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INVERSION FORMULAS FOR THE SPHERICAL
MEANS IN CONSTANT CURVATURE SPACES

YURI A. ANTIPOV, RICARDO ESTRADA, AND BORIS RUBIN

ABSTRACT. The work develops further the theory of the following
inversion problem, which plays the central role in the rapidly de-
veloping area of thermoacoustic tomography and has intimate con-
nections with PDEs and integral geometry: Reconstruct a function
f supported in an n-dimensional ball B, if the spherical means of
f are known over all geodesic spheres centered on the boundary of
B. We propose a new unified approach based on the idea of ana-
lytic continuation. This approach gives explicit inversion formulas
not only for the Euclidean space R™ (as in the original set-up)
but also for arbitrary constant curvature space X, including the
n-dimensional sphere and the hyperbolic space. The results are ap-
plied to inverse problems for a large class of Euler-Poisson-Darboux
equations in constant curvature spaces of arbitrary dimension.

1. INTRODUCTION

The paper deals with the spherical mean operator, which is also
known as the spherical mean Radon transform. Importance of this
transformation in analysis and geometry and many of its properties
(which are still surprising!) were indicated by many authors; see, e.g.,
[11, p. 699], [31, 57]. In recent years an interest to this object has
grown tremendously in view of a series of challenging problems. One
of them is characterization of sets of injectivity (and non-injectivity) of
this transform; see [15, 4, 5, 56] and references therein. Another source
of mathematical problems related to the spherical means is the rapidly
developing thermoacoustic tomography (TAT), the revolutionary role
of which in medical imaging was pointed out in many publications; see

2000 Mathematics Subject Classification. Primary 44A12; Secondary 92C55,
65R32.

Key words and phrases. The spherical mean Radon transform, thermoacous-
tic tomography, the method of analytic continuation, the Euler-Poisson-Darboux
equation.

The research of the first and the second author was supported by the NSF grants
DMS-0707724 and PHYS-0968448, respectively. The third author was supported in
part by the NSF grant DMS-0556157 and the Louisiana EPSCoR program, spon-
sored by NSF and the Board of Regents Support Fund.

1


http://arxiv.org/abs/1107.5992v2

2 YURI A. ANTIPOV, RICARDO ESTRADA, AND BORIS RUBIN

[1]-[3], [18, 19], [20]-[23], [30, 35], [34]-[36], [38], [46]-[50], [59, 61]. The
present investigation belongs to this area.

Setting of the problem and motivation. Let f be an infinitely
differentiable function with compact support in the open ball B = {z €
R" : |z| < R}; OB is the boundary of B. We consider the spherical
mean Radon transform M f which integrates f over spheres centered
on 0B:

(1.1) (Mf)(ED) = —

Op—1 Sn—1

f(§ —10)do,

where
¢ € 0B, teRry = (0,00),

S"~1 is the unit sphere in R” with the area o,_1, and do stands for the
usual Lebesgue measure on S"~!. For the classical Radon transforms,
their modifications, and applications see, e.g., [12, 14, 26, 13, 29, 42].

The general problem of reconstructing f from known data (M f)(§,t)
on the cylinder 0B x R, is an immediate consequence of the following
commonly accepted mathematical model of TAT in R? (see, e.g., [36,
59, 30] and references therein):

Given a function c(x), the speed of the ultrasound propagation in the
tissue, and a function g(&,t), the measured value of the pressure at the
time t at the transducers location & € S?, find a function f(x), the
initial pressure distribution p(z,0) (the TAT image), if

i = 2 (x) Ap for allt > 0, x € R3,
(1.2) < p(z,0) = f(x), pi(x,0) =0  for allz € R?,
p(&,t) = g(&,t) for all ¢ € S?(C R?), ¢ > 0.

Here, p; and py; are the first and second time derivatives, and A is the
Laplace operator with respect to the spatial variable x.

This problem admits immediate generalization to arbitrary dimen-
sions, more general Riemannian spaces, and a broad class of differential
equations of the Euler-Poisson-Darboux (EPD) type. In the Euclidean
case, a thorough discussion of main inversion methods in terms of their
assumptions and computational features can be found in [36, 59]. In
the important particular case of constant speed c¢(z), solution to this
problem is equivalent to reconstruction of f from its spherical mean
(1.1).

Explicit inversion formulas for M f are of particular interest. For n
odd, such formulas were obtained by Finch, Patch, and Rakesh in [19].
Another derivation was suggested by Palamodov [47, Section 7.5]; see
also [21, 22, 61]. The corresponding formulas for n even were obtained
by Finch, Haltmeier, and Rakesh in [18]. An explicit inversion formula
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which relies on completely different ideas and covers both odd and even
cases, was suggested by Kunyansky [38].

In spite of the elegance and ingenuity, the derivation of the existing
inversion formulas for M f is pretty involved, and basic ideas behind
it remain mysterious. In view of practical importance, it would be
desirable to find an independent simple proof of known formulas and
thus check their correctness. Moreover, the prospective new method
should be applicable to more general geometric and analytic settings
and thus lead to further progress.

A simple proof for n odd was suggested by the third author [54],
who suggested to treat M as a member of a certain analytic family of
operators and applied the results to the inverse problem of type (1.2)
for the more general EPD equation in the case ¢(z) = const.

In the present article we suggest a new approach, which is concep-
tually simple and leads to inversion formulas for M f for alln > 2. As
in [54], the key idea is analytic continuation, however, the reasoning is
different. We extend our method to the similar problem for spherical
means on the n-dimensional sphere and the hyperbolic space, where
the theory of EPD equations is also well-developed. This extension
seems to be new and paves the way to diverse settings, when the rele-
vant geodesic balls and spherical means are considered in more general
Riemannian spaces.

Regarding generalizations to general Riemannian spaces, some com-
ments are in order. The corresponding wave equations and their EPD
generalizations were studied in [39, 32, 33], [43]-[45]. For example, the
wave equation on the n-dimensional sphere S™ has the form [39]

n—1

2

2
(1.3) 0zt = Uy, + ( ) u, (x,w) € S™" x (0,7),

where 0, denotes the Beltrami-Laplace operator. The Cauchy problem
for the relevant EPD equation

(1.4) Oau = 0, u(z,0) = f(x), wuy,(x,0)=0,
where
(1.5)  Oau = 6,u — Uy — (n — 1+ 2a) cot wu, + a(n — 1+ a)u,

and various modifications were discussed in [9, 10, 24, 32, 33, 44]. The
problem (1.4) for the case a = 0, corresponding to the usual Darboux
equation, was studied by Olevskii [43] and also by Kipriyanov and
Ivanov [32]. Our definition of the EPD-equation on S™ differs from
that in [32] and agrees with [44]. The particular case a = (1 —n)/2,
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corresponding to the wave equation (1.3), can be regarded as the spher-
ical analogue of the TAT model (1.2) with constant speed.

Plan of the paper and main results. Section 2 contains prelim-
inaries. Here the main statement is Lemma 2.2. For convenience of
the reader and better treatment of the subject, we supply this lemma
with alternative proofs, which are based on different ideas and use dif-
ferent tools, while leading to the same result. All these are presented
in Appendix. Section 3 contains derivation of inversion formulas for
M f in the Euclidean case. The main inversion results are presented
in Theorems 3.4 and 3.7; see also modified inversion formulas (3.21),
(3.22). The results of Section 3 are applied in Section 4 to the Cauchy
problem for the Euler-Poisson-Darboux equation

2a0—1
(1.6) DauEAu—utt—H%utzo, u(z,0)=f(x), u(z,0)=0,

where f is a smooth function with compact support in the ball B. Using
the results of Section 3 combined with known properties of Erdélyi-
Kober fractional integrals, we give explicit solution (Theorem 4.1) to
the following inverse problem:

Given the trace u (€,t) of the solution of (1.6) for all (§,t) on the
cylindrical surface OB x R, reconstruct f(x).

The particular case @ = (1 —n)/2 gives explicit solution to the TAT
problem (1.2) with constant speed ¢(x) = 1.

The spherical mean Radon transform on the m-dimensional unit
sphere S™ in R"*! is studied in Section 5. Inversion formulas for this
transform are given in Theorems 5.3 and 5.5. The relevant inverse
problem for the EPD equation on S™ is solved in Section 6. Section 7
contains derivation of inversion formulas for the spherical mean Radon
transform in the n-dimensional hyperbolic space. Here the main results
are given by Theorems 7.3 and 7.5 .

Acknowledgements. The third author is grateful to Mark Agra-
novsky, who encouraged him to study this problem, and also to Pe-
ter Kuchment and Leonid Kunyansky for useful discussions. Special
thanks go to David Finch, who shared with us his knowledge of the
subject.

2. AUXILIARY STATEMENTS

Notation. We use abbreviation a.c. to denote analytic continuation;
0n_1 = 27"2/T'(n/2) is the area of the unit sphere S"~! in R". We
write df (d€) for the usual Lebesgue measure on S™~! (on 9B, resp.);
la] denotes the integer part of a real number a; (-)} means (-)* if the
expression in parentheses is positive and zero, otherwise.
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We will need the following lemmas.

Lemma 2.1. Let p € C°(R).
(i) If m=0,1,2,..., then
et

U85, | Map)

(i) If m=1,2,..., then
‘t|a—1 B / ¢(2m—1)(t>
(2.2) aff—c'zm/ T(a2) et)dt = cmo ; dt
R

R

o(t) dt = cm 1 g0(2m) 0), cm1 =

23) = —cna [ $(0) gt .

R
where ¢y, 0 = (T(1/2—m)(2m—1))"! and the integral on the right-hand
side of (2.2) is understood in the principal value sense.

Proof. Both statements summarize known facts from [27, Chapter 1,
Sec. 3]. For instance, (ii) can be proved as follows. Using the equality

[(a)
ta—l — a+2m—2 ¢ (2m— 1)
1 = e (" 2see)
we write the left-hand side of (2.2) in the form
(o)

([t 2 sgnt, "=V ().

" ast5%m D(a + 2m — 1) T(a/2)
The latter yields the principal value integral

1 S0(2m—1)(t)
I'(1/2—m)(2m - 1)! / el

which coincides with (2.3). O

Lemma 2.2. Letn > 2, |h| < 1.
(i) The integral

(2.4)  ga(h /|t hloet (1 — 2)(n=3/2 gt Rea > 0,

/2

extends as an entire function of a and this extension represents a C'*
function of h uniformly in o € K for any compact subset K of the
complex plane.

(ii) Moreover,

(2.5) a.c. galh) =T((n—1)/2).

a=3—n
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Q/E

FI1GURE 1. The Euclidean case.
The proof of this lemma is given in Appendix.

3. THE EUCLIDEAN CASE. DERIVATION OF THE INVERSION
ForMuULA

We recall that our aim is to reconstruct a C'* function f supported
in the ball B = {x € R" : |z| < R} provided that the spherical means

(Mf)(&, 1) & —to)do, (&,t) € OB x Ry,

are known for all spheres centered on the boundary 0B of B (Fig. 1).
We introduce the “back-projection” operator P that sends a function
F(&,t) on OB x Ry to a function (PF)(x) on B by the formula

1
61 (PR = g [Pl - e,
oB
where d¢ stands for the surface element of 0B and |0B| denotes the

area of 0B.

3.1. The case n > 2. Consider the following analytic family of oper-
ators

B2 (NHEn= / b wan

(£,t) € OB X Ry, Rea > 0.
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Lemma 3.1. Let f be an infinitely differentiable function supported in
B={x e€R":|z| <R}. Then

(3.3) c. (PN*f)(x /|$ =k

a—3

(3.4) A = (2R "n V2T (n)2).

Proof. For Re a > 0, changing the order of integration, we obtain

(PN"f) /f () dy,

where

1 o
ko(z,y) = W/||$—f|2—|y—f|2| s
o8B

_ 1 2 2 (o a1
- / 2> = |yl? = 2R0 - (z — )| do

Snfl
(2R |z —y|)*! / 0 -0 —h|]*!
3.5 = ——df
(3.5) Op_1 ['a/2) ’
Snfl
oy el JyP
lz —y|’ 2R |z — y|

By the rotation invariance of the inner product, the integral in (3.5) is
independent of o and can be written as

On—2 a—1 2 (n—3)/2 .
— 1 — = Op_
I'(a/2) / [t=h] ( t) dt n-2 ga(N);
21

cf. (2.4). Note that |h| < 1 —§ for some 6 > 0 because x and y belong
to the support of f and the latter is separated from the boundary of
B. Hence, Lemma 2.2 yields

RZ " g
ag (PN =2 /|x_ o, 9a(0) dy

=\ /&d(y, A = (2R)?>"n~Y2T(n/2)

|z — y|n—2

(to justify interchange of integration and analytic continuation, the
reader may consult, e.g., [52, Lemma 1.17 ]). O
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Let us obtain another representation of the analytic continuation of
PN®f, now, in terms of the spherical means of f.

Lemma 3.2. Let f be an infinitely differentiable function supported in
B ={x €R": |z| < R},

_1d ()P 1)
(3.6) D=t b= s .
(i) If n =3,5,..., then

(e 6 n—31n—2
(37 ag (PN)() = o / DL€ de
(i) If n =4,6,..., then
(3.8)
ag (PN f)@) = - [ ag / D2 (M F)(E. 1) og (o | dt.
oB

Proof. Passing to polar coordinates, we have
(v / I e etar
['(a/2)
4R?

/ s e elr) = 5L € ),

Since the support of f is separated from the boundary of B, there is
an € > 0 such that p¢(7) =0 when 7 ¢ (¢,4R? — ¢). Hence, ¢(7) can
be regarded as a function in C°(R) and we can write

(N*f)(Et) = / r|?(|:/_2) 0e(T + 12) dr.

Now, Lemma 2.1 yields the following equalities.

Forn=3,5,...:

. e s (DO (0-3)/2)
L, (N D& =008 (), O = (n—3)!
Forn=4,6,...:

ac. (N“F)(Et)= /302" ) (7) log || dr,

a=3—n
R
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1
I'((3—n)/2) (n=3)!"

Combining these formulas with the backprojection P and noting that
operations a.c. and P commute, we obtain

6n,2 = -

Forn =3,5,...:
o 5n,1 (n—3) 2
Lac (PNf)(x) = o5] | ¢ (Jo —&J7) dg
OB
Forn =4,6,...:
4R?

a . 5n,2 (n—2) 2
e, (PN 1)@ = [ de [ () og 7l = ¢ dr
oB 0

These formulas give the desired result. O

Comparing different forms of the analytic continuation in Lemmas
3.1 and 3.2, we obtain the following statement.

Lemma 3.3. Let [ be an infinitely differentiable function supported in
the unit ball B={x € R" : |[z| < R}, D = -4 Then

2t dt
f(y)
(3.9) )\nB/Wdy

(0,
D3 (M t dg,
s [ DrrarnE )| ae
oB
if n=3,5,...,
6 n—27yn—2 2
WRnl/dfftD "2 (M )(E.0)] log |12 — [ — &7 di,
oB 0
if n=4,6,...,

\

where \, and 9, are defined by (3.4) and (3.6), respectively.

The left-hand side of (3.9) is a constant multiple of the Riesz poten-
tial of order 2 defined by

(3.10) (I*f)(@) = Zﬁz/z /\x—y|" ?

and satisfying

(3.11) ~AI*f = f, A=
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Thus, we arrive at the following result.

Theorem 3.4. Let f be an infinitely differentiable function supported
in the unit ball B={z € R" : |z] < R}, D = 5. 4.
(i) If n =3,5,..., then

312 f@)=dud [ DR OmE] | de
oB
(_1)(n—1)/2 7.‘.1—71/2
da="p I'(n/2)

(i) If n =4,6,..., then

2R
(3.13) (@) =duad [ de [[¢D"2e 20 )€t log ol dr,
OB 0

(_1)n/2—1 7T—n/2

2R (n/2 —1)!
3.2. The case n = 2. Let D be the open disk in R? of radius R centered
at the origin. In this section, for the sake of completeness, we reproduce
(with minor changes) the argument from [18], keeping in mind that the

Riesz potential of order 2 in the previous section is substituted by the
logarithmic potential

(3.14) (1)) = 5= [ £0) g~ yldy,

dn,2 =

satisfying AL f = f.
The following statement is a substitute for Lemma 2.2.

Lemma 3.5. Let -1 <h <1, 0 € S'. Then
(3.15) Gx = /log |60 -0 — h|df = —27log 2.

Sl

Proof. Owing to rotational invariance, we can write

1
log [t — h|
3.16 =2 ——dt.
(3.16) 9 B
This integral is known; see, e.g., [17, p. 296], [18].! O

YA more general integral was evaluated in [7, Lemma 6.1].
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Lemma 3.6. Let f be a C*° function supported in D. Then

(3.17)  (L.f)(x =5 R//Mf (&, t)log [t —|z—¢€|?| tdt dE+cy,

oD 0

B logR/f

(V.f) (6.6)= / £ () log | —|y—¢| dy.

Proof. Let

Changing the order of integration and making use of (3.15) with

_ -y _ e =1y
|z —y|’ 2R |z —y|’
we obtain
(PNA)@) = [ 1) k() dy
D
where
1
ki(z,y) = IR log ||z — &> — |y — &[*| d¢
oD
= L [log et - P -2 (@ —y)| de
2R
oD
1
_ %/(log(2R|x—y|)+10g|h—9-a|) i
= log(2R|z —y|) + o = log R+ log |z — y|.
This gives

(3.18) (PN.f)(x /f log\:c—y|dy+logR/f

On the other hand, (PN, f)(z) can be expressed in terms of the spher-
ical means. Indeed, passing to polar coordinates, we have

2R

(N.f) (E.8) = 2 / (M) (6, log | — | rdr

0
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and therefore,

2R
319)  (PNA)@) =3 [ [0 (€.rlog s~ o rar e

oD 0
Comparing (3.18) and (3.19), we arrive at (3.17). O

Lemma 3.6 allows us complete Theorem 3.4 in the following way.

Theorem 3.7. Let f be an infinitely differentiable function supported
in the disk D = {x € R? : |z| < R}. Then

2R
320) f(@) =8| gon [ 17 € 0tos |- lo—eP earag
oD 0

Formula (3.20) can be formally obtained from (3.13) by setting n = 2.
It coincides with formula (1.4) in [18].

3.3. Modified inversion formulas. We can replace f by Af in (3.9)
Since f is smooth and suppf is separated from the boundary of B,
then I?Af = —f. Furthermore, since u(x,t) = (M f)(x,t) satisfies the
Darboux equation

Ou = Au — uy — u =0

and A commutes with rotations and translations, then
(MAf)(z,t) = (AMf)(z,t) = L[(M f)(x,)](),  VzeR", >0,

where
I d? L n 1d
Car t dt’
see, e.g., [29, p. 17]. This reasoning and its obvious analogue for n = 2
give the following modifications of inversion formulas (3.12), (3.13),
and (3.20) with the same constant factors:

(i) If n =3,5,..., then

(3.21) f(x) = d, / D (LMY E ] de

t=la—¢]
OB
(ii) If n =2,4,6, ..., then

2R

(3.22) f(x)=dn2 /dﬁ/tD"_2[t"_2(LMf)(§,t)] log [t* |z —¢&|?| dt.

0B
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Formula (3.21) agrees with [54, formula (3.8)].

4. SPHERICAL MEANS AND EPD EQUATIONS

Consider the Cauchy problem for the Euler-Poisson-Darboux equa-
tion:

(4.1) DauzAu—utt—%ut:O,
(4.2) u(r,0) = f(x),  w(x,0)=0.

As in the previous section, we assume that f is a smooth function with
compact support in the ball B = {zx e R" : |z| < R}. [f a > (1 —n)/2,
then (4.1)-(4.2) has a unique solution

(4.3) w(a,t) = (MOf)(z,t), w€R", teER,,

where M® f is defined as analytic continuation of the integral

(Maf)(x,t):% /(1—|y|2)°‘_1f(x—ty) dy, Rea>0;

ly[<1
see [8] for details. If a = 0, then M°f = a._chO‘ f represents the
spherical mean (1.1).

Consider the following problem:

Given the trace u (§,t) of the solution of (4.1) - (4.2) for all ({,t) €
OB x Ry, reconstruct f(x).

To solve this problem we need some facts from fractional calculus;
see, e.g., [55, Sec. 18.1] or [17, Sec. 9.6]. For Rea > 0 and n > —1/2,
the Erdélyi-Kober fractional integral of a function ¢ on R, is defined
by

2t—2(a+77) t
71“( ] / (t2 — r2)a_17’277+1g0(7’) dr, t > 0.
Q 0

In our case it suffices to assume that ¢ is infinitely smooth and sup-
ported away from the origin. Then I*¢ extends as an entire function

(4.4)  (I7e)(t) =

of o and 7, so that I}y = ¢, (I,?)_1<p = I, %0,

1 d
™ _ —2(n—m)Dm 2n -
(I, o)(t) = 1 0! .
Assuming x = £ € 0B and passing to polar coordinates, we obtain
o I'a+n/2) ,
@5)  uelt) = () = SO (e o),

T (n/2)
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where ug (t) = u(&,t), e (t) = (M f)(€,t), n=n/2 — 1. This gives
_ w2 - T2
WO e Moy 1) T i

Now, since p¢(t) = (M f)(£,t) is known, we can use Theorem 3.4 to
reconstruct f by the following formulas.

Theorem 4.1. Let f be an infinitely diﬁerentmble function supported
in the unit ball B ={x e R" : |z| < R}, D =
(i) If n =3,5,..., then

F(2) = dyy A / D) (1) de

t=lo—¢]
0B

C'ZV (_1)(n—1)/2 7.‘.1—71/2
"7 ART (o + n/2)

2t dt

(i) If n =2,4,6,..., then

f(z) = dnzA/df/ D27 (12 ) (1)) log |12 — | — €| dt,

- _1\n/2-1 __—n/2
dng - ( 1) il .
’ 2RI (a+n/2)

The case a = (1 —n)/2 in this theorem gives explicit solution to the
TAT problem (see Introduction) with constant speed c¢(x) = 1. More-
over, after f has been found, we can reconstruct u(x,t) in the whole
space by setting u(z,t) = (M“f)(x,t). The latter gives an explicit so-
lution to the Cauchy problem for the generalized EPD equation (4.1)
with initial data on the cylinder B x R,.

5. SPHERICAL MEANS ON S"

The suggested method of analytic continuation enables us to study
the spherical mean Radon transform M f on arbitrary constant cur-
vature space X. In this setting, suppf C B, where B is a geodesic
ball centered at the origin, and the spherical means of f are evaluated
over geodesic spheres, the centers of which are located on the bound-
ary of B. In this section we consider the case, when X = S" is the
n-dimensional sphere in R"*!.

Given z € S" and t € (—1,1), let

_2\(1-n)2
(5.1) ()t = T [ 1w ot
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F1GURE 2. The spherical case.

be the mean value of a function f € C°°(S™) over the planar section
{y e S":z-y=t} (Fig.2).

Our aim is to reconstruct f under the following assumptions:

) The support of f lies on the spherical cap

a
5.2) By={xe€S":x-epy1 > cos 0},

the geodesic ball of radius ), where e,,1 = (0,...,0,1) is the north
pole of S™ and 0 € (0, 7/2] is fixed.

(b) The mean values (5.1) are known for all z = £ € 0By and all
t € (—1,1), where 0By is the boundary of By.

This problem can be solved using the method of the previous section.
Let us fix our notation. In the following ST = {z € S" : x,41 > 0}
is the upper hemisphere, By denotes the unit ball in the hyperplane
Tpy1 = 0; S™71 stands for the boundary of By, which is also the bound-
ary of S%. For x € S we write

x= (2,1 —|2']?), ¥ = (xy1,...,7,,0) € By,

(
(
(

so that
ox 1 2 ox 1 2
/f(x)dx = /f(x',\/1—|x’|2) 1+ ) o+ o+ ") da
8371 axn
Sh

d/
— /f(17,>\/1—|93'|2)\/1_7$w-




16 YURI A. ANTIPOV, RICARDO ESTRADA, AND BORIS RUBIN

We introduce the backprojection operator P, that sends functions
on 0By x (—1,1) to functions on By by the formula

0By

(5.3) (PF)(x

Here d§ and [0By| denote the surface element and the area of 9By,
respectively. We denote by By the orthogonal projection of By onto
the hyperplane z,,; = 0.

5.1. The case n > 2. Assuming (£,t) € 0By x (—1,1) and Rea > 0,
consider the following analytic family of operators

tle— 1
(5.4) (N F)(E,1) = /'5 y=t" ey ay.
I(a/2)
Lemma 5.1. Let f € C*(S™), suppf C By. Then
N ~ I'(n/2) (sind)?
55 ag (PN = LT / Ero
(5.6) F&) ==l Fy, (0= 1y1)?).
Proof. For Re a > 0, changing the order of integration we obtain?
€ (z—y)*!
PN<f) ,d ko dg.
)z /f y, kalz,y) = \839 / a/2 3
0By
Since ¢ has the form £ = e, 4, cos 0 + wsin 0, w € S"1, then
€ (@ =) = [(@+1 — Yns1) cos 0+ (¢ —y') - w sind|
(5.7) = |h—w-o| |2 — ] sinb,
Tn+1 — Yn+1 .CL’/ - y,
. h=——="-cot# = .
o oyl Ty
Hence,
(2" — 3| sinf)~1 |h—w- ot
. ko(x,y) = — dw.
Snfl

2For the sake of convenience, we use some notations which mimic analogous
expressions in the Euclidean case.
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The integral in (5.9) is independent of £ and can be written as
1

Op—2 a—1 2\(n—3)/2 = :
1 — = 0,20
['(a/2) /|t hl*™ (1 —1t7) dt = on—3 ga(h);

cf. (2.4). This gives

Op_s (|J2/ — 3| sin@)*?

(5.10) ka(z,y) = ga(h).
On—1
Let us show that |h| < 1. We write
T = €p41 COS Y + wsin v, Y = €py1 COS O + vsin 0,
v,0 € (0,0); u,v € S" L fzzw
2" — /|
Then
i = (cos v — cos §)?
~ |usiny — vsin §?
B (cos v — cos §)?
~ sin®y —2(u-v)siny sin§ + sin? 6
(cos v — cos §)? ~ (cos v —cos 6)?

<

sin?y — 2siny sind +sin?6  (siny — sin )2
Without loss of generality, suppose that v < §. Then
cOs 7 — oS 0 v+0

h| < ———— —tan
sin 9 — sin 1y

and therefore, |h| = |h| cotf < 1.
Since |h| < 1, Lemma 2.2 yields

PN“f) =
s =o [ G = [

FO)= (-l £, (=), o, = 2L O

< tané,

O

As before, we need one more representation of ac. (PN®f)(x), now
in terms of the spherical means (M f)(&, ).

Lemma 5.2. Let f € C*(S™), suppf C By. Then

o _57n n—3 _ 42\n/2-1
g (PND) = s [[@ray=i0nnen a-eye| e

a=3—n t=£-x
0By
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ifn=23,5,..., and
On
a.c. (PN*f)(z) = ——————— /d£

a=3-n T (sin 9)”_1
0B,

1

<[ a0 E D) - 27 gt -

cos 20
if n =4,6,..., where §, is defined by (3.6).

Proof. For Re a > 0, by making use of the formula

(5.11) / F(y)alé - y) dy = o0 / a(T)(MF)E7) (1 — 722 dr,

we have
1

/ (MF)(ET) |7 — H (1 — 722 dr

-1

= [ et idn oln) = o (MPE T 0 - )Y

On—1

(NDIED) = Fry

T(a/2)

Since f is smooth and its support is separated from the boundary 9By,
then (M f)(&, 7) is smooth in the 7-variable uniformly in ¢ and vanishes
identically in the respective neighborhoods of 7 = +1. Thus, we can
invoke Lemma 2.1 which yields the following equalities.

Forn=3,5,...;cos 20 <t <1:
Lac (N“f)(E D) =600 (1),
Forn =4,6,...:

1
On n—
ag (VD60 === [ o) loglr—t|dr
cos 20
0, being defined by (3.6). The above formulas mimic those in the proof
of Lemma 3.2 and the result follows. U

Lemmas 5.1 and 5.2 imply the following inversion result for the spher-
ical means on S™. In the statement below, A, = 9% + ...+ 9?2 is the
usual Laplace operator in the z’-variable.
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Theorem 5.3. Let f € C*(S™), suppf C By. Then

Ao folad TP, dym o C

sin 6 v ol VI=lzP), - dn= 2n=1lyn/2-17(p /2)’
where fo(x) = fo(x', /1 — |2|2) has the following form:

folz) = - / (@)dty (M) E 1) (1 — 22| de

t=¢&-x
9By
ifn=3,5,..., and
1

o) = 1 [ de [ @iy QD (- og € ol di

0By cos 20

ifn=4,6,....

dn Ln+1

(5.12) f(x)=

5.2. The case n = 2. We keep the notation of section 5.1. Let

(513) (L)) = (L) VI—[7P) / F() log ' — | dy,

so that

(5.14) Ap(Lf) (@) = (1= [}) 72 f(x) = f(x) /5.
Lemma 5.4. Let f be a C*° function supported in By. Then

(5.15)  (Lf)(x)= 05,

1
/ / (M) (€, 7)log |7 — € - 2| dr dé +ej,

By —1

1 sin 0
oy =5 (106 57) [y
By

Proof. Let

(N.f) (6,1) = / F@)logle -y —tldy, (€.t € OBy x (—1,1).

Changing the order of integration, owing to (5.7), we obtain

(PN.f)(x /f (7, ) dy,
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where

h(ry) = |8179| /1og|§-(x—y)ld§

9By

1
= 2—/[log|x’—y'\+logsin9+log\h—w-a|]dw
m

= log|z’ — /| + log sinf + &,

2m
' log|t — Al
«= [ log|lh—w:-o|dw=2 ———dt = —2mlog?2;
g /og| w-o|dw e 7 log
Sl
cf. Lemma 3.5. This gives
s1n9

(6516)  (PN.f)() = 2x (LF)(x) + / ly

On the other hand, by (5.11),

(5.17)  (PN.f)(x) //Mf (€.7) log |7 — € - | drde.

0By —1
Comparing (5.17) with (5.16), we obtain the result. O

~ sinf

Lemma 5.4 allows us complete Theorem 5.3 in the following way:.

Theorem 5.5. Let f be an infinitely differentiable function supported
in the spherical cap By = {x € S*> : x - e3 > cos 0}, 0 € (0,7/2]. Then

(5.18)  f(x) =

27T sin 9

//Mf (&, 7)log |T — € - 2| dr dE.

9By —1

Formula (5.18) can be formally obtained from (5.12) by setting n = 2.

6. THE INVERSE PROBLEM FOR THE EPD EQUATION ON S"

The Euler-Poisson-Darboux equation on S™ has the form
(6.1) Opu = 0,u — Uy — (n — 1+ 2a) cotwuy, + a(n — 14+ a)u = 0.

Here x € S™ is the space variable, w € (0,7) is the time variable,
0, is the relevant Beltrami-Laplace operator. For the sake of simplic-
ity, we restrict ourselves to the case Rea > —n/2. In this case the
corresponding Cauchy problem

(6.2) Oau =0, u(z,0) = f(z), wuy(z,0)=0,
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with f € C>(S™) has a solution u(zr,w) = (M*f)(x,cos w), where
(M“f)(x,t) is defined as analytic continuation of the integral

Cna _
63 OCNE0 = i [ @0 W
T-y>t
Cno = 2071072 (0 +n/2)/T (), Rea >0, te(—1,1);
see [44], [53, p. 179], and references therein.

Let By = {x € S™: - e,q1 > cos 0} be the spherical cap of a fixed
radius 6 € (0,7/2] and let 0By be the boundary of By. Our aim is to
solve the following

Inverse problem. Suppose that the values g(&,w) of the solution
of (6.2) are known for all (§,w) € 0By x (0, 7). Reconstruct the initial
function f € C*(S™), provided that the support of f lies in By.

This problem can be solved using the results of the previous section.
Assuming Rea > 0, we pass to spherical polar coordinates and write

(6.3) as

1

(Mf)(E,t) = 1 fnf’;>0-ari_lin/2 /(T — )Y ML) T) (1 =72

t

Then we set
Fe(t) = (Mf)(&,) (1 — 2"/,
21—o¢7Tn/2
Ga t — 1 _ t2 a—1+n/2 _lt
) = T o (1= 2 (€ cos ),
and invoke Riemann-Liouville fractional integrals [55]

1

(6.4) (I%u)(t) = ﬁ /(7‘ — )* () dr, Rea > 0.

t

Thus, if Rea > 0, then
(6.5) (I2Fe)(t) = Gaglt).

Since f is infinitely differentiable and the support of f is separated
from the boundary 0By, then F¢ is infinitely differentiable on (—1,1)
uniformly in § and supp F¢ does not meet the endpoints £1. It follows
that (6.5) extends by analyticity to all complex «, and we have

(MF)(E 1) = (L= ) 212G ) (1)
where IZ% is understood in the sense of analytic continuation. Now

Theorem 5.3 yields the following explicit solution of our inverse prob-
lem.



22 YURI A. ANTIPOV, RICARDO ESTRADA, AND BORIS RUBIN
Theorem 6.1. Let By be the spherical cap on S™ of radius 6 € (0, 7/2],
21—017.(.71/2
F(a+n/2) On—1
where g is a given function on 0By x (0, ). If the initial function f in

the Cauchy problem (6.2) is infinitely differentiable and the support of
f lies in the interior of By, then f can be reconstructed by the formula

dnin 1)m/2-1]
6.6) fl@)="" A po ! VTTP), dy= )

sin 6 2n=1gn/2=10(n /2)’
where fo(z) = fo(2', /1 — |2'|?) has the following form:

fole) = = [ (@aey=2l(1-Gag o) de

t=¢-x
0By

(1 —#2)2=14n/2g(¢ cos™tt), Rea>—n/2,

Goglt)=

ifn=3,5,..., and

=L [ [ agarriizcuom) sl e
0By cos 20

ifn=24,6,....

We recall that the case a = (1—n)/2 in this theorem gives a solution
of the relevant inverse problem for the wave equation on S™ in the
framework of the formal spherical TAT model.

7. SPHERICAL MEANS IN THE HYPERBOLIC SPACE

Most of the facts listed below can be found in [60]. Let E™', n > 2
be the real pseudo-Euclidean space of points © = (z1,...,2T,y1) Wit
the inner product

(71) [SL’, y] = —T1Y1— " — Tpln + Tnt1Ynt1-

The hyperbolic space H" is interpreted as the “upper” sheet of the
two-sheeted hyperboloid

(7.2) H" = {z € E"': [1,2] = 1, 3,41 > 0}.
The hyperbolic coordinates of a point = = (z1,...,2,.1) € H" are
defined by

r1 =sinhrsinw,_1...sinwssinwy,
To = sinh rsin w,_1 .. .sinwsy cos wy,

T, = sinhr cosw,_1,
ZTpi1 = coshr,
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Xn+1

whR

en+1

FI1GURE 3. The hyperbolic case.

where

0<w <2m; 0<wj<m, 1<j<n—-1, 0<r<oo.
By (7.3), each x € H" can be represented as
(7.4) r = w sinhr + e,41 coshr = (w sinhr, coshr)

where w is a point of the unit sphere S" ! in R" with Euler angles
Wi, ..., wn—1. We regard R" as the hyperplane z,,; = 0 in E™!. The
invariant (with respect to hyperbolic motions) measure dr in H" is
given by dz = sinh™ ' r dwdr, where dw is the surface element of S™~'.
The geodesic distance between points  and y in H” is defined by

dist(x, y) = cosh ™[z, y] (i.e., cosh dist(x,y) = [z,y]).
Given x € H" and t > 1, let

2 1\(1-n)/2
@5 s =S )it

o
[z,y]=t

be the mean value of f over the planar section {y € H" : [z,y] = t}.
As before, our aim is to reconstruct a function f € C°°(H") under
the following assumptions:
(a) The support of f lies in the geodesic ball (Fig.3)
B ={zeH" :dist(z,ept1) < R} ={z € H" : 2,11 < cosh R},

where e,,1 = (0,...,0,1) is the origin of H” and R > 0 is fixed.
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(b) The mean values (7.5) are known for all x = ¢ € OB and all t > 1,
where 0B is the boundary of B.
Owing to (7.4), we can write z € H" as

z = (2, 1+ |2|?), ¥ = (x1,...,2,,0) €ER",

so that

1 2 /|12
(7.6) /f )dx = /f V1+|Z?) p(a) da p(:);')z”leTZL.

We introduce the “back-projection” operator P that sends functions
on OB x (1,00) to functions on B by the formula

I O / [a))do©), zeB.

Let .

B = {2’ € R": |2/| < sinh R}
be the orthogonal projection of B onto the hyperplane z,,; = 0. If
E=¢p1 coshR+wsinhR, weS" ! and x = (2/,2,,1) € B, then

(€, 2] = /14 |2/]? cosh R — (2’ - w) sinh R,
and (PF)(x) is actually a function of 2’ € B. We denote this function
by (PF)(z').

7.1. The case n > 2. Let, as above, £ € 0B, t > 1. Consider the
analytic family of operators

(7.8) (N®F)(E,1) = / L€,

_t|a 1

T(ar2) fly) dy, Rea >0,
Lemma 7.1. If f € C*(H"), suppf C B, then

i F 2 h}%2 n
(7.9)  a.c. (PNf)(z') = /%) Wsll/r; /|:L“ y'[n2 W

a=3—n

- 1+ 2ly)?
710 o = st/ VIET) AL

Proof. For Re a > 0, changing the order of integration, we obtain

. I3
(PN®f)(x /f ) dy, ke, y)= |8B‘/ ey

‘a 1

)
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Since ¢ has the form £ = e, cosh R+ w sinh R, w € S"7!, then
1€, (= v)]] = [(®nt1 — Yny1) cosh R — (' —4) -w sinh R|
|h —w- o] |z’ —y| sinh R,

x’—y’

Tp+1 — Yn+1
7.11 h=———2"rcothR = .
(7.11) ooy OMR =Ty

Hence,

dw

(|2" — /| sinh R)>~! / |h—w- o>t
['(e/2)

On—1
Sn—1

I a—1
_ ona (]2’ —y| sinh R) ga(h), cf. (5.10).

Op—1

If |h| < 1, we can apply Lemma 2.2 and write the integral over B as
that over B C R™. This will give the result.

It remains to show that |h| < 1. By symmetry we may suppose that
|y'| < |2'|, which we shall do from now on. Let

a=ly], b= 2|, by = sinh R.

Since |2' — /| > |2'| — |¢/|, then

V14— V1+a?
B b—a '
For a fixed, the function f, (b) is increasing in (a, 00), because
D (a,b)
/ b — ) ,
fo(®) (b—a)’VI+02

Hence, h < f,(sinh R) coth R. The right-hand side of this inequality is
less than 1. Indeed, setting by = sinh R, we have

h < fa(b) coth R, fo (b)

D(a,b) = /(1 +b)(1+a2) —1—ab>0.

V1402 —V1+a2 /148
<
b()—a, bo
1+02—+/(1+a2)(1+8)
(b(]—a)b(]
G148 —/(1+a2) (1+18) < (b —a) by,
<0< D(a,by) .

fa(sinh R) coth R = 1,

<1,

This completes the proof. O
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Lemma 7.2. Let f € C*(H"), suppf C B. Then

(e% o 5” n— n/ _
g (PN°P@) = s aé (d/deyOa0) (€0 (=102 de,
ifn=3,5,..., and
N B On
a.c. (PNf)(z) = T (smh BT /df

0B
cosh 2R

x /(d/dt)"_z[(Mf)(£,t)(t2—1)”/2_1] log [t — [&, «] dt,

ifn=4,6,..., where 6, is defined by (3.6).

Proof. For Re a > 0, by making use of the formula

o0

(7.12) / ) all€. y]) dy = o / a(r)(MF)(E ) (72 — )2V dr,

1

we have

Unl

(N“f)(E,t

/ MF)(E,7) T —t|* Y2 — D)V Ydr
1

= / F|Z‘:/2) e(T+t)dr, e(T) =00y (MF)(E,T) (7% — 1)1/2—1'

Since f is smooth and the support of f is separated from the boundary
OB, then (M f)(&,7) is smooth in the 7-variable uniformly in ¢ and
vanishes identically in the respective neighborhood of 7 = 1. Thus,
Lemma 2.1 yields the following equalities:

Forn=3,5,...:
ae (N6 ) =0,00 (1)
Forn=4,6,...:
cosh 2R
N _ On (n—2)
L, (VD& == [ o) loglr—t] dr,

1

d,, being the constant from (3.6). Now the result follows; cf. Lemmas
3.2 and 5.2. g
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Lemmas 7.1 and 7.2 imply the following inversion result for the spher-
ical means on H". We recall that A, denotes the usual Laplace operator
in the a’-variable.

Theorem 7.3. Let n > 2. An infinitely differentiable function f sup-
ported in the geodesic ball B = {x € H" : dist(x,e,41) < R}, can be
reconstructed from its spherical means (M f) (&, 7), (§,t) € B x(1,00),
by the formula

R Ve e s e S
"l sinh R 70N T g lgn/2-1T (n f2)

where |x| = /|22 + 22, and fo(z) = folz',\/1+ |2'|2) has the fol-
+

lowing form:

) = — n—3 2 qyn/2-1
fola) aé (/e (OLA(E D (& = 17| e
ifn=3,5,..., and
] cosh 2R
fo(z) = - /d§ / (d/dt)"2[(M f)(€,t) (2 =1)">71 log |t—[€, ]| dt
OB 1

ifn=4,6,....

7.2. The case n = 2. The argument follows Section 5.2 almost verba-
tim. Let

(7.13) (1)) = 5= [ £)losla’ — o dy
so that
(7.14) Ap(Lf)() = Fa') = ] f(2) s

Lemma 7.4. If f be a C*° function supported in B, then

(7.15) (I*f)(x)=ﬁ / / (M) (€. 7)log |7 — [€. 2] dr dé +c5.

0B 1

1 sinh R
oy =5z (108 57) [ fw)ay
B

Proof. Let
(N.f) (6.8) = / F@)logllE,y] —tdy,  (€.1) € 9B x (1,00).

B
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Changing the order of integration, we obtain

(PN.f)(x /f (z,y) dy,

ki«(z,y =log|z’ —y'| + log sinh R — log 2 (see the proof of Lemma 5.4)
This gives

116) (PN =20 (L)) + (g T5) [ 1wy

On the other hand, by (7.12),

SmhR//Mf (€ ) log |7 — [¢, ]| drd.

0B 1

Comparing (7.17) with (7.16), we obtain (7.15). O

(7.17)  (PN.f)(x) =

Owing to (7.14), Lemma 7.4 allows us complete Theorem 7.3 as
follows.

Theorem 7.5. An infinitely differentiable function f supported in the
geodesic ball B = {x € H? : dist(z,e3) < R} can be reconstructed from
its spherical means (M f) (§,7), (§,t) € OB x (1,00), by the formula

X3

o fa] sh R - //Mf (6. 7)log |7 — [€, ]| dr de.

0B 1

Remark 7.6. As in Section 6, Theorems 7.3 and 7.5 can be applied to
solution of inverse problems for the EPD equation in the hyperbolic
space. The reasoning follows the same lines as before. We leave it to
the interested reader.

(7.18) f(x) =

8. APPENDIX: PROOF OF LEMMA 2.2

It is convenient to split the proof in two parts.
(i) We recall the notation

(8.1)  ga(h /2 /|t hloet (1 —2)(n=3/2 gt Rea > 0,
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where n > 2 and |h| < 1 -9, § > 0. Changing variables t = 27 — 1,
h = 2§ — 1, we write g,(h) = Go((1 + h)/2), where

2oc+n ’ 1 3)/2 3)/2
Gal6) = / €[ (L — )2 72 gy

(8.2) = Ua(§) + Ua( —&), §/2<6<1-6/2,
= 27 fieaprse-sny gyo-s e

0
The last integral expresses through the Gauss hypergeometric function

so that U, (&) = ae(a) b(ar) (4(§), where

ag(a) — gotn—3 5("—3)/24‘0 I‘((n _ 1)/2)’ b(a) _ F(Oz)

I(a/2)’
1

n—13—-—n n—1
C“(g):r(a+(n—1)/2)F( 2 T2 2 +O‘5€);

see, e.g., [b1, 2.2.6(1)]. Owing to [16, 2.1.6], (,(&) extends as an entire
function of «, which is represented by an absolutely convergent power
series. Since §/2 < & < 1—4/2, this series converges uniformly in o« € K
for any compact subset K of the complex plane. Furthermore, a¢(a)
is also an entire function and b(«) is meromorphic with the only poles
—1,-3,=5,.... Since g, is an even function, i.e., go(h) = go(—h), these
poles are eventually removable. Hence, G, (&) extends to all complex «
as an entire function of a and this extension represents a C'* function
of £ uniformly in o € K. This gives the desired result for g, (h).

(ii) To compute analytic continuation of g, at a = 3 — n, first, we
assume 1/2 < Rea < 1 and |Ima| < 1 and represent G,(§) as a
Mellin convolution

83 Gul= 21O, / e (8) %

where

rot(=3)/2(1 - 7)=3)/2 if 0< 7 <1,
filr)= fo(r) = [1=r]*7,

0, if 1<7<00,

The Mellin transforms f;(s) = [;° f;(r)7*"tdr (j =1,2) are evaluated
as

N I'(s+a+(n—3)/2)I'((n—1)/2) 3—n
hils) = I(s+a+n-—2) ’ R68>T_Rea
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: Fis)I'a)  I'(1—=5—a)'(a)
f2(s> = )

[(s+ a) I'(1—ys)

By applying the convolution theorem and the relevant Mellin inversion
formula [58], we obtain

0< Res<1— Rea.

K+i0c0

/ f(s)g_sds, 0<k<1l-Rea,
where f(s) = fi(s)fa(s). The function f(s) has poles in the half-
plane Res < rk at the points s = —j and s = —j — a — (n — 3)/2,
j=0,1,2,.... Since 1/2 < Rea < 1, all these poles are simple, and
the Cauchy residue theorem yields

f@)zr<ﬁ%£)rﬂn§3@fy{NFM—j+O%—$ﬂ)

1
- omi

f€)

2 [Tla=ra—j+n—2)
D2 (Dot (3-n)/2—j) | D((n—1)/2+ )
+nm—www< T((3—n)/2—7) *me—wmw”‘

Ultimately, we arrive at the following expression for G, (§):

(8.4) G.(&) = )\1F<1—a,3—a—n;5_n—a;>

2
3—n n—1n-1
+ )\2 F ( 5 ' 9 y 9 + «; 5) s
where

N = I'((n—1)/2) (—)"T'(3 —a —n) sinar

23— (/2) T((5 — n)/2 — a) cos (o +n/2)7’

[((n—1)/2) &+0=39/21(q) cos nw/2
A 23—a=n(a/2) T'(a+ (n —1)/2) <1 * cos (a + n/2)7r) '

Case 1. Let n =2m, m = 2,3,.... Then

85 Gol= gyt o (DilE) + Da(gia))
where
_ Fl—a,3—a—-2m;5/2 —a—m;§)
Di(&;a) (=1)mT(a+2m —2)T(5/2 —a—m)’
Dy(€ia) = cot(am/2) F(3/2 —m,m —1/2,a+m — 1/2;¢§)

g32—a=m (1 —a)T(a+m —1/2)
A simple computation yields ac, Go(§)=T'(m—1/2) =T((n—1)/2).
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Case 2. Let n=2m+1, m=1,2,.... Then
Fim)I'(1—«/2)

(86) Ga(é-) = 22—a—2m (og (om/Q) [E1(£7 Oé) + E2(£7 Oé)],
where
' Fl-—o,2—a—=2m;2—a—m;¢)
Er&a) (=)™ 1T (a—1+42m) T2 —a—m)’
Ey€a) = IRl —m,mya + mi )

I'l—a)l'(a+m)

Passing to the limit as @ — 2 —2m, we obtain a.c. G,(§) =T'(m) =

a=2-2m

['((n—1)/2). This completes the proof. O

Remark 8.1. The basic equality (8.4) can be proved in a different way if
we rearrange hypergeometric functions in (8.2) using known formulas.
Specifically, the second term in (8.2) can be transformed by formulas
(33), (6), and (21) from [16, Section 2.9]. This gives

Qatn—3 n—1
— rm B (") (@ + ),

Ua(l - 5)

Al = vl(a)F(l—a,B—n—a;5;n—a;{),

B = (€= 91 fa) F(aatn-2" T v aie)
T(a+ (n—1)/2) T(a+ (n — 3)/2)
() D{a+ 1 —2) ’
ey — DO G D@ =n)/2—0) sin(n—1/2)r
T(n—1)/2)T(3—n)/2) sn(n—1)/2 - a)n
Owing to [16, 2.9(2)],

B(é—) :,}/2(00 5(n—3)/2+aF (n— 13 —-—n n-— 1 Py é_) .

71 ()

2 7 2 7 2
This gives (8.4).
An alternative proof of (ii) The following alternative proof is

instructive and leads to the same result. In fact, it suffices to prove the
equality

(8.7) . ga(h) =T((n —1)/2)
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in the weak sense. Indeed, suppose that

85) ae (000) = ag [ gaW) o) dh=T((n-1)/2) [ v(b)dn

for any C*° function ¢ with compact support in the interval (—1,1).
Since, by Part (i), the analytic continuation of g,(h) represents a C'*®
function of h uniformly in @ € K for any compact subset K of the
complex plane, then (use, e.g., [52, Lemma 1.17 ])

o2y 9 V) = (20 G ¥)

and (8.8) yields ( a.c. ga,?¥)=T((n—1)/2)(1,%). This implies (8.7).

a=3—n

Let us prove (8.8). We denote

. |t|a—1
poe( ) - F(Oé/Q)’
where (-); stands for zero when the expression in brackets is non-
positive. We interpret these functions as D’-distributions on R. Then
Jo 1s a convolution of p, with the compactly supported distribution w
so that (ga, V) = (pa(s), (w(t), (s +1))); see, [27, Ch. I, Sec. 4(2)].

If nisodd, n=2m+3, m=0,1,..., then (2.1) yields

a.c. (ga,¥) = a.c. (ga,¥) = Cma (%) (w(t),Y(s+1))

w(t)= (1)) V"2

a=3—n a=—2m

Cm1 (@, ™) = e ([(1 =)™, 9(1))
(—=1)™cpm1 2m)l =m! =T ((n —1)/2).

Let now n be even. Since the convolution is commutative,

a.¢. (9o, ) = a.c. (w(t), (pa(5), Y(s+1))) = (W(t), a.c. (pa(s), Y(s+1))).

Ifn=2m+2 (m=1,2,...), then, applying (2.2) and changing vari-
ables, we have

(2m—1)
a.c (Ga, V) = a.c. (Go,¥) = Cm2 (w(t),p.v./ %(S—H)dS)

s=0

« 3—‘n a=1-2m

= (=)™ / P (h) q(h) dh = (—1)" 2 / ¥(h) ¢®" 1 (h) dh,

B 1 e
2 = T memonr = p'v'_[ i—mvi—e”
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(interchange of the order of integration can be justified if we complete
[—1,1] to a closed contour and use [25, Section 7.1]). Now, ¢(h) is
a polynomial with leading term wh®"~!. This follows from the well
known relation for Chebyshev polynomials

1

T,(t)dt B
(8.9) p.v._/1 VI E wUn-1(h), l1<h<l,

and the fact that the leading terms of T},(h) and U, (h) are 2" 'h" and
2"h", respectively; see formulas 10.11(47), 10.11(22), and 10.11(23) in
[16, vol. II)]. Hence integration by parts yields

a=3—n

0.6 (gart)) = (—1) a7 (2m—1) / w(h) dh = T(m+1/2) / (h) dh,
where I'(m + 1/2) =T'((n — 1)/2). Thus, we are done. O
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