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Study on the Hilbert’s Eighth Problem

Jinzhu Han
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Abstract
In this paper, we first prove Riemann Hypothesis and General Riemann Hypothesis. Then, we
improve the result of the prime number theorems for arithmetic progression. Finally, we provide a
proof that Goldbach Conjecture and Twin Prime Conjecture are established. Thus, we have
resolved the Hilbert’s Eighth Problem.
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Notation:
4 (S) = i n—° Riemann zeta Function
n=1
L ( S, ;() = i 4 ( n) n Dirichlet L -Function
n=1
L= se’* - (lﬁ—i)e_s/n I'(s) as I -function
r'(s) il
y=0.5772K Euler constant
Y4 ° )(* Character, principal character, primitive character
q
r(g)ng(n)e(gJ One of Gauss sum
n=1
F' F'(s
F g FO)
F F(s)
@ ( n) = nH [1 — lj Euler function
pn p

1 n=p"
A(n) _ o8P, ) P Mangoldt function
0,otherwise
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p<x
7(x)=21
p<x
v(xal)= 3 A
Rilxmodq
w(xb,q)= > A(n)
Ezzlxmodq

=Y A(n)x(n

n<x

o(x;q,1)= D logp

p=Imodq
2<p<x

0(x;:b,q,1)= Z log p

bp=Imodq
2<p<x

-1 21—

2epn P—2752 (p—l)

0. Introduction
In 1900, Hilbert suggested 23 famous mathematic problems, whose Eighth Problem includes

the following hypotheses: 1) Riemann Hypothesis (RH): all of non-trivial zero points of & (S)
have real part equal to ) ; 2) General Riemann Hypothesis (GRH): all of non-trivial zero points of

L(S, ;() have real part equal to % ; 3) Goldbach Conjecture: any even integer >2 is sum of two

primes; 4) Twin Prime Conjecture: the number of twin primes is infinite.
Although a number of mathematicians have attempted to prove or disproved the above four

hypotheses [1-39]

, none of them has been completely resolved up to now. In this article, we will
prove all of these hypotheses using some novel ways. To prove some relevant theorems, we need

the following Lemmas.
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1. Lemmas

Lemma 1: In 1859, Riemann defined zeta-function ¢'(s) and function &(s),

C(S)=in‘s, (1.1.1)
and
1 52
§(S)=ES(S—1)7Z /F(gjg(s). (1.1.2)

Functions ¢(s) and &(s) satisfied functional equations

g(g)=ﬁs%r(l‘25)/r(;jg(1_s), (1.13)

£(s)=¢(1-53), (1.1.4)

and

%(s)=——(l—s). (1.15)

L(s,z)=>_x(n)n™, (1.2.1)
n=0
and
: _(q)?”}(sm 2)
5(71)_” 2 (,Z, ()
1
5=5(y)=—=(1-z(-1
i 2075260

there are functional equations

L(s.z)= ;’(\76) [%j;Sr(1_5’2+5j/r(s;5jL(1—s,;7), (12.3)

f(S,Z)=I \/aé(l—S,;?), (1.2.4)

and
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(S,Z)z—%’(l—s,;(). (1.2.5)

Wi [

Lemma 3: In deleted neighborhood of anyone non-trivial zero point of function g“(s) , we have

equations:
£(5)+£(1—S)+2log7z=£ 3 +5 1=s , (1.3.1)
- ¢ r\2 ry 2
and
£(§)+£(1—§)+2logﬁ=£ 3 +L =5 . (1.3.2)
¢ ¢ r\2 ry 2
Proof: In deleted neighborhood of anyone non-trivial zero point of function £’ (S) , by (1.1.2), we
have
é(s):£(5)+l+L—llog7z+l£ >, (1.3.3)
4 ¢ s s—-1 2 2T\2
and
é(l—s):5(1—5)—1—L—llog7z+l£ I=s) (1.3.4)
& ¢ s s-1 2 2T\ 2
Combining (1.1.5), we have
£(5)+£(1—S)+2log7z=£ 3 +5 1=s . (1.3.5)
- ¢ r\2 ry 2
In a same way, we have
£(§)+£(l—§)+2logﬁ=£ 3 +L 1=s . (1.3.6)
¢ ¢ r\2 ry 2

Lemma 3 is proved.

Lemma 4: In deleted neighborhood of anyone non-trivial zero point of function L(S’Z), we

have equations:

LT(S,Z)+LT(1—S,;()+2log7z:%(¥j+%(l_z+5j, (1.4.1)

and

LT(S,Z)+LT(1—S,)()+2log7z :%(#}L%(l_s;éj. (1.4.2)

Proof: In deleted neighborhood of anyone non-trivial zero point of function L(S, ;() , by (1.2.2),
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we obtain
&' L' 1 1 1 1T (s+0
=(S,x)=—(S, y)+—+———=logm+——| — |, 143
f( 7) L( 2 s s-1 2 T 2 (143
and
&' L' 11 1 1T (1-s+0
2 (1-s,7)=—(1-s,y)———————logmr +—— , (144
5( 7) L( 2 s s—-1 2 s 2T 2 (149

combining (1.2.5), we have

LT(S,)()+LT(1—S,)()+210g7z :%(¥j+%(l_z+5). (1.4.5)

In a same way, we have

LT(S,;()+LT(1—S,;()+2log7Z :%(#}%(1_?5). (1.4.6)

Lemma 4 is proved.

Lemma 5: There exists the inequality, for y~ # 7, and p=B+iy is non-trivial zero point

of L(s,%).

B 2
vixz)=> X +O[Xlog (XqT)]. (1.5.1)

=1+ T

Lemma 6: According to equivalent relation about @(x) and y (x), we have

0(sa.)-x/g(a)= |y (xa.1)-x/4(a). (1.61)
2 [oCcan-x/e(a)= X b (xal)-x/g(a). (162
and
b0 e Xb
Zfesan-S5l- Sheman-Z5l e

Lemma 7: We define a new weighted sieve function

S(Az)= D logp, (1.7.1)

p=Imoda

(e
where P(z)= ] p.and acA={a:2<a<x}.

2<p<z
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Let a)(d ) = L, then

#(d)

and

z a)( p)log p/ p —log(Z/W) <L, (L isapositive constant).

w< p<z

Therefore S (A, Z) is a line sieve function.
According to Rosser sieve method, let 2<Z < y%,Az {a:az p—1,2<p< N} ,

and X =6’(N)=N , we have

s(A,z)zzem(N)f(u)[Ho[ 1 D N - Inl. (1.7.2)

logz))logz &

S(A,z)szeyc(N)[HO[ll DF(U) N AP (1.7.3)

0gz logz &
where
r,=0(N;d I)—l (1.7.4)
d s Y ¢(d) 5 .
u=logy/logz, (1.7.5)
f(u)=2e’u"log(u-1), if 2<u<4, (1.7.6)
and
F(u)=2e’u™,if 2<u<3. (1.7.7)

2. Theorems

Theorem 1: All of non-trivial zero points of ¢ (s) have real part equal to 4 .
Proof: It is well known that all non-trivial zero points of ¢ (S) are in complex
regionOSRe(S)<1. Let p= fB+Iiyis anyone non-trivial zero point of £ (S), then p,

l—p and 1—p are also non-trivial zero points of ¢ (S) . Because & (§) =4 (S), in deleted
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liig%(s)=%(§), (2.1.1)
and
P_I)l/}%(l—s)=%(l—§). (2.12)

Combining (2.1.1), (2.1.2), (1.3.1) and (1.3.2), in deleted neighborhood 0<|S—p|<8, we

obtain
) F' I"fi-s\ r'(s) 1r'/1-s
lim t+—| — |-—| = |-—=| — |=0. (2.1.3)
le“ 2)° Tl 2 r\2 rv 2
Since
I’ 1 d 1 1
—(2)=—+y+ Y | ——— |, 2.1.4
F() Z 4 nz_;‘[n+z nj ( )
I’ I’ 2 1 1
—(z,)——(z, )= — s 2.1.5
F( ) F(z) nz;‘(n+z2 n+zlj 2.15)
then
(s),I(1=s)_I'(s)_I'(1-5
r'\2 rv 2 r'\2 I
—i LA S ) S (2.1.6)
&~ 1-F S 5 1-s |’ o
n+—— n+-— n+— n+——
2 2 2

Defining S=1+a+iy, S=3+a—-iy, 1-s=3—a—iy,and 1-S =1—a+iy, where

0<a<7,by(2.1.3) and (2.1.6), we have

d 1 1 = 1 1
lim " —— + —— — =0
S%’DH:O n+l_g+ll n+1+a+|7 n=0 n+l+g_ll l_g_ll
4 2 2 4 2 2 4 2 2 2 2 2
ay n+1j
= lim| ) 42 =0. (2.1.7)
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Since all non-trivial zero points of ¢ (S) are complex zero points, ¥ # 0, and

1
n+—
- 7[ 4)
> : 0, (2.1.8)
2
then

Furthermore we have

limg (s)=0=Re(s)=1. (2.1.10)

This deduction is suitable for all of non-trivial zero points of &’ (S) . Consequently, Theorem 1 is

established and RH is true

Theorem 2: All of non-trivial zero points of L (s, y) have real part equal to 5 .

Proof: Let p = [ +1y is any of non-trivial zero points of L(S, ;() , then

Pg%(s, 2) :Lf(g, 2). @2.1)
and
EHELL(I_S’Z) =Lr(1—§,;(). (2.2.2)

Combining (2.21), (2.22), (1.4.1) and (1.4.2), in deleted neighborhood 0 < |S - p| < &, we have

' (s+0) T'(1-s+0) T'(5+0) T'(1-5+0
lim—| 2= |+ — - — | —=""1=0. (223)

sop T 2 r 2 r 2 r 2
Similarly, ~ defining S=1+a+iy , S=4+a-ly , 1-s=1-a-iy and

1-S=J—a+iy,where 0<a <7, indeleted neighborhood 0<|S—p|<8,we have

Since
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lim z 20, (22.5)

then
. IT'(s+8) T'(1-s+6) T'(S+0) T'(1-S+0
lim—| == |+ — - - 0= a=0,(22.6)
sop T 2 r 2 rv 2 r
namely
limL(s, y)=0=Re(s)=1. (2.2.7)
s—p

This deduction is suitable for all of non-trivial zero points of L(S, )() . Consequently, Theorem 2

is proved, and GRH is true

Theorem 3: There exists a calculable constant for O and = , such that
(x:0,1)=x/¢(q +O(x% log? x), (2.3.1)
or
E(xa,1)=w(x0,1)-x/¢(q)= x"*log’ . 2.3.2)

Proof: Let y # Z”,(q,l):l, then

v (xa.1)=x4"( a) 2 (1 (2.33)
xmod(
and
E(xa.l) a) > z(l
ymodq
) 2 ‘)?(U‘y/(X,)(). 2.3.4)
zmodq
Since ¢ z 1«1, ‘ ‘—1 we have

ymodq

E(x0,1)= maxy (X, y)
= maxz//(x,;(*)+0(logxlog q). (2.3.5)

Let p=)4+1y isnon-trivial zero point of L (S, ;() , we obtain
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X/ (xlogz(qu)J
E(x;q.1)= +0 +0O(logxlogq). (2.3.6)
(o= 2o Ty JrOlleriesd

Let 2<9<Xx,T =X%,then
E(x0,1)= x"*log’ x. (2.3.7)

Theorem 3 is true.

Theorem 4: There exist positive numbers B > A+ 2, such that
[E(x:q.1)|= xlog™*x. 2.4.1)

2<q<xlog™® x

Proof: Let p (q) =Y+iy ( q) is non-trivial zero point of L ( S, y mod q) , then

2 [E(xal)

2<q<D

X (xDlogz(xDT)J
= +0 +0O(DlogxlogD) (2.4.2)
; 7(qZ)LT 1+‘7(q)‘ T ( )

Since y~ (ql) =1 (qz) = L(S,Z* mod ql);t L(S,;(* mod qz), all of non-trivial zero point

of L (S, ymodq, ) are different, then

% % %
X—‘ = > X X (2.4.3)

Ao 1+ @) a1+ (a)]) F 1A

where |}/|ST includes all of the different non-trivial zero points of L(S, ;(modqn).

Furthermore we obtain

l

X" N LTI
M<T1+|7’| j Ttht x” logT . (2.4.4)

Therefore we have

> [E(xa)

2<q<D

2
_ X%IOgT+O[XDIOgT(XDT)J+O(DlogX10gD). (2.4.5)

Let T =X,D=Xlog_B X, B>A+2, then

> [E(xal)

2<q<D

= xlog " x. (2.4.6)

Theorem 4 is established.

Theorem 5: there exist positive numbers B >A+2, such that

(2.5.1)

2<q<xlog X 1<b<x

10
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where

E(xb,a.1)=w(xh,q,1)-(x/b)/¢(a)

Proof: Let y # ;(0 , then

E(x:b,q,1) szo:,qu (b)m;/\(”)l(”)
= maxZA
= maxy (x/b, y)

= maxz//(x/b,;(*)+O(10g(x/b)logq).

Furthermore, we have

x/b)” x/blog” (x
E(xb,q,1)= z (x/b) +O(M]+O(log(x/b)logq),

raeT 1+‘7/(q)‘

and

>, X [E(xb.a.l)

xD log xlog® (xDT)
T

= x» log xlogT +O[

Let T =XlogX,D=Xlog_BX, B> A+2,then

> z |E(x:b,q.1)

229<D |y o

= xlog™" x.
Theorem 5 is proved.

Theorem 6: Any large even integer is sum of two primes, and we have

N N
1 4(2log2—-1log3)C(N @) )
p—NZ‘pl ep> ( ogsm o8 ) ( )logN ! (logANj

where 2<p<N.

Proof: Let N is any large even integer, A= {a :a=N-p,2<p< N} , then

> logp=S(Ax*)=s(Ax)- > S(A(p).x").

p=N-p, N%SpSN%
P P=N-p,

then

Let X =N, X(p)=N/p,and a)(d):

d
#(d)’

11

]+O(Dlog2 Xlog D).

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.6.1)

(2.6.2)



m E ﬂ H -E i E ﬁ http://www.paper.edu.cn

o(d) 1
—_ (2.6.3)
d  4(d)’
=¢9(N;d,N)—l=\ E(N;d.N). (2.6.4)
#(d)
and
N
rd(p)=0(N;p,d,N)—¢—/dp)= [E(N;p,d,N)|. (2.6.5)
By Theorems 5 and 6, we have
> In]= X |E(N:;d,N)= Nlog*N, (2.6.6)
d<Nlog ®N d<Nlog ®N
and
> ow(p)= X > |E(N:p.d,N)= Nlog*N. @67
d<Nlog 8N < pen s d<Nlog ® N /i< pen/
By Lemma 7,
¥ _ N N
S(AN”)=6e 7(1+o(1))f(3)C(N)logN+O(logANj, (2.6.8)
S(A(p),N%)S6e‘7(1+0(1))F(3)C(N)M+O[ > \rd(p)\} (2.6.9)
logN d<Nlog BN
and
S(A(p),N*)<6e(1+0(1))F(3)C(N) A S l+o( N j
NY<pents logNN%SpSN% p log" N
(2.6.10)
Since
1 log(N*) 1
z —=log —+0
<pen$ P log(NA) logN
=log3—log2+0( ! J (2.6.11)
log N
therefore

| N N
S(A(p).N*) <6e (log3—log2)F (3)C(N 0 (2612

Since f (3) =2¢e"log2,andF (3) =2e’, we obtain

12
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Zlogpzs(A,x%)— > s(A(p),x%)

p=N-p, N%SpSN%

24(2log2—log3)C(N)lolg\lN +O[10g'\l Nj' (2.6.13)

Since

D logp>0=> > 1>0, (2.6.14)

p=N-p, N=p+p,

Theorem 6 is proved, and Goldbach Conjecture is true.

Theorem 7: Let 2< p < N, we have

N N
1 4(2log2—1log3)C(N o ———|. 2.7.1
Y. togp>4(2log2-log3)C(N) s [logAN] 27

p=p;+2

Proof: Let A:{a:a: p+2,2<p< N},then

> logp=S(AN*)=S(AN")- 3 S(A(p),N"). (2.7.2)
p=p;+2 N%SpSN%
p,p=p+2

d
Let X=N, X(p)=N/p,and @(d)=——, then
r, =9(N;d,2)—l= [E(N:d,2)|. (2.7.3)
#(d)
and
i (p)=6(N:p.d.2)- P _ |E(N:p.d.2). 274)
#(d)
By Theorems 5 and 6, we have
> ul= Y |E(N:d.2)|= Nlog*N, 2.7.5)
d<Nlog ® N d<Nlog ® N
and
> ow(p)l= X > |E(N:;p.d.2)|= Nlog*N. (276
d<Nlog ®N N5 cpen/ d<Nlog ®N \ A< pen/

By Lemmas 7, we obtain

N N
1 >4(2log2—1og3)C(N 0] : 2.7.7
p_p;Q ng ( Og Og ) ( )logN + (logANj ( )

Theorem 7 is proved. In addition, we have

13
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N—>wo= Z logp > 0= z 1>, (2.7.8)

p=p;+2 p=p;+2

That is to say, the number of twin primes is infinite, and Twin Prime Conjecture is true.

In conclusion, all the hypotheses of the Hilbert’s Eighth Problem are proved to be true.
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