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Caccioppoli’s inequalities on constant mean curvature
hypersurfaces in Riemannian manifolds

S. Ilias* B. Nellif, M.Soret

Abstract

We prove some Caccioppoli’s inequalities for the traceless part of the second fundamental
form of a complete, non compact, finite index, constant mean curvature hypersurface of a
Riemannian manifold, satisfying some curvature conditions. This allows us to unify and clarify
many results in the literature and to obtain some new results. For example, we prove that
there is no stable, complete, non compact hypersurface in R"*!, n < 5, with constant mean
curvature H # 0, provided that, for suitable p, the LP-norm of the traceless part of second
fundamental form satisfies some growth condition.
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1 Introduction

In this article, we give a general setting that unifies and clarifies the proofs of many results present
in the literature on nonexistence of stable constant mean curvature hypersurfaces. We obtain
some new results in the subject as well. The key result of this article is the following generalization
of a result of R. Schoen, L. Simon, S.T. Yau [35]. Throughout the article, A/ is an orientable
Riemannian manifold with bounded sectional curvature and such that the norm of the derivative
of the curvature tensor is bounded.

Theorem (see Theorem[T)). Let M be a complete, non compact hypersurface with constant mean
curvature H and finite index, immersed in N'. Denote by ¢ the norm of the traceless part of the
second fundamental form of M. Then, there exists a compact subset K of M, such that for any
q >0 and for any f € C§°(M \ K) one has
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where the constants are as in Theorem [{.1l Moreover, if M is stable, K = ().

The inequality of the previous Theorem is a Caccioppoli’s inequality for finite index hypersurfaces
with constant mean curvature. In order to get it, we first prove a Simons’ inequality for constant
mean curvature hypersurfaces of a Riemannian manifold (Theorem B.]). Beyond their own inter-
est, Caccioppoli’s inequalities are useful to deduce nonexistence results for stable constant mean
curvature hypersurfaces in space forms, under some restrictions on the dimension of the space and
on the growth of the LP norm of the traceless part of the second fundamental form, for suitable
p. For example, we prove that there is no stable, complete, non compact hypersurface in R"*+!,
n < 5, with constant mean curvature H # 0, provided that, for suitable p, the LP-norm of the
traceless second fundamental form satisfies some growth condition. This is an answer to a do
Carmo’s question in a particular case (see pg. 133 in [19]).

It is worth to point out that the analogous of the previous Theorem can be proved in the setting of §-
stable hypersurfaces, and for hypersurfaces with constant H,-curvature, that is the r-th symmetric
function of the principal curvatures (in [3] and [4] one can find some related results). Moreover,
we restrict ourselves to hypersurfaces, but, in fact, the previous Theorem can be easily adapted to
submanifolds of any codimension with parallel mean curvature.

We analyze the consequences of the previous Theorem in the case where the ambient manifold has
constant sectional curvature. In a forthcoming article we will analyze the case where the ambient
space is either a product or a warped product of constant sectional curvature manifolds.

As the proof of the previous Theorem relies on a Simons’ inequality in this setting, it is worth to
recall some literature about the classical Simons’ inequality. In the pioneer paper [37], J. Simons
proved an identity for the Laplacian of the norm of the second fundamental form of a minimal
submanifold of the Euclidean space. Such identity is known as Simons’ formula. Using Simons’
formula and some more work on minimal cones, J. Simons was able to deduce that, for n < 7, the
only entire solutions of the minimal surface equation in R™ are linear functions. Concerning the
restriction on the dimension in the result of Simons, we recall that E. Bombieri, E. De Giorgi and
E. Giusti [T2] proved that, for n > 7, there are solutions of the minimal surface equation that are
not linear. Then, Bernstein’s question [11] was completely answered.

Later, there has been a lot of work about Simons’ formula. In [35], R. Schoen, L. Simon, S.T.
Yau generalized Simons’ formula to a inequality (known as Simons’ inequality) for minimal hyper-
surfaces in a Riemannian manifold. Then, they applied Simons’ inequality in order to prove an
estimate for the L? norm of the second fundamental form of a stable minimal hypersurface in a
Riemannian manifold, for a suitable p (see Theorem 1 in [35]). Among many interesting conse-
quences of the LP estimate in [35], we point out the following one: there is no non totally geodesic,
area minimizing hypersurfaces of dimension n < 5, in a flat Riemannian manifold.

Later, some authors proved generalizations of Simons’ inequality. We quote the article of P. Bérard,
[9], where the author deduced a very general Simons’ identity satisfied by the second fundamental
form of a submanifold of arbitrary codimension of a Riemannian manifold.

Our article is organized as follows.

In Section 2] we recall some generalities about stability.

In Section3l we obtain a Simons’ inequality for the traceless part of the second fundamental form of
a constant mean curvature hypersurface in a Riemannian manifold (see Theorem B.2)). We deduce
it from the very general formula obtained by P. Bérard in [§], [9]. Our computations are strongly
inspired by those of R. Schoen, L. Simon, S.T. Yau [35]. We give them, because, to our knowledge
they are not present in the literature, except for hypersurfaces in space forms [2].



Then, we evaluate the terms of Simons’ inequality depending on the curvature of the ambient
space, in order to obtain a handier inequality (Theorem BT]).

In Section ] we prove the Theorem that we stated at the beginning of the Introduction (Theorem
[410).

In Section 5] we deduce, from Theorem [4.1] three different kinds of Caccioppoli’s inequalities on a
constant mean curvature hypersurface with finite index. The first one is the analogous, for finite
index constant mean curvature hypersurfaces, of the inequality by R. Schoen, L. Simon, S. T. Yau
(see Theorem 1 in [35]). The second one is different in nature because it involves the gradient of the
norm of the second fundamental form of the hypersurface. The third one is obtained by a careful
study of the sign of the coefficients of the inequality of Theorem [4.]] in the case where the ambient
space has constant sectional curvature. Later on, we obtain some refinements of Caccioppoli’s
inequality of third type, that will be useful for the applications.

In Section [l we show how our Cacioppoli’s inequalities can be used to obtain some nonexistence
results for stable constant mean curvature hypersurfaces. In many cases, we recover the known
results present in the literature.

2  Stability notions and finite index hypersurfaces

The following assumptions will be maintained throughout this article. Let N be an orientable
Riemannian manifold and let M be an orientable hypersurface immersed in N. Assume that M
has constant mean curvature. When the mean curvature is non zero, we orient M by its mean
curvature vector H. Then H = Hi and H is positive. When the mean curvature is zero, we choose,
once for all, an orientation 7 on M.

We introduce the stability operator L, defined on smooth functions with compact support in M,
that is L := A + Ric(v,v) + |AJ]?, where A = tr o Hess and A is the shape operator on M.

Let © be a relatively compact domain of M. We denote by Index(€2) (respectively Windex(£2)) the
number of negative eigenvalues of the operator —L, for the Dirichlet problem on

—Lf=Xf, flan=0
(respectively — Lf = Af, flaa =0, / f=0).
Q

The Index(M) (respectively Windex(M)) is defined as follows

Index(M) := sup{Index(£2) | 2 C M rel. comp.}
(respectively WIndex(M) := sup{WIndex(Q2) | @ C M rel. comp.})

It is easy to see that — [ v JL(f) is the second derivative of the volume in the direction of fv
(see [6]), then Index (M) (respectively WIndex(M)) measures the number of linearly independent
normal deformations with compact support of M, decreasing area (respectively decreasing area,
leaving fixed a volume). When H = 0, one can drop the condition | v/ =0, then, for a minimal
hypersurface one consider only the Index(M).

The hypersurface M is said stable (respectively weakly stable) if Index(M) = 0 (respectively
Windex(M) = 0). This means that



Q(f, f) = —/M FL(f) >0, VfeCg°(M) (respectively Vf € C5°(M) /Mf =0).

It is proved in [5] that Index(M) is finite if and only if WIndex (M) is finite. So, when we deal with
finite index questions, we will refer to the finiteness of one of the two indices without distinction.
Let us recall some well known relations between stability and finite index.

Proposition 2.1. Let M be a complete, non compact constant mean curvature hypersurface in N .
(1) If M is weakly stable, then there exists a compact subset K in M such that M \ K s stable.
(2) The hypersurface M has finite index if and only if there exists a compact subset K in M such
that M \ K is stable.

Proof. (1) If M is stable, we choose K = () and (1) is proved. Assume M is not stable, then there
exists f € Cg°(M) such that Q(f, f) < 0. Let K = supp(f), we will prove that M \ K is stable,
ie. for any g € C5°(M \ K), one has Q(g,g) > 0. Denote by o = [,, g and 8 = [, f and define
h:= af — Bg. By a straightforward computation, one has that fM h = 0. As M is weakly stable,
one has Q(h,h) > 0. As supp(f) N supp(g) = 0, using the bi-linearity of @ one has

0 < Q(h,h) =”Q(f, f) + B°Q(g, 9)- (1)

As Q(f, f) <0, inequality () implies that 8 # 0 and Q(g,¢g) > 0. Hence M \ K is stable.

(2) Assume that M has finite index, then, by a proof similar to the proof of Proposition 1 in [25],
one obtains that M \ K is stable for a suitable compact subset K. The vice versa is proved by B.
Devyver (see Theorem 1.2 in [I8]). O

In the literature there are interesting relations between the stability of a minimal hypersurface M in
R"*! and the finiteness of [}, |A|™. Let us recall some of them. P. Berard [8] proved that a complete
stable minimal hypersurface of R"*!, n < 5 such that [,,|A|" < oo, must be a hyperplane. In
[36], Y.B. Shen and X.H. Zhu stated that the previous result holds for any n but in the proof,
they use an unpublished result by Anderson. P. Bérard, M. do Carmo and W. Santos [10] proved
that if M is a complete hypersurface in H" ™!, with constant mean curvature H? < 1, such that
Sy |A—HI|™ < oo, then M has finite index. Notice that the converse is not true as it is showed by
the examples by A. da Silveira [16]. In [38], J. Spruck proved that, if M is a minimal submanifold
of dimension m of R™*! such that [, [A|™ is small, then M is stable (the definition of stability
can be easily extended to submanifolds of arbitrary codimension). In the same spirit of [38], one
can prove the following well known result (we give a proof because we were not able to find one in
the literature).

Proposition 2.2. Let M be a complete minimal hypersurface in R" ™1, such that fM |A|™ < oc.
Then M has finite index.

Proof. As M has infinite volume, the hypothesis yields that there exists a compact subset K of M
depending on the Sobolev constant ¢(n) such that inequality

/ A" < e(n)~# (2)
M\K

is satisfied. Then, one apply Theorem 2 in [38], to obtain that M \ K is stable. Then, by (2) of
Proposition 21} one obtains that M has finite index. O



The idea of Spruck’s proof of Theorem 2 in [38] allows us to prove that if [ o H™ small, without
any further assumption on M, one has a lower bound on the volume of balls in M.

Proposition 2.3. Let M be a complete submanifold of dimension n in a simply connected man-
ifold with sectional curvature bounded from above by a negative constant. Denote by H the mean
curvature of M and assume that fM H" < %, where ¢ is a constant depending only on n and on
the bound on the curvature of the ambient space. Then, for any R

1
|Bgr| > ———R"

(2¢cn)n

where |Br| is the volume of the geodesic ball in M of radius R.

Proof. Applying the isoperimetric inequality of D. Hoffman and J. Spruck [26] we obtain

Bel* <c|opal + [ 1mi]. 3)

R

where c is a constant depending only on n and on the bound on the curvature of the ambient space.

By Holder inequality one has
1
n—1 n)"
<= ([ )" @
BR BR

|Br|"" (1 = ¢l[H]|n) < c[0Bkg|. (5)

Replacing @) in @) yields

By hypothesis, [@) gives

d|Bg|

|Br|" " < 2c|0Bg| = 2¢

By integrating inequality (6)) one has the result.
O

Remark 2.1. [t is clear that any minimal complete submanifold satisfies the assumptions of the
Proposition [Z.3.

3 Simons’ inequality for constant mean curvature hypersur-
faces

The following notations (that closely follow those of J. Simons [37] and P. Bérard [9]) will be
maintained througout the article. Assume that A/, M H and v are as at the beginning of Section
We denote by V the Levi-Civita connection in N and by R (respectively Ric) the curvature
tensor (respectively Ricci curvature) of N. We denote by V the connection on M for the induced
metric g. Let A (respectively B) be the shape operator (respectively the second fundamental form)
of M, ie. (A(z),y) = (v,B(z,y)) for any z,y in TM. Furthermore, if w is any vector field
normal to M, denote by A" the tensor field defined by (A% (z),y) = (w, B(x,y)) (note that with



this notation, A = A”). Denote by ® the traceless part of the second fundamental form, defined
by ® = B — Hvg and by ¢ the endomorphim of TM associated @, i.e. (¢(z),y) = (v, P(z,y)),
for any x,y in TM. Finally, let V2 the rough Laplacian of the normal bundle, associated to the
connection V, defined by V* =371 V., V., — Vy, .,, where {¢;} is a local orthonormal frame in a
neighborhood of a point of M.

From now on, the ambient manifold A will satisfy the following assumptions. We denote by
sec(X,Y) the sectional curvature of A for the two plane generated by X,Y € TN. We assume
that K7 and Ky are an upper bound and a lower bound of the sectional curvatures, i.e. for any
X, Y € TN, K5 < sec(X,Y) < K;. Furthermore we assume that the derivative of the curvature
tensor is bounded, that is, there exists a constant K’ such that, for any elements e;, €5, e, €5, €, of

a local orthonormal frame, one has \/Zijkst«vetR) (eiej)er,es)? < K'.

Theorem 3.1 (Simons’ inequality). Let M be a hypersurface of constant mean curvature H
immersed in N and let o = |p|. Then, there exists € > 0 such that the following inequality holds

n(n—2)H
PAp > [Vel* — ¢ ¥<p3

2
n(l+e¢) nin —1)
(Ky — K1)H
2
n’H(Ky — K1) n(n—1)

— K, — Ks)?
2 5e (K- k)

+n (H2 + +2K5 — K1> ©? —2nK'y (7)

In order to prove Theorem Bl we need some preliminary results. First, we have to establish
a Simons’ identity for constant mean curvature hypersurfaces. We prove it here for the sake of
completeness but the proof is essentially contained in [9].

Proposition 3.1. Let M be a hypersurface of constant mean curvature, immersed in N'. Then the
following relation is satisfied at any point p of M

(V2®, ®) = —|p|* + nHtr(¢*) +nH?|p|* — |¢|>Ric(v,v) + nH Z R(v, i, v, d(e;))
+ _Z {2R(ex, d(ei), ek, dlei)) + 2R(ex, e, d(ei), dler)) } (8)

i,k=1

{{(Ve, R)(ex, $ei))er: v) + (Ve R)(ei, lex))er: )},

1

+

vl

i

where {e;} is a local orthonormal frame at p.
Moreover, if N has constant sectional curvature c, one has

(V20,®) = —9|* + nHtr(¢°) + n(H* + c)|¢|* 9)
Proof. By definition

(V2®,®) = (V?B,®) = (V?B, B) — H(V?B, gv).



Then, at p

(V2®,®) = Z (V2B(ei,e;), Blei, ej)) — HZ(VQB(ei,ei), V). (10)

We need to compute the two terms in the right hand side of equation [I0). First we observe that,
for any normal vector field w and any tangent vector fields z, y one has (see Theorem 2 in [9])

(V2B(z,y), w) = —|AP(A" (), y) + (R(A)" (z),y) (11)
+ (R(nHv, )y, w) + (A% (y), A" (2)) + (R (z), y),

where R and R(A)" are defined as follows:

n

(R"(2),y) = Y _{((VaR)(er,y)er w) + (Ve, R)(er, )y, w)}

k=1

(R(A 2{2 (e, y)B(z, er),w) + 2(R(ek, x)B(y, e), w)

— (A% (x), (6k,y)6k>— (A% (y), Rlex, x)ex) + (R(ex, B(z,y))ex, w) — 2(A" (ex), Rlex, )y) }

In order to compute the first term Z” (V2B(e;,e;), B(ei,e;)) in ([I0), we take z = ¢;, y = e,
w = Ble;,e;) in (1) and sum on ¢ and j. The computation of all the terms is as follows.

1. The first term is

— AP Y (AP (), e5) = —|AP Z —| A% (12)
0.J
2. The second term is
Z (R(A)Bleies) Z {2(R(ex,e;)B(e;, ex), B(ei,ej)) + 2(R(ey, e;)Blei, er), B(es, €5))
4,j=1 k,i,7=1

- <AB(ei7ej)(ei)v R(ek7 ej)ek> - <AB(eiy€j) (ej)7 R(ekﬂ ei)€k>
+ (R(ex, Bles, ej))en, Blei, ej)) — 2(ABEe) (1), R(ey, ei)e;)}. (13)

The first two terms in the right-hand side of (I3)) are zero, then, rearranging terms

n

Z (R(A)B(eiei) (g, Z {2R(ex, Ae;), er, A(e;)) + 2R(ex, e;, A(e;), Aler))}
ij=1 kyi=1
— |A|?Ric(v,v). (14)



3. The third term is

Z nH(R(v,ei)(ej), Blei,e;)) = nH Z R(v,ei,v, A(e;)). (15)

4. The fourth term is

zn: (AB(eiei) (g), AMIN (¢,)) = nH i(AB(ei), e;) = nHtr(A%). (16)

5. The fifth term is

D (RPBEED (e),e5) = Y (Ve R)(ex, Ae:))ew, v) + (Ve R)(ei, Aex))er, )} (17)
i,5=1 ik=1

By summing up all the term in (I2), (I4), (I3), (I0) and ([IT7) and rearranging terms, one has

> (V?B(ei,¢;), Blei,ej)) = —|A|* + nHtr(A®) + nH Y R(v,ei,v, Ale;))
ii=1 i=1

_M§

{2R (e, A(ei), ex, A(ei)) + 2R(ex, e, Ale;), Aler))} — |A]* Ric(v, v) (18)
1

b
I

7‘)

+ ) UVeR)(er, Alei))er, v) + (Ve R) (e, Alexr))er, v)}-

%

vl

1

In order to compute the second term (V2B(e;,e;),v) of [I), we take x = y = ¢;, and w = v in
(). The computation of all the terms is as follows.
1. The first term is

- Z AP (A(e;), e5) = —nH]AJ. (19)

2. The second term is

> (R( 2{2 (ek,ei)B(ei, ex),v) + 2(R(ek, ei) B(ei, ex),v)) (20)

=1 k,i=1
— (A(ei), Rleg, ei)er) — (Alei), Rlex, ei)ex) + (Rlex, Bles, e;))er, v) — 2(A(er), R(ex, ei)eq). }

The first two terms in the right-hand side of (20) are zero, then

Z<R( Z{ 2(A R(ex,ei)ex) — 2{A(ex), R(ex, e;)e;)} — nHRic(v,v). (21)

i=1 k,i=1



The first two terms in the right-hand side of (2II) are opposite, then

n

> (R(A)(e:), ei) = —nH Ric(v, v). (22)
i=1
3. The third term is
Z nH(R(v,e;)e;,v) = nHRic(v,v). (23)
i=1
4. The fourth term is
D (Aled), A (e;)) = nH|A]. (24)
i=1
5. The fifth term is
Z<R/u i), €)= Z{ R)(er,ei)er, v) + (Ve R)(er, ei)ei, v)}. (25)
i=1 i,k=1

The sum of the terms in (I9), (22), 23) and (24 is zero, hence one has

n

Z(Vz (ei,€;), Z {(Ve,R)(er, ei)er,v) + (Ve R)(ex, ei)ei, V) }. (26)

i=1 i k=1

Replacing ([I8) and 26]) in (1), one obtains

(V20,0) = —|A[* + nHtr(A®) + nH Y _ R(v,e;,v, Ae;))
i=1

+ {2R(ek, A(e;), er, A(e;)) + 2R(ex, e;, A(ei), Alex))} — |A|2Ric(y, v)

v

i,k=1
+ > (Ve R)(er, Alen))er, v) + (Ve,R)(ei, Aler)Jex, v)} (27)
i k=1
—-H Z { R)(e, eier,v) + <(vekR)(ekvei)eivy>}'
i,k=1

In order to obtain (8), one needs to write the right-hand side of 7)) in terms of ¢. This is
straightforward by replacing in (27)) the following identities

[A]* = [g* + H?n, |A]* = [¢]" + n*H* + 20 |6, tr(A%) = tr(¢”) + nH> + 3H|¢|*.
Equality (@) is a straightforward consequence of (g]). O



A key step towards Theorem [B.1]is the following Proposition.

Proposition 3.2. Let M be a hypersurface of constant mean curvature, immersed in N'. Then the
following relation is satisfied at any point p of M

n(n—2)H 6° = nH?|6* + |¢|*Ric(v,v) —nH Y R(v,ei,v, é(e;))

vn(n—1) =
{2R(ex, ¢(ei), ex, dlei)) + 2R(ex, €, plei), dlex))} (28)

1

{<(v€iR)(ek7 ¢(ei))e/€7 I/> + <(v€z‘R)(ei7 ¢(67€))e/€7 I/>}

1
2

“n(l+4e)

|6lAIg] + |of* +

M:

ik

NIE

=~
Il

i,

|¢||2 ZR V elaelvej I

where {e;} is a local orthonormal frame at p.

Proof. As in the Weitzenbock formulas, by a straightforward computation one has
(V20,0) = —|VP|* + %A|<I>|2 = —|V®]* + |D|A|D| + |V|®||?
That is
[P|A|R] = (V20, @) + [VO|* — [V|®|? (29)

In order to obtain inequality (28]), we will use a Kato’s inequality to estimate the difference
|V®|? — |[V|®||%. R. Schoen, L. Simon and S. T. Yau [35] did such estimate in the case of minimal
hypersurfaces. One can easily adapt their computation to the case H # 0, in order to obtain the
following result.

Lemma 3.1 (Kato’s inequality). Assume the hypothesis of Proposition[3.2 are satisfied. Then,
for any positive &
2 2
Vo2 - |V|®|? > ———|VI®|? ==Y R(v,e;,ei,e)% 30
VO VI8 > VIR~ 23 Al e (30)

Furthermore, if N has constant curvature, then |®| satisfies the simpler inequality

2
Vel - |[VIo[? > ~|V|e|*. (31)

Let us finish the proof of Proposition 3.2l
Replacing B0) in ([29) one has, for any positive &

2 2
DIAID| > (V2D, D)+ ——|V[D|]? — = ieieq). 2
2IAN] 2 (V0,2) + T VIR = 23 R(vei e ) (32)

10



Replacing @) in B2) and using |®| = |¢|, we get

|G1A[¢] + [6]* = nHir(¢°) — nH?||* + |¢* Ric(v,v) —nH Y R(v,ei, v, ¢(ei)

i=1

{2R(ex, d(ei), er, dlei)) + 2R(ex, ei, §(ei), dler)) (33)

7 1

{{(Ve. R)(en, ¢(e))er, v) + ((Ve, R)(ei, $lex) ex, v) }
1
2

= n(l+e¢)

=
Il

M= 71:

/L7

2
|V|(J5||2 - 5 R(v, ei,ei,ej)z.
i

Now, in order to estimate tr(¢?) we need the following Lemma by H. Okumura [32], [I].
Lemma 3.2. The following algebraic inequality holds for any traceless operator ¢ :
n—2

-2 P <o) < A2
Vn(n—1) Vn(n—1)

Then, we replace the inequality of the last lemma in ([B33]) and obtain ([28]).

Ll

O

When the ambient space has a particular geometry, one can simplify inequality ([28). The first
part of next Corollary Blis proved in |2] (inequality (10) there).

Corollary 3.1. (1) Assume that the ambient manifold has constant curvature c. Then

4, n(n—2)H 3_ 2 2. 2 2
81Al¢] + 19| +\/m|¢l n(H” +o)lol" = ~|VIgl". (34)

(2) Assume that the ambient manifold is locally symmetric, that is VR = 0. Then at any point
peM

B1AI6] + 1911 + %Icﬁlg — (I + Riclw, v)|of - nﬂifa(u, 6o 0(e1)

Z {2R €k, @ ekv(b(ei)) + 2R(ek76i7¢(ei)v¢(ek))} (35)
i,k=1
2

> n(T |<J5||2 ZR v, 61,61763

where {e;} is a local orthonormal frame at p.

Now we are ready to prove Theorem Bl (Simons’ inequality).

11



Proof of Theorem [31l We choose the local orthonormal frame such that it diagonalizes the endo-
morphism ¢ and we denote by ); its eigenvalue associated to e; (i.e. ¢(e;) = A;e;). The proof is
an estimation of the terms of (28) depending on R and VR.

The first term of ([28) to estimate is

Z R(v,ei,v, 0(e;))

o\ ei +dlei) e+ dlei) 1¢ _ _ _ _
=Y"r <y, N A > -3 > (R(v,ei,v,e:) + R(v, d(ei), v, d(e:)))

_ - ei+ (e || ei + dled) || 1_ . L&
= ; sec (1/, 7 ) NG - §ch(u, v)) — 3 Z sec(v, ¢(e;))||d(e:)||?

n €; €; i 2 . - 2
= Z sec (y, +\;5§( )) (a +2/\ ) _ %Rw(u, V) — % Z sec(v, P(e;))A;
TLKQ _ (Kl — KQ)

|gi)|2 - %Ric(u, V). (36)

The second term of (28] to estimate is

Z {2R(ek, p(e;), ex, d(e;)) + 2R(ek, e;, de;), plex)) }

i,k=1
= > {2)\R(ex ei ex, €:) + 2\ \e Rlex, €:, €5, e1)} (37)
i k=1
Z (M — Ai)?sec(ei, ex) Z Ak — = 2nKo|¢|*.
i k=1 i k=1

The third term of ([28)) to estimate is

= > (Ve R)(ers dlei))er, v) + (Ve R)(ess dler))ers v)}

i k=1
== > (Ve R) (e ei)en, v) + Me((Ve, R)(es, ex)er, v)} (38)
i,k=1
<23 IS0 ST R) ens en)en v)? < 20K,
k i i

where in the first inequality we have used Cauchy-Schwarz inequality.
The fourth and last term of (28) to estimate is >, R(v, e, €;, e;)?. One has

1 v+e; v+e; vV—e; v—e;
R(Vaeiuejaei): 5 (R< \/5]767;7 \/5-]767;> _R( \/queiu \/ijuei)> .
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Hence

Ky — K K — K
-z 2l < R(v,e;,ej,e) < o2
2 2
That is
—1
ZR(% eireiyej)” < %(Kl — K»)*. (39)
%,

Replacing @B6), 1), BY), BI) in inequality (28], one has (recall that ¢ = |¢|)

—2)H K K, - K 1
WAp > —pt — nn 28 0 +nH?*p? + nH <n 2 I 2)<p2 — —K1n> (40)
n(n—1) 2 2 2
+n(2Ky — K1)p? — 2nK'p — m(K - K»)* + L|ch|2
? ! ! g n(l+e) '
Rearranging terms in (40]), one obtains ().
O

Now, we state the result of Theorem B.I]in the particular case of N being a product of manifolds
with constant sectional curvature. Notice that in this case K’ = 0.

Corollary 3.2. Let M;(c;) be a Riemannian manifold with constant sectional curvature equal to
¢ =—1,0,1, i =1,2. Let M be a n-dimensional hypersurface immersed in a manifold M;(c1) X
Ms(eq) with constant mean curvature H. Then we have

(1)ci=co=—-1orci=—-1,c0=0:

n(n —2)H H n((n—1) 2
Ap > —p* — ———=p* +n(H?* - = -2 2——(—JFH + —————|V¢|?
AP > —p R n( 5 ¢ g (T tn nito Ve
(2)c1=-1,c0=1:
n(n —2)H 2(n—1) 2
Ap > —p* — ———* + n(H>* - H -3 2—n<7+nH + V2.
eAp = —¢ M ( )¢ . n(1+s)| ol
(3)ci=1,cao=1orci=1,¢=0:
n(n—2)H H n((n-—1)
Ap > —pt — —=* +n(H? - — -1 2——< +nH |+ ———|Vy|*
pAp > —p TSI ( 5~ e =5 nito) Ve
Proof. Tt is enough to compute K7 and K» in all the cases and replace such values in ([@). In case
) 1=Y, 2 = —1, 111 case ) 1=1, 2 = —1, 11 Ccase ) 1=4 2 = U.
1), K1 =0, K 1, i 2, Ki1=1 K 1,i 3),Ki=1Ky=0 O

Remark 3.1. o M. Batista [7] proved a formula analogous to the result of Corollary [T2 for
surfaces in H? x R and S? x R.

o In the case of H* x R and S® x R, D. Fectu and H. Rosenberg [2])] proved a formula analogous
to the result of Corollary [Z2 for surfaces with parallel mean curvature.
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4 A generalization of a R. Schoen, L. Simon, S.T. Yau’s in-
equality for finite index hypersurfaces with constant mean
curvature

In this section we prove a generalization of one of the integral inequalities in [35], for finite index,
constant mean curvature hypersurfaces in a Riemannian manifold (Theorem E.T]). The analogous
inequality for minimal hypersurfaces is not explicitly stated in [35]. There, it is a key step towards
the LP estimate of the norm of the second fundamental form.

We recall that we maintain the notation and the conditions on N, established at the beginning of
Section Bl From now on, for any 2 C M, we denote by Q4 := {p € Q | ¢(p) # 0}.

Theorem 4.1. Let M be a complete, non compact hypersurface with constant mean curvature H
and finite index, of a manifold N'. Then, there exists a compact subset K of M such that, for any
q > —"E2 and for any f € C§°((M \ K)4) one has

/(M\K) 2%t 2(Ap® + BH ¢ +CH? + &)
.

<D P2V P+ F fPe?rt 4+ g [P (41)
(M\K) (M\K) (M\F) 4

where

p= () (qirg + e+ 2 ).

A= (ﬁﬂﬁﬂrl)—?) —(g+1)(g+1+¢),
B=-ai(g+1)(g+1+8é),

C—n(ﬁ—l—@q—l—l)—é)+n(q+1)(Q+1+§),

E_ag(q+1)(q+1+§)+nK2< +(2q+1)—§),

_ 2
n(l+e)

F=2nK'(¢g+1)(g+1+8), G=—az(qg+1)(qg+1+8),
with

_ _ 2 _ _
n(n — 2) GQZHM+R(2K2—K1), a3:nH(K2 Kl)_n(n 1)(K1—K2)2

\/n(n—l)7 2 2 2¢

for any e, € > 0.
Moreover if, in addition, q > 0, then we can replace (M \ K)y with M \ K and, if M is stable,
then K = ().

a; =

14



Proof. Using the same notations as before, Simons’ inequality (@) yields

pAp > |V<p|2 —ot—aHp + g02(nH2 +az) — 2nK'p + as. (42)

n(l+e)

By Proposition [Z] there exists a compact subset K in M such that M \ K is stable. Notice that,
if M is stable, then K = ().
Multiplying by 27 f2, with f € C§°((M \ K).) and integrating we obtain

—(2¢+ 1)/ > f2|Ve|* — 2/ Q> (Y, V)
(M\K) 4 (M\K) 4

+ / AR ey - Q32— (n H? + ay) / p2at2 f2 (43)
(M\K)+

(M\K)+ (M\K).+

2
+ 2K// S02(1<|»1f2 — as / qufQ Z 7/ |V<P|2902qf2-
(M\K) (M\F) 4 n(l+e¢) Jonk),

We observe that, as we allow ¢ to be negative, we restrict to the subset (M \ K),.If ¢ > 0, f can
be taken in C§°(M \ K) and the set of integration in all the integrals in the following of the proof
can be taken as M \ K.

Young’s inequality gives for € > 0,

i 1
2% F(Vf, V)| <20 fIVe]) (0T V f]) < @ f2|Ve|* + §<ﬂ2‘”2lvf|2- (44)

Using the estimate [@4) in (@3], we obtain

2

1
(n(l +e)

+@2g+1)—8) / ST < L / IV 2%+ (45)
(M\K)+ € J(M\K),

- / (¢* + a1 Ho — (n H? + az) )™ f* + 20K’ G —ay / .
(M\K)+ (M\K)+ (M\K)+
The stability inequality restricted to (M \ K); yields, for any ¢ € Cg°((M \ K)4)

/ Vo2 > / (A + Ric(v, 1)) > / (P +nH 4t nKo)®.  (46)
(M\K) 4 (M\K) 4 (M\K) 4+

Taking ¢ = f 9! in ({@G), we get

/ <p2q+2|Vf|2+(q+1)2/ <P2qf2|vw|2+2(q+1)/ (p2q+1f<Vf, V90>
(M\K) ¢ (M\K)+ (MAK)+

> / Q2 L (H? + Ks) / AR (47)
(M\K)+ (M\K)
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Young’s inequality gives

2q+1)| PV V)] < 2(g 4+ 1) / PV f(IV
(M\K) 4 (M\K) 4
1
<(g+1) (6/ ©*1 2 Vp|* + r/ 902‘1+2|Vf|2> (48)
(M\K) 4 € J(M\K)4

and using [ 8) in {@T), we obtain

—l@HDla+1+8) [ PP
(M\K)
(g+1) 2 2942 _ 2 2q+2( 2 2
<(1+--—) IV£IZp [2™ (0" + n(H” + K2)). (49)
£ (M\K) (M\K) 4

Now we make a linear combination of the equations {H) and ([@9) in order to eliminate the term
J ¢*1f2|Vpl?. One needs (¢+1)(¢g+1+¢) > 0 and (ﬁ +(2¢+1)—¢€) > 0 for € small enough.
These conditions are satisfied if

n+2
— . 50
57 (50)
Therefore, (¢ +1)(¢ + 1+ ¢)HEH) + (ﬁ +(2¢+ 1) — &)[@3) gives
g+ 1)(g+1+2 2 g+1
o< (WHEIHS (2 ya g LH [y
g n(l + 6) g (M\K)+
+/ [(¢+1)(g+1+8)(¢" +arH ¢ — (n H® + as)
(M\K) 4
2
o 2 1)=& 2 H2 K 2q+2 £2
+2nK’(q + 1)(q+1+5)/ @It 2 —ag(q+1)(q—|'1+§)/ @ f* (51
(M\K) (M\K) 4
which gives ([@I]), where the constants are as in the statement of Theorem 11 O

Remark 4.1. As we observed in the Introduction:

e any of our results of this section can be easily adapted to the case of 6-stable minimal hypersur-
faces. More generally one can give a definition of §-stable constant mean curvature hypersurface
and study the corresponding inequalities;

e an inequality analogous to [@I) can be obtained for a hypersurface with constant H,-curvature,
that is the r-th symmetric function of the principal curvatures (in [3] and [§)] one can find some
related results).
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Remark 4.2. In the following, any interesting application of inequality 1)) is obtained for A > 0.
So, we determine the condition on q in order to have A > 0. As A is continuous with respect to
e and € the sign of A for e = & = 0 is preserved for € and & small, so we study the sign of
(% +2q+1) = (¢+1)%. By a straightforward computation one obtains that A > 0 if and only if

—\/%<q<\/g (52)

With a technique analogous to that of the proof of Theorem ] we are able to prove a kind of
reversed Holder inequality. L. F. Cheung and D. Zhou [I5] proved such inequality in the case ¢ = 0.

Theorem 4.2. Let M be a complete hypersurface immersed with constant mean curvature H in a
manifold with constant sectional curvature c. Assume M has finite index. Then there exists a ball

Br, in M and a positive constant S such that, for any q € [O, \/g)

/ It < S / p2+? (53)
M\Bg, M\Br,

provided the integral in the right hand side is finite.
Moreover, if M is stable, then we can replace Bgr, = ().

Proof. Let K be the subset of M such that M \ K is stable. Inequality (@) in the present case
yields (e =0, K’ = a3 =0, ag = nc¢, ¢ > 0)

2 B 1
C 1) -2 / ST < L / Vg2t
n € JM\K

M\K
+ / PP e H PP f2 —n(H? + C)/ R (54)
M\K M\K M\K
Young’s inequality implies, for any positive 9,
0 1
PR < SEMT 4 et (55)

Replacing (B5) in (B4) one has

Crearn-9 [

M\K

n <1 n a1H5> / Q2042 4 <ﬂ ~n(H? —|—c)) / P2+ f2, (56)
2 M\K 20 M\K

Inequality (@9) in the present case yields (K2 = ¢)

1
PPVl < L / IV 2%+
€ JM\K

(gt D)+ 1+8) / P2V f?

M\K
s+ [ quppe [ o a4 o) 67)
M\K M\K
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By doing ((¢+1)(¢ + 1+ &)@8) + (2 + 2¢ + 1 — €)(57) and rearranging terms, one has

P / Pt p? < o / FITLP 4 Q / A2 g2 (58)
M\K M\K M\K
where
2 H6
P— (ﬁ+2q+1—5) —(g+1)(g+1-2) <1+a12 >

L= (q+1)(qg+1_a)+(%+2q+1—5) (1+q§1)

Q=(¢+1)(g+1-¢) (%—n(Hﬂc)) —(%+2q+1—§)n(H2+c).

For 0 >> 1 and & << 1, the positiveness of P is equivalent to the positiveness of % +29+1—(¢+
(g +1), that is g € [0, @) .

Fix Ry such that K C Bp,, so M \ Bp, is stable. Define f € C§°(M \ Bp,) to be a radial function
such that f =0 on Bg, and on M \ Bry12r+1, f =1 0on Brytr+1 \ Bry+1 and |V f| < C, with C

a positive constant.
Replacing f in ([B8) yields

/ P20 < § p2at2 (59)
(Bro+2r+1\BRg) M\ BRr

where § = % Then, by letting R go to infinity in (B9) one has

/ (P2q+4 S S (P2q+2 (60)
M\ Bg, M\ Brg,
O

Remark 4.3. Theorem [[.4 has interesting consequences about the relations between the volume
entropy of a hypersurface M and [,, " for suitable p (see [27]).

5 Caccioppoli’s Inequalities

In this section we give three consequences of inequality ([@II). Such consequences are Caccioppoli’s
type inequalities. The first one is a generalization of Theorem 1 in [35] and involves ¢ and the
curvature of the ambient space. The second one involves, in addition, |V|. In order to obtain the
third one, we restrict ourselves to the case of constant sectional curvature ambient spaces and we
improve inequality (#Il), by estimating carefully the involved constants.

Theorem 5.1 (Caccioppoli’s inequality of type I). Let M be a complete hypersurface im-
mersed with constant mean curvature H in a manifold N'. Assume M has finite index. Then, there
exist a compact subset K of M and constants B1, P2, B3, such that for every f € C3°((M \ K)4)

_n42
and q > —"5>
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b1 / frarigtrtt < g IV f27% + Bs / Fres, (61)
(M\K)+ (M\K)+ (M\K)+
Moreover:

(i) the constant By is positive if and only if |q| < \/%,
(i) if, in addition, ¢ > 0, then we can replace (M \ K)4 with M \ K.

Proof. Let K be the compact set in M such that M \ K is stable. Let us first write ({1 taking
only the term with highest exponent of ¢ on the left side.

/ Af2(,02q+4 S D s02q-i—2|vf|2 _ BH f2(,02q+3

(M\K)+ (M\K) (M\K) 4

~ (£ +CH?) / [+ F PPt 4G FPe? (62)
(M\K) 4 (M\K) 4 (M\K)+

We will transform all the terms of the right-hand side of (62)), using Young’s inequality, in order
to obtain terms with f2??** that can be reabsorbed by the left-hand side. By Young’s inequality
one has

|B|Hp?113 < g%t 4 &_—11(|B|15r)2q+4 for any £, > 0, (63)

— (£ 4+ CH?)p?112 < go?1t1 1 é|5 +CH?|7"2  for any 5 > 0, (64)
Fp2atl < ggp?1t4 4 %]—'2?4 for any e3 > 0, (65)

G?l < gu?1t 4 $|g|# for any 4 > 0. (66)

Define M’ = {p € M | f(p) # 0}. Then, on M’
\V4 2
s02q-‘r2|vf|2 _ f2 |:902q+2| ff2| :|
1|Vt

g5 f2at?

Now, we replace (G3)), ([64), 65), ©6), [G7) in [G2) and we get

< esfrp2itt 4 for any e5 > 0. (67)

4
D [V fPate
A— €; — Des / f2902q+4 <z 63
| ; ) (M\K) 4 es Jangy,nmr  f2H? (68)
+ <—(|BIH)2"+4 + = |E+CH?TT2 4 —FH _|g|#) / 3
B = €3 €4 (M\K) ¢
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One obtains inequality (1), after replacing f by f¢*2 in (68) and letting

4
D
=A-> &-D = 2)2a+4
ﬂl A € €5, [32 (Q+ ) E,

i—1 5

29+4 a+2

1 1 1 1
By = —(IBIH)* + —|E+CH?|9? + —F 3 +—[G| "= .
£1 159] €3 €4

Choosing €1, €2, €3, small enough and using Remark one obtains (i). (ii) follows in the same
way as in Theorem [£.1] O

Remark 5.1. If M is stable and ¢ > 0, then inequality [©Il) holds on M for any f € C§°(M).
Therefore, fizing t € (0,1) and choosing a radial function f such that f =1 on Big, f =0 on
M\ Bgr and f is linear on the annulus Bgr \ Btg, one has

i [t <1l (e ) (69)

2q+4

Inequality [©9) yields interesting relations between chp

[27)-

Now we prove a Caccioppoli’s inequality involving the gradient of the norm of ¢.

and the volume entropy of M (see

Theorem 5.2 (Caccioppoli’s inequality of type II). Let M be a complete hypersurface im-
mersed with constant mean curvature H in a manifold N'. Assume M has finite index. Then,

there exist a compact subset K of M and positive constants By, B5 B¢ such that, for any function
feCo(M\K)+) and g > —15t2

A P2Vt < B / IV f 220
(M\K) 4+ (M\K) 4+
18 / P22+ 4 g / . (70)
(M\K)+ (M\K)

Moreover:
(i) the constant A is positive if and only if |q| < \/g,
(i) if, in addition, q > 0, then we can replace (M \ K) with M \ K.

Proof. We sum the two inequalities () and ([@J) and we obtain

(g teeen-e-enae1+9) [ v

K)+
q+2 2, 2q+2 2 2 2q+2
< |14 — IVil“e (2nH* + az + nkK>) fo
€ (M\K) 4 (M\K)
+aH f2% 2K / @I 7 —ag / @I f2. (71)
(M\K)4 (M\K)+ (M\K)+
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Using Young’s inequality, as in the proof of Theorem [B.1] we reduce the terms containing f2¢29,
Frp2atl | f252442 {0 a sum of terms containing f2p?4+3, and f2.
Then, one has that there exist constants 5, 8g, such that

q+2
A w%ﬁWﬂ2§O+-~ )/ VP
(M\K) 4 € (M\K) 4

+55/ f2902q+3+ﬁ6/ f2.
(M\K) 4 (M\K)+

Now we choose 34 = (g +1)72 (1 + %) and we are done.
(i) and (ii) are obtained as in Theorem [B.11
O

Remark 5.2. If K1 = Ky = ¢ and H? + ¢ > 0, one obtains 3¢ = 0, so the integral in ([TQ) that
does not contain ¢ disappears.

When the ambient manifold N has constant sectional curvature, by studying carefully the sign of
the constants involved in (@I]), one obtains Caccioppoli’s inequalities of type III. Let us start with
the minimal case.

Theorem 5.3 (Caccioppoli’s inequality of type III - H = 0). Let M be a complete minimal
hypersurface immersed in a manifold with zero sectional curvature. Assume M has finite index.
Then, there exists a compact subset K of M such that, for any f € C°(M \ K), one has

A .ﬂu%h*ngz/ APV 2 (72
M\K M\K

provided x € [1, 1+ % ) .
Moreover if x € (1 - \/g, 1+4/2 ) an inequality analogous to ([2)) holds with (M \ K )+ instead
of M\ K.

Remark 5.3. In the case of M stable, the analogous of inequality ([[2) in R™ was proved by M.
do Carmo and C. K. Peng [2]].

Before stating next Theorem, we give two definitions:

e Fory=1=2 ;= 4(7’;—:), let g be the following function

n

(20 —7)2 —a*

" S e A —— 73
00(0) = T (73)
e Let 1 and x5 be the following real numbers
2y/n—1 -2 2¢v/n —1 -2
xlzni 1-— 1—n7 ,:szni 1+ 1—n7 (74)
n 2v/n—1 n 2vn—1
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Theorem 5.4 (Caccioppoli’s inequality of type III - H £ 0). Let M be a complete hy-
persurface immersed with constant mean curvature H # 0, in a manifold with constant sectional
curvature c. Assume M has finite index and n < 5. Then there exist a compact subset K in M and
a constant v such that, for any f € C§°(M \ K)

N / P <D / IV P (75)
M\K M\K

provided either

(1) c=0, z € [1,22).

or

(2)c=-1,e>0,x€[l,za —¢], H> > gn(x).

Moreover, if n <6 and x € (x1,x2) in (1) (respectively x € [x1 + &, 22 — €] in (2)), an inequality
analogous to [T8)) holds with (M \ K)4 instead of M \ K.

The Caccioppoli’s inequality of type III for H # 0 is strongly different from the corresponding
inequality for minimal hypersurfaces. Indeed, the power of ¢ in the left hand term is 2x while in
the minimal case it is 2z + 2.

Proof of Theorems[5.3, [54] It is worth to write here inequality (4I]) and the value of the constant
. _ _ o _ n(n—=2) _ _

involved. One has K1 = Ko = ¢, K' =0, a1 = 7\/@’ as = nc, ag = 0. Furthermore, we can
take € = 0 in the Kato’s inequality. Therefore, we get

F=0, G=0
A:(%—!—(Qq—l—l)—é)—(q—l—l)(Q—!-l—l—f).

B=—-ai(qg+1)(g+1+é).

5—0C-cn{(%+(2q+1)—§>+ (q—|—1)(q—|—1—|—é)].

Then, inequality (@) yields (notice that we are assuming to be in the case ¢ > 0)

| PeTAR s BHeCt ) <D [ g (76)
M\K M\K

We must find conditions on A, B, C, ¢, H such that the coefficient 8; = Ap? + BHp + C(H? +¢)
in (Z6) is positive. It is enough to do the computation for £ = 0, because all the quantities are
continuous with respect to €. We notice that in some cases the coefficient (7 is positive without
any condition on H, while in some other cases, we have to look for positiveness of 7 provided H
satisfies some conditions.

In order to simplify notation, we let x = ¢ + 1. The condition (52 for the positiveness of A in

terms of x is
2 2
op=1—/—<zr<ay:=1+4+4/— (77)
n n
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Let us study the different cases (¢ =0,—1,1, H =0, H # 0).

(1) e=0.
—2

e H =0: in this case f7 = Ap?. We only need A = —z° + 2z — (n_) > 0, so z must satisfy
n

condition (7).

e H #0:in this case 87 = Ap? + BHyp + CH?. The quantity 37 is positive for any value of ¢ if
and only if A > 0, and Ag = H%(B? — 4AC) < 0. As

2 -2 2
Aoan2<w4n——4<2:v—n >>7
n—1 n

then, Ay < 0 if and only if

2 ) 2
z? n <4 (21: _n > .
n—1 n
Condition (7)) guarantees that = > "2—;2, then the previous inequality is equivalent to
2(n—2
2y + L)
vn—1 n
The discriminant of the polynomial in (Z8) is positive if and only if n < 6.
Then inequality (78)) is satisfied for n < 6 and = € (z1,x2) where z1 and x5 are defined in (74)
and are the roots of the polynomial in (78]).
We observe that the value 1 is contained in (x1,x2), if and only if n < 5. Moreover, o < x1 <
z9 < aip with equality when n = 2. Therefore, for n = 2, the range of = is the same for any H > 0.
The conditions on x are summed up in Table 1.

<0. (78)

(2) ¢c=—1.

e H >0:in this case 87 = Ap? + BHp + C(H? — 1). In order to study the positiveness of 37 we
compute the discriminant A_; = (B? — 4AC)H? + 4AC. The only case when one does not have a
condition on ¢ is A > 0, A_; < 0. We observe that for H = 0 the last two conditions are never
satisfied together.

Looking at Table 1, in order to have A > 0, A_; < 0, one needs that x € (z1,72) and H? > g, (z),
where g, is the function that we have defined in (Z3)). As the supremum of g, on (z1,23) is +00,
in order to have some result one needs to restrict the interval of x to [z1 + &, 22 — €], for some
positive ¢.
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x "2—:12 o T "sz T2 (6%} —+00
gu(x) |0 = = 0 + +
M \ +OO\ / h / N
gn(2) —00 9(%=2) —00
A - 0+ + + 0 -
B2 — 4AC + 0 — 0 +

Table 1

Now, the results of Theorems [(.3] £.4] are obtained just putting together the previous estimates.
O

Remark 5.4. Let us do some comments about the case ¢ = 1. If H = 0, then B; = Ap? + C,
is positive for any value of ¢ if and only if x € [a1,as] (notice that C > 0). If H # 0, then
Br = Ap? — BHe + C(H? + 1). The quantity (7 is positive for any value of ¢ if and only if
A>0 and Ay = H*(B% — 4AC) — 4AC < 0. The two conditions are verified for any value of H if

x € (w1, 22). While, if € (x1,22) one needs H? < % = —gn(x) (see Table 1).

Now we refine Caccioppoli’s inequalities of type III (Theorem and [54) in order to allow more
general exponents of ¢. This will be useful in Section [6

Theorem 5.5. Let M be a complete minimal hypersurface immersed in a manifold with zero
sectional curvature. Assume M has finite index. Let u € [2,a3 + 1) and n > 0, such that nu > 1.
Then, there exists a compact subset K of M, and a positive constant 61 such that for any f €
C(M\ K), one has

/A AR <6 /M\K APRO=) |7 f2m, (79)

Moreover, if u € (a1 + 1,2 + 1), an inequality analogous to [9) holds with (M \ K )+ instead of
M\ K.

Proof. When nu = 1 inequality (79) is the same as inequality (72) with 4 = 2 + 1 and §; = %.
Then assume un > 1. Let 4 = 2 4 1 in inequality ([[2) and apply Young’s inequality to the second
integrand of inequality (Z2)) on M’ as follows (y > 0)

|A|2(,u71)|vf|2 _ f2 |:|A|2(,u1) |vf.£|2] _ f2 |:|A|2(#1y) |A|2%f|2vf|2:|

1 A2ys \V4 2s
< f2 |:E|A|2(,u1y)t + g| | f|25 f| ]

. . 1 _ _ 1
with ¢ = iy ST M=
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Then replacing the previous inequality in inequality (72)) one has

) [VF 2

D
(A - ED)/ f2|A|2# < — |A|2#( 2un—2
(M\K)NM’ € J(m\K)nm Jern

Replacing f by f*", one has inequality ([[9)), with 6; = = A?ED)'
O

Theorem 5.6. Let M be a complete hypersurface immersed with constant mean curvature H in a
manifold with constant sectional curvature c. Assume M has finite index and n < 5. Then, there
exists a compact K C M and a positive constant 62 such that for any s > 1 and any f € C§°(M\K),
one has

[ fesn [ e (50)

provided either

(1) c=0, z € [1,z2),

or

(2)c=-1,e>0,z€[l,zg —¢], H* > g(x).

Moreover if n < 6 and x € (x1,22) in (1) (respectively x € [x1 + €,x2 — €] in (2)) an inequality
analogous to ([T8l) holds with (M \ K)4 instead of M \ K.

Proof. When s = 1, inequality (B0) is the same as (7H) with Jy = %. Then, assume s > 1 and
apply Young’s inequality to the second integrand of inequality ([[5]) on M’ as follows (y > 0)

2 2 2
2z |VfJ;| ] — f2 |:902(xy)¢ yLZﬂ }

< f2 |:E<P2(zy)t+

PP = 1o
1<p2ys|vf|25:|

c f2s

with t = 2o, s = .
Then replacing the previous inequality in (75]) one has

(v — aD)/ fPe*r < 2/ " v/
(M\K)NM’ e Joankynm fr2

Replacing f by f*, one has the result with o = ﬁ. O

6 Applications of the Caccioppoli’s inequalities in the stable
case
In this section we assume that M is stable and we discuss some consequences of Caccioppoli’s

inequality of type III. As the literature on the subject is wide and broken up, we will compare our
results with the old ones that we are aware of.
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Notice that, when M is stable, all the results of the previuos Sections hold taking the compact
subset K = (). We split the discussion about the consequences of Caccioppoli’s inequality into
two parts. First we deal with minimal hypersurfaces in an ambient manifold with zero sectional
curvature. We give conditions on the total curvature, that guarantee that the hypersurface is
totally geodesic. Then we deal with hypersurfaces with constant mean curvature H # 0, in R"*?
and H"t!. We give non existence results, provided some conditions on the total curvature are
satisfied. It will be clear in the following that all our results hold when [ o PP s finite, for suitable
p (see Remark [67)).

We recall that the classification of stable constant mean curvature surfaces in R3 and H?, is
completely known. Stable, complete, orientable, minimal surfaces in R? are planes, as it was proved
by M. do Carmo and C.K. Peng [20]. Later, A. Ros [34] proved that there are no non orientable
stable minimal surfaces in R®. Finally, F. Lopez and A. Ros [29] proved that stable, complete,
non compact, constant mean curvature surfaces in R are planes. A. Silveira [16] proved that,
in H3, there are no stable complete, non compact surfaces with constant mean curvature H > 1
except horospheres, while there are many examples of stable, complete surfaces with constant
mean curvature H € (0,1). Furthermore, G. De Oliveira and the third author [I7] founded many
examples of minimal stable surfaces in H?.

It is proved in [23], [13] and [33] that, for n = 3,4, in R"*! (respectively in H"*1) there is no finite
index, complete, non compact hypersurface with constant mean curvature H # 0 (respectively H
great enough). The analogous problem in higher dimension is still open. We give a partial answer
to it, assuming n < 5 and some growth condition on [ M ©**, for suitable .

We start by studying some consequences of Caccioppoli’s inequality for H = 0. The first result is
a consequence of Theorem

Corollary 6.1. Let M be a complete minimal stable hypersurface immersed in a manifold with
zero sectional curvature. Assume that, for p € [2,aa + 1), n >0, nu >1

. fB2R\BR |A|2”(1”7)
i — =0 @)

Then M is totally geodesic.

Remark 6.1. Before proving Corollary [0l we observe that, in the denominator of &I, one can
take any power of R smaller than nu. In fact, for any s < nu, one has

|A|2u(1—77 |A|2u(1—77)

)
fB2R\BR < IBQR\BR
RQ,un - RZS

Proof of Corollary 61l Let f € Co(M) such that f =1 on Bg, f =0 on Bar \ Br and |V f| < %.
Replacing such f in inequality ([9) yields, for any p € [2,a2 +1), 7> 0, nu > 1

01 _
/ |A|2H < R2nu / |A|2M(1 )
Br B2R\BR

By hypothesis the second term in the previous inequality tends to zero as R tends to infinity.
Hence |A| =0 on M and M is totally geodesic.

O
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Remark 6.2. e Notice that taking nu = 1 in Corollary [61] yields that if, for x € [1,as), one has

i JBamie A _
msup ————,—— = U,
R—»o? R2

then M is totally geodesic.

e Corollary [61 is a generalization of the result by M. do Carmo and C. K. Peng, stated in
Theorem 1.3 of [21), that is: if there exists t € (0,2a2) such that

Jpum\m 1A
1- 2R\ R — O
i

then M is totally geodesic. In fact, this follows by taking u(1—n) =1,t =2npu =2(p—1) € (2,2a2)
in Corollary 61l Then we can extend the range of the power of R in the denominator to (0,2as),
as in Remark[G.1]

Now we state a particular case of Corollary [G.I] which is a generalization to higher dimension of
Theorem 2 in [28] by H. Li and G. Wei. Our generalization is different from the one conjectured
by H. Li and G. Wei for dimesion n > 3.

Corollary 6.2. Let M be a complete stable minimal hypersurface immersed in a manifold with
zero sectional curvature and let n < 7. If there exists t € (2a — 1), such that

J AP
. BQR\BR | _
P
then M s totally geodesic.

Proof. In Corollary 61 we take 2u(1 — 1) = 3 and define ¢ = 2un = 2u — 3. Then, in order to
apply Corollary one has to assume 2 < t < 2as — 1. Notice that 2 < 2as — 1 if and only if
n < 7. Now, as in Remark [6.1] we extend the result to any value t € (0,2as — 1).

O

Now we deal with the case of constant mean curvature H # 0.

Corollary 6.3. There is no complete non compact stable hypersurface M with constant mean
curvature H in N0 = R**! or NV = H"*, n <5, provided there exists s > 1 such that

2x
¥
lgn sup IBM% =0 (82)
—> 00
and either
(1) N =R""1 H#0,z€[l,z9),
or

(2) N =H""', >0,z €[l,xy—¢], H> > gn(z).

Before proving Corollary [6.3] it is worth to notice the following. Reasoning as in Remark we
can take any power of R between zero and oo, in the denominator of (82). This means that, in
the hypothesis of Corollary [(.3] fan\BR ©%* can not be polynomial in R.
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Proof of Corollary[6.3. We use the same method as in the proof of Corollary 6.1l starting with
[®0) instead of (79). Then we obtain that ¢ = 0 on M, which means that M is totally umbilic.
In case (1), it follows that M is contained either in a sphere or in a plane. As M is complete non
compact, M is a plane, then H = 0. Contradiction. In case (2), it follows that M is contained
either in a sphere, or in a horosphere, or in a equidistant sphere. The inequality H? > g, (z) > 1
yields that M can be only contained in a sphere. As M is complete and non compact, this is a

contradiction.
O

Remark 6.3. e The proof of Corollary6.3 yields a result in more general ambient manifolds. In
fact, under the same conditions, if N has constant sectional curvature ¢ < 0 but it is not simply
connected, then M s totally umbilical.

e Taking s = 1 in Corollary[G.3, one has that there is no complete non compact stable hypersurface
M with constant mean curvature H in N' = R"*1 or N = H"t!, n < 5, provided
2x
. Bap\Bgr ¥
1 — =0 83
Rinoo R? ( )

and provided either

(1) N =R""Y H#0,z€[l,z9),

or

()N =H"" >0, 2€[l,zs—¢], H® > g,(x).

Also in this case, if N has constant sectional curvature ¢ < 0 but it is not simply connected, then
M s totally umbilical.

o Taking x =1 in (1) of Corollary [G.3, we improve the result by H. Alencar and M. do Carmo,
stated in Theorem 4 of [Z]. Furthermore, M. do Carmo and D. Zhou [22] stated a result weaker
than (1) of Corollary and, in their proof, they use wrongly Young’s inequality (see equation
(3.7) there).

Remark 6.4. As we said before, many of the result of this article, holds for fM ©P < oo for suitable
p. As an example we use Theorem[{.2 in order to prove a result of L. F. Cheung, D. Zhou [15]] in
a more direct form than the one contained in [15)]. The result is that for n = 3,4,5, any complete,
stable hypersurface M in H" T with constant mean curvature H > 1, such that fM ©? < oo, is
compact. Theorem [[.3 yields [,,¢* < 00, (¢ =0) and [,, ¢* < 0o (q = %). Then, by Cauchy-
Schwarz, one has fM ©® < 0o. Then one applies Corollary 2.1 in [I])] and obtains the result.
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