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Abstract. We consider two independent random variables with the given tail asymptotic (e.g. power or
exponential). We find tail asymptotics for their sum and product. This is done by some cumbersome but purely
technical computations and requires the use of the Laplace method for asymptotic of integrals. We also recall the
results for asymptotic of P{sup,>,(X () — ct’) > u} as u — oo, where X = (X(t),t > 0) is a self-similar locally
stationary centered Gaussian process; and we find the asymptotic for the same probability after replacing the
constant ¢ by a random variable 1, independent of X. We also find the asymptotic of P{sup,so(X (t)—ct’ () > u}
as u — 00, where ( is a random variable, X, n, ¢ are independent.

Section 1. Tail Asymptotics of Sum
and Product of Random Variables

1. Introduction.

All random variables and processes in this article are real-valued. Recall some well-known basic
definitions.

Definition 1. The distribution function Fx of a random variable X is a function Fx : R — R,
Fx(u) :== P{X < u}. The tail or the survival function F'x of a random variable X is a function
FX:R—)]R, Fx(u) :1—FX(u):P{X>u}

Definition 2. The essential supremum of X (denoted by esssup X) is a real number or 400
defined as esssup X = min{C € R | X < C a.s.}, if the set of these C' is nonempty, -+oo, if it
is empty. Sometimes it is denoted by vraimax X. Similarly, the essential infimum of X is a real
number or —oo, defined as essinf X := max{C e R| X > C a.s.}.

What is the asymptotic of the tail Fx(u) as u 1 esssup X (we call it just tail asymptotics of
X)? This is the classical problem in Probability Theory.

In Section 1, we consider two independent random variables X and Y with the given tail
asymptotic. What is the tail asymptotic for X + Y and XY? Our main tool is the Laplace
method used to find the asymptotic of integral

b
/f(:z:)e)‘s(m)dzv, A — +00.

In Section 2, we apply these results to find asymptotics of the excursion probability of a given
level by a conditionally Gaussian process. The main idea in this section to use the self-similarity
(which is imposed as an additional condition).
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We consider all random variables and processes on some fixed probability space (2, F,P). All
asymptotic and limit relations hold true as u — oo, unless otherwise stated. In this article, I'(«)

for a > 0 denotes the Euler gamma function I'(«) = f0+°° e "dz. As usual, Ry := [0, 00).
2. Tail asymptotic of X 4+ Y for esssup X = oo, esssupY =0 € R

Let us first consider the case esssup X = 0o, esssupY = o € R. Suppose the tail asymptotic
of X and Y is given: B
Fx(u) « hx(u) := Cxu”exp (—Kxu®),

and o

Fy(u) « hy(u) ;== Cy(c —u)*, uto.
Here Cx,Cy, Kx,a,pu > 0, v € R are constants. Recall X and Y are independent, hence
esssup(X +Y) = oo.

Theorem 1. Suppose a > 1. Then
F)ﬁ.y(U) N hx+y(u) = Cx+yu‘u+7_au exp (—KX(U - O')a) y
where for the sake of brevity

Cx+y = CXC'y(Kon)_“F(,u + 1)

Proof of Theorem 1. For the sake of simplicity, let ¢ = 0. The general case is easily reduced to
this particular one. For u € R

Fx+y(U) = P{X +Y > U} = P{X >u— Y} = EF)((U — Y),

since X and Y are independent. Choose § > 0 (later we shall define the particular value of ).
We have:
EFX(U - Y) = EFX(U - Y)]{y<_5} + EF)((U - Y>[{—5SYS0}‘

But 0 < EFx(u —Y)iy<—5 < Efx(u+5)l{y<_5}, since for Y < — we have u—Y > u+9, and
Fx is nonincreasing. And EFx(u + 0)Ijy<_s5; < Fx(u+6) «~ hx(u+ 8) = o(hxiy(u)). (This
last relation is straightforward to check.) Therefore, EF x(u —Y)Iy<_53 = o(hxyy(u)).

It suffices to prove that EF x(u — Y)(—s<y<oy » hxiy(u).

We have: u —y — oo and Fx(u—1vy) «~ hx(u —y) uniformly for y € [—6,0]. Using Lemma 11,
we obtain: B

EFx(u—Y){—s<y<oy » Ehx(u —Y)I[{_s<y <o}

Let us rewrite Ehx(u —Y)I{_s<y <o) as a Stieltjes integral:
0 0
Ehx(u—Y)Ii_s<y<oy = /hX(U —y)dFy(y) = - / hx (u—y)dFy (y).
_5 -0

(We use the fact that Fy = 1 — Fy.) Integrating by parts, we obtain:

0

- / Fy (y)dhx(u— ).

y=0

Ehx(u—=Y)I{_s<y<op = — {hx (u—y)Fy(y)

y=—06



Note that boundary terms do not contribute to the asymptotic. Indeed, Fy(0) = 0, since
esssupY = 0. And hx(u+ 0)Fy(—6) = o(hxiy(u)). Thus,

0

Ehx(u — Y)I{_(;Sygo} = /?y(y)dhx(u - y) + O(hx+y(u)).
-4

Take arbitrarily small € > 0 and find § > 0 such that for y € [—4, 0] we have
(1=e)Cy(=y)" < Fy(y) < (1 +¢)Cy(—y)"

Indeed, Fy(y) «~ Cy(—y)* as y + 0 = 0. The function hy strictly increases for u € [ug, +00),
where ug = (7/Kxa)/®, since hy(u) = —Cxu' (Kxau® — y)exp (—Kxu®) < 0 for u > ug.
Therefore, the function y — hx(u — y) strictly increases on [—4,0] if u > ug + §. Hence for
U > ug+ 0

0

(1-e)Cy / (—y)dhx(u—y) < / Fy (y)dhx(u—y) < (1+)Cy / (—y)dhx(u—y).
_5 -0

=5

So we have eliminated the functions Fx, Fy. We have proved: for any € > 0, there exists 6 > 0
such that for u > ug + 6 we have

(1= &)K(u) + o(hxry(u) < (L+0(1) Fxiy(u) < (1+)K(u) + o(hxsy (1)), (1)

where .

K(u) :=Cy /(—y)“dhx(u — ).

Let us find the asymptotic of this integral. For any u > wug + ¢, the function y — hx(u — y) is
continuously differentiable on [—4, 0], and

Ohx (U - y)
dy

Hence we can write this Riemann-Stieltjes integral as an ordinary Riemann integral:

= Cx(u—y)" " (Kxa(u—y)* —7)exp (—Kx(u—y)*).

0

K(u) = Cy /(—y)“%y_y)dy = CxCyKxal(u;o,a+v —1,p1) — CxCyvyI(u;a,y — 1, p),

-8

where for « > 0,8 € R, u > 0,u > 0 we denote
0 5
I(u; o, B, 1) == /(—y)“(u —y)Pexp (—Kx(u—y)*)dy = /z“(u + 2)P exp (—Kx(u+ 2)*) dz.
=5 0

It suffices to find asymptotics of I(u; «, 3, ). Denote K := Ky for the sake of brevity.

Lemma 1.

Ius @, B, 1) - g(u) = (Ka) T+ D’V exp (~Ku®)

3



Proof of Lemma 1. One cannot directly apply the Laplace method (see [2]), since the exponent
does not contain u as a multiplier, it depends on u in a more complex way. Let us get rid of the
multiplier (u+ z)” in the integrand. Notice that (u+ 2)? « u” uniformly for z € [0, §]. By Lemma
11

I(us; o, B, ) o~ u’ I (s o, ),
where
I(u; a, p) = I(u; 0, 0, ).

Change the variable in I(u;«, p) to eliminate the cumbersome exponent, but to ”preserve the
scale” of its dependence on u.

w=((u+2)%—u®) /(au*"Y), z = (cu® " tw+u*)/* —u.

Then dz = u® (au*'w + u®)/*"'dw. In particular, dz| _, = dw|,_,. (This is what we call
"preserving the scale”.) The integration segment [0,0] maps into [0,d(u)], o(u) := ((u 4+ §)* —
u®)/(au®"1) — §. Therefore, we have:

o(u)
Hu;a,p) = / [(au“‘lw + ua)l/a — u} Yot exp (—Kau*"'w — Ku®) (au'w + ua)l/a_l dw =
0
5(u)
= u*exp (—Ku®) / [(aua_lw + ua)l/a - u} ' exp (—Kau*"'w) (ou w + u®) Vet qu =
0

= u® Lexp (—Ku®) ye /ey la-b/a-1) [(aw + )t — ul/"} exp (—Kauo‘_lw) (aw+u)Y* dw =

O\E\\

ad(u)
= exp (—Ku®) wle= Dt /a\~1 / [(v + u)l/a _ ul/a}# exp (_Kua—lv) (v+ u)l/a—ldv‘
0

w1 uniformly for v > 0. Hence

in the integrand, and this will not change

(We have changed variables again: v = aw.) (v + u)/e"!
by Lemma 11 we can substitute (v 4 u)Y/*~" by u!/*~1
the asymptotic. Thus

I(“v «, :U“) e a_l exp (_Kua) u(a_l)u/a‘]ag(u) (u7 a, :u)

Here for ' > 0
6/

Jsr(u; o, 1) := / [(v+ u)/e — ul/o‘}“exp (—Ku*"'v) dv.
0

Let us find the asymptotic of this integral. We shall show that it is the same for all 9" > 0. But
d(u) — ¢, hence for sufficiently large u ad/2 < ad(u) < 2, and

Ja5/2(u) < ']ag(u) (U) < J2a5(u>7

and J,5(,) (1) has the same asymptotic as Jy(u), &' > 0.



By Lemma 11, we can replace [(v + u)"/* — u!/%]" by (e~ tu!/*1v)# in the integrand of Jy (u; cv, 1),
since
(04 ) — o o [ tatio o

uniformly for v € [0,4']. Let us prove this asymptotic relation. Use the Taylor expansion for the
function u +— u!/®

(v +u)V* =t/ = a7y 4 a7 am = 1) (u + Gu) o2,

where 0 € [0, 1] depends on u,v. Since a > 1, we have 1/a — 2 < 0 and (u + fv)Y/*=2 < yl/*72,

Therefore,
|(u + ev)l/a_%z‘ <u* v =0 (Oz_lul/a_lv)

1/a 1/a—1

uniformly for v € [0,§']. Hence (v + u)Y/* —u'/® v oty v.

Therefore,

6/
Ty (w; o, p1) «~ o Ft/a= D /v“ exp (—Ku*"'v) dv.
0

We have u®~! — oo for a > 1. By Watson’s lemma (see [2])
5
/v“ exp (—uv) dv ~ w0 (4 1).
0
Thus

Ty (s a, 1) o~ o P (p + Va2 DR (Kye=)y =L = o # K710 (g 4 1) g/ e Dr—(e=Dltl)
Recall that J,5,)(u) has the same asymptotic. After easy technical calculations we obtain:
I(us v, p) o (Ka) ™ 'T(p A+ Du” @0 exp (= Ku®) |

and
I(u; o, B, 1) v (Ka) P70 (p 4 D@ DE exp (~Ku®) . O

Proof of Theorem 1. From Lemma 1, we immediately obtain: I(u;co,v—1,u) = o(I(u;a,a +
v —1,1)). Hence
K(u) « CxCyKxal(u;a,a+v—1, 1) «

v CxCy Kxa(Kxa) T (u+ 1)ua+7_1_(a_1)(“+1) exp (—Ku®) = hx,y(u).
Dividing (1) by hxiy(u), we get:

F _F
| o< i D@ o Pxer(w)

<1l+e.
U—00 hx+y(u) U—+00 hX—l—Y(u)

Since € > 0 is arbitrary, -
F u
o Frar(w)
The case 0 = 0 is proved. The general case is reduced to this one by the obvious change of
variables: Y :=Y — o, :=u — 0. u — 00 as u — oo, hence

= 1.

Fyiy(w) =P{X+Y >u} =P{X +Y > i} « hy,y(a),

5



because esssupY = 0. It can be easily shown that

by (@) ~ hxyy(u),

since @Y = (u — o )TV o Y= The proof is complete. [
3. Tail asymtotic of X + Y for esssup X =esssupY = o0

Let esssup X = esssup Y = oco. We do not need to specify any particlular type of asymptotic
for X, Y; the results of this subsection are valid for a fairly broad class of asymptotic. Let us
introduce some additional conditions.

Definition 3. Denote by M the class of all functions f : R, — R, with the two following
properties:

1. there exists ug > 0 such that f is nonincreasing on [ug, 00);

2. f(u) — 0.

Remark 1. The survival function of any random variable is in M.

Definition 4. Suppose f,g € M. Then:

- the ordered pair (f, g) satisfies the (A) condition if there exists a function ¢ : Ry — R such
that o(u) = oo, p(u)/u =0, f(p(u)) = o(g(u)) and g(u) = g(u — @ (u)).

- the ordered pair (f, g) satisfies the (B) condition if there exists a function ¢ : Ry — R such
that ¢(u) = oo, p(u)/u =0, f(p(u)) = o(g(u)) and g(u — ¢(u)) = g(u + p(u)).

Remark 2. If fi, fo,01,92 € M and f; « fo, g1 » go, then (f1,91) and (fs, g2) either both
satisfy or both do not satisfy the (A) condition, and either both satisfy or both do not satisfy the
(B) condition

Remark 3. Each of these conditions implies f(u) = o(g(u)), since for u large enough p(u) < u,
and f is nonincreasing on [ug, c0) for sufficiently large uy.

Remark 4. Suppose fi, f2,9 € M, f1 = o(f2). If (f2, g) satisfies any of the conditions (A),
(B), then (f, g) satisfies it.

Theorem 2. Suppose one of the following conditions holds:

1. The pair (Fy,Fy) satisfies (B), where Fy : Ry — R is defined as follows: Fy(u) :=
Fx(u) + Fx(—u). L

2. X >0 a.s., and the pair (F'x, F'y) satisfies (A).

Then

Fx+y(u) “ Fy(u)

Proof of Theorem 2. Let us prove that the second condition is sufficient. Since X and YV

are independent,

But
EFy(u—X)=EFy(u— X)[o<x<pw} + EFy(u — X)I{xspw)-

The second summand is between 0 and El{xs ), because 0 < Fy(y) < 1 for y € R. Since
Elix>pw)) = Fx(p(u)) = o(Fy(u)), the second summand is also o(Fy (u)). And the first sum-
mand is between Fy(u — ¢(u)) and Fy(u) since Fy is nonincreasing. It suffices to note that

6



Fy(u—¢(u)) v~ Fy(u). This completes the proof of the second statement. The first one is proved
similarly, we need to decompose

EFy(u—X)=EFy(u— X)Ixj<pa)y + EFy(u — X)[{x>p@) O

How to apply this theorem? Which functions f, g satisfy these conditions?

Lemma 2. 1. Let f(u) := Ciu™, g(u) := Cou=*?, where C1, Cy, a1, > 0 are constants.
Then ((f, g) satisfies (A)) < ((f, g) satisfies (B)) < a3 > as.

2. Suppose f(u) := CiuVexp (—Ku®), g(u) := Cou™*, where Cy,Cy, K,a,u > 0, v € R are
constants. Then (f, g) satisfies (A) and (B).

Proof of Lemma 2. The second statement immediately follows from the first (see Remark
3). But if a3 < as then f(u) # o(g(u)) and neither (A) nor (B) holds true (see Remark 2). For
> g, take p(u) = ylata2)/(2)

4. Tail asymptotic of XY for esssup X = oo, esssupY =0, X,Y >0

For the sake of simplicity suppose X,Y > 0 a.s. Suppose esssup X = 0o, esssupY = o, as in
subsection 2. Naturally, ¢ > 0. Suppose we are given tail asymptotic of X and Y, the same as in

subsection 2: _
Fx(u) v hx(u) := Cxu” exp (=Kxu”),

and
Fy(u) « hy(u) :=Cy(c —u)*, uto

Here Cx,Cy, Kx,a,u > 0, v € R are constants. Recall X and Y are independent. Therefore,
esssup(XY') = co. We need not impose the condition o > 1.

Theorem 3. Under these conditions,
ny(u) “ th(u) = C’qu'y_a“ exXp (—Kxa_auo‘) .
Here

Cxy = CXCYF(u + 1)(70[”4_“_7(}{)(&)_“.

Proof of Theorem 3. The proof is simpler than in subsection 2. Everywhere in this proof
u > 0. We have o o
Fxy(u) =P{XY >u} =P{X >u/Y} =EFx(u/Y),

since X, Y are independent. Fix § € (0,0) (we shall determine its exact value later). We have:
EFx(u/Y)=EFx(u/Y){s—s<v<or + EFx(u/Y )1y <o—s}-

The function Fy is nonincreasing, and y — Fx(u/y) is nondecreasing for y > 0. Therefore,

0<EFx(u/Y)iycosy <EFx(u/(0—0))y<o-sy < Fx(u/(0—0)) « hx(u/(0—0)) = o(hxy(u)).

(It is easy to verify the last relation.) Hence EFx(u/Y)Iy<,—sy = o(hxy(u)). It suffices to
prove: EFx(u/Y ) (5_s<y<oy » hxy(u). We have: u/y — oo, Fx(u/y) « hx(u/y) uniformly for
y € [0 — d,0]. By Lemma 11,

EFx(u/Y)(o <y <oy« Ehx(u/Y) {5 5<v<o)-
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Rewrite this as a Stieltjes integral:

Bho(w/Y ) ljo-seveo = [ hx(u/9)dFr(y) == [ hx(u/y)dFy(y) =

=0—0§
y=e o—0

= — [hx(U/y)Fy(y) o / Fy(y)dhx(U/y)] -

(We integrated this Stieltjes integral by parts.) The boundary terms do not contribute to the
asymptotic, since they are o(hxy(u)). Indeed, esssupY = o, Fy(o) = 0; and 0 < hx(u/(oc —
0))Fy (o —0) < hx(u/(0 =) = o(hxy (u)).

Hence

Ty (u) = olhxy (u)) + / Fy (y)dhx (u/y).

But hx € C*(0,+00), hx is nonincreasing on [ug, 00), ug := (7/Kxa)*®. (Recall the proof of
Theorem 1.) Hence the function y — hx(u/y) is nondecreasing on [0 — §, o] if u > ugo. Now let
us define 0. Take an arbitrary ¢ > 0 and find 6 > 0 such that y € [0 — 6, 0]

(1-¢e)Cy(oc—y)" < Fy(y) < (1+)Cy(o —y)"

Then for u > ugo
g

(1= < [ Frdhclufy) < (1+)10),
where . .
Iw) =Gy [ (o= ) dhx(uly)
Thus: for u > ugo o
(1= £)1(w) + olhxy(w)) < (14 o(1)Fxy(w) < (1+)I(u) + olhay (w). @)

It suffices to find the asymptotic of I(u). We calculated by (u) = —C'xu’ ™' (Kxau®—y) exp (—Kxu®)
during the proof of Theorem 1. Hence the function y — hx(u/y) is continuously differentiable on
[0 — §,0] and

Ohx (u/y)

gy = /) M (@)lamsyy = O (u/y)(u/y) ™ (Kxalu/y)® = 7) exp (—Kxy™"u®).

The Riemann-Stieltjes integral can be rewritten as a Riemann integral:

g

I(u) := CxCy / Wy 7 o — y)* (Kxoy *u® — ) exp (—Kxy *u®) dy =
o—§

= CxCy Kxau* T I(u®a,—y —a—1,u) — CxCyyu' I (u®; o, —y — 1, ), (3)



where for > 0,8 € R, i > 0,u > 0 we denote

o é
Hu;a, By ) == / y (o —y)*exp (—Kxy “u) dy = /(a — 2)’2" exp (—Kx (0 — z)""u) dz.
o—§ 0

(We changed variables z := o — y.) Applying Lemma 10, one can easily find the asymptotic of
this integral:

I(u;a, B, p) ~ POV (K ) ™0 (4 Du " exp (—Kxo*u) .

Indeed, the function S(z) := Kx (o — z)™® is strictly increasing on [0, 4], and S'(0) = Kxao™*7;
and it suffices to apply Lemma 10 for this S and f(z) := (¢ — 2)?, p := pu+ 1. The asymp-
totic of I(u;a, 3, 1) depends on 3 only by the coefficient. Hence the second summand in (3) is
infinitesimally small with respect to the first summand.

I(u) v CxCy K xau® g 777Dt (F o) 71D (1) (u®) ™ exp (—Kxo %u®) = hxy(u).
Divide (2) by hxy(u) and obtain:

| —c< lim Fxy(u) < T Fxy(u)

<l+e.
U—00 hXY(U) T u—oo hXY(u) -

It suffices to note that € > 0 is arbitrary. The proof is complete. []
5. Tail asymptotic of XY for esssup X =esssupY =o0, X,Y >0

Again, suppose X,Y are a.s. strictly positive. Here we need a power tail asymptotic of one of

these variables, e.g. Y: o
Fy(u) “A Cyu_a,

where Cy, o > 0 are constants. Also, let EX® < co. Suppose F x satisfies the following condition

(Ca):

Definition 5. Let @ > 0. A function f € M satisfies the (C,) condition if there exists a
function ¢ : Ry — Ry such that p(u) = 0, ¢(u)/u— 0, f(p(u)) =o(u™®).

Remark 5. f € M satisfies (C,) iff the ordered pair (f(u), u™®) satisfies (A).

We also need the condition EX® < oco. Since we operate with survival functions, let us rewrite
this condition in terms of F'x.

Definition 6. Suppose a > 0. The function f € M satisfies the (D,) condition if f(u) =
o(u™*) and

/f(u)ua_ldu < 00.
0
Lemma 4. Suppose X is a nonnegative random variable. Then EX® < oo iff the function Fy
satisfies (Dg).

Proof of Lemma 4. Tt is well-known from classical probability theory, nevertheless we expose
it in detail. Suppose EX® < oco. First, let us prove that F'x(u) = o(u™®). For u > 0

UQFX(U) = uo‘P{X > u} = Eua[{X>u} < EXQI{X>U} — 0

9



by the Lebesgue dominated convergence theorem, since EX® < co. Rewrite this expectation as a
Riemann-Stieltjes integral:

7u°‘dFX(u) S fuadﬁx(u)

and integrate by parts:

u) + /Fx(u)du
u=0
0

Boundary terms are zero, since u®F x(u) | = 0 (we just proved this). Hence:

/Fx(u)uo‘_ldu =a ! /Fx(u)duo‘ < 00.
0 0

Hence EX® < oo implies that the survival function Fx satisfies (D,). The proof of the converse
statement is similar. [

Remark 6. (Analogous to Remark 2.) If f,g € M, f « g, then these functions either both
satisfy or both do not satisfy the condition (C,), and they both satisfy or do not satisfy the
condition (D).

Remark 7. (Analogous to Remark 3.) The condition (C,) implies f(u) = o(u™?).

Remark 8. (Analogous to Remark 4.) For f,g € M, f(u) = o(g(u)), if ¢ satisfies (C, ), then
f also satisfies this condition; if g satisfies (D,), then f also satisfies this condition.

Theorem 4. Suppose Fy (u) «~ Cyu~®, and Fy satisfies the conditions (C,) and (D,). Then
ny(u) A CyEXau_a.

Proof of Theorem 4. In this proof, u > 0. As before, F xy (u) = EFy(u/X) for u > 0, since X,
Y are independent. We obviously have:

EFy(u/X) = EFy(u/X)Iocx<pw) + EFy (u/X) x5 pw)-
Since 0 < Fy(u) < 1 for all u, we have

0 < EFy(u/X)Ixsp00y < PLX > o(u)} = Fx(e(w) = o(u™)

(according to the (C,) condition). Hence EFy (u/X)I{ x>y = o(u™). Applying Lemma 11 and
noting that u/x — oo uniformly for z € (0, p(u)] (since u/p(u) — 00), Fy(u/X) v Cy(u/X)™%,
we get:

EFy (u/X)Iocx<pw) v ECy (u/X) ™ [oc x<p(w))-

Thus,
EFy (u/X)Io<x<pw) » Cyu “EX Ljocx<p)-

But ¢(u) — oo, EX® < 00, hence EX*Ifocx<,w)} — EX® by the Lebesgue dominated conver-
gence theorem. Thus, EFy (u/X)Ijo<x<p@y -~ CyEX*u™, and the proof is complete. [J
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What examples of functions f € M satisfying the conditions (C,) and (D,) are there?

Lemma 4. 1. The function f(u) := Cyu=?, where C, 3 > 0 are constants, satisfies the
conditions (C,) and (D) for 8 > « and does not satisfy them for 5 < a.

2. The function f(u) := Cyu” exp (—Kuﬁ), where Cy, K, 3 > 0, v € R are constants, satisfies
the conditions (C,) (D).

Proof of Lemma 4. Remark 7 shows that the second statement follows from the first one. Let
us prove the first statement. Speaking about the condition (C,), it suffices to use Lemma 2 and
Remark 5. The condition (D, ) is not satisfied for § < « can can be straightforwardly checked for
6>a. O

Section 2. Tail asymptotics of extrema
of conditionally Gaussian processes

6. Introduction.

We shall apply this theory to find asymptotic of

P{sup(X(t) — nt") > u}, P{sup(X(t) - nt” —¢) > u},

>0

where X = (X(t),t > 0) is a Gaussian centered self-similar locally stationary process (we shall
clarify the conditions imposed on X later), n > 0,( - independent random variables, (n,() is
independent of X.

What is the history of this problem?

Classical asymptotical theory of extrema of Gaussian processes and fields was developed (by,
e.g., Piterbarg and Pickands, see monograph [3]) for centered processes and fields. But afterwards,
non-centered process (i.e. processes with a trend) were considered. They have the form (X () +
m(t)), where X is a centered Gaussian processes, and m is a nonzero deterministic function, which
is called a trend. See, e.g., a well-known article [1], where m(t) = —ct®, t > 0, ¢, 3 are constants
(power trend).

The problem was then generalized to the case of conditionally Gaussian processes Y. They
depend on random variables 7, ...,7n, and on a Gaussian process X, where (7,...,7,) is in-
dependent of X. Y is called so because the conditional distribution of Y for fixed 7,...,n, is
Gaussian.

For example, the following model is considered in [4]: Y = (Y (¢),t > 0), Y (t) = X(¢)(n— (t%),
where (7, () is independent of X, the random variables 7, ¢ are positive, bounded and essinfn > ¢.

We shall consider a process Y = (Y (t),t > 0),Y(t) = X(t) — nt?, where (X(t),t > 0) is a
Gaussian centered process, n > 0 is independent of X, but the conditions imposed on 7 are not
as strict as the conditions on 7, in [4]. This model is similar to the one from [1], and we shall
intensively use the results from [1]. But there is a significant difference: instead of the deterministic
trend —ct”, we have a random process (—nt?,t > 0). Let us call it a random trend.

Also, we shall find the asymptotics of

sup(X (t) — nt” — ),

>0

where ( is a random variable, X, 7, ( are independent.

11



7. Basic definitions.

Definition 7. A square-integrable process X = (X (¢),¢t > 0) with EX () = 0, EX?(t) = 1 is
called locally stationary at the point s > 0 with the local stationarity index o € (0,2] and the limit
constant D(s) > 0 if

- )2
i B () — X(#)) _ D(s).
tt—>s [t — t'|«
Definition 8. A random process X = (X(t),t > 0) is called self-similar with self-similarity
(Hurst) parameter H € (0; 1] if for any a > 0

(X (at),t > 0) < (a"X(¢),t > 0).

Remark 9. A Gaussian process X = (X(¢),t > 0) with EX(¢) = 0 is self-similar with Hurst
parameter H iff R(t,t") := EX(¢)X(¢') is homogeneous of order 2H, i.e. for all £, > 0,a > 0
R(at,at’) = a*"R(t,t'). In particular, its variation is EX?(t) = ct?#, where ¢ = EX?(1) is
independent of .

Remark 10. If a process X = (X (t),t > 0) EX(t) = 0,EX?(t) = t*# is self-similar with
Hurst parameter H, and the standardized process Y = (Y(t),t > 0),Y(t) = t 2 X (t) is locally
stationary with index a and limit constant D(sg) at the point sg then it is straightforward to
prove: Y is locally stationary at every point s > 0 with the same self-similarity index «, but with
the limit constant D(s) = (so/$)*D(so).

Remark 11. For the process from the previous remark, H and « are not related. Changing
X by (X(t%),t > 0), we get a different H, but the same .

Definition 9. Suppose H € (0, 1]. Fractional Brownian motion with parameter H is a Gaussian
process By = (Bpg(t),t > 0) with a.s. continuous trajectories and the following properties:
EBy(t) =0, EBy(t)By(t') = (21 + 1 — |t — ¢/|*1) /2 for every t,t' > 0.

Remark 12. This is a classic example of a self-similar process with Hurst parameter H. It is
shown in [1] that the process Y = (Y (¢),t > 0), Y (t) = t ¥ By(t) (note that EB%(t) = t*7 ¢ > 0)
is locally stationary at every point s > 0 with self-similarity index o = 2H and D(s) = s727,
(The reader can easily check this fact himself.)

Remark 13. B, is a standard Brownian motion.
8. Results for a deterministic trend.

Let us expose the core results from the article [1] in detail, since we shall need them. Let
H e (0,1),c¢>0,a € (0,2],5 > H be constants. Suppose a stochastic process X = (X (¢),¢ > 0)
satisfies the following conditions:

(i) it is Gaussian;

(ii)) EX(¢t) = 0, EX?(t) = t*% for t > 0;

(iii) X is self-similar with Hurst parameter H € (0, 1);

12



(iv) the standardized process Y = (Y (t),t > 0), Y(¢) := t "7 X(t) is locally stationary at the
point sy with local stationarity index a and limit constant D(sg), where

H 1/8
T <6(5 - H)) |
Then, as u — oo, we have

plu, c) = P{sup(X(t) — ct”) > u} » f(u,c), (1)

>0

where for o < 2

1/
f(u C) — Ha\/\/E(D(SO)> / A2/a—1/2u(1—H/6)(2/06—1)\II (Aul—H/B)
’ B21/a—1/2 )

flu,c) =24/ MT+B\I/ (Aul_H/B) :

U(z) is the tail of the standard normal distribution:

+0o0
1 2
U(z) = T / e~V 2dy.

H, is a positive constant, called a Pickands constant:

and for v = 2

.1 o
H, := Tlglgo ?E exp Orgtz?%(\/ﬁBa/g(t) —t%).
(See [3], section D, for the proof that this constant is indeed well-defined and H, > 0.) Finally,
A and B are positive constants:

- H —-H/B 6 a H —(H+2)/8
A= <C(6—H)> mm P (cw—m) e

We shall rewrite this result in a more convenient way. If p(z) := (27) Y/2e~**/2 is a standard
Gaussian density, then it is easy to verify by L’Hospital’s rule that U(z) « ¢(x)/x as * —
o0. (See also, e.g. [8], Section 7.1, Lemma 2.) But Au'"#/% — oo, hence W(Au'~#/8)
o(Au =1/ J(Au'—H/8) . Thus, f(u,c) «~ g(u,c), where for o € (0,2) we have

1/a
g(u c) = CU(I_H/B)(2/O{_2)(’O (Aul—H/ﬁ) C = Haﬁ(D(30>> / A2/a_3/2
7 ’ VBol/a-1/2

and for o = 2 we have

g(u,c) == Cull/P1y (Aul_H/ﬁ) , C =24/ ADT_I_BA_l.

To find how ¢ depends on ¢, denote

1/8 —H/p —(H+2)/8
ko (5mm) o (Fa) e e-(GEe)



Then we get
so=Ky VP, A=KuM"P B=KpHt25

The process Y is locally stationary at every point s > 0 with the same local stationarity index a but

with limit constant D(s) = (so/s)*D(sy). (See Remark 10.) Hence D(sy) = D(K,)(c™/#)~* =
Kpc*? where Kp := D(K,). Thus

C = KCH/B@/OC—?)’

where for a € (0, 2)
. Ha\/%Ké/a 2/a—3/2
- 1/2—KA ’
K}{?21/0-1/2
and for a = 2
o 2 |KsKp+ Kp
= T .

Finally, we obtain:

g(u,¢) = K MBI (= HIBR a2 ([ M= H/5) (2)

9. Asymptotic of P{sup(X(t) — nt’) > u}.

t>0

Let Sy := sup(X(t) — nt?). Let us find the tail asymptotic of S;. We need to impose an
>0

additional restriction (v) on the process X :

(v) a.s. there exists an s > 0 such that X (s) > 0.

It could possibly be implied by the other conditions (i) - (iv), but we could not prove this. The
standard Brownian motion and the fractional Brownian motion obviously satisfies (v). (See, e.g.,
[7], where the law of iterated logarithm for the fractional Brownian motion is proved as Theorem
3.3; this law immediately implies the condition (v).)

Theorem 5. Suppose a stochastic process X satisfies the conditions (i) - (v). Let n > 0 be a
random variable independent of X, 6 = essinfn. Suppose P{n < u} «~ C,(u—9)" as u | §, where
Cy, o > 0 are constants. Then we have:

1. for 6 > 0:

Fs,(u) v Kou"o(K 4618y =118,

where for the sake of brevity

CoKT (1 + 1)8" H\ (2
Ky O Kgﬁ; )0 sisa-2-pen/s-y) -, _ <1 _ ?) (E 9 2u) :
A

2. for § = 0: o
Fs,(u) » Cylppyspu ",

where for a, 5 > 0 &, 3 = E,,8(X) is a positive constant:

X0y

>0 1+ 18
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Proof of Theorem 5. We follow the proof of the similar theorem in [1]. Let for s > 0,¢ > 0

 X(s)
1+ esB

Ze(s) : Z,(s) == P Z,((2/ D)),

Lemma 5. For all u > 0,

p(u, ¢) = P{sup Z.(s) > u'~H/P}.
s>0

Proof of Lemma 5. This is a consequence of self-similarity of X with Hurst parameter H. We

have:
(X (uP),t > 0) L (uwH/PX (1), ¢ > 0).

Thus
P{sup Z (s) > u' P} =P{3s > 0: X(s) > u' "7 4 cs”u! P} =
s>0
=P{35s>0: X(uPs) > u 1P 4 c(u=VPs)Pul~H/P} =

=P{35s>0:u X (s) > u P 4 csPu /Py = P{35s > 0: X(s) > u+ s’} = p(u,c).0

Lemma 6. The distribution of the process Z. = (Z.(s), s > 0) does not depend on ¢ > 0.

Proof of Lemma 6. Z. is a Gaussian process, hence its distribution is uniquely determined by
its mean and covariance functions. For all ¢ > 0, > 0 we have EZ.(t) = 0 hence EX(t) = 0.
Hence it suffices to prove that for all ¢,#' > 0, EZ.(t)Z.(t') does not depend on ¢ > 0.

> g CHPEX((2/D) ) X ((2/ D)Vt
BAOZAD = @/ 7o+ o @D )
But D = Kpc®/? (see subsection 8), c((2/D)Y*)? = 28/ecD=Al* = (2/K)#/* is independent of c.

Hence the denominator is independent of c. And the numerator is equal to ¢>#2(2/D)**EX (t) X (')
since X is self-similar (see Remark 9). But ¢*#(2/D)?* = (2/Kp)®/? is also independent of ¢. [J

Proof of Theorem 5. Denote Z, just as Z. (Only its distribution is important.) It is clear that

sup Zo(s) = ¢ P sup Z(s).
s>0 s>0

Condition (v) yields that a.s. .
sup Z1(s) > 0, sup Z(s) > 0.

s>0 s>0

Since X and 7 are independent,

Fsy(u) = Bp(u,n) = Py~ sup Z(s) > u /7).

But n~#/% > 0, sup Z(s) > 0. It suffices to use Theorems 3, 4. We have:
s>0

P{sup Z(t) > ul_H/B} =p(u,1) « g(u,1) = Ku(l_H/ﬁ)(z/a_z)ap (KAul_H/ﬁ) )
>0
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Therefore, R
P{sup Z(t) > u} v~ Ku**"2p(K  u),

t>0

and

ess sup(sup Z(t)) = oo.
>0

The random variable sup,~, Z(t) plays the role of X from Theorems 3 and 4. And the random
variable n~#/8 plays the role of Y. Consider the cases § > 0 and ¢ = 0.

Suppose 6 > 0. Then esssupn /8 =6 H/8_ and uw=P/" | § as u 1§ H/8,
Ty nlw) = PLy15 > ) = Pl < w1} €5 — ¥/ o Cy(BH 641545 — .

since the derivative of the function u +— u™/ at the point u = § /% equals —BH 1 (§—H/P)=B/H-1 —
—~BHI§HH/B and § — uwBH o~ BHTIGHHIB(§7HIB — ) as u | 67H/8.
In the notation of Theorem 3

o=01M08 Cy=C,(BH WY Oy = (20) V2K, y =2/a — 2, Kx == K3/2,a = 2.
It suffices to apply this theorem and simplify the answer.

Suppose § = 0. Then esssupn~#/# = oo, and
F,ns(u) = P{n P > u} =P{n<u P}« Cp(u P = Cu=H.
Since (see above)

K K2
F g 20 (W) o Ku?/* P o(K qu) = —=u*"* exp (‘—AuQ) ,

V2T 2

this function satisfies the conditions (Cg,/x) and (Dg,/u) (see Lemma 4). Hence we can apply
Theorem 4. The constant

E (Sup Z (t))ﬁu/H _E (sup 7 (t)) Bu/H . (Sup X(t) )BM/H

>0 >0 >0 1+ tP

is denoted by Es,/m,s(X). The proof is complete. [

10. Asymptotic of P{sup(X(t) — nt’ — () > u}.

t>0

Now we shall consider
8 = sup(X (1) — nt? — ¢) = S — ¢,
t>0
where ( is a random variable, X, 7, ( are independent. Then Sy, ( are independent. We know
the tail asymptotic of Sy under certain conditions (see the previous subsection). And for a given
asymptotic P{¢ < u} as u | essinf {, we know the tail asymptotic of —(, and it suffices to apply
Theorems 1, 2.

Theorem 6. Suppose the process X satisfies (i) - (v). Let essinf ¢ =: dy.

1. Suppose 0y = —oo and P{( < —u} «~ Ccu™7, where C; > 0, v > 0. If one of the following
conditions holds:
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(a) d > 0;
(b) 6 =0and Su/H > ~,
then
Fg(u) e Cgu_ﬁ/.

If we have
(c) 6=0, Bu/H <7,
then
Fs(u) « F, ()« Copsppmp(X)u 10,
2. Suppose 0y € R and P{( < u} « C¢(u — dy)7, where C¢,y > 0 are constants. Suppose also
that 6 > 0, 2H < 8. Then

Fs(u) « Csu”o (Ka0"P(u+ 6)'=H/8) |
where for the sake of brevity
Cs = C. KoK 2672M/8(1 — H/B) (1 + ),

vi=(2/a=2=2p)(1 - H/f)+~—2(1 - H/B)y.

Proof of Theorem 6. Apply directly Theorem 1 for the second case, and Theorem 2 for the first
case. In the first case, in (a) and (b) Sy plays the role of X, —( plays the role of Y. And in (c),
their roles are reversed: Sy plays the role of Y, —( plays the role of X.

In the second case, Sy plays the role of X, —( plays the role of Y. The condition 2H < (3 is
necessary to establish the condition v > 1 in Theorem 1. [J

11. Conclusion.

The most interesting case is when neither asymptotic of X nor asymptotic of n dominate.
This is probably the toughest case. It is unlikely that two asymptotical expressions can be easily
combined. Probably the Pickands method of double sums should be applied (see monograph [3],
section D or chapter 2).

How to calculate &, 37 We can only do this numerically. It is unlikely that one can find an
exact form for this constant. We know the exact form only if X is a Brownian motion, § = 1:

Lemma 7. If X = B is a standard Brownian motion, 3 = 1, then

Eap = 27T (% +1).

Proof of Lemma 7. Let
B(s)

X = max .
s>0 1+ s

Using Lemma 5, we obtain: for all u > 0
P{X > ul/?) = P{m>ag<(B(s) —s) >u}
We used Remark 13: for a Brownian motion H =1/2, 1 — H/f =1/2.

P{max(—B(s) —s) > u} = P{IEZE%{(B(S) —s)>u}=P{3s>0:B(s) —s=u} =e "

s>0
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The last equality uses the result for a hitting time of a Brownian motion with a drift from [5]
(chapter 3, section 3.5.C, (5.13)). We also use the continuity of Brownian paths: if mggc(B(s)—s) >

u, then for some s > 0 B(s) — s = u. Hence m>an(B(s) — 5) has an exponential distribution, and

P{m>ag<(B(s) —s)>uf = P{m>ag<(B(s) —s)>u} =e 2"
For u > 0 P{X > u} = e 2**. Of course, for u < 0 we have P{X > u} = 0. Hence X has the

Weibull distribution with parameters (2,2). Thus (see [6], chapter 21, section 2; of course one can
verify it by a simple calculation) &,; = EX® = 27/ (2+1). O

Appendix

12. Other forms of asymptotic conditions on X, Y, 7, (.

We used the survival functions of X, Y, n, ( to impose restrictions on them. But many
distributions are defined in terms of density (with respect to the Lebesgue measure). Can we
rewrite these conditions in terms of density?

Yes, we can. The asymptotic conditions on the survival function are more general than the
ones on the density. Hence we can apply any of these Theorems 1-6 if the asymptotic of denstiy
is given.

Lemma 8. Suppose X is a random variable, M := esssup X. Suppose on a certain left
neighborhood U C R of M the distribution of X has a density fx (with respect to the Lebesgue
measure). This means that for any Borel subset B C U we have:

P{X € B} — / Fr(u)du.

1. If M = 400 and fx(u) v Cxau="1 where Cx,a > 0 are constants, then Fx (u) v Cxu™®.

2. If M = 400 and fx(u) «~ Cxu’exp (—Kxu®), where Cx,a, Kx > 0, 3 € R are constants,
then Fx(u) «~ Cxa 'K uf 1% exp (— K xu®).

3. If M € R and fx(u) ~ Cxa(M — u)* !, where Cx,a > 0 are constants, then Fy(u) «
Cx(M - u)o‘.

Proof of Lemma 8. 1f f, g : [a,b) — R are Lebesgue integrable on [a,b) C R, where b € (a, +o0],
and f(x) v g(x),z T b, then by L’Hospital’s rule

/b F(#)dt ~ /b g(t)dt, = 1b.

For u < M sufficiently close to M we have

Fx(w) = [ felt)dr
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Hence statements 1 and 3 are obvious. Statement 2: it suffices to prove that

I(u) := /C’Xtﬁ exp (—Kxt*) dt «~ Cxa 'K u’ T exp (— K xu®) . (4)

After the change of variables s := Kyt t = Ky"/“s'/*, dt = K3"/®a~s'/*"1ds the integral I(u)
changes to

Cx / Kosblo g Moo s e tesds = Ox KW ! / slPH1=al/ag=sgs.
Kxu® K xu®
But for 4 € R we have
/s“e‘sds wute™.
This is easily deduced from L’Hospital’s rule:
(u'e ™) = —ute ™ + put e —ute " = di / ste%ds.
U

Hence we easily obtain (4). The proof is complete. [J

Also, one can replace P{¢ < —u} by P{{ < —u}, and similarly for . The asymptotic will
remain the same.

Lemma 9. Suppose X is a random variable, m := essinf X. Suppose Cx, a > 0 are constants.
1. If m = —oo, then

Fx(—u) =P{X < —u} « Cx(—u)™ & P{X < —u} « Cx(—u)™"
2. If m € R, then, as u | m, we have:
Fx(u) =P{X <u} ~ Cx(u—m)* & P{X <u} - Cx(u—m)=.
Proof of Lemma 9. Let us prove the first statement. For all u
P{X<—-u—-1} <P{X < —u} <P{X < —u} <P{X < —u+1}.
If P{X < —u} «~ Cx(—u)™?, then P{X < —u — 1} v Cx(—u —1)"% «» Cx(—u)™®, and
P{X < —u} v« Cx(—u)~®. Similarly, if P{X < —u} « Cx(—u)~%, then P{X < —u+ 1} -

Cx(—u+1)"%w Cx(—u)~, and P{X < —u} « Cx(—u)~=.
The proof of the second statement is similar; it is necessary to consider the inequalities

P{X <u—u*} <P{X <u} <P{X <u} <P{X < u+u?}.
(We assume w.l.o.g. that m =0.) O

13. Auxillary lemmas.
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Lemma 10. Suppose a > 0, u > 0, f,S : [0,a] — R are continuous on [0,al, f(0) # 0, I[BliI]lS
is attained only at the point 0. Suppose S € C*(0, ] for some &y € (0,a], S’(0) > 0. Then

a

F(u) = /x“_lf(x)e‘“s(m)dx o G(u) := D(u) f(0)S'(0)#A—Heu5©)

Proof of Lemma 10. W.l.o.g. suppose f(0) # 0. One can find 6; € (0, d] such that S’(x) > 0 for
all z € [0,d1]. Take an arbitrarily small € > 0 and find 6 € (0, ;] such that |f(x) — f(0)] < ef(0)

for all € (0,0]. Then we have
5 a
/—i—/) 2" (2)e 5@ dy
0o %

The integral on [4,a] is O (e=™"), where M := miny, S > S(0) (Lemma 1.1, chapter 2, [3]),
hence it is 0(G(u)). And the integral on [0, ] is estimated in this way:

a é
(1—e)l(u) < /a:“_lf(x)e_us(x)dzz <(1+e)l(u), I /x” Le=us@) gy
5 0

Change variables in I(u): S(x) — S(0) = S’(0)t, = = &(t), £ € C'. It maps [0, ] into [0, '] for
some ¢’. Hence we obtain:

5/

I(u) = f(())/:i"”_l(t)e_“(sl(o)tJrS(O)):E'(t)dt.

0
But #/(t) = 5'(0)/S'(z(t)), 2/(0) = 1, hence the function g(t) := 2+~ 1(t)t=#13/(t), ¢g(0) := 1 is
continuous on [0, d’]. By Watson’s lemma (see [2])

5/

I(u) = f(0)e 5 / g e F O At £(0)(S'(0) T (u)u e ) = G(u).

o

Thus:

Since € > 0 is arbitrary, the proof is complete. []

Lemma 11. 1. Suppose (X, M) is a measurable space with o-finite measure p on M. Let
f=flu,x),9 = g(u,x) : [a,00) x X — R be measurable with respect to x € M and Lebesgue
integrable on a set A € M for every u € [a,00). If f(z,u) v~ g(z,u) uniformly for = € A, then

/ F (o w)La(z)dp(z) / o(z, u)L(2)dpu(z).

X

2. Suppose (€2, F,P) is a probability space, & = (&1(u),u > a),& = (§2(u),u > a) are random
processes, and for the given event A € F & (u)la, &(u)ly are integrable for all u € [a,00). If
&1(u) « & (u) uniformly for w € A, then

E& (u)ly v~ E&(u)ly
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3. Suppose I C R is an interval, f, g : [a,00) x I — R are functions such that for any u > a they
are Lebesgue-integrable on I (and measurable by ¢t € I). If t € I f(t,u) -~ ¢(t,u) uniformly for

t € I, then
/f(t,u)dt “ /g(u,t)dt.
T T

Proof of Lemma 11. Left to the reader. [J
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