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Abstract

In this paper, the Goldbach Conjecture { 1, 1} is proved by the complex
variable integration. To prove the conjecture, a new function is introduced into
Dirichlet series. And then, by using the Perron Formula of Dirichlet Series and
the Residue Theorem, we conclude that any larger even integer can decompose
the sum of two primes.
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Notation:
p prime number
N positive integer
p|N p exactly divides N
(p,N)=1 coprime between p and N
{1,1) the even integer as the sum of two primes
{a b} the even integer as the sum of product of at most a primes and
product of at most b primes
o(n) the Euler function
S=o+it complex variable
¢ (s) £(s)=>.n", the Riemann zeta function
n=1
g ¢y
=(s) =(s)=
¢ g L)



III E ﬂ H iE i E & http://www.paper.edu.cn

A(n) A(n)= log pif n_: P , the Mangoldt function
0, otherwise

7(x) 7(x)=31

p<x

0(x) 6(x)=>logp

p<x

v (x) w(x)=2 A(n)

n<x

o, the convergence abscissa of Dirichlet series

o, the absolute convergence abscissa of Dirichlet series
resf (s) the residue of function f (s)

N(f(s)) the number of zero point of function f (s)

B=0O(A),B«< A there exists a calculable position constant ¢ , such

that |B|<cA,
o(1) the constant tending to zero
% the Euler constant, y =0.577---
£ the sufficiently small positive constant

C» C» G calculable positive constant
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1. Introduction

As well-known, the Goldbach Conjecture {1, 1} has not been resolved in
mathematical field. The conjecture states that every even integer N >4 can
decompose the sum of two primes (e.g., 12 =5+ 7, 20 = 3 + 17). In over past two
hundreds years, several relevant proofs on this issue have been conducted. Using the
sieve method, some mathematicians verified the results including { 9, 9 } (Brun, 1920)
[1], €1,¢c} (Renyi, 1947)[2], (1,5} (Pan, 1962) [3], (1,4} (Wang, 1962) [4],

{1, 3} (Richert, 1969) [5], {1, 2} (Chen, 1973) [6], etc. In 1975, Montgomery
and Vaughan made the progress on the exceptional set in Goldbach’s problem by the
circle method [7]. However, { 1, 1 } has not been proven up to now. In current paper,
by using the complex variable integration, we are to prove { 1,11} .

First, we define a new function

0, if n=Nmaodp
A(n)= p<N- (1.1)

1, otherwise

where (p,N)=1, p={2,357,...} isthe prime sequence. Hence, this function

is provided with properties of sieve function.

Based on the series: ¢(s), z(x), 6(x) and w(x), we obtain the new

following series:

g(s,ﬁ)zéz(n)n*, (1.2)
ﬂ(x,ﬂ)zgﬁ(p), (1.3)
0(x,/1)=pz<;/lzp)log P, (1.4)
(02)= T A A () ws)
and
w(s,2)=3Y A(n)A(n)n . (1.6)

In this case, if x=N,suchthat z(N,21)>0,then {1,1} istrue.
By the Prime Number Theorem [8], we have
H(X,/l):ﬁ(x,ﬁ)logx—f:ﬂ(u,ﬂ)u‘ldu , (1.7)
7 (% A)=0(x,2)(logx)" +J':6(x,ﬂ)(u log? u)_1 du,, (1.8)

and
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w(x2)=60(x1)+0(x*). (L.9)

So we can estimate the value of function z(x,4) by function y(x,1).

In present paper, applying the Perron Formula of Dirichlet Series and the
Residue Theorem, we will verify following theorems.
Theorem 1. If N is any larger even integer, then

w(N,A)=N T] (1—i)+o(N em) (1.10)
p<vN p_l
(p.N)=1

Theorem 2. If N is any larger even integer, then

N 1
N,A)= 1-—— |+ O Ne VN ), 1.11
ﬂ( ) logN pl:/[W( p_]-]-'- ( ° ) ( )
(p.N)=1

Remark: The propositions (1.10) and (1.11) are equivalent.
By Theorem 2 we have 7 (N,Z)>0, the Goldbach Conjecture (i.e., {1, 1}) is

established.
To prove Theorem 1 and Theorem 2, we need the following lemmas.

2. Lemmas

Lemma 1. The Perron Formula of Dirichlet Series.
For the Dirichlet series

A(s):ia(n)n‘s, o, <+, (2.1)

n=1

if there exist increasing functionsH (u) andB(u), such that

la(n)[<H(n), n=1,23.., (2.2)
and
Sla(n)n <B(c), o>a,, (2.3)

forany s,=o,+it,, let by>2o,+b>0o,, T 21, x=1 (whenxis a positive integer),

then

l b+iT s

Z“a(n)n’swla(x)x’s0 =—— A(so+s)x?ds

o 2 2771 Jo-T
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+O(w] +o(x1"°H (2x)min(1,loTﬂD, (2.4)

the constant implied in O dependson o, and b;.

Let s, =0, then

2 Jb-iT

Sa(n)+Za(x) =5 [ AGs) S ds +O(X“B<b>]

+O(XH (2x)min(1,lo_rﬂD (2.5)

(for the proof of Lemma 1, see [8]).

Lemma 2. There exists a positive constant c,, such that cj(a+it,ﬂ) has not zero

point in the range
o=1-c log™(ft|+2) (2.6)

Proof. Let £(s,2) be defined by

o0

(s 2) =Z(1—/1(n))n‘5. (2.7)
Wheno >1-c, log™ (]t|+2), we obtain
¢ (s.2)| <[¢ (s.2)). (2.8)
and
(s, 2)+< (7)) = (s))- (2.9)
By the Rouché Theorem, we deduce
N (£(s,2))=N(£(s)). (2.10)

Since ¢(o+it) has not zero point in the range o >1-c log™([t|+2), then

¢ (o+it,A) has not zero point in the range o >1-c,log™ (t|+2) too.

This proves Lemma 2.

0

Lemma 3. For Dirichlet series ¥ (s, 1) = Zﬂ(n)A(n)n‘S , we have

o, =0, =1. (2.11)
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Proof. By the Prime Number Theorem for Arithmetic Progressions, whenx — oo and

(a,N)=1, we have

lim A(n)=—— (2.12)
SISO
1
lim» A(n)A(n)=x 1-——
g I [155)
(p.N)=1
=X (1_Lj
o<IN p-1
(p.N)=1
hence
o, =limlog™ xlog iﬂ(n)A(n) =1. (2.13)
X—>00 )

Since A(n)>0,S0 o, =0, =1.

This proves Lemma 3.

Lemma 4. At s=1, \P(s,ﬂ)=ii(n)A(n)n‘s exists a pole, and the residue of

n=1

function W(s, ) isthat

resW(s,4)= [] (1—ij. (2.14)

p<~/N p_l
(p.N)=L
Proof. Because
- > _1_
Islm(l—s)nZ:;A(n)n =1, (2.15)
and
. 1 &
lim A(Mnt=—> A(n)n?, (2.16)
lim Z (n) ¢(q)§ (n)

consequently
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-1l (yﬁ]im)nl 217)
(pN)-L )

Therefore

0

resW(s,A)=1im(1-s)> A(n)A(n)n"

s=1 s—1 -,

- 11 (yi]nm(l-s)i/\(n)nl

p -1 )s-1 pr}

17 (1_L]. (2.18)

Lemma 4 is proved.

3. Proof of Theorem 1
For Dirichlet series (1.6)

0

¥(s,A)=> A(n)A(n)n*,

n=1
let a=1-c log™(T+2), b=1+log™x, logT =(log x)%*“ (0<a <1), we have

H(u)<logu, (3.1)
and
B(u)<c,logx, (3.2)

where c, is a positive constant.

By (2.5) in Lemma 1, we have

v (x.2)= 3 A(m)A(n)

n<x

1 b+T x°
=— ¥(s,A)—ds+ R, 3.3
2771 Jp-iT ( ) S R (3:3)
where
2
R1<<M£x’ log®x,0<7<1. (3.4)

By letting a+iT, b+iT to be the fixed points for closed contour T", we then
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have
w(x,z)zij ‘P(s,/l)x—sds+R1+R , (3.5)
271 °T S ?
where
1 a—iT  patiT  pb+T x°
R, <<2_7Z-i(.[b—iT +.[a—iT +.Ll+iT )\P(S’i)?ds

S

S [ R ) DL

et I )—£<s>x—ds

2ri ; -
1 a-iT a+T b+iT Xs
< 2_721(-[13—” +J.a—iT +.Ll+iT ) Iog2 |t|?ds

< xg ox (3.6)
Remark:  When o >1-c,log’|t| iA(n)n‘S =—%(a+it)<< log®[t| .See
n=1

[8].

By Lemma 2 and Lemma 4, g(s,}t) has not zero point in closed contour T .

S

So function LI’(s,/‘t)x— only exists a pole at s=1, we obtain
S

res\P(s,/l)X— _ 1 ‘P(s,/l)x?ds

s=1 s 2mr
—x (1—ij. (3.7)
p</N p_l
(p.N)=1
By (3.5) and (3.7), we have
w(x,A)=x]] (1——]+R1+ R,. (3.8)
p<vN p
(p.N)=1
Thus, combining (3.8) with (3.4) and (3.6) we have
1 —c4/logx
w(xA)=x ] 1-— +o(xe ) (3.9)
p<~/N p_
(p.N)=1
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Let x=N,and N isany larger number, we then obtain (1.10), namely,

1

w(N,2) =N (1——] O(N eV ).

pl:/Iﬁ p_]_ ( )
(p.N)=1

This completely proves Theorem 1.

4. Proof of Theorem 2
Combining (3.9) with (1.7), (1.8) and (1.9) we have

7(xA)=—— T] (1—LJ+R (4.1)

log X ;oin p—
(p.N)=1
where
X u,A ~clogx X u
R, < v - )du+ Xe < A 2) du + xe~oVox 4.2
2 ulog-u log x 2 ulog”u
By the Prime Number Theorem
w(x)= x+O(xe’c '°gx), (4.3)
we have
X u —c4/logu
W( 2) du < I 4du < xe Voo (4.4)
2ulog“u 2ulogu 2 ulog®u

By (4.1), (4.2) and (4.4), we have

7(xA)=— H(l—i}o(xec ). (4.5)

Iogx o< IN p-1
(p.N)=1

Let x=N,and N isany larger number, we then obtain (1.11), i.e.,
__N 1 ~cyflogN
7(N,A)= I1|1-— +O(Ne/bn),

logN p-—
(p.N)=1

Theorem 2 is proved. Therefore, when N is any larger number we have

7(N,2)>0. Thus, the Goldbach Conjecture { 1,1} is established.
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