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Torus knot state asymptotics
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Abstract

The state of a knot is defined in the realm of Chern-Simons topologi-
cal quantum field theory as a holomorphic section on the SU2-character
manifold of the peripheral torus. We compute the asymptotics of the
torus knot states in terms of the Alexander polynomial, the Reide-
meister torsion and the Chern-Simons invariant. We also prove that
the microsupport of the torus knot state is included in the character
manifold of the knot exterior. As a corollary we deduce the Wit-
ten asymptotics conjecture for the Dehn filling of the torus knots and
asymptotic expansions for the colored Jones polynomials.

1 Introduction

In the seminal paper [Wit89], Witten developed a quantum field theory with
Chern-Simons action, which allowed him to reinterpret Jones polynomials
and to introduce new invariants of three dimensional manifolds. He showed
that the semi-classical limit of this theory involves Chern-Simons invariant
and Reidemeister torsion.

In collaboration with Julien Marché [CM11a, CM11b], we applied meth-
ods of semi-classical analysis to investigate this limit. We conjectured that
the knot states are Lagrangian state supported by the character manifold
of the knot exterior with as symbol the Reidemeister torsion and phase the
Chern-Simons invariant. As a consequence the Witten-Reshetikhin-Turaev
invariant of the Dehn filling of the knots have the asymptotic expansion
predicted by Witten. We proved our conjecture for the figure eight knot in
[CM11a, CM11b]. In the present paper, we prove it for the torus knots.

∗Institut de Mathématiques de Jussieu (UMR 7586), Université Pierre et Marie Curie
– Paris 6, Paris, F-75005 France.
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The knot state is computed from the colored Jones polynomial of the
knot. The asymptotic behavior of the colored Jones polynomial of the torus
knot has been considered in many works, including the Melvin-Morton paper
[MM95], the Volume conjecture of Kashaev [KT00] and its further develop-
ment by Murakami [Mur04], Hikami [Hik04b], and Dubois-Kashaev [DK07],
cf. [HM10] for more references. Our results are rather different in that we
do not consider directly the colored Jones polynomials, but the knot state.
Let us be more precise.

Following [RT91], associated to the Lie group SU2 and to a positive
integer k is a topological quantum field theory (tqft), that is a functor from
a cobordism category to the category of Hermitian vector spaces. Let K be
a knot in the three dimensional sphere. Denote by EK the complement of
an open tubular neighborhood of K and by Σ = ∂EK the peripheral torus
of K. The tqft associates to Σ a (k− 1) dimensional Hermitian space Vk(Σ)
and to EK a vector Zk(EK) ∈ Vk(Σ), that we call the knot state. Vk(Σ)
admits an orthonormal basis (eℓ) such that the coefficient of the knot state
are evaluations of the colored Jones polynomials (Jℓ) of the knot,

Zk(EK) =

√

2

k
sin(π/k)

∑

ℓ=1,...,k−1

Jℓ(−eiπ/2k)eℓ

Here the Jones polynomials are normalized in such a way that for the trivial
knot Jℓ(t) = (t2ℓ − t−2ℓ)(t2 − t−2)−1

Let M(Σ) be the space of representations of the fundamental group
π(Σ) in SU2 up to conjugation. The space Vk(Σ) is isomorphic to the ge-
ometric quantization Halt

k at level k of M(Σ). The moduli space M(Σ) is
a complex orbifold with four singular points corresponding to the central
representations. It it the base of two holomorphic line (orbi-)bundles, the
Chern-Simons bundle LCS and a half-form bundle δ respectively. The quan-
tum space Halt

k is the space of holomorphic sections of Lk
CS ⊗ δ. It can be

described very explicitly as a space of theta functions. In this paper we will
identify Vk(Σ) and Halt

k using a special class of isomorphisms introduced in
[CM11a].

Let M(EK) be the moduli space of representations π(EK) → SU2 up
to conjugation. M(EK) is the union of Mab(EK) and Mirr(EK) which
consist respectively of abelian and irreducible representations. Mab(EK) is
(homeomorphic to) a closed interval, its endpoints being central representa-
tions and its interior consisting in abelian non central representations. For
the torus knot with parameter (a, b), the closure of Mirr(EK) in M(EK) is
the disjoint union of (a − 1)(b − 1)/2 closed intervals. The interior of each
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of these intervals consists of irreducible representations and the endpoints
are abelian non central representations. So there are exactly (a− 1)(b − 1)
abelian representations which are limits of irreducible ones. Denote by XK

the set of these representations.
Since the boundary of EK is the peripheral torus Σ, there is a natural

map r from M(EK) to M(Σ). For torus knots, the restrictions of r to
Mab(EK) and to each component of the closure of Mirr(EK) are embed-
dings. Nevertheless r is not injective.

Theorem 1.1. Let K be a torus knot with parameter (a, b) and let τ be a
non central representation in M(Σ). Then if τ /∈ r(M(EK)),

Zk(EK)(τ) = O(k−N ), ∀N

If τ ∈ r(M(EK)) \ r(XK), then we have an asymptotic expansion

Zk(EK)(τ) =
∑

ρ∈r−1(α)∩Mirr(EK)

CSk(ρ)
k3/4µk

4π3/4

√

T(ρ)

+
e−iπ

4

√
2

∑

ρ∈r−1(α)∩Mab(EK)

CSk(ρ)

(

λρ − λ̄ρ

∆K(λ2
ρ)

+
∑

n∈Z>0

k−nan(ρ)

)

Ωλ(τ) +O(k−∞)

where for any ρ ∈ M(EK)

- CS(ρ) is the Chern-Simons invariant of ρ,

-
√

T(ρ) is one of the four square roots of the Reidemeister torsion of ρ

if ρ ∈ Mirr(EK) and µk = exp(i π
2k (−a2+b2

ab + ab
2 )) = 1 +O(k−1)

- λρ is an eigenvalue of ρ(µ) with µ a meridian, ∆K ∈ Z[t±1] is the
Alexander polynomial of K, (an(ρ), n > 0) is a family of complex
numbers, if ρ ∈ Mab(EK).

Let us comment the various ingredients. Chern-Simons invariants for
three-dimensional oriented compact manifolds with boundary have been
defined in [RSW89]. In particular, any representation ρ ∈ M(EK) has
a Chern-Simons invariant CS(ρ) which is a unitary vector in the fiber of
LCS → M(Σ) at r(ρ).

Any irreducible representation ρ ∈ Mirr(EK) has a Reidemeister Tor-
sion T(ρ) which is a linear form of H1(EK ,Adρ) well-defined up to sign.
H1(EK ,Adρ) is naturally isomorphic to the tangent space of Mirr(EK) at
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ρ. Any vector in T ∗
ρMirr(EK) admits a square root well-defined up to sign

in δρ. So the Reidemeister T(ρ) has exactly four square root in δρ.
Our normalization for the Alexander polynomial is such that ∆K(1) = 1

and ∆K(t) = ∆K(t−1). An abelian representation ρ in Mab(EK) belongs to
XK if and only if the squares of the eigenvalues of ρ(µ) are roots of ∆K . So
the leading term of the asymptotic expansion is not defined precisely when
τ ∈ r(XK).

Finally, Ωλ(τ) is a vector in the fiber δτ of the half-form bundle, which
depends (up to a power of i) on the choice of the isomorphism Vk(Σ) ≃ Halt

k .
It does not depend on the knot.

We actually prove finer results which give the asymptotic expansion of
the torus knot states at any representation τ ∈ M(Σ) \ r(XK) uniformly
with respect to τ , cf. Theorems 4.12, 4.13 and 4.14. This uniform asymp-
totic expansion contains the transition between r(M(EK)) and the comple-
mentary set. As was proved in [CM11b], these results imply the Witten
asymptotic expansion conjecture for Dehn fillings of the torus knot. For
any three dimensional closed oriented manifold M , we denote by Zk(M) the
Witten-Reshetikhin-Turaev invariant of M .

Theorem 1.2. Let M be a manifold obtained by Dehn surgery on a torus
knot K. Assume that for any representation ρ ∈ M(M) the restriction of ρ
to the knot exterior EK does not belong to XK . Then

Zk(M) =
∑

ρ∈M(M)

ei
m(ρ)π

4 kn(ρ)a(ρ, k)CS(ρ)k +O(k−∞)

where for any ρ ∈ M(M), m(ρ) is an integer, n(ρ) = 0, −1/2 or −3/2
according to whether ρ is irreducible, abelian non-central or central. Fur-
thermore (a(ρ, k))k is a sequence which admits an asymptotic expansion of
the form a0(ρ) + k−1a1(ρ) + . . .. The leading coefficient is given by

a0(ρ) =











2−1
(

T(ρ)
)1/2

if ρ is irreducible

2−1/2
(

T(ρ)
)1/2

if ρ is abelian non-central

21/2π/p3/2 if ρ is central.

where (p, q) are the parameters of the surgery.

The condition that no representation of M restricts to a representation
in XK is equivalent to the following assertion: for any integers ℓ and m such
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that m is not divisible by a or b, the surgery coefficient satisfies

p

q
6= 2ab

ℓ

m
.

Here (a, b) are the parameters of the torus knot. By Moser [Mos71], the
Dehn filling of the torus knot are Seifert manifolds. The Witten asymptotic
expansion conjecture has already been proved for many Seifert manifolds,
cf. the discussion in [CM11b].

As another corollary, we obtain an asymptotic expansion for Jm(−eiπ/2k)
in the large m and k limit, in the regime where m/k is bounded. When
|m2k | < 1

2ab , this asymptotic expansion is an analytic version of the Melvin-
Morton-Rozanski theorem, the leading order term being a function of the
Alexander polynomial. When 1

2ab < m
2k < 1

2 − 1
2ab , the leading order term

involves the Reidemeister torsion and Chern-Simons invariant of the irre-
ducible representations of the knot exterior, cf. Theorem 6.1.

To complete this introduction, let us discuss our proof. First the col-
ored Jones polynomials of the torus knot have been computed by Mor-
ton in [Mor95]. Hikami proved that they satisfy some q-difference relations
[Hik04a]. From these relations, one deduces equations satisfied by the knot
state on which our study is based. These equations involve two characteristic
sets A0 and Aab in the moduli space M(Σ) ≃ R

2/Z2
⋊ Z2

A0 = {[0, x]/ x ∈ R}, Aab = {[−abx, x]/ x ∈ R}∪{[−abx, x+ 1
2ab ]/ x ∈ R}.

The set A0 is the image r(Mab(EK)) whereas Aab contains r(Mirr(EK)).
We proved in [CM11a] that the knot state is O(k−∞) on the complementary
set of A0∪Aab. We also obtained the asymptotic expansion of the knot state
on A0 \ Aab, the remaining set Aab is treated in the present paper.

Aab \ A0 is the union of ab open intervals (Ij)j . On each of them, the
knot state behaves as a Lagrangian state similarly to a WKB solution of
a differential equation. The difficulty is to understand what happens when
we pass from one interval to another. It is clear from Theorem 1.1 that
something non trivial must occur, because the restriction of r from r−1(Ij)
to Ij is a covering which degree depends on j. For some intervals Ij , it
even happens that r−1(Ij) is empty so that the knot state is O(k−∞) on
Ij . Fortunately, we can solve this problem by using elementary techniques.
Essentially we work with an adapted basis where we can compute explicitly
the knot state and extract easily its asymptotics. It is surprising that we can
in this way determine explicitly the asymptotics expansion on the irreducible
representations up to aO(k−∞). To the contrary, the proof in [CM11a] based
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on Toeplitz operators, just gives the leading term of the asymptotics. The
study at the intersection I0 ∩ Iab is more difficult. We consider only the
points x ∈ I0 ∩ Iab whose preimage r−1(x) consists of regular points. The
other points, which form the set r(XK), are not considered in this article.

The paper is organized as follows. Section 2 is devoted to the geometric
quantization of tori, including the Heisenberg group representation and its
semi-classical limit. We introduce the knot sates and the vector spaces Vk(Σ)
in section 3. The analytical results are proved in section 4, their topological
interpretation is made in Section 5.

Acknowledgments. This work would not have been possible without
the contribution of Julien Marché. I would like also to thank Frédéric Faure
for his help on numerical simulations and on the quantum mechanics of the
torus.

2 On the geometric quantization of tori

2.1 Finite Heisenberg group representations

Consider a real two dimensional symplectic vector space (E,ω) with a com-
patible linear complex structure j. Let (δ, ϕ) be half-form line, that is δ is
a complex line and ϕ an isomorphism from δ⊗2 to the canonical line

Kj = {α ∈ E∗ ⊗ C/α(j·) = iα}. (1)

Let α ∈ Ω1(E,C) be given by αx(y) = 1
2ω(x, y). Denote by L the trivial

complex line bundle over E endowed with the connection d+ 1
iα and with the

unique compatible holomorphic structure. Consider the trivial holomorphic
line bundle with fiber δ and base E and denote it by δ again.

Let k be a positive integer. The Heisenberg group at level k is E×U(1)
with the product

(x, u).(y, v) =
(

x+ y, uv exp
( ik

2
ω(x, y)

))

. (2)

The same formula where (y, v) ∈ Lk ⊗ δ ≃ E × C defines an action of the
Heisenberg group on Lk ⊗ δ. For any x ∈ E, we denote by T ∗

x the pull-back
by the action of (x, 1), explicitly

(T ∗
xΨ)(y) = exp

(

−i
k

2
ω(x, y)

)

Ψ(x+ y) (3)

for any section Ψ of Lk⊗δ. This operator preserves the space of holomorphic
sections.
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Let N be a positive integer. Let R be a lattice of E with a basis (e, f)
such that ω(e, f) = 2πN . Then R × {1} is a subgroup of the Heisenberg
group. Define HR

k as the space of R-invariant holomorphic sections of Lk⊗δ.
So a holomorphic section Ψ belongs to HR

k if and only if T ∗
xΨ = Ψ for any

x ∈ R. HR
k is a finite dimensional space with dimension Nk. It has a natural

scalar product given by

〈Ψ1,Ψ2〉 =
∫

D
〈Ψ1(x),Ψ2(x)〉δ |ω|(x), Ψ1,Ψ2 ∈ Hk (4)

where D is any fundamental domain of R. Here δ is endowed with the metric
making the isomorphism ϕ : δ2 → Kj an isometry.

Let U2Nk be the group of 2Nk-th root of unity. 1
NkR × U2Nk is a sub-

group of the Heisenberg group, that we call a finite Heisenberg group. It is
contained in the commutator of R×{1}, so it acts on HR

k . By Theorem 2.2
in [CM11a], HR

k has an orthonormal basis (Ψℓ; ℓ ∈ Z/NkZ) satisfying

T ∗
e/NkΨℓ = e

2iπ
Nk

ℓΨℓ, T ∗
f/NkΨℓ = Ψℓ+1 (5)

So the eigenvalues of T ∗
e/Nk : Hk → Hk are the numbers e

2iπ
Nk

ℓ, ℓ ∈ Z/NkZ,
they are all simple. We can construct such a basis by choosing first a nor-
malized Ψ0 ∈ ker(T ∗

e/Nk − Id) and defining the other vectors Ψℓ with the

second equation of (5). The only indeterminacy in the choice of this basis is
the phase of Ψ0. In this paper we will often use the following normalization
of the phase:

Ψ0(0) ∈ ΩeR>0. (6)

where Ωe ∈ δ is such that ϕ(Ω2
e)(e) = 1. We have that

Ψℓ(−x) = Ψ−ℓ(x).

This property does not depend on the normalization.

2.2 Asymptotical properties

2.2.1 Basis vectors as Lagrangian states

Consider a fixed basis (e, f) of the lattice R. Choose Ωe satisfying ϕ(Ω
2
e)(e) =

1. Then for any k, there exists a unique orthonormal basis (Ψℓ,k) of HR
k sat-

isfying (5) and (6). In this section we collect some asymptotical properties
of the states Ψℓ,k as k tends to infinity.
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First the sequence (Ψ0,k) concentrates on Re+Zf in the following sense:
for any δ ∈ (0, 1), there exists a positive C such that

∣

∣Ψ0,k(x)
∣

∣6 Ce−k/C , (7)

for all x ∈ 1
2f + 1

2 [−δ, δ]f + Re modulo R and every k.
Second Ψ0,k has the following form on a neighborhood of Re. Let te be

the unique holomorphic section of L which restricts to the constant section
equal to 1 on Re. Then for any δ ∈ (0, 1), there exists a positive C such
that

∣

∣Ψ0,k(x)−
( k

2π

)1/4
tke(x)⊗ Ωe

∣

∣6 Ce−k/C (8)

for all x ∈ [−δ, δ]f +Re and every k. In particular

Ψ0,k(0) =
( k

2π

)1/4
Ωe +O(k−∞) (9)

Equations (7) and (8) are the content of Proposition 3.2 of [CM11a].
Introduce the eigenvector

Φk =
1√
kN

∑

m∈Z/kNZ

Ψm,k

of T ∗
f/Nk with eigenvalue 1. One proves by applying Poisson summation

formula (cf. proof of Theorem 2.3 in [CM11a]) that

Φk(0) = ei
π
4

( k

2π

)1/4
Ωf +O(k−∞) (10)

where Ωf ∈ δ is such that ϕ(Ω2
f )(f) = 1. Then considering the basis (f,−e)

of R instead of (e, f) , one deduces from Equation (7) and (8) the asymptotic
behavior of (Φk). For any δ ∈ (0, 1), there exists a positive C such that

∣

∣Φk(x)
∣

∣6 Ce−k/C ,

for all x ∈ 1
2e+

1
2 [−δ, δ]e + Rf modulo R and every k. Furthermore

∣

∣Φk(x)− ei
π
4

( k

2π

)1/4
tkf (x)⊗ Ωf

∣

∣6 Ce−k/C

for all x ∈ [−δ, δ]e + Rf and every k. Here tf is the unique holomorphic
section of L restricting to the constant section equal to 1 on Rf .

8



2.2.2 Microsupport

Consider a family (ξk ∈ HR
k ; k ∈ Z>0). We say (ξk) is admissible if there

exists a positive C and an integer M such that
∥

∥ξk
∥

∥

Hk
6 CkM .

The microsupport of (ξk) is the subset MS(ξk) of E defined as follows: x /∈
MS(ξk) if and only if there exists a neighborhood U of x and a sequence
(CM ) of positive numbers such that for any M and any k,

|ξk(y)| 6 CMk−M , ∀y ∈ U

MS(ξk) is a closed set of E, R-invariant.

Remark 2.1. By (7) and (8), the microsupport of (Ψ0,k) is Re+ Zf . More
generally consider a family (ξk ∈ Hk) of normalized vectors such that

T ∗
e/Nkξk = e2iπλkξk

with λk a sequence converging to λ. Then using that ξk = T ∗
λkf

Ψ0,k up
to a phase, we deduce from (7) and (8) that the microsupport of (ξk) is
−λf + Zf +Re.

In the sequel we will deduce the microsupport of some state (ξk) from
the asymptotic behavior of the coefficients of ξk in the basis (Ψℓ,k), by using
the following proposition.

Proposition 2.2. Let ξ = (ξk ∈ HR
k ; k ∈ Z>0) be an admissible family. Let

I ⊂ R be an open interval such that for any integer ℓ

−ℓ/kN ∈ I ⇒ 〈ξk,Ψk,ℓ〉 = 0

Then the microsupport of ξ does not intersect the set If + Re.

Proof. Write ξk =
∑

αk,ℓΨk,ℓ. (ξk) being admissible one has

|αk| 6 C ′kM (11)

for some M and positive C ′. Denote by (p, q) the linear coordinates of E
dual to (e, f). Let x ∈ If + Re, so q(x) ∈ I. Choose δ ∈ (0, 1) such that
q(x)+ [−1+ δ), 1− δ] ⊂ I. Let C be a positive constant such that Equation
(7) is satisfied. Since Ψℓ,k = T ∗

ℓf/kNΨ0,k, it follows from (7) that we have for
any integer n

∣

∣

∣
q(y) +

ℓ

kN
+

1

2
+ n

∣

∣

∣
6

δ

2
⇒

∣

∣Ψℓ,k(y)
∣

∣ 6 Ce−k/C (12)
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Let y be such that |q(y) − q(x)| < 1
2 (1 − δ). If ℓ/Nk ∈ I modulo Z, then

αℓ,k = 0. Otherwise, one has for any n

∣

∣q(y) +
ℓ

Nk
+ n

∣

∣ >
1

2
(1− δ)

which implies by (12) that
∣

∣Ψℓ,k(y)
∣

∣ 6 Ce−k/C . Using this with (11) and
the fact that the dimension of HR

k is Nk, we obtain

|Φk(y)| 6 (Nk)C ′kMCe−k/C .

This concludes the proof.

3 Knot state

3.1 Definitions

Consider as previously a real two dimensional symplectic vector space (E,ω)
with a compatible linear complex structure j and a half-form bundle (δ, ϕ).
Let (λ, µ) be a basis of E such that ω(λ, µ) = 4π. We denote by Hk the
space of holomorphic sections of Lk ⊗ δ invariant with respect to the lattice
λZ⊕ µZ. Introduce the following endomorphisms of Hk

M = T ∗
µ/2k, L = T ∗

−λ/2k and q = ei
π
k . (13)

Let Ωµ ∈ δ satisfying ϕ(Ω2
µ)(µ) = 1. As recalled in section 2.1, Hk has a

unique orthonormal basis (ξℓ, ℓ ∈ Z/2kZ) such that

Mξℓ = qℓξℓ, Lξℓ = ξℓ−1 (14)

and ξ0(0) ∈ R
+Ωµ.

Let a, b be relatively prime positive integers. For any integer ℓ, we denote
by Jℓ the ℓ-th Jones polynomial of the torus knot with parameter (a, b).
Here we normalize the Jones polynomials in such a way that the ℓ-th Jones
polynomial of the trivial knot is (t2ℓ − t−2ℓ)/(t2 − t−2). For any positive ℓ,
it is proved in [Mor95] that

Jℓ(t) =
tab(1−ℓ2)

t2 − t−2

ℓ−1
2
∑

r=− ℓ−1
2

t4abr
2
(t−4(a+b)r+2 − t−4(a−b)r−2) (15)
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We set J0 = 0 and J−ℓ = −Jℓ for any positive ℓ. It is a property satisfied
by any knot that Jℓ(−eiπ/2k) = Jℓ+2k(−eiπ/2k). We let Zk be the vector of
Hk

Zk =
sin(π/k)√

k

∑

ℓ∈Z/2kZ
Jℓ(−eiπ/2k)ξℓ (16)

and call it the knot state.

3.2 Topological quantum field theory

Let us present the knot state in the realm of topological quantum field
theory. We work with the group SU2 at a given level k and we do not
take into account the anomaly correction to simplify the exposition. To any
closed oriented surface Σ is associated a Hermitian vector space Vk(Σ). To
any oriented compact three dimensional manifold N with a colored banded
link (L, c) is associated a vector Zk(N,L, c) ∈ Vk(∂N). Here the color c is a
map from π0(L) to {1, . . . , k − 1}

Consider a knot K in the three dimensional sphere with peripheral torus
Σ. LetNK be a tubular neighborhood of the knot with boundary Σ. Thicken
the knot K to get an annulus L whose boundary components are unlinked.
Then the family (Zk(NK , L, ℓ), ℓ = 1, . . . , k−1) is a basis of Vk(Σ). It follows
from the definitions of TQFT that the vector Zk(EK) ∈ Vk(Σ) associated
to the knot exterior is given in this basis by the formula

Zk(EK) =

√

2

k
sin(π/k)

∑

ℓ=1,...,k−1

Jℓ(−eiπ/2k)Zk(NK , L, ℓ) (17)

We refer the reader to Section 2.1 and Section 4.2 of [CM11a] for more
details.

Consider the vector space E = H1(Σ,R) with its lattice R = H1(Σ,Z).
Endow E with the symplectic form given by 4π times the intersection prod-
uct. Let λ and µ in R be the (classes of a) longitude and meridian of the
knot. Introduce a compatible linear complex structure with a half-form line
and define the quantum space Hk as in Section 3.1. Then choosing a vector
Ωµ ∈ δ such that ϕ(Ω2

µ)(µ) = 1, we get a basis (ξℓ) of Hk satisfying Equa-

tions (14). Let Halt
k be the subspace of Hk consisting of alternate sections,

that is the sections Ψ satisfying

Ψ(−x) = −Ψ(x).

11



Since ξℓ(−x) = ξ−ℓ(x), the family (ξℓ − ξ−ℓ)ℓ=1,...,k−1 is a basis of Halt
k .

Let Φ be the isomorphism from Vk(Σ) to Halt
k sending Zk(NK , L, ℓ) into

1√
2
(ξℓ − ξ−ℓ). Since Jℓ = −Jℓ, the image of Zk(EK) by Φ is Zk, compare

Equations (17) and (16). As a last remark, Φ is uniquely defined up to a
power of i. This indeterminacy comes here from the choice of the orientation
of the longitude and the meridian and of Ωµ. For additional properties of
these morphisms, we sent the reader to Section 2.3 of [CM11a].

The lattice R = λZ ⊕ µZ and the group Z2 act on E by translation
and multiplication by ±1 respectively. This defines an action of the semi-
direct product R⋊Z2 that can be lift to the prequantum bundle L and the
half-form bundle δ as follows. For any (x, ǫ) ∈ R× Z2, we let

(x, ǫ).(y, v) = (x+ ǫy, ǫv), (y, v) ∈ E × δ

(x, ǫ).(z, w) = (x+ z, e
i
2
ω(x,z)w), (z, w) ∈ L

The quotient of δ and L by these actions are line (orbi)-bundles, that we
denote respectively by δ and LCS. The space Halt

k is naturally isomorphic
to the space of holomorphic sections of Lk

CS ⊗ δ. As we will see in Section
5.2, the quotient of E by R⋊Z2 is naturally isomorphic to the moduli space
M(EK), so that the knot state may be considered as a section over M(Σ).

3.3 Recurrence relation

It was observed by Hikami in [Hik04a] that the Jℓ satisfy some q-difference
relations. These relations lead to the following characterizations of the knot
state defined in Equation (16).

Theorem 3.1. The state Zk of the torus knot with parameter (a, b) satisfies
the inhomogeneous equation

Zk = (q−1M)−2abL−2Zk +
∑

i=1,...,4

ǫiq
ǫi(q−1M)−ab+piZ0

k (18)

where Zk
0 is a vector of Hk such that

LZ0
k = Z0

k , Z0
k(0) =

ei
3π
4√
2

( k

2π

)1/4
Ωλ +O(k−∞), (19)

Ωλ ∈ δ is such that ϕ(Ω2
λ)(λ) = 1 and the (ǫi, pi), i = 1, 2, 3, 4 are respectively

given by (1,−a− b), (−1,−a+ b), (1, a + b) and (−1, a− b).

12



An important point is that this characterization is independent of the
basis (ξℓ). In the sequel we will actually work with an other basis.

Proof. With a straightforward computation one checks that the Jones poly-
nomials satisfy the following recurrence relation:

Jℓ(t) = t4ab(1−ℓ)Jℓ−2(t) +
t2ab(1−ℓ)

t2 − t−2

(

t−2(a+b)(ℓ−1)+2 − t−2(a−b)(ℓ−1)−2

+ t2(a+b)(ℓ−1)+2 − t2(a−b)(ℓ−1)−2
)

Consequently Zk satisfies the inhomogeneous equation (18) where Z0
k is the

state of Hk given by

Z0
k =

sin
(

π/k
)

√
k

.
1

q − q−1

∑

ℓ∈Z/2kZ
ξℓ

=
−i

2
√
k

∑

ℓ∈Z/2kZ
ξℓ

We deduce the estimation of Z0
k(0) from Equation (10).

4 Knot state analysis

4.1 Change of lattice

Let D = 2ab. To handle equation (18), we introduce the lattice

RD = DµZ⊕ λZ

and the vector space HD,k consisting of holomorphic sections of Lk ⊗ δ such
that T ∗

xΨ = Ψ for any x ∈ RD. Since RD is contained in µZ⊕λZ, the space
Hk we considered in Section 3.1 is a subspace of HD,k, actually

Hk = HD,k ∩ ker(T ∗
µ − Id) (20)

By section 2.1, HD,k is 2kD-dimensional. Introduce the following endomor-
phisms of HD,k

S = T ∗
− 1

2kD
λ
, R = T ∗

1
2kD

(Dµ−2λ)
and q

1
D = ei

π
kD (21)

Since (−λ,Dµ−2λ) is an oriented basis of RD, HD,k admits a basis (Ψℓ; ℓ ∈
Z/2kDZ) such that

SΨℓ = q
ℓ
DΨℓ, RΨℓ = Ψℓ+1 (22)

13



and

Ψ0(0) = ei
π
4

( k

2π

)1/4
Ωλ +O(k−∞), (23)

Ωλ being the vector given in Theorem 3.1.

Theorem 4.1. For any positive integer k, the state Zk of the torus knot
with parameter (a, b) satisfies

(Id−R−D)Zk = α(k)Yk mod E⊥
k

where Ek is the subspace of Hk generated by the family (Ψn,−2k−ab+a+b 6
n < 2k − ab− a− b), Yk is the vector of HD,k given by

Yk = R−ab(Ra −R−a)(Rb −R−b)Ψ0 =
∑

i

ǫiΨ−ab+pi

with (ǫi, pi) defined as in Theorem 3.1 and (α(k)) a sequence of complex
numbers satisfying

α(k) =
i√
2
q−

a2+b2

D
+ 1

4
D +O(k−∞).

For the proof we establish various lemmas.

Lemma 4.2. For any integer r, we have: M r = q
r2

D S−2rRr = q−
r2

D RrS−2r.

Proof. Formula (2) implies that

T ∗
xT

∗
y = e

ik
2
ω(x,y)T ∗

x+y.

The results follows easily from the definition of M , R and S, cf. Equations
(13) and (21).

Lemma 4.3. There exists sequences αm(k),m ∈ Z/DZ such that

Z0
k =

∑

m∈Z/DZ

αm(k)Ψ2km.

Furthermore α0(k) =
i√
2
+O(k−∞).

14



Proof. By Theorem 3.1, Z0
k belongs to the line Hk ∩ ker(T ∗

λ/2k − Id). Let us
check that this eigenline is generated by the vector

Pk =
∑

m∈Z/DZ

T ∗
mµΨ0.

Since T ∗
DµΨ0 = Ψ0, we have that T ∗

µPk = Pk, so by (20), Pk belongs to Hk.

Applying lemma 4.2 to T ∗
µ = M2k, we obtain that T ∗

mµΨ0 is a multiple of
Ψ2mk. By Equation (22), the eigenspace HD,k ∩ ker(T ∗

λ/2k − Id) is generated
by the vectors Ψ2mk, where m runs overs Z mod DZ. So Pk belongs to
Hk ∩ ker(T ∗

λ/2k − Id).

To compare Pk and Z0
k , we estimate their value at 0. If m 6= 0, it follows

from Equation (7) that (T ∗
mµΨ0)(0) is a O(k−∞). So by equation (23),

Pk(0) = ei
π
4

( k

2π

)1/4
Ωλ +O(k−∞).

The value of Z0
k at 0 is given in Equation (19). So Z0

k = λkPk with λk =
i√
2
+O(k−∞). This proves the result.

Lemma 4.4. There exists sequences αm,i(k),m ∈ Z/DZ, i = 1, . . . , 4 such
that for any i,

qǫi(q−1M)−ab+piZ0
k =

∑

m∈Z/DZ

αm,i(k)Ψ2km−ab+pi .

Furthermore, α0,i(k) does not depend on i and is given by

α0,i(k) = α0(k)q
− a2+b2

D
+ 1

4
D.

Proof. By lemma 4.3,

qǫi(q−1M)−ab+piZ0
k =

∑

m∈Z/DZ

αm(k)qǫi(q−1M)−ab+piΨ2km.

By lemma 4.2, (q−1M)rΨ2mk is a multiple of Ψ2mk+r, which shows the first
part of the result. Let us compute this multiple for m = 0,

(q−1M)rΨ0 = q−r+ r2

D S−2rΨr = q−r− r2

D Ψr

By a straightforward computation, we get

ǫi − ri −
r2i
D

= −a2 + b2

D
+

1

4
D

15



where ri = −ab+ pi. So

qǫi(q−1M)−ab+piΨ0 = q−
a2+b2

D
+ 1

4
DΨ−ab+pi

and the result follows.

Proof of Theorem 4.1. By lemma 4.2, equation (18) is equivalent to

(Id−R−D)Zk =
∑

i=1,...,4

ǫiq
ǫi(q−1M)−ab+piZ0

k

By Lemma 4.4, it comes

(Id−R−D)Zk =
∑

i=1,...,4

∑

m∈Z/DZ

ǫiαm,i(k)Ψ2mk−ab+pi

=
∑

i=1,...,4

ǫiα0,i(k)Ψ−ab+pi mod E⊥
k

Here we used that |pi| 6 a+ b, so that the vectors Ψ2mk−ab+pi belong to E⊥
k

when m 6= 0. Let us remind that the coefficients αi,0(k) do not depend on
i. Set α(k) = α0,i(k). We have Ψ−ab+pi = R−ab+piΨ0 and

∑

ǫiR
pi = (Ra −R−a)(Rb −R−b)

and the result follows.

4.2 Solution of the recurrence relations

From now on, we denote by (Ψℓ, ℓ ∈ Z/2kDZ) the basis of HD,k determined
by (22) and (23). Introduce the vectors of HD,k

Φℓ =
1√
2kD

∑

n∈Z/2kDZ

e
2iπ
D

nℓΨn, ℓ ∈ Z/DZ (24)

Our aim is to prove the following theorem

Theorem 4.5. There exists sequences γℓ(k), ℓ ∈ Z/DZ such that for any
positive integer k, the state Zk of the torus knot with parameter (a, b) satisfies

Zk =
∑

ℓ∈Z/DZ

γℓ(k)Φℓ mod E⊥
k,+
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where Ek,+ is the subspace of Hk generated by the family (Ψn,−ab+a+ b 6
n < 2k− ab− a− b). Furthermore the γℓ(k)’s verify the following equations

γ−1(k) = 0, γ0(k) =
1

2
β0(k) and

∀ℓ, γℓ(k) = e
2iπ
D

2k(ℓ−1)γℓ−2(k) + βℓ(k),

where for any ℓ ∈ Z/DZ,

βℓ(k) = Ck(−1)ℓ sin
(πℓ

a

)

sin
(πℓ

b

)

+O(k−∞)

with Ck = −4α(k)
(

2k
D

)1/2
, the constant α(k) being given in Theorem 4.1.

Observe that the Φℓ’s can be characterized up to a O(k−∞) by the fol-
lowing equation

RΦ0 = Φ0, Φ0(0) = i
( k

2π

)1/4
ΩDµ−2λ +O(k−∞) (25)

Φℓ = S2kℓΦ0, ℓ ∈ Z/DZ (26)

Here the estimate of Φ0 follows from equation (10) taking into account the
difference in the normalization of Ψ0 (we used Ωλ instead of Ω−λ).

The remainder of this section is devoted to the proof of Theorem 4.5. Let
Ek,+ be the subspace of Hk introduced in Theorem 4.5 and let Ek,− be the
subspace generated by the family (Ψn,−2k− ab+ a+ b 6 n < −ab− a− b).

Lemma 4.6. For any positive k, there exists sequences γ+ℓ , γ
−
ℓ , ℓ ∈ Z/DZ

such that
Zk =

∑

ℓ∈Z/DZ

γ+ℓ Φℓ mod E⊥
k,+

and
Zk =

∑

ℓ∈Z/DZ

γ−ℓ Φℓ mod E⊥
k,−.

Proof. Recall that for any i, |pi| 6 a+ b. So by Theorem 4.1,

(Id−R−D)Zk = 0 mod E⊥
k,±.

Thus the coefficients 〈Zk,Ψn〉 of Zk coincide with a D-periodic sequence
when Ψn ∈ Ek,±. Since any D-periodic sequence is a linear combination of
the sequences exp(2iπ nℓ

D ), ℓ ∈ Z/DZ, the result follows.
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Lemma 4.7. We have γ+ℓ = γ−ℓ + βℓ, where βℓ satisfies

βℓ = 4α(k)

√

2k

D
(−1)ℓ+1 sin

(πℓ

a

)

sin
(πℓ

b

)

.

Proof. This is again a consequence of Theorem 4.1. Denote by P the endo-
morphism of HD,k defined on the basis (Ψn) by

P (Ψn) =
∑

m∈Z/2kZ
Ψn+mD

The coefficient βℓ are such that

∑

ℓ∈Z/DZ

βℓΦℓ = α(k)P (Yk) (27)

We can extract the βℓ’s from this equation by a discrete Fourier transform.
We have

P (Ψr) =

√

2k

D

∑

ℓ∈Z/DZ

e−
2iπ
D

ℓrΦℓ.

Consequently

βℓ =

√

2k

D
α(k)

4
∑

i=1

ǫie
− 2iπ

D
ℓ(−ab+pi)

=

√

2k

D
α(k)(−1)ℓ

4
∑

i=1

ǫie
− 2iπ

D
ℓpi

Furthermore we have the equality

4
∑

i=1

ǫie
− 2iπ

D
ℓpi = −4 sin

(πℓ

a

)

sin
(πℓ

b

)

which leads to the conclusion.

Lemma 4.8. For any ℓ, we have γ−−ℓ = −γ+ℓ .

Proof. Since Zk(−x) = −Zk(x) and Ψn(−x) = Ψ−n(x), we have

〈

Zk,Ψ−n

〉

= −
〈

Zk,Ψn

〉

18



Furthermore, 〈Φℓ,Ψ−n〉 = 〈Φ−ℓ,Ψn〉. So
〈

Zk −
∑

ℓ∈Z/DZ

γ+ℓ Φℓ,Ψn

〉

= 0

implies that
〈

Zk +
∑

ℓ∈Z/DZ

γ+ℓ Φ−ℓ,Ψ−n

〉

= 0

and the result follows from Lemma 4.6.

Lemma 4.9. For any ℓ, we have γ−ℓ = e
2iπ
D

2k(ℓ−1)γ+ℓ−2.

Proof. Since Zk belongs to Hk, it satisfies M
2kZk = Zk. By lemma 4.2,

M2k = e
2iπ
D

2kS−4kR2k.

Consequently M2kΨn is a multiple of Ψn+2k and

M2kΦℓ = e
2iπ
D

2k(1−ℓ)S−4kΦℓ = e
2iπ
D

2k(1−ℓ)Φℓ−2.

Since M2k is an isometry,

〈

Zk −
∑

ℓ∈Z/DZ

γ−ℓ Φℓ,Ψn

〉

= 0

implies that

〈

Zk −
∑

ℓ∈Z/DZ

γ−ℓ e
2iπ
D

2k(1−ℓ)Φℓ−2,Ψn+2k

〉

= 0.

By Lemma 4.6, we obtain γ+ℓ−2 = γ−ℓ e
2iπ
D

2k(1−ℓ).

Lemma 4.10. We have γ+0 = 1
2β0, γ

+
−1 = 0 and for any ℓ

γ+ℓ = e
2iπ
D

2k(ℓ−1)γ+ℓ−2 + βl.

Proof. Lemma 4.8 for ℓ = −1 and Lemma 4.9 for ℓ = 1 imply that γ+−1 = 0.
By lemmas 4.7, γ+0 = γ−0 + β0 and by lemma 4.8, γ−0 = −γ+0 . So

γ+0 =
1

2
β0

Finally lemmas 4.7 and 4.9 imply the recurrence relation.
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4.3 Microlocal properties

We will now deduce the asymptotic behavior of the knot state. We will
consider separately the following subsets of E

A = (−1, 0)µ + Rλ, B = (R \D−1
Z)λ, C = D−1(aZ ∪ bZ)λ.

4.3.1 On the set A

Let us start with the asymptotic behavior of the Φℓ’s defined in Equation
(24).

Proposition 4.11. For any ℓ ∈ Z/DZ, the microsupport of Φℓ is ℓ
Dλ +

λZ+ (Dµ− 2λ)R. Furthermore for any δ ∈ (0, 1), there exists a positive C
such that for all x ∈ ℓ

Dλ+ (−1
2 ,

1
2)λ+ (Dµ− 2λ)R, we have

∣

∣

∣
Φℓ(x)− i

( k

2π

)1/4
T ∗
−ℓλ/Dt

k
Dµ−2λ(x)⊗ ΩDµ−2λ

∣

∣

∣
6 Ce−k/C

where tDµ−2λ is the holomorphic section of L equal to 1 on the line (Dµ −
2λ)R and ΩDµ−2λ ∈ δ is such that ϕ(Ω2

Dµ−2λ)(Dµ − 2λ) = 1.

Proof. For ℓ = 0, this is a consequence of (7) and (8) applied to the basis
(Dµ− 2λ, λ) of RD. Indeed Φ0 is an eigenstate of T ∗

(Dµ−2λ)/2kD with eigen-

value 1. Its value at 0 is given in (25). Then using that Φℓ = T ∗
−ℓλ/DΦ0, the

result follows for any ℓ.

Let A be the open set (−1, 0)µ +Rλ of E. Introduce the open intervals

Iℓ =
{

ℓ
λ

D
+ t
( λ

D
− µ

2

)/

t ∈ (0, 2)
}

, ℓ ∈ Z (28)

Then we deduce from Proposition 4.11, Proposition 2.2 and Theorem 4.5
the following

Theorem 4.12. The microsupport of the state (Zk) of the torus knot with
parameter (a, b) does not intersect A \ ∪ℓ∈ZIℓ. Furthermore for any ℓ ∈ Z,
for any x0 ∈ Iℓ, there exists a neighborhood V of x0, such that

Zk(x) =
( k

2π

)1/4
iγℓ(k)T

∗
−ℓλ/DtkDµ−2λ(x)⊗ ΩDµ−2λ +O(k−∞)

on V where tDµ−2λ is the holomorphic section of L equal to 1 on the line
(Dµ − 2λ)R, ΩDµ−2λ ∈ δ is such that ϕ(Ω2

Dµ−2λ)(Dµ − 2λ) = 1 and the

O(k−∞) is uniform on V .
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4.3.2 On the set B

The Alexander polynomial of the torus knot with parameter (a, b) is

∆a,b(t) = t
1
2
(a+b−ab−1) (t− 1)(tab − 1)

(ta − 1)(tb − 1)

Introduce the holomorphic section tλ of L which restricts to the constant
section equal to 1 on Rλ. Let Ωλ ∈ δ chosen as in Theorem 3.1. It is
characterized up to sign by the condition Ω2

λ(λ) = 1. The following theorem
has been proved in [CM11a].

Theorem 4.13. For any xo ∈ λ(R\ 1
DZ), there exists a neighborhood U ⊂ E

of xo and a sequence (f(·, k)) of C∞(U,C) such that the state Zk of the torus
knot with parameter (a, b)

Zk(x) =
( k

2π

)1/4
tkλ(x)⊗ f(x, k)Ωλ +O(k−∞), ∀x ∈ V

where the O is uniform with respect to x. Furthermore f(·, k) has an asymp-
totic expansion for the C∞ topology of the form f0 + k−1f1 + . . . with coeffi-
cients fi ∈ C∞(U). The leading term satisfies

f0(qλ) =
e−iπ

4√
2

σ − σ−1

∆a,b(σ2)
with σ = e2iπq

for any qλ ∈ U .

We recall briefly the proof for further use. We will use tools of microlocal
analysis which were developed in the articles [Cha03a] and [Cha03b]. The
properties we need are summarized in [CM11a]. It follows from Theorem
4.1 and Proposition 2.2, that the knot state Zk is a microlocal solution of

(Id−R−D)Zk = α(k)R−ab(Ra −R−a)(Rb −R−b)Ψ0 (29)

on the open set Rλ+ (−1, 1)µ, cf. Section 5.1.2 of [CM11b] for the notion
of microlocal solution.

Denote by p and q the linear coordinates of E associated to the basis
(Dµ−2λ, λ) and let σ = exp(2iπq). By Theorem 3.1 of [CM11a], Id−R−D is
a Toeplitz operators of HD,k with principal symbol 1−σD. By assumption,
1−σD does not vanish at xo. So we can invert Id−R−D on a neighborhood
of x0 and deduce that

Zk = α(k)TkΨ0
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on a neighborhood of xo, where Tk is a Toeplitz operator with symbol

(1− σD)−1σab(σa − σ−a)(σb − σ−b) = − σ − σ−1

∆a,b(σ2)
.

To conclude we use the fact that Ψ0 is a Lagrangian state, cf. Section 2.2.1,
and that we know how Toeplitz operators acts on Lagrangian states, Propo-
sition 2.7 of [Cha03b]. The computation of f0 follows from the normalization
(23) and the fact that α(k) = i√

2
+O(k−1).

4.3.3 On the set C

Theorem 4.14. Let ℓ ∈ (aZ ∪ bZ) and xo = ℓ
2abλ. Then there exists a

neighborhood U ⊂ E of xo such that for all x ∈ U ,

Zk(x) =
( k

2π

)1/4
iγℓ(k)T

∗
−ℓλ/Dt

k
Dµ−2λ(x)⊗ ΩDµ−2λ

+
( k

2π

)1/4
tkλ(x)⊗ f(x, k)Ωλ +O(k−∞), ∀x ∈ V

where the O is uniform with respect to x, γk(ℓ) is defined in Theorem 4.5,
tDµ−2λ is a section of L and ΩDµ−2λ a vector in δ satisfying the same as-
sumptions as in Theorem 4.12, and f(·, k) is a sequence of C∞(U,C) satis-
fying the same assumptions as in theorem 4.13.

Any solution of Equation (29) is the sum of a particular solution and a
solution of the homogeneous equation

(Id−R−D)Ψk = 0 (30)

The following lemma describes the solution of this latter equation on the
open subset

U = xo +
1
2D (−1, 1)λ + 1

2(−1, 1)(µ − 2/Dλ)

of E. This does not require that ℓ ∈ (aZ∪ bZ), this assumption will be used
for the construction of a particular solution.

Lemma 4.15. The microlocal solution of Equation (30) on U are of the
form

Ψk = λkT
∗
−ℓλ/Dt

k
Dµ−2λ(x)⊗ ΩDµ−2λ +O(k−∞)

where the O is uniform on compact subsets of U , the integer ℓ, the section
tDµ−2λ and ΩDµ2−2λ ∈ δ are defined as in Theorem 4.12 and λk is a sequence
of complex numbers which is O(km) for some m.
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Proof. By Proposition 4.11, T ∗
−ℓλ/Dt

k(x) ⊗ ΩDµ−2λ is a microlocal solution

of Equation (30) on U . Furthermore this section is not O(k−∞) over

I :=
{

xo + t(µ− D

2
λ); t ∈ (−1

2 ,
1
2)
}

.

Let M denote the space of microlocal solutions of (30) and M∩O(k−∞) the
subspace of solutions which are O(k−∞) uniformly on any compact subset
of U . M is a module over the ring R of complex valued sequences which are
O(km) for some m. To conclude it suffices to show that M/M∩O(k−∞) is
free and has dimension one over R.

Introduce as in Section 4.3.2 the function σ and recall that Id−R−D is
a Toeplitz operators of HD,k with principal symbol 1 − σD. Observe that
the zero level set of 1 − σD intersects U in the connected set I. If the
symbol σ took real values, we could directly conclude that M/O(k−∞) is a
one-dimensional module over R, cf. Theorem 5.2 of [CM11b]. Actually this
conclusion holds true. It can be proved by writing I − R−D over U on the
form fk(T ) with T a Toeplitz operator with principal symbol q and (fk) a
sequence in C∞(R,C) such that fk(x) = 1− exp(2iπxD) +O(k−1).

To conclude the proof of Theorem 4.14, we construct a convenient par-
ticular solution.

Lemma 4.16. There exist a sequence f(·, k) satisfying the same assump-
tions as in Theorem 4.14 such that

( k

2π

)1/4
tkλ(x)⊗ f(x, k)Ωλ +O(k−∞)

is a microlocal solution of Equation (29) over U .

Proof. Since ℓ ∈ (aZ∪ bZ), there exists two Laurent polynomials P1 and P2

such that
(1−R−D) = (e2iπℓ/D −R)P1(R)

and
R−ab(Ra −R−a)(Rb −R−b) = (e2iπℓ/D −R)P2(R).

Any microlocal solution of

P1(R)Ψk = α(k)P2(R)Ψ0 (31)

is a microlocal solution of (29). The remainder of the proof is the same as
for Theorem 4.13.
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5 Topological invariants

5.1 Character varieties

This chapter is based on the papers [Kla91] of Klassen and [DK07] of Dubois-
Kashaev. Consider a torus knot K with parameter (a, b) and let M(EK) be
the space of representations of the knot exterior EK in SU2 up to conjuga-
tion. The fundamental group π of EK has the presentation {x, y|xa = yb}.
The class of the meridian is µ = xmyn where m and n are integers satisfying
an+ bm = 1.

The subspace Mab(EK) of M(EK) consisting of abelian representations
is homeomorphic to a segment [0, 1] ∋ t, the representation ρ parametrized
by t is the abelian representation such that Tr(ρ(µ)) = 2 cos(πt). The sub-
space Mirr(EK) of M(EK) consisting of irreducible representations is the
disjoint union of (a − 1)(b − 1)/2 open interval Iα,β. We will index these
intervals by the set of couples (α, β) ∈ {1, . . . , a − 1} × {1, . . . , b − 1} such
that α and β have the same parity. The closure cl(Iα,β) of Iα,β consists of
the irreducible representations ρ such that

Tr(ρ(x)) = 2 cos(απ/a), Tr(ρ(y)) = 2 cos(βπ/b).

One deduces from the proof in [Kla91] the following parametrization: cl(Iα,β)
is homeomorphic to the interval [0, 1] ∋ t, the representation ρ corresponding
to t being given by

ρ(x) = exp( α
2aD), ρ(x) = Rt exp(

β
2bD)R−t

where D is the diagonal matrix with entries (2iπ,−2iπ) and Rt is the rota-
tion matrix of angle tπ/2,

Rt =

(

cos(tπ/2) − sin(tπ/2)
sin(tπ/2) cos(tπ/2)

)

.

ρ is abelian if and only if t = 0 or 1.
By a straightforward computation, we have that

Tr(ρ(µ)) = 2
(

c2 cos( π
ab (αbm+ βan)) + s2 cos( π

ab (αbm− βan))
)

with c = cos(tπ2 ) and s = sin(tπ2 ). So we can alternatively parametrize Iα,β
by the conjugacy classes of ρ(µ) as follows. Consider the quotient of Z by
(2abZ) ⋊ Z2 where (2abZ) acts by translation and −1 ∈ Z2 by − IdZ. Each
equivalence class in this quotient has a unique representative in {0, . . . , ab}.
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Denote by k−α,β and k+α,β the representatives of [αbm+βan] and [αbm−βan]

in {0, . . . , ab} ordered in such a way that k−α,β 6 k+α,β. We will see in Lemma
5.2 that

1 6 k−α,β < k+α,β 6 ab− 1.

We denote by ρα,β,t the (class of a) representation in the closure of Iα,β such
that

Tr(ρα,β,t(µ)) = 2 cos( π
ab t), k−α,β 6 t 6 k+α,β .

Let us study now the integers k+α,β and k−α,β

Lemma 5.1. The group morphism

ϕ : Z/2abZ → (Z/2aZ)× (Z/2bZ), [k] → ([k], [k])

is injective. Its image consists of the couples ([α], [β]) such that α and β
have the same parity. If ϕ([k]) = ([α], [β]) then k = αbm+ βan mod 2abZ.

Let P be the set of couples (α, β) ∈ {1, . . . , a − 1} × {1, . . . , b− 1} such
that α and β have the same parity.

Lemma 5.2. The map from P×{+,−} to {0, 1, . . . , ab} which sends (α, β, ǫ)
into kǫα,β is injective. Its image is {0, 1, . . . , ab} \ (aZ ∪ bZ).

Proof. The morphism ϕ of Lemma 5.1 satisfies ϕ(X) = Y with

Y = Z/2abZ \ ((aZ/2abZ) ∪ (bZ/2abZ)).

and Y the subset of Z/2aZ × Z/2bZ consisting of couples (α, β) such that
α and β have the same parity, α 6= 0, a and β 6= 0, b. The map Ψ from
P×{±1}2 to X sending (α, β, ǫ1, ǫ2) to (ǫ1α, ǫ2β) is a bijection. Furthermore

Ψ ◦ ϕ−1
(

{(α, β)} × {±1}2
)

= {k+α,β ,−k+α,β , k
−
α,β,−k−α,β}.

From this, it is easy to conclude.

So the closures of the Iα,β’s are pairwise disjoint. The abelian repre-
sentations which are limit of irreducible ones satisfy Tr(ρ(µ)) = 2 cos( π

abℓ)
where ℓ is an integer which is not a multiple of a or of b. These represen-
tation are in one to one correspondence with the pair of conjugate roots of
the Alexander polynomial.
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5.2 Peripheral torus

Let us consider now the space M(Σ) of representations of the fundamental
group of the peripheral torus Σ in SU2. M(Σ) is a quotient of E = H1(Σ,R)
in the following way. Let π be the map from E to M(Σ)

π(x)(γ) = exp((γ.x)D), γ ∈ H1(Σ,R)

where D is the same matrix as above and the dot . stands for the intersection
product. π induces a bijection between M(Σ) and the quotient of E by
R⋊Z2, where R = H1(Σ,Z) acts by translation on E and −1 ∈ Z2 acts by
− IdE.

Let λ be the longitude whose linking number with the knot vanishes.
The curves λ and µ may be viewed as classes in H1(Σ,Z), defining a basis.
The restriction map r from Mab(EK) to M(Σ) is an embedding, its image
being π([0, 12 ]λ). It is known that λ = xaµ−ab. From this one deduces that
the restriction map r from Mirr(EK) into M(Σ) is given by

r(ρα,β,t) = π

(

k−α,β
λ

D
+ (t− k−α,β)

( λ

D
− µ

2

)

)

.

For any integer ℓ which has the same parity of k±α,β and such that k−α,β 6

ℓ < k+α,β , let

Iℓα,β =
{

ρt,α,β; t ∈ (ℓ, ℓ+ 2)
}

⊂ Iα,β (32)

Note that r(Iℓα,β) = π(Iℓ) where Iℓ is the interval defined in (28). Conversely,

r−1(π(Iℓ)) is the union of the Iℓ,α,β where (α, β) runs over the set Pℓ given
by

Pℓ =
{

(α, β) ∈ P/ k−α,β 6 ℓ < k+α,β and α = ℓ mod 2
}

. (33)

5.3 Chern-Simons invariant

For any representation ρ ∈ M(EK), the Chern-Simons invariant CS(ρ) is
defined as an element of the fiber at r(ρ) of a line (orbi)-bundle LCS →
M(Σ). As was explained in [CM11b], the bundle LCS is naturally isomorphic
to the quotient of the prequantum bundle L → E by the action of R ⋊ Z2.
As a fact, the section of r∗LCS → M(EK) sending ρ into CS(ρ) is flat.
Furthermore the Chern-Simons invariant of the trivial representation ρ0 is
the class of 1 ∈ L0 = {0}×C. SinceM(EK) is connected, the Chern-Simons
invariant is determined by these two properties.
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Recall that the asymptotic expansion of the knot state is given in terms
of the section tDµ−2λ of L → E, which restriction to the line (Dµ− 2λ)R is
constant equal to 1. Let us compute the Chern-Simons invariant in terms
of this section.

Lemma 5.3. For any integer ℓ with the same parity of k±α,β and such that

k−α,β 6 ℓ < k+α,β and for any t ∈ (ℓ, ℓ + 2), the Chern-Simons invariant at
ρt,α,β is the class of

e
iπ
D
(ℓ−k−

α,β
)(ℓ+k−

α,β
)(T ∗

−ℓλ/DtDµ−2λ

)(

ℓ λ
D + (t− ℓ)

(

λ
D − µ

2

))

. (34)

Proof. For any line V of E which goes trough the origin, the constant sec-
tions of L → V are flat. Since the Heisenberg group acts by isomorphisms
of prequantum bundle, the pull-back of any flat section by an element of the
Heisenberg groups is still flat. So Equation (34) defines a flat section over
the line λ

D + ( λ
D − µ

2 )R. To conclude it suffices to show that it has the right
phase.

The restriction r sends Mab(EK) on π(Rλ), so the Chern-Simons invari-
ant of any abelian representation ρ is the class of 1 ∈ Ltλ where t is any real
such that r(ρ) = π(tλ). The closure of Iα,β in M(EK) intersects Mab(EK)
at the two abelian representations with trace 2 cos( π

abℓ) where ℓ = k−α,β and

k+α,β respectively. Since Equation (34) is equal to 1 for ℓ = k−α,β = t, this

proves the result for ℓ = k−α,β . To deduce it from the other values of ℓ, it

suffices to compare the value of Equation (34) for (ℓ, t) = (k−α,β , ℓ
′ − k−α,β)

and (ℓ, t) = (ℓ′, 0).

5.4 Reidemeister Torsion

The Reidemeister torsion of a knot exterior may be viewed a a density
on the character manifold. It has been computed in [Dub06]. With the
normalization of [CM11a], it is given on Iα,β by

T =
16

a2b2
sin2

(πα

a

)

sin2
(πβ

b

)

23/2π|r∗dp|

Here p is the first linear coordinate on E associated to the basis (µ, λ), so
that |dp| is well-defined form on the quotient M(Σ) except at the central
representations. To compare with the asymptotic expansion of the knot
state, let us evaluate the torsion on the tangent vector Dµ − 2λ to r(Iα,β).
Since |r∗dp|(Dµ− 2λ) = D, we have

T(Dµ− 2λ) =
213/2π

ab
sin2

(πα

a

)

sin2
(πβ

b

)

.
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Recall that we denote by δ the half-form line and by ϕ the isomorphim
from δ2 to the canonical line (1). So for any z ∈ δ and ρ ∈ Iα,β, ϕ(z

2) is
a linear form on E, which defines by restriction a linear form on TρIα,β. In
this way any form in T ∗

ρ Iα,β⊗C has two square roots in δ. The Reidemeister
torsion T(ρ) being a density, it can be considered as a form in T ∗

ρ Iα,β ⊗ C

well-defined up to sign, so it has four square roots in δ.
The square root which appears in Theorem 1.1 is defined by

√

Tα,β := 213/4
( π

ab

)1/2
(−1)α sin

(πk−α,β
a

)

sin
(πk−α,β

b

)

ΩDµ−2λ (35)

where ΩDµ−2λ ∈ δ is such that ΩDµ−2λ(Dµ− 2λ) = 1. Its sign is chosen so
that Equation (25) is satisfied. This expression defines indeed a square root
of T(ρ) because by Lemma 5.1, k−α,β = α mod 2aZ and k+α,β = β mod 2bZ.
4

5.5 Proof of Theorem 1.1

First the knot state Zk(EK) ∈ Γ(Lk
CS ⊗ δ,M(Σ)) considered in the intro-

duction lifts to Zk ∈ Γ(Lk ⊗ δ,E), that is

Zk(EK)(π(x)) = Zk(x), ∀x ∈ E

By Theorem 4.12, the knot state is a O(k−∞) at any point of π(A\(∪ℓ∈ZIℓ)).
From Theorem 4.13, we deduce the asymptotic expansion over the image of
(R \ D−1

Z)λ. It remains to consider the sets π(Iℓ) where the Iℓ’s are the
intervals defined in (28). Since a fundamental domain of (E,R ⋊ Z2) is
(−1, 0)µ + (0, 12)λ, it is sufficient to prove the result for −1 6 ℓ 6 ab− 1.

Since for any (α, β),

1 6 k−α,β < k+α,β 6 ab− 1,

r−1(π(Iℓ)) is empty for ℓ = −1 or 0. So we have to prove that Zk(τ) =
O(k−∞) for τ belonging to π(I−1) or π(I0). This follows from Theorem
4.12, because γ−1(k) = 0 and γ0(k) = O(k−∞).

Then we proceed by induction over ℓ. Recall that r−1(π(Iℓ)) is the union
of the Iℓ,α,β where (α, β) runs over Pℓ, cf. (32) and (33). For any (α, β) ∈ Pℓ,
by Lemma 5.3, there exists a complex number γℓ,α,β(k) such that for any
t ∈ (ℓ, ℓ+ 2),

CSk(ρt,α,β)
k3/4µk

4π3/4

√

Tα,β =
( k

2π

)1/4
iγℓ,α,β(k)T

∗
−ℓλ/Dtk(xt)⊗ ΩDµ−2λ
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where xt is the point of Iℓ such that π(xt) = ρt,α,β. Furthermore, this
complex number is given by

γℓ,α,β(k) =
µk

i27/4

(k

π

)1/2
e

iπk
D

(ℓ−k−
α,β

)(ℓ+k−
α,β

)

√

Tα,β

ΩDµ−2λ
(36)

We have to prove that

∑

(α,β)∈Pℓ

γℓ,α,β(k) = γℓ(k).

We will show that the left hand side satisfy the same recurrence relation as
the γℓ(k)’s.

There are three cases to consider according to ℓ is a multiple of a or b,
ℓ = k−α,β for some (α, β) or ℓ = k+α,β for some (α, β). Assume we are in the
first case so that Pℓ−2,α,β = Pℓ,α,β. By equation (36),

γℓ,α,β(k) = e
2iπ
D

2k(ℓ−1)γℓ−2,α,β(k) (37)

We recover the recurrence relation of Theorem 4.12 because βℓ(k) = 0 in
this case.

Assume now that ℓ = k−α′,β′ for some couple (α′, β′) so that Pℓ = Pℓ−2 ∪
{(α′, β′)}. Equation (37) is still satisfied for the couples (α, β) ∈ Pℓ−2. By
a direct computation, we deduce from Equations (37) and (35) that

βℓ(k) = γℓ,α′,β′(k)

which leads to the recurrence relation we look for.
Finally, assume that ℓ = k+α′,β′ for some couple (α′, β′) so that Pℓ =

Pℓ−2 \ {(α′, β′)}. Using that

(k+α,β + k−α,β)(k
+
α,β − k−α,β) = 0 mod 2DZ

we obtain first that

e
2iπ
D

2k(ℓ−1)γℓ−2,α′,β′(k) =
µk

i27/4

(k

π

)1/2
√

Tα′,β′

ΩDµ−2λ

Then using that

sin
(πk−α,β

a

)

sin
(πk−α,β

b

)

+ sin
(πk+α,β

a

)

sin
(πk+α,β

b

)

= 0

29



we obtain that
e

2iπ
D

2k(ℓ−1)γℓ−2,α′,β′(k) + βℓ(k) = 0

which gives the conclusion.
To end the proof, we have to consider the set π(D−1(aZ ∪ bZ)λ). For

these representations, the result follows from Theorem 4.14 and the previous
considerations on the π(Iℓ)’s.

6 Other related asymptotics expansions

Theorem 1.2 is a consequence of Theorems 1.1, 4.12, 4.13 and 4.14 as was
explained in [CM11b], Section 4.2. We can deduce more general asymp-
totics for the WRT invariants of the Dehn filling of the torus knots where
the attached solid torus contains a banded knot, Section 4.3 of [CM11b].
In particular we obtain asymptotic expansion for evaluation of the colored
Jones polynomials as follows.

Let (ξℓ) be the basis of Hk determined by Equations (14). By definition
of the knot state, we have that

Jℓ
(

−eiπ/2k
)

=

√
k

sin(π/k)
〈Zk, ξℓ〉

We can evaluate the scalar product 〈Zk, ξℓ〉 by using some pairing formula,
which gives the following theorem.

Theorem 6.1. Let ℓ ∈ Z and I be a closed interval such that I ⊂ ( ℓ
D , ℓ+1

D ).
Then for any integers k > 0 and m such that m/2k ∈ I, we have

〈Zk, ξm〉 =
∑

(α,β)∈Pℓ−1∪Pℓ

2eipα,β
π
2

√
ab

sin
(πα

a

)

sin
(πβ

b

)

e−iπk
(k−

α,β
−

m
2k

D)2

D

+ei(
π
4
+p0

π
2
)k−1/2 sin(πm

k )

∆K(e2iπ
m
k )

+O(k−1)

where p0, pα,β are integers and the O(k−1) is uniform with respect to k and
m.

This is an application of Theorem 4.6 in [CM11b] and Theorem 6.4 in
[CM11a].
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