangian. Hence, by
neglecting identity (A.20), we consider the most general effective expression for the total third order
Lagrangian to be18

L
(3)
total

eff
= L

(3)
generic + (b9K9 + b10K10 + b11K11)/κ

2. (43)

However, we again want to write its corresponding Euler–Lagrange expression as in (2), i.e. G
(3a)
(total)αβ =

R
(3a)
(total)αβ − gαβ R

(3a)
total/2, where

19

G
(3a)
(total)αβ = G

(3a)
(generic)αβ + b9G

(K9)
αβ + b10 G

(K10)
αβ + b11 G

(K11)
αβ (44)

and similar expressions for R
(3a)
(total)αβ and R

(3a)
total. The G

(3a)
(generic)αβ is given by relation (16) and the

Euler–Lagrange expressions of the K9 to K11 Lagrangian terms are given by relations (A.30)–(A.32).

Also, we propose to find out the conditions for which TraceR
(3a)
(total)αβ = R

(3a)
total.

After all the necessary substitutions and calculations, we find that the trace relation, for non–zero
coefficients, holds if and only if

b5 = −60 b1 − 122 b2/15 − 52 b3/15 − b4/5, b6 = 30 b1 − 4 b2/15− 14 b3/15− 17 b4/5,
b7 = 30 b1 + 32 b2/5 + 12 b3/5 + 13 b4/5, b8 = 100 b1 + 40 b2/3 + 20 b3/3 + 2 b4,
b9 = b2/30 − 2 b3/15 + b4/20, b11 = −b10 = 10 b9. (45)

First of all, as it is evident from constraint (45), if any one of the K9 or K10 or K11 Lagrangian
terms is missing at the beginning (i.e., any one of the b9 or b10 or b11 coefficients is zero), then the
trace analogy will hold only if all of these terms vanish, and this case will return us to the case of
part (a). This is confirmed once we set b9 = 0 in constraint (45), whereby it reduces to constraint (28).
Actually, we have checked this point straightforward by omitting one of the K9 to K11 terms just
from the beginning. For example, by considering only the K1 to K10 terms, and carrying out the
similar steps to what we have performed for the K1 to K11 terms, we find that the trace analogy
imposes the constraint

b3 = 0, b4 = −2 b2/3, b5 = −60 b1 − 8 b2,
b6 = 30 b1 + 2 b2, b7 = 30 b1 + 14 b2/3, b8 = 100 b1 + 12 b2,
b9 = 0 = b10, (46)

which satisfies constraint (45). Indeed, it is constraint (28) when its b3 coefficient vanishes, i.e. it is
the corresponding case of (38) when the b3 coefficient is zero instead of the b8 one.

Also, one can easily get the same result by considering the outcomes of Ref. [16] in where they
have also derived almost the dimensional dependent constraint version for the trace relation (through
a proportionality parameter u) via classifying the six derivative Lagrangians of gravity whose the

18We have dropped the prime sign on the bi’s.
19In this section, as we intend to apply the results only for six–dimensional case, we consider the analogy only for the

appearance of the G
(3a)

(total)αβ
in accord with part (a) of the previous section. However, we perform the analogy for the

appearance of the G
(3b)

(total)αβ
in accord with part (b) in the Appendix B.



traced field equations have a reduced order (see the Appendix B). They have employed the K1 to K8

terms plus K15, K16, K17 (that by identities (A.24), (A.25) and (A.26) are equivalent to K9, K10 and
K11, respectively) and K13 terms, even though they have also mentioned that these terms are not
all linearly independent because of relations (A.20) and (A.22). Now, if one sets the coefficients of
the K11 and K13 terms simultaneously zero in their result (their relation (B15)), then the coefficients
of the K9 and K10 terms will vanish as well and the remaining relations (after substituting for their
proportional parameter in terms of the other coefficients, namely u = 6(D − 1)b1 + 2b2) will reduce
to constraint (40).20

Yet, one may argue that identity (A.20) can equally be used for one of the other terms K4 to K8

as well. In this case, and without lost of generality, if one substitutes for, e.g., the K8 Lagrangian
term, then the calculations will give constraint (45) when its b8 coefficient is zero. Now, if one also
set b9 = 0 in this new constraint, it will reduce to constraint (38) which is an especial case of part (a)
in six dimensions. Thus, in order to have a more general situation, it is more adequate to consider
all the K1 to K11 terms simultaneously.21

Secondly, the trace analogy for the introduced G
(3a)
(total)αβ gives the number of independent bi’s to

be four. This confirms an earlier analysis based on the cohomological point of view (see Ref. [14]
relation (4.13)) which also gives consistency conditions (again see the invariance condition (4.10) of
Ref. [14] for numerical linear combinations of the first ten unknowns bi). Also, the maximum number
of permissible missing coefficients of b1 to b8 is three in constraint (45). However, once again in six
dimensions, due to relation (37), one has one extra constraint.

Let us now examine constraint (45) for the numerical coefficients of a few available Lagrangians.
As mentioned in part (a), Deser et al. [10] (relation (25c) of their paper) and Karakhanyan et al. [34]
(relation (2.18) of their paper) state that the corresponding Lagrangian density of the expression
(after adapting the sign convention)

A3 ≡ Cµνρτ Cµνρτ − 2CµνραCµνρβR
β
α + 3CµνρτR

µρRντ +
3

2
K4 −

27

20
K2 +

21

100
K1 (47)

is also a Weyl–invariant combination in six dimensions.22 After substituting for the Weyl tensor in six
dimensions, it reads

A3 =
41

100
K1 −

15

4
K2 +

9

2
K4 + 5K5 − 2K6 +

1

10
K9 −K10 +K11. (48)

The coefficients of (48) satisfy constraint (45). Another similar expression is given in relation (4.7)
of Ref. [14] as (after adapting the sign convention)

M3 ≡ −K1 + 8K2 + 2K3 − 10K4 − 10K5 −
1

2
K9 + 5K10 − 5K11, (49)

that also satisfies constraint (45).
Karakhanyan and et al. [34] also claim that there is an additional23 Weyl–invariant action in

six dimensions with the scalar Lagrangian (relation (2.19) of their paper, after adapting the sign
convention)

A4 ≡ K10 −
3

10
K9 + 2CµνρτR

µρRντ −K4 +
1

10
K2 +

1

50
K1. (50)

20Note that, if one sets only the coefficient of the K13 term zero and D = 6 in their result, and substitutes for their
proportional parameter in terms of the other coefficients, one will get constraint (45).

21The same third order terms (though in different combinations) have also been used in Ref. [34] (its relations (2.12)–
(2.17)) as all six–dimensional dimensionless actions.

22For the Weyl–invariant expressions in arbitrary dimensions see Refs. [16, 30, 35].
23However, the relations A3 and A4 differ [34] from A1 and A2 in that they have non–zero Weyl variations and one

can employ them (only) as constraints on local counterterms, but cannot be considered as independent contributions
into the anomaly.



Again, after substituting for the Weyl tensor in six dimensions, it reads

A4 =
3

25
K1 −K2 + 2K5 −

3

10
K9 +K10. (51)

Now, if one properly inserts the K11 term from identity (A.20) into relation (51), then it will read
effectively as24

A4
eff
=

3

25
K1 −K2 +

4

3
K4 +

2

3
K5 −

2

3
K6 +

2

3
K7 +

4

3
K8 +

1

30
K9 −

1

3
K10 +

1

3
K11, (52)

that its coefficients satisfy constraint (45).
Arakelyan and et al. [36] give in relation (18) of their preprint, as the third linear cocycle, the

expression (after adapting the sign convention)

S3
C ≡

∫

[

Cαβµν Cαβµν + 4CαµνρCβµνρR
β
α − 6

5
CαµνρCαµνρR

+8(CαµνρCβµνρ)
;β

α − 1

2
(CαµνρCαµνρ)

]√−g d6x ≡
∫

L3
C

√−g d6x . (53)

Substituting for the Weyl tensor in six dimensions, the used Lagrangian, apart from the complete
divergent terms, is actually

L3
C

eff
= −11

50
K1 +

27

10
K2 −

6

5
K3 − 3K4 − 4K5 + 4K6 +

1

10
K9 −K10 +K11 , (54)

that also satisfies constraint (45). Another similar conformal anomaly is given in relation (5) of
Ref. [37] as (after adapting the sign convention and correcting a minor mistype)

TA ≡ 1

540 × (4π)3

∫

[

− 1

300
K1 +

1

10
K2 −

1

10
K3 −

3

7
K4 +

5

21
K5 −

2

21
K6 +

2

7
K7 −

23

210
K9

+
13

42
K10 +

1

12
K11

]√−g d6x ≡ 1

540× (4π)3

∫

LA

√−g d6x , (55)

where, by properly inserting the K11 term from identity (A.20), the Lagrangian effectively reads

LA
eff
= − 1

300
K1+

1

10
K2−

1

10
K3+

2

21
K4−

2

7
K5−

5

14
K6+

23

42
K7+

11

21
K8+

3

140
K9−

3

14
K10+

3

14
K11 . (56)

These coefficients satisfy constraint (45).
Also, two Weyl–invariants (denoted by Σ and Θ) have been introduced in arbitrary dimensions

in Ref. [16] (their relations (B17) and (B18)), which in six dimensions are

Θ|6−dim.= −8Σ|6−dim.

= −8

(

− 4

25
K1 + 2K4 + 6K5 − 8K7 − 16K8 −

9

10
K15 + 3K16 + total derivative

)

. (57)

Using identities (A.24) and (A.25), and again properly inserting the K11 term from identity (A.20),
the conformal anomaly (57) effectively reads

Σ|6−dim.

eff
= − 4

25
K1 − 2K4 + 10K5 + 2K6 − 10K7 − 20K8 −

1

10
K9 +K10 −K11, (58)

that its coefficients satisfy constraint (45).
In the next section, we examine the outcome of our rigorous pursuit of the trace analogy approach

for the leaded trace anomaly (which also indulges into the heat kernel) for the third order terms in
six dimensions.

24Indeed, relation (51) should be the effective one.



6 Classical Trace Anomaly

As mentioned in the Introduction, by enforcing the mathematical form of the alternative form of
the Einstein field equations, i.e. Rαβ = κ2 Sαβ/2 where the source tensor is Sαβ ≡ Tαβ−gαβ T/(D−2)
in a D–dimensional space–time with T = TraceTαβ , for the relevant alternative form of the Lovelock
field equations, we have classically justified [3] that one gets

R
(Lovelock)
αβ =

1

2
κ2 S

(genera.)
αβ , (59)

where the generalized source tensor is

S
(genera.)
αβ ≡ Tαβ − 1

D − 2
gαβ (T + Tanomaly) (60)

and

Tanomaly = −κ−2D

next.
∑

n≥1

n− 1

n
cn R

(n) ≡
next.
∑

n≥1

T
(n)
anomaly . (61)

This shows that T
(1)
anomaly = 0, as expected to be for the Einstein gravity, and gives the dimension of

the cn to be length to the power of 2(n − 1), as indicated below the Lovelock Lagrangian (3).

Then, we have applied [3] the outcome for the generic cases, i.e. R
(n)
generic, with the appropriate

constraint condition on the coefficients and no upper limit for n. Actually, we have examined only
the resulted second order trace anomaly in Ref. [3]. That is

T
(2)
anomaly = −κ−2 D

2
c2 R

(2)
generic , (62)

where [3, 8]

R
(2)
generic ≡ κ2 L

(2)
generic − (4 a1 + a2) R = a1R

2 + a2RµνR
µν + a3Rαβµν R

αβµν − (4 a1 + a2) R , (63)

with the constraint
3 a1 + a2 + a3 = 0 (64)

that leaves two degrees of freedom in D > 4 dimensions or, the constraint, e.g., α2 +α3 = 0 with one
degree of freedom in (and up to) four dimensions (due to the Gauss–Bonnet term), where α2 and α3

are just the new coefficients for the same relevant terms.
Now in this work, we investigate the third order trace anomaly resulted from the introduced total

third order Lagrangian (43). The trace anomaly issue for this case is

T
(3)
anomaly = −2κ−2 D

3
c3 R

(3a)
total , (65)

with constraint (45) and, as defined in (44),

R
(3a)
total ≡ κ2 L

(3)
generic +M (3) + b9R

(K9) + b10 R
(K10) + b11 R

(K11). (66)

The explicit expression of (66), after substituting from (14), (19), (A.30), (A.31) and (A.32) when
considering constraint (45), is

R
(3a)
total = b1K1 + b2 K2 + b3 K3 −

(

120 b1 +
244

15
b2 +

104

15
b3 +

12

5
b4

)

K4

+

(

60 b1 +
122

15
b2 +

52

15
b3 +

16

5
b4

)

K5 − (8 b2 + 8 b3 + 6 b4)K6

+

(

60 b1 +
212

15
b2 +

142

15
b3 +

26

5
b4

)

K7 +

(

160 b1 +
144

5
b2 +

104

5
b3



+
36

5
b4

)

K8 − (12 b1 + b2)K9 +

(

120 b1 +
58

5
b2 +

48

5
b3 −

3

5
b4

)

K10

+(4 b2 + 3 b4)K11 −
(

60 b1 +
152

15
b2 +

52

15
b3 +

16

5
b4

)

K12

−
(

180 b1 +
476

15
b2 +

316

15
b3 +

43

5
b4

)

K13 +

(

1

5
b2 −

4

5
b3 +

3

10
b4

)

K14

+

(

−12 b1 −
61

30
b2 +

2

15
b3 −

4

5
b4

)

K15 +

(

180 b1 +
137

5
b2 +

112

5
b3

+
51

10
b4

)

K16 +

(

−15 b1 −
1

5
b2 −

11

5
b3 +

6

5
b4

)

K17 , (67)

with four degrees of freedom in D > 6 dimensions. By considering identities (A.21), (A.22) and
(A.24)–(A.26), it effectively reads (though, we purposely keep the complete divergent term K14)

R
(3a)
total

eff
= b1 K1 + b2K2 + b3 K3 +

(

60 b1 +
232

15
b2 +

212

15
b3 +

31

5
b4

)

K4

−
(

120 b1 +
118

5
b2 +

88

5
b3 +

27

5
b4

)

K5 − (8 b2 + 8 b3 + 6 b4)K6

+

(

60 b1 +
212

15
b2 +

142

15
b3 +

26

5
b4

)

K7 +

(

160 b1 +
144

5
b2 +

104

5
b3 +

36

5
b4

)

K8

+

(

15 b1 +
39

10
b2 +

17

5
b3 +

27

20
b4

)

K9 −
(

60 b1 +
79

5
b2 +

64

5
b3 +

57

10
b4

)

K10

+

(

15 b1 +
21

5
b2 +

11

5
b3 +

9

5
b4

)

K11 +

(

1

5
b2 −

4

5
b3 +

3

10
b4

)

K14 . (68)

On the other hand, in the quantum aspects of gravity, it has been shown that for D = 6(= 2× 3)
dimensions, the finite and renormalized expectation value of the trace of the energy–momentum
tensor, 〈Tρ

ρ〉ren, would have to be [4] cubic in curvature, and so on for D = 2n dimensions.25 This effect
is despite the fact that the classical energy–momentum tensors, for the conformally invariant classical
actions, must be traceless. And, it is known as a conformal, or trace, or Weyl anomaly originally
noticed in 1973 [38], which plays an important role in understanding of many phenomena [4, 5, 39].
Actually, the anomalies generally occur in any regularization method as a consequence of introducing
a scale into the theory in order to regularize it, see, e.g., Ref. [40]. The contribution of a divergent
Lagrangian to the trace of the energy–momentum tensor is one of the above consequences. Of course,
when the effective action is itself a conformally invariant action, the expectation value of the trace of
the total energy–momentum tensor is zero.

We have indicated [3] that constraint (64) is exactly the same as the consistency condition on
the numerical coefficients that Duff suggested [9] in the process of re–examining the Weyl anomaly
applications when the dimensional regularization is applied to a classically conformally invariant
theory in arbitrary dimension. Also, relation (62) gives exactly the same result as in Ref. [41] has
been shown for the relevant most general form of the anomalous trace of the energy–momentum
tensor for classically conformally invariant fields of arbitrary spin and dimension being

〈Tρ
ρ〉ren = − h̄ c

180(4π)2

(

a1R
2 + a2RµνR

µν + a3Rαβµν R
αβµν + γ R

)

. (69)

By comparison, it obviously shows that γ = −(4 a1+a2) which completes the trace anomaly relations
suggested by Duff [9] and, in four dimensions, reveals c2 ∝ ℓP

2, as expected.

The trace anomalies are [4] precisely the bm coefficients
[

also referred to as Hamidew (after

Hadamard–Minakshisundaram–DeWitt) [42] or, HMDS (after the same persons plus Seely) [43] or,

Minakshisundaram–Pleijel [44] coefficients
]

of the Schwinger–DeWitt proper time method, see, e.g.,

Ref. [43] and references therein. These are the t–independent terms in the asymptotic expansion of

25For a brief review of this subject see, e.g., Ref. [3] and references therein.



the heat kernel26 with the appropriate differential operator △, see, e.g., Ref. [31, 45], in

trace e−△t ∼
∞
∑

m=0
even no.

Bm t
m−D

2 t → 0+ , (70)

where Bm =
∫

bm

√−g dDx are invariants of the differential operator and vanish for odd numbers
of the m. The calculation of these coefficients by the pioneering method of DeWitt [46] is quite
simple but gets very cumbersome at higher orders. Indeed, due to the combinatorial explosion in the
number of terms in the bm and in the auxiliary tensorial quantities, improvement in the higher orders
m has been tedious. Though, new algorithms and computer algebra with improvements in computer
systems have appeared to perform great efficiency, see, e.g., Ref. [24, 47] and references therein.

As the literature does not contain an explicit calculated expression for the trace anomaly in six
dimensions in the semi–classical theory, we examine the third order trace anomaly result (65) by a
straightforward use of the b6 coefficient of the Schwinger–DeWitt proper time method. Though, let
us first apply this comparison as a re–examining for the second order one with the b4 coefficient.

For this purpose, if the △ in (70) being the simplest such operator, e.g., the conformally invariant
Laplacian type operator27

△ = − ξ(D)R, (71)

then the b4, when the conformal coupling constant is ξ(4) = 1/6, will be given by28

b4 = − h̄ c

180(4π)2

(

RµνR
µν −Rαβµν R

αβµν − R
)

, (72)

which is the trace anomaly in the case of massless conformal scalar fields in four dimensions. On the
other hand, the trace anomaly (62), by substituting (63) with constraint (64), gives

T
(2)
anomaly = −κ−2 D

2
c2

[

−1

3
(a2 + a3)R

2 + a2RµνR
µν + a3Rαβµν R

αβµν +
1

3
(a2 + 4a3) R

]

, (73)

that, using the Gauss–Bonnet theorem [32] in four dimensions, effectively reads

T
(2)
anomaly

eff
= −2κ−2 c2

[

−1

3
(a2 + 4a3)

]

(

RµνR
µν −Rαβµν R

αβµν − R
)

. (74)

In comparison with (72), this consistently gives the constraint a2 + 4a3 = −3 (or, using (64), equiva-
lently 4a1 + a2 = 1) with one degree of freedom and the same numerical value for c2, as expected.

Now, let us investigate the issue for the third order trace anomaly. By using the relation E3 of
the theorem 4.3 of Ref. [49], when its E = ξ(D)R, the conformal coupling constant is ξ(6) = 1/5, the
Wij = 0, a minor mistype is corrected29 and adapting the sign convention, we get

b6= − 1

360(4π)3

( 1

450
K1 −

1

15
K2 +

1

15
K3 −

4

63
K4 +

4

21
K5 +

8

21
K6

−32

63
K7 −

40

63
K8 +

4

7
K10 −

6

7
K11 −

2

35
K12 +

2

7
K13

− 3

35
K14 −

1

70
K15 +

1

7
K16 −

9

14
K17

)

, (75)

which is the trace anomaly in the case of massless conformal scalar fields in six dimensions.30 This
issue is also derived, using an alternative method, in Ref. [44]; i.e. from their relation (3.3) with

26It is a very powerful tool in the mathematical physics as well as in the quantum field theory.
27We have checked the signs with Ref. [48], and ξ(D) = (D − 2)/[4(D − 1)].
28See, e.g., the relation E4 of Ref. [45] when its E = R/6 and Wij = 0, and also adapting the sign convention.
29Its term −4RijikR; jk must read −4RijikE; jk, see also Ref. [50].
30The coefficient −1/[360(4π)3] is given in the natural units, otherwise it reads −h̄2 G/[360(4π)3 c2], for making the

dimension of the b6 coefficient to be the same as the trace anomaly.



ξ(6) = 1/5 and using relation (12), we have

b6= − 1

360(4π)3

( 1

450
K1 −

1

15
K2 +

1

15
K3 −

4

63
K4 +

4

21
K5 −

4

3
K6

+
76

63
K7 +

176

63
K8 +

4

7
K10 −

2

35
K12 +

2

7
K13 −

3

35
K14

− 1

70
K15 +

1

7
K16 −

9

14
K17 +

24

7
Rµν; λρR

λµνρ
)

, (76)

which is exactly the same as relation (75) once the last relation of (A.1) is substituted.
By considering identities (A.21), (A.22) and (A.24)–(A.26), relation (75) effectively reads

b6

eff
= − 1

360(4π)3

( 1

450
K1 −

1

15
K2 +

1

15
K3 −

22

63
K4 +

10

21
K5 +

8

21
K6

−32

63
K7 −

40

63
K8 −

3

35
K9 +

3

7
K10 −

3

14
K11 −

3

35
K14

)

. (77)

On the one hand, by setting b1 = 1/450, b2 = −1/15, b3 = 1/15 and31 b4 = −4/63 in relation (68),
we also get, in six dimensions (though, we have not used identity (37) yet),

T
(3)
anomaly

eff
= −4κ−2 c3

( 1

450
K1 −

1

15
K2 +

1

15
K3 −

22

63
K4 +

10

21
K5 +

8

21
K6

−32

63
K7 −

40

63
K8 −

3

35
K9 +

3

7
K10 −

3

14
K11 −

3

35
K14

)

. (78)

As it is evident, relation (78) is exactly the same as relation (77), and we have c3 ∝ ℓP
4, as expected.

7 Conclusions

In our previous works, we have shown that the analogy of the Einstein tensor splitting into two
parts with the trace relation between them can be performed not only for each separate (homogeneous)
term of the Lovelock tensor, but also for the (whole) Lovelock tensor as a complete Lagrangian (and
indeed, for any inhomogeneous Euler–Lagrange expression that can be spanned linearly in terms
of homogeneous tensors), via a generalized trace operator, as well [1]. For the second term of the
Lovelock tensor, we have discovered that it is not only this term, treated as an Euler–Lagrange
expression of a special combination of the second order Lagrangian terms, that possesses this analogy
and satisfies the trace relation, but also the Euler–Lagrange expressions of the other generic cases of
the second order Lagrangian terms whose constant coefficients satisfy a specific constraint, i.e. either
exactly the Duff trace anomaly relation or a dimensional dependent version of it [3, 8]. We have
extended [3] the analogy further, and have manifested that the analogy of the alternative form of
the Einstein field equations for the relevant alternative form of the Lovelock field equations reveals
a classical approach toward the trace anomaly with an indication of the constitution of the higher
order gravities towards it. Indeed, we have explicitly shown [3] that this procedure for any generic
coefficients of the second order term of the Lovelock Lagrangian yields exactly the Duff trace anomaly
relation, and even have achieved [8] a dimensional dependent version of this relation.

In this work, we have probed further the analogy for the generic coefficients of the eight terms in
the third order of the Lovelock Lagrangian, and have found the constraint relations between the non–
zero constituent coefficients into two forms, an independent and a dimensional dependent versions.
Each form has three degrees of freedom, and the dimensional dependent constraint in six dimensions
is exactly the same as the other one. They do not allow simultaneously the missing of more than
three coefficients. The coefficients of the third order term of the Lovelock Lagrangian do satisfy the
two forms of the constraints and, in particular, the dimensional dependent one in any dimension.

31Note that, b1, b2 and b3 are evident from relation (77) when it is compared with relation (68), and b4 can be found
from the coefficient of the term K6 when matching these relations in the case of b2 = −1/15 = −b3.



The two independent Lagrangian densities made from the cubic of the Weyl tensor (as conformal
invariants in six dimensions) also satisfy the independent constraint only in six dimensions, and yield
the dimensional dependent version identically independent of the dimension.

We have specified the all seventeen independent terms of the third order type Lagrangian with
the HDN three, among which we have justified (by using a few complete divergent terms that lead to
relevant identities) and have introduced the most general effective expression of a total third order
type Lagrangian with arbitrary coefficients for the remaining eleven terms (the previous eight terms
plus the new three ones) denoted as the K1 to K11 in the text. Then, we have proceeded the analogy
for the field tensor of this combination, and have achieved the relevant constraint among the non–zero
constituent coefficients. The constraint shows that, if one of these new Lagrangian terms is missed,
then all of the three new ones will vanish (whereby the constraint reduces to the previous case);
and also the maximum number of permissible missing coefficients of the first previous eight ones is
again three. There are, in general, four degrees of freedom, though in six dimensions, there exists
one extra identity among the first eight coefficients. We have shown that a few expressions given
in the literature as the third Weyl–invariant combination in six dimensions do satisfy the obtained
constraint relations. Thus, we suggest that these constraint relations to be considered as the necessary
consistency conditions on the numerical coefficients that a Weyl–invariant should satisfy similar to
the Duff consistency relations for the second order trace anomaly.

We have reviewed the classical approach toward the trace anomaly that was presented in our
previous works, in order to examine it for the introduced total third order type Lagrangian. Though,
as an explicit calculated expression for the trace anomaly in six dimensions in the semi–classical
theory has not been given in the literature, we have compared our result with its precisely equivalent
expression, namely the b6 coefficient of the Schwinger–DeWitt proper time method that linked with
the relevant heat kernel coefficient. For this purpose, we first have achieved our general expressions
for the trace anomaly for the generic second (as a re–examining case) and the total third order types
Lagrangian terms, relations (73) and (68), with two and four degrees of freedom (in D > 6 dimensions,
and three in six dimensions), respectively. Then, we have demonstrated that the obtained expressions
contain exactly the b4 and b6 coefficients, respectively, as a particular case. Of course these results
are necessary consistency tests, but our approach may be regarded as allowing an alternative (perhaps
simpler) classical derivation of the trace anomaly that gives a general expression with the relevant
degrees of freedom.

The results obtained indicate that it is likely that the analogy of the Einstein gravity should also
exist for a class of further generic Lagrangians of order/degree n > 6. However, for each order/degree
to hold the analogy, there would be a set of constraints that the relevant constituent coefficients must
satisfy. Though, extending the analogy to higher orders of generic cases does not seem technically very
easy (even in the third order case considerable algebraic calculations was required). That is, finding
the constraints for generic cases, or for the most general effective expressions as total Lagrangian
terms of each order, must be performed order by order with huge calculations for each one.
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Appendix A: Useful Relations & Variation Of A Few Actions

In this appendix, we furnish a few useful relations and also supply the metric variation of a few
Lagrangian terms.



• The Useful Relations

The following derivative relations can easily be derived from non–commutativity of the covariant
derivatives, and the Bianchi and the contracted Bianchi identities, as [23]

Rαµ
;µ

β = R;αβ/2 ,
Rµανβ

;α = Rµν; β −Rµβ; ν ,
Rµτ ; ν

τ = R;µν/2−RµανβR
αβ +RµαRν

α ,
RντµρR

τµ; νρ = K6/2 −K7/2−K8 −K11/4 . (A.1)

Also
(Rk−1);µν = (k − 1)Rk−2R;µν + (k − 1)(k − 2)Rk−3R;µR; ν . (A.2)

In the variation process, using the integrating covariantly by parts and the appropriate boundary
conditions, one can effectively write

f δ( kR)
eff
= ( kf) δR +

k−1
∑

i=0

( if)

[

−
(

(k−1−i)R
)

, τ
gαρ δ Γτ

αρ +
(

(k−1−i)R
)

;αρ
δgαρ

]

, (A.3)

where the f is any scalar function of the metric and its derivatives.
The Euler–Lagrange expressions of a few scalar Lagrangian density terms,32 where L = F

√−g/κ2,
are [23]

G
(F (R))
αβ = F ′Rαβ − F ′

;αβ − 1

2
gαβ

(

F − 2 F ′
)

, (A.4)

G
(F (Rµν Rµν))
αβ = 2F ′Rαρ Rβ

ρ − (F ′Rαρ); β
ρ − (F ′Rβρ);α

ρ + (F ′Rαβ)

−1

2
gαβ

[

F − 2(F ′Rµν);µν

]

, (A.5)

G
(F (Rρτµν Rρτµν))
αβ = 2F ′RαρµνRβ

ρµν + 2(F ′Rµανβ)
;µν + 2(F ′ Rµβνα)

;µν − 1

2
gαβ F , (A.6)

G

(F (
p
∑

k=0

kR))

αβ =
(

p
∑

k=0

kfk
)

Rαβ −
(

p
∑

k=0

kfk
)

;αβ
−

p
∑

k=1

k−1
∑

i=0

( ifk)(;α(
(k−1−i)R);β)

−1

2
gαβ

{

F − 2
(

p
∑

k=0

kfk
)

−
p

∑

k=1

k−1
∑

i=0

[

( ifk)(
(k−1−i)R);ρ

];ρ
}

(A.7)

and

G
(RN lR)
αβ = Θ[Nl]Rαβ −Θ[Nl]

;αβ −
l−1
∑

i=0

( iRN )(;α(
(l−1−i)R); β)

−1

2
gαβ

{

RN lR− 2 Θ[Nl] −
l−1
∑

i=0

[

( iRN )( (l−1−i)R);ρ

];ρ
}

, (A.8)

where the prime denotes ordinary derivative with respect to the argument, fk ≡ ∂F/∂ kR and
Θ[Nl] ≡ N RN−1 lR+ lRN .

The Weyl conformal tensor, for D ≥ 3 dimensions, satisfies

Cαβµν C
αβµν =

2

(D − 1)(D − 2)
R2 − 4

(D − 2)
RµνR

µν +Rαβµν R
αβµν , (A.9)

32The corresponding Euler–Lagrange expressions of Lagrangians containing the derivatives of the curvature scalar are
firstly due to Buchdahl [51].



where in four dimensions CαβµνC
αβµν

∣

∣

∣

4−dim.
= R2/3 − 2RµνR

µν + Rαβµν R
αβµν . And, its associated

effective Lagrangian, by considering the Gauss–Bonnet theorem, is −2/3
(

R2 − 3RµνR
µν

)

. In six

dimensions, it reads CαβµνC
αβµν

∣

∣

∣

6−dim.
= R2/10−RµνR

µν+Rαβµν R
αβµν , also Cαβµν Cαβµν

∣

∣

∣

6−dim.
=

K9/10 − K10 +K11 and Cαβµν ;ρC
αβµν ;ρ

∣

∣

∣

6−dim.
= K15/10 − K16 +K17. In three dimensions, as the

Weyl tensor identically vanishes, from relations (32) and (33) we have, respectively,

(6K1 − 36K2 + 3K3 + 32K4 + 24K5 − 12K6 +K7)
∣

∣

∣

3−dim.
≡ 0 (A.10)

and
(−7K1/2 + 21K2 − 3K3/2− 18K4 − 15K5 + 6K6 +K8)

∣

∣

∣

3−dim.
≡ 0. (A.11)

In four dimensions, from relations (32) and (33) and their dependence, one has

(

8

9
K1 + 18K2 − 3K3 − 20K4 − 24K5 + 18K6 −K7 + 4K8

)

∣

∣

∣

4−dim.
≡ 0. (A.12)

Also, see Ref. [30] and the appendix of Ref. [31]. The scalar action I constructed by the cubic
of the Weyl tensor, relations (32) or (33), in a D–dimensional space–time, through the conformal
transformation gµν → Ω2gµν , conformally transforms as I → ΩD−6 I. Hence, it is a conformal
invariant only in six dimensions.

• The M (3) As A Lagrangian Term

In Sect. 4, we need to know the effect of the M (3), relation (19), as a Lagrangian term. By using
the relations

R2 = 2(K9 +K15), (A.13)

(RµνR
µν) = 2(K10 +K16), (A.14)

(RµνρτR
µνρτ ) = 2(K11 +K17), (A.15)

(

RµνR;µ

)

; ν
= K12 +

1

2
K15 , (A.16)

(

RµνR
µρ
)

; ρ

ν = K4 −K5 +K12 +K13 +
1

4
K15 (A.17)

and
(

Rµν; ρR
ρµνλ

)

;λ
=

1

2
K6 −

1

2
K7 −K8 −

1

4
K11 +K13 −K16 , (A.18)

relation (19) reads as

M (3)= −1
2

[

(12b1+b2)R
2+2(2b2+b5)RµνR

µν+(4b3+
1

2
b6)RµνλτR

µνλτ

]

;ρ

ρ

−(2b2 + b5)
(

RµνR;µ

)

; ν
− (3b4 − 2b5)

(

RµνR
µρ
)

; ρ

ν + 2(b5 + b6)
(

Rµν; ρR
ρµνλ

)

;λ
.(A.19)

Obviously all of the terms are complete divergences. Therefore, with careful attention about the
appropriate boundary conditions (that need to be applied in the process of the variation when a
function is up to the fourth order jet–prolongation of the metric), one can easily show that these
terms, and hence the M (3), give no contribution to the variation of the corresponding action.



• The K9 To K17 As Lagrangian Terms

In Sect. 5, the effect of each linearly independent term of the K9 up to K17, as a third order
Lagrangian term, is needed. For this purpose, using the null effect of complete divergences (A.13)–
(A.18) in the variation of their corresponding action and that, the term K14 is itself a complete
divergence, we obtain33 the following identities, i.e.

G
(K11)
αβ ≡ −4G

(K4)
αβ + 4G

(K5)
αβ + 2G

(K6)
αβ − 2G

(K7)
αβ − 4G

(K8)
αβ −G

(K9)
αβ + 4G

(K10)
αβ , (A.20)

G
(K12)
αβ ≡ 1

2
G

(K9)
αβ , (A.21)

G
(K13)
αβ ≡ −G

(K4)
αβ +G

(K5)
αβ − 1

4
G

(K9)
αβ , (A.22)

G
(K14)
αβ ≡ 0 , (A.23)

G
(K15)
αβ ≡ −G

(K9)
αβ , (A.24)

G
(K16)
αβ ≡ −G

(K10)
αβ (A.25)

and
G

(K17)
αβ ≡ −G

(K11)
αβ . (A.26)

Relation (A.20) has already been used in Ref. [45] (the last relation on its page number 612, after
adapting the sign convention and substituting the necessary relations) and Ref. [16] (the first relation
of their relation (14)). However, consideration caution has to be exercised in applying identities in
general and identity (A.20) in particular, for there are associated with them some difficulties, but
nonetheless they throw some important effects on the effective actions.

Thus, it appears that among the K9 and K17 Lagrangian terms, it suffices to derive only the
metric variation of the K9 and K10 terms; indeed, we mean that

δ

∫ 17
∑

i=1

biKi

√−g dDx = δ

∫ 10
∑

i=1

b
′

i Ki

√−g dDx , (A.27)

where

b
′

1 = b1, b
′

2 = b2, b
′

3 = b3,
b
′

4 = b4 − 4b11 − b13 + 4b17, b
′

5 = b5 + 4b11 + b13 − 4b17, b
′

6 = b6 + 2b11 − 2b17,
b
′

7 = b7 − 2b11 + 2b17, b
′

8 = b8 − 4b11 + 4b17, b
′

9 = b9 − b11 + b12/2− b13/4− b15 + b17,
b
′

10 = b10 + 4b11 − b16 − 4b17 . (A.28)

Hence, as it is customary to write a Lagrangian in terms of its effective one, one can write

17
∑

i=1

bi Ki
eff
=

10
∑

i=1

b
′

iKi , (A.29)

where also the word “effective” is often not mentioned. However, as explained in the text, for being
able to apply the trace analogy for an effective total third order Lagrangian, we, in practice, need to
consider the K1 to K11 terms, and actually neglecting identity (A.20).

The K9, K10 and K11 Lagrangian terms give

G
(K9)
αβ =

[

2( R)Rαβ − 2( R);αβ −R;αR;β

]

− 1

2
gαβ

(

−4K14 −K15

)

, (A.30)

33Here, one actually means that the identity holds between the functional derivatives, i.e., for example,
δ(K16

√
−g)/δgαβ ≡ −δ(K10

√
−g)/δgαβ.



G
(K10)
αβ = R

(K10)
αβ − 1

2
gαβ

(

−2K6 + 2K7 + 4K8 + 2K10 +K11 − 4K13 −K14 + 5K16

)

(A.31)

and

G
(K11)
αβ = R

(K11)
αβ − 1

2
gαβ(−K17), (A.32)

where34

TraceR
(K9)
αβ =

1

3

(

2K9 − 2K14 −K15

)

, (A.33)

TraceR
(K10)
αβ =

1

3

(

2K4 − 2K5 − 2K6 + 2K7 +4K8 + 4K10 +K11 − 2K13 −
1

2
K15 +5K16

)

(A.34)

and

TraceR
(K11)
αβ =

1

3

(

8K6 − 8K7 − 16K8 − 4K10 + 16K13 + 2K14 − 20K16 +K17

)

. (A.35)

Appendix B: Dimensional Dependent Constraints For L
(3)
total

In this appendix, we perform the analogy for the appearance of the G
(3b)
(total)αβ in accord with

part (b), where

G
(3b)
(total)αβ = G

(3b)
(generic)αβ + b9G

(K9)
αβ + b10 G

(K10)
αβ + b11 G

(K11)
αβ (B.1)

and similar expressions for R
(3b)
(total)αβ and R

(3b)
total. The G

(3b)
(generic)αβ is given by relation (18) and the

Euler–Lagrange expressions of the K9 to K11 Lagrangian terms that are given by relations (A.30)–

(A.32) must be rewritten in accord to part (b). By imposing the condition TraceR
(3b)
(total)αβ = R

(3b)
total,

and performing the bulk calculations, we find that the trace relation, for non–zero coefficients, holds
if and only if

b5 =
[

−12(D − 1)2b1 − (3D2 + 3D − 4)b2/3 − 4(3D − 5)b3/3− b4
]

/(D − 1),

b6 =
[

6(D − 1)2b1 − (3D2 − 19D + 14)b2/6− 2(D + 1)b3/3− (3D2 − 7D + 2)b4/4
]

/(D − 1),

b7 = (D − 2)
[

3(D − 1)2b1 + (5D2 + 3D − 6)b2/12 + (3D2 − 7D + 6)b3/3

+(D2 + 3D − 2)b4/8
]

/[2(D − 1)],

b8 = 4(D − 1)2b1 + (D − 1)(D + 2)b2/3 + 4(D − 1)b3/3 + (D − 2)b4/2,
b9 = (b2/6− 2b3/3 + b4/4) /(D − 1),
b10 = −2(D − 1)b9,
b11 = (D − 1)(D − 2)b9/2 = −(D − 2)b10/4. (B.2)

If one sets one of the b9 or b10 or b11 zero, then constraint (B.2) will reduce to constraint (40).
As mentioned in the text, in Ref. [16], they have also derived almost the same relations through
a proportional parameter u. Indeed, if we set the b13 = 0 and substitute for their proportional
parameter in terms of the other coefficients, namely u = [6(D− 1)2b1− (D2− 8D+6)b2/3+4D(D−
2)b3/3−D(D − 2)b4/2]/(D − 1), in their relation (B15), it will reduce to constraint (B.2).

34As we will not need the exact expressions of the R
(K10)
αβ and R

(K11)
αβ , to reduce the amount of calculations we

have derived their traces almost from the beginning. Implicitly, the appearances of the Euler–Lagrange expressions
(A.4)–(A.8) and (A.30)–(A.32) have been written according to part (a).
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