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1 Introduction

The search for exact solutions of differential equationgeiy challenging in mathematics,
but their usefulness in the proper understanding of quialtdeatures of phenomena and
processes in various areas of natural science merits toogat tb such an investigation.
Indeed, exact solutions can be used to verify the consigtend estimate errors of various
numerical, asymptotic and approximate analytical methatfsfortunately, there does not
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always exist a method adapted for the resolution of any typifferential equations. Very
often, one tries to reduce the equation in order to make rigsiesolution. But this reduc-
tion requires the knowledge of suitable transformationshanges of variables. The latters
usually give rise to another problem the issue of which isahwtys favourable.

A simple approach for the reduction of a differential eqorttonsists in seeking a
factorization, if there exists, of the differential openatssociated with it. Note that for
the particular case of second order linear ordinary diffgéaé equations of Schrodinger or
Sturm-Liouville type, the factorization of the associathiflerential operators also allows
to obtain partially or completely their spectrum, undetai@rassumptions of integrability
[1,12,[3,[4]. In recent years, there has been much intereste¥o the problem of factor-
ization of differential equations, especially based ordinordinary([5, 6, /8] and nonlinear
differential operators [7,/8) 9]. Although effective, theedl methods are rather restrictive in
their applications.

Recently, a purely algebraic method of factorization ofgeeond order linear ordinary
differential equations has been presented by the authofB0inll,[12[13]. The same
procedure of factorization has been exploited_ in [14] artdreded to second order nonlinear
ordinary differential equations (NLODES) and systems ofNDEs. This work generalizes
previous works by applying the above mentioned algebraibhaueof factorization to linear
and nonlinear systems of partial differential equationBEB). Necessary and sufficient
conditions of factorization are derived in the case of sdamder equations.

First of all, some useful notations are required. Consiean n-dimensional in-
dependent variable space, addan m-dimensional dependent variable space. Xet
(xL,---,x") € X andu= (ul,--- ,u™) € U. We define the spad¢®, sc Nas:

ue — {u(s) -y = é <éugk)> }7 (1.1)

whereugk) is the
Pk = ¥ (1.2)

of all k-th order partial derivatives afi. The Uék) vector components are recursively ob-
tained as follows:

i) uéo) =ul anduél) = (uil,u)’@,'-' ,U)J<n> ;
i) Assume thaugk) is known. Then,

— Form the tupleﬁgkﬂ)(l) as follows:

iyl — J J J —
u(k+1)(|) - <axlu(k)[|]’ axzu(k)[l]a’” aaxnu(k)[|]> ’ | = 1727"' » Pk,

Whereugk) [I] is thel-th component of the vectmjék>;
— Finally, form the vector

Uz = (T @0 1)@+ Ty (PO)
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An elementu® | in the spac&) ) is the

Gs = M(1+ Py+ P+ -+~ + Ps)-tuple (1.3)
defined by
9= (Wl o Wl Vo By Ayl fE) - @)

The coordinates in the spaXex U(® are denoted byx,u®®).

In the sequel, thes-uple u® will be referred to[[T.4), whereas the integgxsandgs are
defined by[(1.R) and_(11.3), respectively. Define differdrif@erators R, whose action on
a regular functionu is

DihU = Ugy[h] (1.5)
These operators [y satisfy the following properties:
(i) Doiu=u (identity),
(i) D1pDy U= Dyi1ni—1)+hU (composition rule),
(i) Dkpu=D1pDy-11u, k>1 (decomposition rule).

Remarkl.1 Operators R, allow the simplification of the writing of certain differegat
operators. For example, the operator

a|1+|2+“~+|n

S
T =
Wﬁzﬂnzo (Ox1)"* (8x2)'2 .- (axm)'"

can be shortly expressed as

ke

S k
T = z Dk h-
k=0h=1

2 Linear differential operators

In this section, we develop an algebraic method of facttdnaapplicable to linear differ-
ential operators (LDOs) and to systems of LDOs.

2.1 Factorizations of linear differential equations

The general setting of the factorization problem for LDOsléveloped. Necessary and
sufficient conditions are derived for the factorization e€end order linear ordinary and
partial differential operators with two independent vaks.
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2.1.1 General setting

Lets> 2 be a positive integer anl be an open subset &". Let

s Pk

= D 2.1
?(s) k;hzlgkm(x) kh (2.1)

a linear differential operator of order wheregxh € ¢ (A, R). The operatotr (s) acts on a
functionu € c3(A,R) as follows

S

=5 zgkh )DihU. (2.2)

k=0h=1

The method of factorization consists in seeking a decorntipaif the differential operator
(2.3) in the following form

|
= _rle(s) (2.3)
with 51_; 5 = sand
s
=> Z bi i h (X) Dich, (2.4)
==

whereby i € ¢(A,R) andbiyn € CEHS (AR), i =2,3,-- 1.

Proposition 2.1. Let # (s) be an operator which can be decomposed into the form (2.3). If
the function y satisfies

Q(s)up =0, (2.5)
and u, ..., u_1 are solutions of the system
[
|_| Q(s = v, j=12..,1-1 (2.6)
k=l—]+1
wherey, j=1,2,...,1 -1, are solutions of
1]
Q(s)v; = 0, (2.7)
I

then w, ug, ..., u_4 are | particular solutions of the equation(s)u = 0.
Proof. Letug anduj, j =1,2,...,1 —1 be solutions of(2]5) an@ (2.6), respectively. Then

andforj=1,2,...,1 -1,

P(Suj = (::jQJ )(k_||l_!+1Qk )j

where the use of (2.6) and (2.7) has been made. O
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Expanding[(2.B) leads to the relations between unknowntitumeb; i, of the differen-
tial operatorsQi(s) and the known functiongy n of the original differential operatar (s).
Without loss of generality and as matter of clarity, thigdstwill be concentrated to second
order equations, the generalization being straightfaiwar

2.1.2 Necessary and sufficient conditions for the factorizen of second order linear
ODEs

Let A and/\g be two open subsets & such that\g C A. Consider the second order linear
ordinary differential operator

2

2) = D
?(2) kZthlgkm(X) kh

= 001(X)Do1+0911(X)D11+021(X)D21, (2.8)

wheregkh € ¢ (A,R) andx = xt. Write 2 (2) in the form

?(2) = (1) )
1 P 1
2, 2] |33 mston

= [b101(X)Do1+Db111(X)D11][b201(X)Do1+b211(X)D11], (2.9)

whereby xn € ¢ (A,R) andbap € C1(A,R). Letu € c2(Ag,R). Then we have

P (2) u = goﬁl(X) u—+ gl,l(x) Uy + gzﬁl(X) Uoy (210)
and after expansion
?(2)u = [b101(X)Do1+b111(X)D1,1][b201(X)Do1+b211(X)D11]u
= b111b211Un+[b1o1b211+ 01110201+ 0b111D11(b21,1)] Ux
+  [b1o1b201+b111D11(b201)] U (2.11)
Identifying (2.10) with[(2.11L) yields

Proposition 2.2. A necessary and sufficient condition for the differentiatrapor 2 (2)
defined by((Z]8) be decomposed into the farml (2.9) is:

Q1 = bi1iboia, (2.12)
011 = bioibr11+b111bro1+b111D11(b211), (2.13)
Oop = b1oiboo1+b111D11(b201). (2.14)

Propose an approach to solve system (2.02)-(2.14). Asswagyti does not vanish on
A. Thus, it is always possible to find two nonzero functions'\omamelyb; 1 1 andby 1 1,

which satisfy [[2.1P). Substituting = by g1 andY = b, in (2.13) gives

1
X= o (01,1 —b111D11(bo11) —b111Y]. (2.15)
21,1
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The substitution 0f(2.15) intd (2.1L4) implies that the daposition [2.9) is strongly related
to the existence of a solution to the following Riccati edprain Y

b —by11D11(b
1,1.1Y2_|_91,1 1,1,1D11( 2,1.1)Y_ do.1

D11(Y)—
11(Y) 021 021 b111

~0. (2.16)

2.1.3 Necessary and sufficient conditions for the factorizen of second order linear
PDEs with two independent variables

Let A and/g be two open subsets & such that\o c A. Consider the second order linear
partial differential operator

2 P

?(2) = Zzgkh(X)ka
Eore

= doa( )D01+91 1(X)D1,14+012(X)D12
+ G21(X)D21 4 022(X)D22 4+ 923(X)D23+ 92.4(X)D2.4, (2.17)
wheregqh € ¢ (A,R) andx = (x',x?) . Write 2 (2) in the form

?(2) = (1))

1 b 1 px b
= x)D x)D
[k%z 1.kh(X)Dih [kZOhZ 2 kh(X kh]

[b1,01(X)Do,1+b111(X)D11+b112(X)D12]

X [b201(X)Do,1+b211(X)D11+0212(X)D1 2], (2.18)
whereb; kp € ¢ (A,R) andbykn € c1(A,R). Letu € c?(Ao,R). Then we have
P(2)u = Qo1U+011Ua +012Ue +021Uxa + (92,2 +02:3) Uxye 1+ G2.4 Upee (2.19)
and after expansion
P(2)u = [bro1(X)Do1+b111(X)D11+Db112(X)D12]
X [b201(X)Do1+b211(X)D1,1+b212(X)D12]u
= [b1o1br01+b111D11(b201)+b112D12(b201)] U
+ [b1o1br11+b11102014+b111D11(b211) +b112D12(b211)] Ua
+ [b1o1br12+b11202014+b111D11(b212) +Db112D12(b212)] U

+ br11bo11Upe + [br12b211+Db111021 2] Ugaye +b112D212Use. (2.20)

Identifying (2.19) with [[2.2D) leads to the following

Proposition 2.3. A necessary and sufficient condition for the differentia¢rapor # (2)
defined by((2.17) be decomposed into the form {2.18) is:

Q1 = briiboig, (2.21)
G2+023 = brioboi1+bi11bo12, (2.22)
Qs = briohrio, (2.23)
011 = bioaboi1+braibror+2(b211), (2.24)
012 = bioibio+bri2bpo1+£(b212), (2.25)

Oo1 = bioibro1+L(b2o2), (2.26)
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whereL = by 11D11+b112D12.

Propose an approach to solve systém (2.21)-[2.26). Asshateat least one of the
functionsg, 1 andg, 4 does not vanish o\, saysg . It is always possible to find two
nonzero functions o\, namelyb; 11 andby 11 which satisfy [(2.2]1). Substitutink; =

b112 andX; = by 1 7 into (2.22) yields

1
Xy = o (G22+ 33— b111X0). (2.27)
21,1

The substitution of((2.27) intd_(2.23) shows thmt; » is a solution of the second degree
algebraic equation
b
11,1 X22 B2t 023 Xo -+ 02,4 _o (2.28)
021 021 b111

The discriminant of equation (Z.28) is

A= (g2+ 023)° — 4921024 = (br12b211— b17171b27172)2 > 0. (2.29)

If A > 0, then the substitution of = byg1 andZ = by into (2.24) and[(2.25) implies
that the decompositio (Z2.118) is possible if the unique tsmiuto the following algebraic
system inY andZ

01— L(b211) = bo11Y+Dbr11Z
Q12— L(b212) = bo12Y+Dbr12Z (2.30)

satisfies[(2.26). Indeed, the determinant of the systend)#3
b112bp11—b111b212 = +VAH£O.

If A= 0, then the substitution of = by o1 andZ = by into (2.24) yields

1
Y=g £(b211) —braaZ]. (2.31)
2,1,1

9=y

Then, the substitution of (2.81) intio (2]126) implies that ttecompositior (2.18) is strongly
related to the existence of a solution to the following finstey quasi-linear partial differ-
ential equation irZ

b _
bz O11—L(b211)
bo11 bo11

L(Z) Z—go’l =0 (2.32)
which satisfies[(2.25).

2.2 Factorizations of systems of linear differential equabns

The previous analysis is now made for systems of linearréifféal equations.
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2.2.1 General considerations

Let A be an open subset &". Examine now the factorization process for systems-ibf
order,(s> 2), linear differential equations withindependent variables= (x*,--- ,x") and

m > 2 dependent variablas= ! (ul, e ,um) , U= u(x) whose associated matrix operator,
M (), is of the form

M (S) = [Kpﬂ (Spﬂ)]lgpﬂgm; (233)
the Rp q (Spq) arespq-th order linear differential operators
Spq Px

Let A and/\o be two open subsets &" such that\o C A. The matrix operatons (s) acts
on a vector valued function="* (u},--- ,u™) € cS(Ag,R™) as follows

M (S)U=[Rpq(Sp.a)l1<pgem U= [i%.q (Sp.a) Uq]
&

1<p<m

The method of factorization consists in seeking a decortiposdf the matrixas (s) under
the following form

|
= i(S 2.35
ﬂ%(s) (2.35)
where
%(S) = [{TLPM (S7P7Q)]1§p.q§m (236)
and
S.pa Pk
Ti.pa(S.pa) kz hza'quh( )Dich, (2.37)
—0h=1

with 5|15 =5 Spq=5—1+8pq, aLpqkh € C(AR) anda pqkh € Czlillls’p=q(A,R),
i=23... .

Proposition 2.4. Let a1 (s) be a matrix of differential operators defined lhy (2.33) which
can be decomposed into the fofm(2.35). If the functipa: 4 (u, - - ,uf') satisfies

AG(s)up =0, (2.38)
and y = (u1 iy u’J“) ,j=1,2,---,1 —1are solutions of the system
|
Nk(suj = vy, j=1,2,...,1 -1, (2.39)
k=I—]+1
where y =t (vjl,--- ,v’f‘) ,j=1,2,...,1 —1, are solutions of
-]
Ai(s)vj = 0, (2.40)
al

I
o

then w, ug, ..., u_1 are | particular solutions of the equatiom (s)u
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Proof. The proof is similar to that of the Propositibn P.1. O

Expanding [(2.35) leads to the relations between the unknfowmotions & pqxh Of
AG(s) and the known function$, gk n of 21 (s).

As matter of clarity, in the sequel we explicitly derive ngsary and sufficient condi-
tions for the factorization of systems of second order liredinary and partial differential
operators with two independent variables.

2.2.2 Necessary and sufficient conditions for the factorizeon of systems of second
order linear ODEs

Let A and/A\g be two open subsets & such that\g C A. Consider the matrix operator

M (2) = [Rpal1<pgem: (2.41)
where
2 P
Rop=» > Tpaknh(¥)Dih = fopo1Do1+ fppr1D11+ fpp21Das (2.42)
K=OR=1
and forp # g
1
Rpq = Z) > fpakh(¥)Dikh = fpq01Do1+ fpg11D11 (2.43)
K=oh=1

with fpqkh € C(A,R), x=xL. Write a7 (2) in the form

M (2) = ANa(1) - A2(D), (2.44)
where
with .
Pk
Tipp = kzohz di p,p.kh (X)Dk7h = ai,p,p,0,1Do1 + @i pp1,1D11 (2.46)
“or=1
and forp # g
Ti,pq = &,p,q01D01, (2.47)

a1 pakh € C(AR) andag pqn € CHAR). Letu= "t (ul,--- ,u™) € c?(Ag,R). Then we
have

m
M (2)U= [Rpg)i<pgem U= [z Rpgq uq] (2.48)
a=1 1<p<m
where
RppUP = fppo1tP+ fop1aUf + fop21 Uiy
and forp# q

RpqUul = fpqo1U+ foqr1Uf.
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On the other hand, after expansion[of (2.44), we have

o~ m o~
a (2)u= [ ] u= % 2.49
a= 1<p<m
where
— m
RppW = | a1pi01821po1+appriDii(@ppot) | UP+aLpp1182pp11Usy
=1
+ [a1ppotd2pp11taLpp11d2pp01+aLpp11D11(82pp11)] UL
and forp#q
RpqU? = [A1pp1182pq01+a1pq0182qq11] W
m
+ Z a1p1,01821,q01 +a1,pp11D11(82pq01) | U%.
I=1
dentifying (2:48) with [22D) yields

Proposition 2.5. A necessary and sufficient condition for the differentiaragpor 2/ (2)
defined by((Z.41) be decomposed into the farm {2.44) is:

m
fopor = D A1p101821,p01+31pp11D11(82pp01) (2.50)
I=1
fpp11 a1,p,p0182,p,p,1,1 +81Lpp1182,p,p01 +ALpp11D11(82pp11), (2.51)
fop21 = @ippiridppir (2.52)
and for p#£ q
m
fpaor = ) aplo1diqo1+aippriDii(azpgo1); (2.53)
=1
foa11 = @upp1182pq01+81pq01820911 (2.54)

2.2.3 Necessary and sufficient conditions for the factorizeon of systems of second
order linear PDEs with two independent variables

Let A and/\o be two open subsets & such that\g C A. Consider the matrix operator

M (2) = [Kpﬂ]lgp,qgm’ (2.55)
where
2 P
Rop = D > fpakn(X)Dkn
Kozt
= fppo1Do1+ fpp11D11+ fpp12D12
(2.56)

+ fpp21D21+ fop22D22+ fpp23D23+ fpp24D2a
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and forp#q
1
Rpa = % > foakn(¥)Dkh = fpg01Do1+ fogr1D11+ fpg12D12
K=oh=1

with foqih € C(AR), x= (x',x%) . Write 2 (2) in the form

where
A6 (1) = [Zipal1<pgem
with

1

Tipp= % > aippkh(X)Dih = aippo1Do1+ & pp11D11+aipp12D12
“or=1

and forp# q
Ti,pq = &,p,q01D01,

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

a1 pakh € C(AR) andag pqin € CHAR). Letu= "t (ul,--- ,u™) € c?(Ag,R). Then we

have
m
_ _ q
M (U= [RpglicpgemU=| > Rpql : (2.62)
a=1 1<p<m
where
RppUW = fppo1UP+fpp11 Ufl + fop12 Ufz
+ fpp2aWa + (fop22+ fop2s) Uae + fpp2ale
and forp#q
q q
RpqU! = fpqo1Ut+ fpgriUy + fog12Ue.
On the other hand, after expansion[of (2.58), we have
o~ m o~
a (2)u= [ ] u— % 2.63
a= 1<p<m
where
RppUW$ = @1pp1182pp11Uhs + (B1pp1282pp11+2a1pp1182,p.p12) Upe

_l’_

p
[81,p,p.0182,p,p,1,1 +31,p,p 1182, p,p01 + Lp(A2,pp11)] Uy
+  [B1pp0132pp12+81pp1282pp01+ Lp(32pp12)] Ufz

m
+ [Z a1,p),01821,p0.1 + Lp(82,p.p01)
=1

UP+8y pp1282pp12 ngz
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and forp#q

RpgU' = [a1,pp1182p001 +81p0182001,1] uﬁl
+ [aLpp1282pq01 +aLpgo1d2qq12] Up

m

+ Z a1,p,),0182).601 + Lp(a2pq01) | UY,
=1

whereL, = a3 pp11D11+ a1,pp12D12. From the Identification of (2.62) with (2.63) re-
sults

Proposition 2.6. A necessary and sufficient condition for the differentiaérapor a7 (2)
defined by{(2.35) be decomposed into the form {2.58) is:

m

fopor = D @pioi1d2ipo1+Lp(azppol); (2.64)
I=1
fppi1 = @1pp01d2pp11+aipp1132pp01+Lp(a2pp1l), (2.65)
fppi2 = @1ppo1d2pp12+a1pp1282pp01+Lp(a2pp12), (2.66)
fop21 = @ppri@pp1i; (2.67)
fop22+fpp2s = aippiedppiit+appridpple, (2.68)
fpp24 = @ippi2d2ppi2 (2.69)
and for p#q

m
fhaor = ) a1pl01821.901+ Lp(d2pa01); (2.70)

I=1
fpat1 = @1pp1182pq01+8a1,pq01820911: (2.71)
fpat2 = @ppi1282pq01+a1pq0182q912: (2.72)

3 Nonlinear differential operators

In this section, we investigate the factorization of noadindifferential operators.

3.1 Factorizations of nonlinear differential equations

We start with general considerations and then deduce the reaults on conditions of
factorization.

3.1.1 General setting and results
Lets> 2 be a positive integer\ be an open subset &" andQ an open subset @&. Let

S Pk

?(s) = k;)hzlgk,h(X, -)Dkh (3.1)
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be a nonlinear differential operator of ordervheregeh € ¢ (A x Q,R). The operatorr (s)
acts on a functiom € ¢3(A, Q) as follows

:i pz h(X,U)Dyp U. (3.2)
k=0h=1

The method of factorization consists in seeking a decontiposf the differential operator
(3.3) in the following form
[
=[1a(s) (3.3)
I

s
= ZJ Z Bi kh (X, -)Dih, (3.4)
Fem

whereby kp € ¢ (A x Q,R) andbjxp € I=E (AXxQR),i=23,--,l.
Expanding[(3.B) leads to the relations between unknowntifumeb; « , of the differential
operatorQ;(s) and the known functiongi ,, of the original differential operatar (s).

with y1_; s = sand

3.1.2 Necessary and sufficient conditions for the factorizemn of second order non-
linear ODEs

Let Q,A and/\ be three open subsets Rfsuch that\o C A. Consider the second order
nonlinear ordinary differential operator

2 P
2) = D
?(2) k;hzlgkh( ,-)Dkh
= 0o1(X,-)Do1+011(X-)D11+021(X,-)D21, (3.5)

wheregkn € ¢ (A x Q,R) andx = xt. Write #(2) in the form
?(2) = (1) (1)

1 1
= b -)D b -)D
[kZthl 1ich(X kh] ZJZ 2kh(X,-)Dkh

= [bro1(X,-)Do1+br11(X,-)D1a][b201(X,-)Do1+b211(X,-)D11], (3.6)

whereby kh € ¢ (A x Q,R) andbakh € cL(A x Q,R). Letu € c2(Ag,Q). Then we have

P(2)u = Qo1(X,U)U+g11(XU)Ux+G2.1(X, U) Uxx (3.7)
and after expansion
?(2)u = [b1o1(X,-)Do1+Db111(X -)D11][b201(X,-)Do1+b211(X,-)D11]u

= [b101b211+b111b201+b111D11(b211)+b111D1,2(b2.0,1)]Ux (3.8)
+ b111D12(021.1)UZ + [b101b201 +b11.1D11(b201)] U+ b111b21 1 Unx.

Identifying (3.7) with [3.8) furnishes
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Proposition 3.1. A necessary and sufficient condition for the differentiatrapor 2 (2)
defined by((315) be decomposed into the farm (3.6) is:

Q1 = biriiboag, (3.9)
011 = bioibo11+b111br01+b111D11(b211)+b111D12(b201)u, (3.10)

0 = by11D12(b211), (3.11)
o1 = b1oibro1+b111D11(b201). (3.12)

3.1.3 Necessary and sufficient conditions for the factorizeon of second order non-
linear PDEs with two independent variables

Let A and/\g be two open subsets & such that\o C A. Let Q be an open subset &.
Consider the second order nonlinear partial differenttegrator

2 P
?(2) = 3 3 Gkh(X)Dkn
Korn=t
= 0o1(X,-)Do1+911(X,-)D11+0912(X,-)D12+021(X,-)D21
+ 022(X,)D22+023(X,-)D23+024(X,)D2.4, (3.13)

wheregyp € (A x Q,R) andx = (x},x?) . Write #(2) in the form

?(2) = (1) (1)

1
[z > brh(X)Dkh

300

Eornm K=oH
= [bro1(X,-)Do1+b111(X,-)D11+b112(X,-)D12]
X [b201(X,-)Do1+b211(X,-)D11+b212(X,-)D12], (3.14)

whereby kh € ¢ (A x Q,R) andbakp € cL(A x Q,R). Letu € c2(Ag,Q). Then we have

P(2)u = go1(X,u)u+g11(X,U)Ua + g1.2(X, U) Uz + G2 1(X, U) Upe
+  (922(X,U) + g23(X, U)) Ugayz + G2.4(X, U) Upy2 (3.15)

and after expansion

b101(X,-)Do.1+b111(X,-)D11+b112(X,)D12]

b2,01(X,-)Do.1 +b21,1(X,-)D11+b212(X,-)D12]uU
b1010201+Db111D11(0201) +b1,12D12(b201)] U
b1o1b211+Db1110201+0111D11(b211) +b112D12(b211)
b11,1D13(b201) U] U + [b1,010212+b1.120201+b111D1.1(b212)
b11,2D12(02,12) +b11.2D13(02,01) U] U +b111D13(b21.1)U%
[b11,1D13(02,12) +b112D13(02,1.1)] Uathe +b112D13(b212)U%

+ brpaboiiupa +[br12b211+ 0111021 2] U +b112D212Use.  (3.16)

Identifying (3.15) with [3.1B) yields

?(2Qu =

[
[
[
[

+ o+ 4+ o+
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Proposition 3.2. A necessary and sufficient condition for the differentiatrapor 2 (2)
defined by((3.13) be decomposed into the farm {3.14) is:

O21 = biiabzaa, (3.17)
Qo2+023 = brisbpi1+bi1iboio, (3.18)
Qs = brighrio, (3.19)

011 = broibo11+bi1ibro1+2L£(bp11)+b111D13(b2o1)u,  (3.20)
O12 = bioabo12+bi12obro1+L£(bp12)+b112D13(b2o1)u,  (3.21)

Go1 = bioibroa+£(b202), (3.22)
0 = by12D13(b212), (3.23)
0 = by11D13(b211), (3.24)
0 = b111D13(b212)+b112D13(b211), (3.25)

whereL = by 11D11+b112D12.

3.2 Factorizations of systems of nonlinear differential egations
3.2.1 Theoretical considerations and principles

Let A be an open subset &" andQ, an open subset @™. Examine now the factorization
process for systems sfth order,(s > 2), nonlinear differential equations withindepen-
dent variablexx= (x!,--- ,x") andm> 2 dependent variables= * (u’,--- ,u™) , u=u(x)
whose associated matrix operatof,(s), is of the form

M (S) = [Kpﬂ (Spﬂ)]lgp.qgm; (326)
the Rp q (Sp.q) aresp q-th order linear differential operators

Spa Pk

(s f , .., )Dkh, 3.27
Rpq (Sp.a) ZZ pakh(X -)Dkh (3.27)

k=0h=1
m-entries

Let A and/\g be two open subsets &" such that\o C A. The matrix operatons (s) acts
on a vector valued function="* (ut,--- ,u™) € cS5(Ao,Q) as follows

m
M (U= [Rpgq(Spa)l1<pgem U= [z Rp.q (Sp.a) Uq] )
g=1 1<p<m
with
Spa Pk

Rp.q(Spa) U' = ZJ > fpakn (X u',...,u™) Dpu. (3.28)

The method of factorization consists in seeking a decortiposdf the matrixas (s) under
the following form

M (s) = u%(s) (3.29)
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where
Ni(s) = [Ti,pa(S,pa)l1<pgem (3.30)
and
S.pa Pk
Ti.pa(S.pg ai,p.akh(X *5---,)Dkh, (3.31)
kZthl P —
m-entries

With S S =5 Spg=5—1+8pq, a1pqkn € C(A x Q,R) anda; pqin € CE-1329(A x
QR),i=23,- 1.

Expanding[(3.20) leads to the relations between the unkrfanetionsa; pqxn of AG(s)
and the known functions$p, gk n of M (S).

3.2.2 Necessary and sufficient conditions for the factorizeon of systems of second
order nonlinear ODEs

Let A, Ao be two open subsets Bfsuch that\g C A, andQ an open subset &™. Consider
the matrix operator

M (2) = [%»Q]lgp,qgm’ (3.32)
where
2 P
= Z Z qukh R )Dk.h (333)
W—/
m-entries
= fppo1(X ..., )Do1+ fpp11(X ..., )D11+ fpp21(X ..., )D21
m-entries meentries m-entries
and forp#q
1
Rpq = %prqkh ) > )th
m-entrles
= fp.q,O.l(X> eyt )Do.l + fp.q,l.l(X> Syt )D]_.l (334)
meentries meentries

with fpqkh € C(A x Q,R), x=xL. Write a7 (2) in the form

M (2) = Na(1) - A2(D), (3.35)
where
NG (1) = [Tip.al 1< pgem (3.36)
with
1
Tipp = ,ppkh(X ..., )Dkh
kZthl ~—
m-entries
= @ipp01(X ..., )Dor+appri(X, ..., )D11 (3.37)

m-entries m-entries
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and forp#q
Thpﬂ = ai7p7q7071(x7 Q;,'-?/')DOJ.J (338)
m-entries
a1 pakh € C(Ax QR) andag pgrn € LA x Q,R). Letu="(ut,--- ,uM) € (Mo, Q).
Then we have
m
_ _ a
M (2) u= [Kpﬂ]lgp,qgm u= Z RpqU ] (3'39)
a=1 1<p<m
where
Rp,pUP = Fpp01 (X U)UP + fpp 11 (X U)UE + fp p 21 (X, U) U,
and forp#q
RpqUu? = fpgo1 (X u)ul+ fpq11(x u)uf.
On the other hand, after expansion[of (3.35), we have
~ m ~
9 (2)u= [ ] u= u 3.40
a= 1<p<m
where
RppUW$ = @1pp1182pp11Us+alppil z Difi1(82ppa1) Uy ug
h=1
o h
+ app11) Difii(Bppo1) iU+ [B1pp0182pp11+31pp1182pp01
h=1
hep
+ app11D11(32pp11) +81pp11D1pii(azpp01) U
m
* [Z a1,p1,01821,p01 + al7p7p7171D171(a27p7p7071)] uP
=]
and forp#q
RpqW = [1pp1182p60.1 T 81p601824q11 1 1pp11D1g+1(82,pq01) U U
m ~
h
+ a1pp1t y Dyfyg(a2pgor)
h=1
h#q
m
+ | Y avpro1d2iqo1+aypp11Dra(82pg0) | U
=]
Identifying (3.39) with [3.4D) yields

Proposition 3.3. A necessary and sufficient condition for the differentiarapor 2/ (2)
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defined by((3.32) be decomposed into the form {3.35) is:

m
fopor = D @pio1d21p01+app11D11(82pp01), (3.41)
&
fppi1 = @ppoidppiitalppiideppol
+ arpp11D11(@pp11) +a1pp11D1pra(azppo1)uP, (3.42)
fpp21 = @pprid2ppLis (3.43)
0 = Dyf,q4(@ppo1), he{1,2--- ,mp\{p}, (3.44)
0 = Dypq(82ppr), h=12---.m (3.45)
and for p#q
m
fogo1 = Z a1,p).0182),g01+a1pp11D11(a2pq01), (3.46)
&
fpall = @1pp1182pq01+a1pq018204911+81pp11D1g+1(82pg01) U, (3.47)
0 = Dyj(@pgo1), he{1,2---.m\{a}. (3.48)

3.2.3 Necessary and sufficient conditions for the factorizeon of systems of second
order nonlinear PDEs with two independent variables

Let A, Ag be two open subsets @&? such that\o c A, and Q an open subset dR™.
Consider the matrix operator

9 (2) = [Rpq) 1 p gem> (3.49)
where
2 P
Rpp = fp7q7k7h(xﬂ Tyt )DkJ’l (3.50)
kZO h21 ~—~—
m-entries
= fp7p7071(X, SRS )D071 + fp7p7171(X, Treees” )D171 + fp7p7172(X, eyt )D172
m-entries meentries m-entries
+ fp7p7271(X, SRS )D271 + fp7p7272(X, Treees” )D272
m-entries mentries
+ fop2s(X ... )D23+ fpp2a(X, -, )D2a
m-entries meentries
and forp#q
1
'R,p,q = fp,q.k.h (X, eyt )Dk,h (3.51)
kZO h; ~—~—
m-entries

= f 010X 5.y D01+f. 11X, ey Dll—l—f 12X, eyt D1.2
pa.0.1( )Do1+ fpgra( )D11+ fpgaa( )

m-entries m-entries m-entries

with fogih € C(A x QR), x= (x},x?) . Write a7 (2) in the form
M (2) = 2a(1) - A2(1), (3.52)
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where

with

Ti,p,p

and forp#q

AG(1) = [{Ti,qu]lgp,qgm (3.53)
1
kh ., )Dkn 3.54
ZZ PP, ) (3.54)
m-entries
8 pp01(X+ ..., )Do1+a ppr1(X-,...,- ) D11+ q 2(X+,...,-)D
0,0.0.1( )Do 1 00,11 ( )D11+aipp12( )D12
mentries m-entries m-entries
Tipg =& pgo1(X-,...,-)Do1, 3.55
i,p.g = 8i,p.q.0.1( )Do1 (3.55)
m-entries

a1 pakh € C(Ax QR) andag pgrn € CHA x Q,R). Letu="'(ut,--- ,uM) € (Mo, Q).
Then we have

where

and forp#q

m
M (2)u= [Rpg] 1<pg<m Y= z Rpqu’ ) (3.56)
a=1 1<p<m
RppW’ = FopoaUP+fop1aUl+fopioUl
+ fpp21Usa + (fop22+ fop2s) Wae + fpp2ale (3.57)

_ q q
RpqU? = fpgqo1u?+ fpgraty + fpg12Ue.

On the other hand, after expansion[of (3.52), we have

where

Rp,pUP

+ o+ o+ o+

M (Q)u=|Rpg] u= zlim ud , (3.58)
q:

1<p,g<m
<pq 1<pem

p p
a1,p,p,1,182,p,p,1,1 Upa + (81,p.p,1,282,p.p 1.1 +31,p,p1,182,p,p12) Up,e
p
1,p.p.1,282,p.p12Une [A1pp0182pp11+81pp1182pp01
Lp(a2pp11)+a1pp11D1pi2(82pp01) UPIUR + [B1pp0182,p.p12

a1,p,p.1.282,p.p01 + Lp(@2,p,p12) + 81pp1.2D1pr2(82ppo1) UP UG
m ~ m ~
a1pp11 Yy Dif o(@2pprt) Up U +a1pp11 Y Dy (B2 ppaz) Uy Uy
ﬁfl h=1
- &P
a1pp12 Z Dy p(@2pp1) Up Ul +a1pp12 Z D, hi2(82pp12) U Uyp
h 1

a1,p,p.1,1 Z D, jo(82pp01) le uPt+agppiz2 Z D5 o(@2pp01) UQZ uP

h=1
hsp

=

#p
m
> @1p101821,p01+ Lp(@2ppo1) | UP
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and forp#q
RpqW! = [BLpp1182pq01+81pq0182q011+a1Lpp11D1gr2(B2pg01) U U}
+ [a1pp1232pq01+81pq0182qq12+81pp12D1gi2(82pq01) U U
+ @pp11) Difio(@pao1)UaUl+aipp12y Do p(@2pg01) e U
h=1 h=1
h=q hzq
m
+ | Y aploadigor+ Lp(@2pgor) | U,
I=1

whereLp = a3 pp11D11+ a1pp1.2D12. Identifying (3.56) with [3.58) yields

Proposition 3.4. A necessary and sufficient condition for the differentiaragpor 21 (2)
defined by((3.49) be decomposed into the farm {3.52) is:

m
fopor = ) @pi01821p01+Lp(a2ppoa); (3.59)
I=1

fop11 = @ppoid2ppiitaippiidppol
+ Lp(@ppi1)+aLpp11Dipi2(azppo1) P, (3.60)

fopl2 = @upp0132pp12+aipp1282pp01
+ Lp(@2ppi2) +aipp12Dipr2(azppo1) U’ (3.61)
fop21 = @upp11d2pp1i (3.62)
fop22+ fpp2s = @pp1r2d2pp11+aipp1132pp12; (3.63)
fop2a = @uppi2d2ppi2; (3.64)
0 = D17H+2(a2,p,p,0,1)7 he {1727 7m}\{p}7 (365)
O = Dl,ﬁ+2(a27p7p7171)7 h = 17 27 Ty m7 (366)
0 = Djpo(@pp12), h=12---.m (3.67)

and for p#£q
m
foaor = ) a1pl0121401+Lp(a2pa01); (3.68)
I=1
fpall = @1pp1182pg01+aLpg0182gq11+a1pp11D1g2(a2pg01)u’,(3.69)
fpal2z = @1pp1282pq01+a1pq0182qq12+a1pp12D1gi2(82pgo1)u’,(3.70)
0 = Dyj0(@2pg01), he{1,2--- . mi\{q}. (3.71)
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