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NEW INEQUALITIES OF OSTROWSKI TYPE FOR MAPPINGS
WHOSE DERIVATIVES ARE s—CONVEX IN THE SECOND
SENSE VIA FRACTIONAL INTEGRALS

ERHAN SET

ABSTRACT. New identity similar to an identity of [13] for fractional integrals
have been defined. Then making use of this identity, some new Ostrowski type
inequalities for Riemann-Liouville fractional integral have been developed. Our
results have some relationships with the results of Alomari et. al., proved in
[13] [published in. Appl. Math. Lett. 23 (2010) 1071-1076] and the analysis
used in the proofs is simple.

1. INTRODUCTION AND PRELIMINARY RESULTS

In 1938, A.M. Ostrowski proved the following interesting and useful integral
inequality ([30], see also [29] page 468)):

Theorem 1. Let f : I — R, where I C R is an interval, be a mapping differentiable
in the interior I° of I, and let a,b € I° witha <b. If |f' (z)| < M for all x € [a,b],
then the following inequality holds:

1, (-t 1

4 (b— )

for all z € [a,b]. The constant % is the best possible in the sense that it cannot be
replaced by a smaller one.
This inequality gives an upper bound for the approximation of the integral av-

(1.1) < M(b—a)

f(w——/f )t

erage ﬁ f: f(t)dt by the value f(z) at point z € [a,b]. In recent years, such
inequalities were studied extensively by many researchers and numerious gener-
alizations, extensions and variants of them appeared in a number of papers see
(A-[13])

In [I5], the class of functions which are s—convex in the second sense has been
introduced by Hudzik and Maligranda as the following:

Definition 1. A function f : [0,00)— R is said to be s—convex in the second sense
if

fOz+ (1 =XNy) <X f(@)+ (1= A)f(y)
for all x,y € [0,00), A € [0,1] and for some fized s € (0,1]. This class of s-convex
functions is usually denoted by K?2.
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It can be easily seen that for s = 1, s—convexity reduces to ordinary convexity
of functions defined on [0, 00).

In [14], S.S. Dragomir and S. Fitzpatrick proved a variant of Hadamard’s in-
equality which holds for s—convex functions in the second sense:

Theorem 2. Suppose that f : [0,00) — [0,00) is an s-convex function in the
second sense, where s € (0,1), and let a,b € [0,00), a < b. If f' € L*([a,b]), then
the following inequalities hold:

a+b

J(@)+ £(0)

(12) 21 f( < SO

The constant k = ?11 is the best poss1ble in the second inequality in (2]).

The following identity is proved by Alomari et.al. (see [13])

Lemma 1. Let f : I C R — R be a differentiable mapping on I° where a,b € I
with a < b. If f" € L]a,b], then we have the equality:

/f = %/Oltf’(tﬁ(l—t)a)dt

—Lb__g;) /O 1 tf'(tw + (1 = t)b)dt

b—a

for each x € [a,b].

Using the Lemmal[ll Alomari et al. in [I3] established the following results which
holds for s-convex functions in the second sense.

Theorem 3. Let f : I C [0,00)— R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'| is s-convex in the second sense
on [a,b] for some fizred s € (0,1] and |f'(z)] < M, z € [a,b], then we have the

inequality:
1 b
t)dt| <
= | s <

Theorem 4. Let f : I C [0,00)— R be a differentiable mapping on I° such that
[/ € Lla,b], where a,b € T with a < b. If |f'|? is s-convex in the second sense on
[a,b] for some fized s € (0,1], ¢ > 1, p= L5 and |f'(z)| < M, x € [a,b], then we
have the inequality:

(1.3) fz) =

M | (z—a)’+(b—z)
—a s+1 ’

for each x € [a,b].

(1.4)

b —CL2 —$2
fla) = 5= | #ioy gb]ffa[(‘”’“’ el )],

for each x € [a,b].

Theorem 5. Let f : I C [0,00)— R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a < b. If |f'|? is s-convex in the second sense on
[a,b] for some fized s € (0,1], ¢ > 1 and |f'(z)] < M, x € [a,b], then we have the

inequality:
2\ (z —a)* + (b—x)°
SNI(S—I—l) [ 2(b—a) ]’

(1.5)

b
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for each x € [a,b].

Theorem 6. Let f : I C [0,00)— R be a differentiable mapping on I° such that
f' € Lla,b], where a,b € I with a <b. If |f'|? is s-concave in the second sense on
a

[a,b] for some fized s € (0,1], ¢ > 1 and p = s then we have the inequality:

(1.6)

b
f@) - 5 [ s

2(s—1)/q )
(1+MUP®—a)kx_®

for each x € [a,b].

(5590

()]

For other recent results concerning s-convex functions see [13]-[17].
We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used throughout this paper.

Definition 2. Let f € Li[a,b]. The Riemann-Liouville integrals J$, f and J*_ f of
order a > 0 with a > 0 are defined by
16} 1 v a—1
Ja_,’_f(flf) = m\/{; (.I — t) f(t)dt, T >a

and

1 b a—1
@/m (t—x)* " f(t)dt, = <b,

where T'(a) = [ e~ *udu. Here, JO, f(z) = J)_f(z) = f(z).

Jy- f(x) =

In the case of & = 1, the fractional integral reduces to the classical integral. Some
recent results and properties concerning this operator can be found ([I8]-[28]).

In spired and motivated by the recent results given in [13], [18]-[23] and [27],
in the present note, we establish new Ostrowski type inequalities for s—convex
functions in the second sense via Riemann-Liouville fractional integral. An inter-
esting feature of our results is that they provide new estimates on these types of
inequalities for fractional integrals.

2. OSTROWSKI TYPE INEQUALITIES VIA FRACTIONAL INTEGRALS

In order to prove our main results we need the following identity:

Lemma 2. Let f : [a,b] = R be a differentiable mapping on (a,b) with a < b. If
f € Lla,b], then for all x € [a,b] and o > 0 we have:

Cx—@“+@—xw>f(> T(a+1)

- O =ay [Jo_fla) + T2y (b))

(2.1)

((E _ a)oz-i-l (b _ x)a-i-l

1 1
= ﬁ/o to‘f'(tx—k(l—t)a)dt—ﬁ/o tf (te + (1 —t)b) dt

where I'(a) = fooo e~ tuLdu.
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Proof. By integration by parts, we can state

/lto‘f’(ta:—l—(l—t)a)dt
0

1

of (t+ (1= 1)) _/Qﬁqﬂm+a—w@ﬁ
0

(2.2) ’
@ e [Tl g
T z-—a a:—a/a (a_x)o‘_lx—ad
_ fl@)  al(a) 1 * v ) () du
S ey ACRCAELCE
and
1
/to‘f’(t:v—i—(l—t)b)dt
0
N e et 0] Y Sy (R (Rt L)
= 1 TO—/O at Tdt
(2.3)

_ f@ o [T —w) T fu) "
x—b :C—b/b (b_g;)o‘*lx—bd

_ f@) al'(«) 1 b 0 ) d

7a)o¢+1

Multiplying the both sides of (2.2]) and (23] by (@ 5= and (b;x_):H, respectively,
we have

o hatl 1 @ T
(24) %‘/O tozfl (t(E—i— (1 _ t)a) dt — (ZE bai af(x) . (ba_—i_al)’]g—f(a’)
and
b—a)*tt 1 b—x)® r
(2.5) %/g £ F (b + (1 — ) dt = bxi af(x) + (bo‘_+a1)Jg+f(b).
From ([24) and ([23)), it is obtained desired result. O

Using Lemma [2] we can obtain the following fractional integral inequalities:

Theorem 7. Let f : [a,b] C [0,00) = R, be a differentiable mapping on (a,b) with
a < b such that f' € Lla,b]. If | f'| is s—convez in the second sense on [a,b] for
some fized s € (0,1] and |f'(z)] < M, x € [a,b], then the following inequality for
fractional integrals with o > 0 holds:

’((:v—a);:i-c(tb—x)a) f(x)_%

[ﬁf@+ﬁﬁ@w
(2.6)

M Tla+ DT (s+ 1)\ | (z—a)*™ + (b—2)*™
- b—a<1+ MNa+s+1) >[ at+s+1 1
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where I' is Euler Gamma function.

Proof. From (ZI)) and since |f’| is a s—convex mapping in the second sense on
[a, b], we have

‘((m—a)a+(b—x)°‘>f(x>_ I(a+1)

b_a (b—a) [Jgff(a)_k‘]a(c)zrf(b)}

< ﬁ/Olzt‘l|f’(tgc+(1—zt)a)|d1t

= a+1 1
+%/0 £t + (1 — £)b)] i

m 1o¢+s / « NS | gt d

< EoO [ ip@lea -0 il
b—IaJrl 1
+L@t%_i£t“SVWﬂH¢%1—wﬂfwnﬁ

= b]\—/[a <o<+1s—|—1 N F(l(f(jl— }i-)l;(-i ;—)1)> {(x - a)aH T x)O‘H}

where we have used the fact that

1 1
1 r nr 1
/ t*Tdt = ———  and / (1 —t)°dt = (o + DI(s + )
0 a+s+1 0 Mla+s+2)

Hence, using the reduction formula I'(n + 1) = nI'(n) (n > 0) for Euler Gamma
function, the proof is complete. O

Remark 1. In Theorem[7, if we choose o =1 , then (2.4) reduces the inequality
(I3) of Theorem|[3

Theorem 8. Let f : [a,b] C [0,00) — R, be a differentiable mapping on (a,b)
with a < b such that f' € L{a,b]. If |f'|? is s—convez in the second sense on [a,b]
for some fized s € (0,1], p,g > 1 and |f'(x)] < M, x € [a,b], then the following
inequality for fractional integrals holds:

‘((I—G)Zi—éb—@a) f(x)_%

< T
(1+pa)5 S+1

where % + % =1, a>0 and I is Fuler Gamma function.

[ﬁj@+@¢@w

Q=

)

(z—a)* "+ (b- x)aH]
b—a
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Proof. From Lemma [2] and using the well known Hoélder inequality , we have

‘((z—a)Zi—((Lb—x)a) f(x)_%

[T fla) + T2, f(b)]

(CL‘ — a)aJrl ! a | gl
T T — d
< S [ e e - o)
a+1 1
+%/0 | f (tx + (1 — t)b)| dt

< % (/Oltpadty (/01|f’(tgc+(1—t)a)|qd1t)é
+% (/Oltpadt); (/Ol|f’(t:c+(1—t)b)|th);.

Since |f’|? is s—convex in the second sense on [a,b] and |f/(x)| < M, we get (see
13} p. 1073])

1
2M1
d (¢ 1—1)0)|%dt < ——
and [ 1f (b (=) < 2

/1 |f (tz + (1 —t)a)|* dt <
0

and by simple computation

2
s+ 1

! 1
/ tPdt = .
0 pa+1
Hence, we have

B M ( 2 >3l(x—a)a+1+(b—x)a+1]
- (1+p0¢)% s+ 1 b—a

which completes the proof. O

Remark 2. In Theorem[8, if we choose o =1 , then (2.7) reduces the inequality
(I4) of Theorem [}

Theorem 9. Let f : [a,b] C [0,00) — R, be a differentiable mapping on (a,b)

with a < b such that f' € L{a,b]. If |f'|? is s—convez in the second sense on [a,b]

for some fized s € (0,1], ¢ > 1, and |f'(z)| < M, x € [a,b], then the following

inequality for fractional integrals holds:

((:C a)b + (b—2) ) ) — I'a+1)
—a (b—a)

< T
(1—|—po¢)5 S"‘l

where a > 0 and T' is Euler Gamma function.

[ﬁf@+ﬁJ@”
(2.8)

Q=

)

[(:C —a)* (b - x)aH]
b—a
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Proof. From Lemma [2] and using the well known power mean inequality, we have

’((:v—a);:i-c(tb—x)a) f(x)_%

[J2-f(a) + T34 £ (0)]

1—

IN

Q%E%?i(zfﬁﬁ> %(Alaumm+41_@@wﬁ)%
+gggg;i([fﬁﬁ>l%<AZQU%m+41—ﬂmFﬁ)é

Since |f/|? is s—convex in the second sense on [a,b] and |f'(x)| < M, we get (see
[13, p. 1073])

1 1
[eirtra-nora < [ prels@f vea-olf @ d
0 0
1@l
a+s+1
£ @

= a+5+1+UW®VMa+Ls+n

I (a >|Q/O (1~ 1)°dt

_ @ e

= PO 5w
M1 ( F(a—i—l)F(s—l—l))

a+s+1 MNa+s+1)

Fla+1DI'(s+1)
(a+s+1)T(a+s+1)

IN

and similarly

IN

/ 1 (b (1 1)b)| d / [0 7 ()| + 651 — 0)° | (b)) dt

0

/ q 1
= LD per [ ea-oa

@) /e
= Q+S+I+U(M|ma+Ls+U

@) /
N a+s+1+u(mw

Mla+1DI'(s+1)
(a+s+1)T(a+s+1)

M1 Mo+ 1I'(s+1)
a—l—s—i—l(l Ia+s+1) )’

IN
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where 3 is Euler Beta function defined by

1
sy = [ -0 @y >0)
0
We used the fact that
and TI'(n+1) =nl(n)(n > 0).

Hence, we have

‘((I—Q)Zj-éb—x)a) f(x)_%

1 1—-1 1 1
q q

< M

- (1+a) (a+s+1>

y (1+ T(a+ 1)I(s + 1)>q l(x—a)aﬂ + (b—:c)““]

[ﬁf@+ﬁ#@”

Fla+s+1) b—a

which completes the proof. O

Remark 3. In Theorem[9, if we choose a = 1 , then (Z.8) reduces the inequality
(L3) of Theorem[a

The following result holds for s-concavity:

Theorem 10. Let f : [a,b] C [0,00) — R, be a differentiable mapping on (a,b)
with a < b such that f' € L{a,b]. If | f'|? is s—concave in the second sense on [a,b]
for some fized s € (0,1] and p,q > 1, then the following inequality for fractional
integrals holds:

’ ((m —a)* +(b— x)“) fa) - Det D [T f(a) + T2, f(B)] ‘

b—a (b—a)
(2.9)
s—1)/q z+a T
oo (55w (5]

where % + % =1, a>0 and I is Fuler Gamma function.
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Proof. From Lemma [2] and using the well known Hoélder inequality , we have

‘ ((:1: —a)* + (b x)“) ) - 29D e pay 4o p)

b—a (b—a)
(CL‘ _a)aJrl ! o | gl
(2.10) Ui /l 1| f (tr + (1 — t)b)| dt
b—a 0

< % (/Oltpadty (/01|f’(tgc+(1—t)a)|qdlt)é

Since |f’|? is s—concave, using the inequality (L2) we get (see [13, p. 1074])

(2.11) /01 | (tz + (1 = t)a)|"dt < 25| f’ <I;“) '
and

1 q
(2.12) /0 ' (b + (1= £)b)| " dt < 251 | f7 (HT:”)

Using (ZIT) and ZI2) in @I0), we have
‘((az—a)a—k(b—x)a)f(x)_w

[ﬁj@+@¢@w

b—a (b—a)
9(s—1)/q o o b
< |- (500 (2]
(1+pa)? (b—a)
which completes the proof. ([

Remark 4. In Theorem[I0, if we choose o =1 , then (Z9) reduces the inequality
(L38) of Theorem[@.

REFERENCES

[1] S.S. Dragomir, On the Ostrowski’s integral inequality for mappings with bounded variation
and applications, Math. Ineq. &Appl., 1(2) (1998).

[2] S.S. Dragomir, The Ostrowski integral inequality for Lipschitzian mappings and applications,
Comput. Math. Appl., 38 (1999), 33-37.

[3] S. S. Dragomir, S. Wang, A new inequality of Ostrowski’s type in Li-norm and applications
to some special means and to some numerical quadrature rules, Tamkang J. of Math., 28
(1997), 239-244.

[4] Z. Liu, Some companions of an Ostrowski type inequality and application, J. Inequal. in Pure
and Appl. Math, 10(2), 2009, Art. 52, 12 pp.

[5] M.E. Ozdemir, H. Kavurmaci and E. Set, Ostrowski’s type inequalities for (o, m)—convex
functions, Kyungpook Math. J., 50 (2010), 371-378.

[6] B. G. Pachpatte, On an inequality of Ostrowski type in three independent variables, J.
Math.Anal. Appl., 249(2000), 583-591.

(7] B. G. Pachpatte, On a new Ostrowski type inequality in two independent variables, Tamkang
J. Math., 32(1), (2001), 45-49



10

ERHAN SET

[8] A. Rafigq, N.A. Mir and F. Ahmad, Weighted Cebysev-Ostrowski type inequalities, Applied

Math. Mechanics (English Edition), 2007, 28(7), 901-906.

[9] M. Z. Sarikaya, On the Ostrowski type integral inequality, Acta Math. Univ. Comenianae,

Vol. LXXIX, 1(2010), pp. 129-134.

[10] N. Ujevié, Sharp inequalities of Simpson type and Ostrowski type, Comput. Math. Appl. 48

(2004) 145-151.

[11] L. Zhongxue, On sharp inequalities of Simpson type and Ostrowski type in two independent

variables, Comput. Math. Appl., 56 (2008) 2043-2047.

[12] M. Alomari and M. Darus, Some Ostrowski type inequalities for convex functions with ap-

plications, RGMIA 13 (1) (2010) article No. 3. Preprint.

[13] M. Alomari, M. Darus, S.S. Dragomir, P. Cerone, Ostrowski type inequalities for functions

whose derivatives are s-convex in the second sense, Appl. Math. Lett. 23 (2010) 1071-1076.

[14] S. S. Dragomir and S. Fitzpatrik, The Hadamard’s inequality for s-convex functions in the

second sense, Demonstratio Math. 32(4), (1999), 687-696.

[15] H. Hudzik and L. Maligranda, Some remarks on s—convex functions, Aequationes Math. 48

(1994), 100-111.

[16] U.S. Kirmaci, M.K. Bakula, M.E. Ozdemir, J. Pecari¢, Hadamard-tpye inequalities for s-

convex functions, Appl. Math. and Comp., 193 (2007), 26-35.

[17] M.Z. Sarikaya, E. Set and M.E. Ozdemir ”On new inequalities of Simpson’s type for s-convex

functions”, Comput. Math. Appl., 60(8), (2010) 2191-2199.

[18] G. Anastassiou, M.R. Hooshmandasl, A. Ghasemi and F. Moftakharzadeh, Montogomery

identities for fractional integrals and related fractional inequalities, J. Ineq. Pure and Appl.
Math., 10(4) (2009), Art. 97.

[19] S. Belarbi and Z. Dahmani, On some new fractional integral inequalities, J. Ineq. Pure and

Appl. Math., 10(3) (2009), Art. 86.

[20] Z. Dahmani, New inequalities in fractional integrals, International Journal of Nonlinear

Scinece, 9(4) (2010), 493-497.

[21] Z. Dahmani, On Minkowski and Hermite-Hadamard integral inequalities via fractional inte-

gration, Ann. Funct. Anal. 1(1) (2010), 51-58.

[22] Z. Dahmani, L. Tabharit, S. Taf, Some fractional integral inequalities, Nonl. Sci. Lett. A,

1(2) (2010), 155-160.

[23] Z. Dahmani, L. Tabharit, S. Taf, New generalizations of Gruss inequality usin Riemann-

Liouville fractional integrals, Bull. Math. Anal. Appl., 2(3) (2010), 93-99.

[24] R. Gorenflo, F. Mainardi, Fractional calculus: integral and differential equations of fractional

order, Springer Verlag, Wien (1997), 223-276.

[25] S. Miller and B. Ross, An introduction to the Fractional Calculus and Fractional Differential

Equations, John Wiley & Sons, USA, 1993, p.2.

[26] I. Podlubni, Fractional Differential Equations, Academic Press, San Diego, 1999.
[27] M.Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite-Hadamard’s inequalities for fractional

integrals and related fractional inequalities, Submitted.

[28] M.Z. Sarikaya and H. Ogunmez, On new inequalities via Riemann-Liouville fractional inte-

gration, larXiv:1005.1167v1, submitted.

[29] D.S. Mitrinovié¢, J.E. Pecari¢ and A.M. Fink, Inequalities Involving Functions and Their

Integrals and Derivatives, Kluwer Academic Publishers, Dortrecht, 1991

[30] A.M. Ostrowski, Uber die Absolutabweichung einer differentierbaren Funktion von ihren In-

tegralmittelwert, Comment. Math. Helv., 10, 226-227, (1938).

[31] D.S. Mitrinovi¢, J.E. Pecari¢ and A.M. Fink, Classical and New Inequalities in Analysis,

Kluwer Academic Publishers, Dordrecht, 1993, p. 106.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, DUzCE UNIVERSITY, DUZCE-

TURKEY

E-mail address: erhanset@yahoo.com


http://arxiv.org/abs/1005.1167

	1. Introduction and Preliminary Results
	2. Ostrowski Type Inequalities via Fractional Integrals
	References

